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{�jkm�Vebe��s�fhVkY:dgnqd�s�i,fhVNY¡��s<dgf��ÒjkiN��fhn�s�i²n�d�~���Y?ikY'm�~u��n�±?~�fon�s<i³s��!��n�ikY:~um��kmosc�cjN�0fon�s<i,�=~uX&Y?d+�kn�do��jNdodhY?�Cn�i�{� !Y?ifN g6O¤¢
P Y?ikY'm�~�fon�s<iCsu�!�'s�iNdgfhm�~un�i=fod\n�i³fhVknqd��'~�dhY� -~�dz~u��moY?~��kb�dgfhjN�kn�Y:�Cn�i]Y\~�����Y��Ötvs<mo� ¥�YwY'��X&n�iN��~�iN�C��h�moiNdvfoY'n�iiN �6O¤¢-Y\s� !Y?¦�Y?m?¥
�Òs<m¡��Y?ikY'm�~�fon�ik�°�'s�iNdgfhm�~un�i=fod�fhVkY?b¯dhs���¦�Y»~ ´ÒX&n�®cY?� n�i<foY'�<Y'm¡��s<i=fhn�i=jNs�jNd�¶��kmhs<§k��Y'X n�i  �Vknq��V¯foVkY³�k~ufo~²su�zfhVNYC��n�ikY:~um
�kmosc�cjN��fhn�s�i²�<~uX&Y&~umoY�n�ie¦�s<��¦<Y?��¥�~ui��CfoVN~�f+X*~Pb»§�Y&Y'®e�IY'i�dgn�¦�Y<¢jL
b³��s<i=fhm�~�dgf?¥G !Y*dhs���¦�YE~��Nmhs<§k��Y?X su�
X�jN��V²dgX*~u����Y'm
dhn�±?Y�¥6~�iN�·Y�®efhY?iN�·foVkY�~��k�kmos<~���VÌ¥�~<d� -~�d�~���moY?~<�cb,do~unq��¥�fhs³fhVkY�dgY:~um���V·su�\dhb=X&X&Y�fomhnq�¡dhs���jcfhn�s�i�d�~ui��·fhs»foVkY��?~�dhY¡su�
�'s�i=fhn�iejks�jNd-moY'�q~�®k~ufhn�s�iNd?¢

� Y�f.jNd�XEY?i=fhn�s�i�~���dhswfv 
s\moY��ÒY?mhY?iN��Y:dÌmoY'�q~�foY?��fhs�fhVkY-dgjN§ctvY?��f�s��kfhVknqd.�N~���Y?m?¥:fhV�~�f6�csziksuf8~�dodgjNXEY�fhVN~uf.�'s<dgf��ÒjNiN�0fon�s<iNd
moY?dhjk��f��Òmos�X ~���n�ikY:~um��kmose�kjN�0fon�s<i³�<~�X&Y�¢3ekmos�X&Y?ifNÖ��O6�<~P¦<Y�~�X&Y'fhVksc�³�Òs�m�mhY:�cjN�'n�ik��fhVkY&iejkX�§�Y?mzs�����n�ikY:~um��kmos��<mo~�X&d
fos�§IY+dgs<��¦<Y?�*n�i�s<mo�cY?m�fosE�'s�X&�kjcfoY\foVkY��kmoY'iejN����Y's<��j�d<kedvfon����A¥efhVkY:dgYz��n�ikY:~um-�kmos���m�~uX*d�mhY?X&~�n�i�su�Ì�q~umo��Yzdgn�±'Y<¢�r�mhY?jc®¡Y�f�~u�A¢
N��?��O �cY:dgn���iNY?�*~��'s���jkX&i¡��Y?ikY'm�~�fon�s<i*X&Y�fhVNse�¡�Òs�m
��s�X&�kjkfhn�ik��foVkY��NmhY?i=j�����Y's���jNd?¢�U-VNY'b&��n�¦�YwiNs�iejkX&Y'mon��?~u��mhY:dgjk��fod?¥e~uiN�
n�fwn�dwiksuf�Y?~<dgb¡fhs:[N��jNmhY�s�jkfwnª��fhVknqdw~��k�kmos<~���V��'~ui�§IY+YATGY?�0fon�¦<Y+n�i�km�~���fhnq�'~��Gdhn�fhjN~ufhn�s�iNd?¢

l ý 	������Ì".��������� 1 �����-".������	��

}�Y?��~u®cn�ik�*�'s�iNdgfhm�~un�i=fod
su�
(LP )

�Òs<mwdgs<XEY�s��ÌfhVNY���s<~���n�fhn�s�i�d�~uX&s�jki=f-fhs*dhs���¦�Y�fhVkY��Òs<����s� �n�ik�&�kmhs<§k��Y'XXW

max
x∈X,ε

ε; x(S) = c(S); ε + x(S) ≤ c(S),
�Òs<mw~u���

S ∈ E, (LPE)

Ê�Ê m Ý:Ügú0á n Þ0ò�ß�à0ù



o p$q ��8�r�;�rA8�&(�-st�6)1)#�6)1�vuxw\���'�y.>&(0<"{zt)|;�89r

 �VkY?mhY
E
nqd.~\dhjk§NdhY�f�s��

P2(S)
¢ � Y�f�jNd��Òs�moX�jk�q~�foY!~�i�~u����s<mhn�fhVkX �Òs�m.dhs���¦=n�ik�

(LP )
¥�§N~�dhY?�+s<i���Y?ikY'm�~�fon�s<i+su���'s�iNdgfhm�~un�i=fodRW

���(} ¿ �6~Ò����	��{�v��� � �-�3�R�M�
�@�E���xW

k := 0
¥
E0 ⊂ P2(S)

¢
�E�
���

•
|!s<X&�kjcfhY

xk
¥kdhs���jcfhn�s�i�su�

(LPEk
)
¢

•
e�n�iN�

Sk ∈ P2(S)
dhjN��V�foVN~�f

c(Sk) − xk(Sk) ≤ c(S) − xk(S),
�Òs�mw~u���

S ∈ P2(S).

•
£¤�

c(Sk) − xk(Sk) = val(LPE,k)
¥Ndgfhs��Ì¢

• Ek+1 := Ek ∪ {Sk}
k
k := k + 1

¢
�������E�
���

� ���
U
f�Y?~<��V�n�fhY?mo~ufhn�s�i¡foVkY�X&s<dgf
¦en�s��q~�fhY:���'s�iNdgfhm�~un�i=f!su�

(LP )
nqd�~��k�cY:��¢6`en�iN��YzfhVNYziejkX�§�Y?m-su���'s�iNdgfhm�~un�i=fod!su�

(LP )
n�d

[NiNnªfoY�¥kfoVkY+~u����s<mhn�fhVkX�fhY'moX&n�i�~�fhY:d'¢.£«i»~��N�cnªfon�s<i� 
Y+VN~P¦<Y\foVkY+Y?dgfhn�X*~�fhY

c(Sk) − xk(Sk) ≤ val(LP ) ≤ val(LPEk
).

´A�c¢��:¶
U-VkY-[�modgf�n�ikY:p=jN~u��nªfvb�Y�®c�kmoY?dodgY:d�foVkYz�µ~���f�fhVN~uf

(xk , c(Sk) − xk(Sk)) ∈ F (LP )
¥k �Vkn���Y�foVkY�dhY?��s<iN��n�d�~&��s<iNdhY?p=jkY'i���Yzsu�

foVkY+mhY?��~u®k~�fhn�s�i�su�8��s<iNdvfomo~�n�i=f�d'¢8`en�iN��Y
Ek

nqd-n�i���moY?~�dhn�ik�� �n�fhV
k
¥
val(LPEk

)
n�d-iks<ikn�iN��moY?~<dgn�ik�N¢.}�Y?��~ufhn�s�i°´Æ�k¢��?¶
X*~Pb¡§IY

jNdhY?���Òs<mw�cY?dhn��<ikn�ik�*~Edgfhs<�k�kn�ik�*��monªfoY'mon�s<i ¢
U-Vknqd.~u�k�Nmhs=~���V ¥PVks� 
Y'¦<Y'm:¥? �n����ciNsuf.§�Y-YATGY?��fhn�¦�Y
jkik��Y?dod� !Y
VN~P¦�Y
~w�µ~<dvf. -~Pbzs��1[Ni��cn�iN�\foVkY-XEs=dvf.¦en�s<��~ufhY:����s<iNdvfomo~�n�i=f

s��
(LP )

¢�U�[Nm�dvfzdvfoY'�»��s<iNdgnqdgfod�n�i»jNdhn�ik��¥kn�iNdvfoY?~<�su��fhVkY��'s<dgf��ÒjkiN��fhn�s�i»n�fodhY'���v¥I~&��s� !Y?m�Y?dgfhn�X*~�fhY<¢!U-Vknqdwnqd-foVkY�dhjk§ctvY?��f
s���foVkY+ikY�®ef\dhY?��fhn�s�i ¢

� � 	!� �-" �������'�2�+�����©	��¯�������
	�� �¬�������6����	��

U�dhdhjkX&Y�foVN~�f� !Y�VN~P¦�YE~�f�s<jkm��kn�dh��s=dh~���~�24�6��0<8M0����B&/�����%0\su�
c(·)

s�¦�Y?m
P2(S)

¥�nA¢ Y<¢�¥�~*�ÒjNiN�0fon�s<i
Ψk : P2(S) → IRdhjN��V�fhVN~uf

Ψk(S) ≤ c(S),
�Òs<m\~u���

S ∈ P2(S).
´(GN¢ �<¶

U-VkY?i�n�iNdgfhY?~<�+su�NdhY?~�mo��VNn�ik�-foVkY
XEn�ikn�X�jkX�s�¦<Y'm iNs�i+fomhn�¦en�~��=�'s<~u��n�fhn�s�iNdÌsu�
c(S)−x(S)

¥� !Y!X*~Pb�dhY?~�mo��Vz�Òs<mÌfoVkY!X&n�ikn�X�jkX
n�i

S
s��

Ψk(S) − x(S)
s�¦<Y'm

P2(S)
¢6¸²Y+s�§cf�~un�i�fhVkYz�Òs�����s� �n�ik�*~����<s�monªfoVkX ´Ò 
Y+ �mhn�fhY � L �Òs�m���s� !Y?m-§�s<jkiN�N¶-W

���(} ¿ �6~Ò����	��{�v��� � �-�3�R�M� ½����
�@�E���xW

k := 0
¥
E0 ⊂ P2(S)

¢
�E�
���

•
|!s<X&�kjcfhY

xk
¥kdhs���jcfhn�s�i�su�

(LPEk
)
¢

•
e�n�iN�

Sk ∈ P2(S)
dhjN��V�foVN~�f

Ψk(Sk) − xk(Sk) ≤ Ψk(S) − xk(S),
�Òs�mw~u���

S ∈ P2(S).

•
£¤�

c(Sk) − xk(Sk) = val(LPEk
)
¥Ndgfhs<� ¢

• Ek+1 := Ek ∪ {Sk}
k
k := k + 1

¢
�������E�
���

� ���
¸²Y+VN~P¦�Y�fhVNY+Y?dgfhn�X&~ufhY<¥Ndgn�X&n��q~um
fosC´Æ�c¢��?¶AW

Ψk(Sk) − xk(Sk) ≤ val(LP ) ≤ val(LPEk
).

´'Gk¢ G<¶
U-Vknqd*~u�N�kmhs=~���V ¦enq~²��s� 
Y'mEY?dgfhn�X*~�fhY:d&su��fhVkYC�'s<dgfE�ÒjNiN�0fon�s<i¯nqd&su��n�i=foY'moY?dgfEs���foVkY�fv !s,�Òs�����s� �n�ik�°��s<iN�cn�fhn�s�iNd&~�mhY

do~�fon�d,[NY?��Ww´ÒnÃ¶�[NiN�cn�ik�&fhVNY���s<~���n�fhn�s�i�X&n�iNn�X&n�±'n�ik�
S 7→ (Ψk(S) − xk(S))

s�¦�Y?m
P2(S)

nqdw��VkY:~u� ¥k~�iN�²´Òn�nq¶
Ψk

nqd�~�d��'��s=dgY
~<d-��s=dhdhn�§N��Yzfhs

c(S)
¢VU i�~�fhjNmo~�� ~�dodgjkX&�cfon�s<i�nqd
fhV�~�f�fhVNY+��s� 
Y'm-Y?dgfhn�X*~�foY

Ψk

nqd@0�SE���A��s�¦<Y'm
Ek

¥Nn�i�fhVNY�dgY?iNdgYzfoVN~�f

Ψk(S) = c(S),
�Òs�mw~u���

S ∈ Ek.
´'Gk¢ o ¶

U-VkY�foVkY�~u§Is�¦�Y�~u����s<mhn�fhVNX fhY'moX&n�i�~�fhY:d'¥�~�d!fhVkY��Òs<����s� �n�ik� � Y'X&X*~&dgVNs� wd'¢

Á   ÊÌÁÃó
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® � ¿ ¿|¯ £ £¤�6fhVkY*~����<s�monªfoVkX �ks=Y:dziksufzfhY?mhX&n�iN~�foY�¥ dhn�iN�'Y�foVkY&dgY'f

P2(S)
nqdt[Nikn�fhY<¥  !Y�VN~P¦�Y�fhVN~uf

Sk ∈ Ek

�Òs<m�dhs�X&Y
k
¢

L
b*foVkY�Y�®k~���fhikY:dhd
Vebe��s�fhVkY:dgnqd�´(Gk¢ o ¶�¥
Ψk(Sk) = c(Sk)

¥cn�i��s<i=fhm�~��cnq�0fon�s<i� �n�fhV�fhVkY+dgfhs��N�kn�iN�&�'mhn�fhY?mhn�jkX�~uf-n�fhY?mo~ufhn�s�i
k
¢

�

£¤f-mhY?X*~un�iNd!fhs�nq�cY?i<fonª�Òb�n�i� �Vkn���V�dgn�fhj�~�fhn�s�i�d! 
Y�~umoY�~u§N��Y�fhs&��s<iNdvfomhj��0f!��s� 
Y'm
Y?dgfhn�X&~ufhY:d�s�� fhVkY+�'s<dgf!�Òjki��0fhn�s�iÌ¥kdgjN��V
foVN~�f6foVkYw�kmos�§N��Y?X su�|[NiN�kn�ik�

Sk

n�d.fomo~<�0f�~u§k��Y�¢�¸,Yw �n�����dhY'Y�n�i�foVkYwikY'®ef!dgY:�0fon�s<i�foVN~�f8foVkY?dhYw�kmos��IY'mhfhn�Y?d8~�mhY<¥un�i¡~+��Y'mhfo~�n�i
dhY'iNdhY�¥kdo~�fon�d,[NY:��n���fhVkY��'s<dgf
�ÒjNiN�0fon�s<i�V�~�d�~E�kmos��IY'mhfvb*su�.n�ikiNY'mw��s<ie¦�Y�®cn�fvb�¢

° ý 	��E/��_�a�".	*$����6����	�� 1 ���2���

U�dhdhjkX&Y�foVN~�f�Y?~<��V³�k�q~Pb�Y?m
i
nqd�~��'jNdvfos�X&Y'm�fhs� �Vknq��V,X�jNdgfz§IY��Nmhs�¦enq�cY?�C~�i,~�XEs<jki=f

bi ∈ IRp
s��
�'Y'mhfo~un�iC�<s=sc�kd?¢

U-VkY¡~�X&s�jki=f�ikY'Y:�cY?�²§eb³��s=~u��nªfon�s<i
S
n�d

b(S) :=
∑

i∈S bi
¢�U�dhdhjkX&Y¡~u�qdhs�foVN~�f�fhVNY¡��s<dgf+su�
�kmhs�¦enq�cn�ik�

b
nqdzfhVkY&¦�~u��jkY

�Òjki��0fhn�s�is��.~�i�s<�cfhn�X&n�±:~�fhn�s�i��kmos��<mo~�X©su�ÌfoVkY��Òs�����s� �n�ik�Efvbe�IY±W

Min
z

f(z); Az = b, z ≥ 0, (Pb)

 �VkY?mhY
f : IRm → IR

n�d*~·�'s�ie¦�Y'®°�ÒjkiN�0fon�s<i ¢ U-VkY'i) 
Y�dh��Y:~u¨ s��z~·��s<ie¦�Y�®°�kmosc�cjN��fhn�s�i)�<~uX&Y�k
 �VNY'i
f
n�d&��n�ikY?~�m

foVkn�d\mhY:�cjN�'Y?d
fhs¡fhVkY+��n�iNY?~um\�kmhsc�cj��0fhn�s�i�=~uX&Y+dgY'fgfhn�ik�³´ÆdgY?Y�{� !Y?i]N g6OÒ¶0¢
U-VkY:²��<D±89�6)>D�&(��):+5"$)#�A�B&(�6)�su�.�kmhs<§k��Y'X
(Pb)

nqd
´Æ�cY'iks�fhn�ik�*§ebjb

·
d�fhVNY�dh�?~u�q~um-�kmose�kjN�0f0¶

L(z, λ, s, b) := f(z) + λ · (Az − b) − s · z,

 �n�fhVVkY?mhY
λ ∈ IRp

~uiN�
s ∈ IRn

+

¢8y\Y?iksufoY+§=b
v(b)

foVkY�¦�~u��jkY�su�
(Pb)

¥knA¢ Y<¢�¥
v(b) = val(Pb)

¢ � Y'f
z̄
§IY+dgs<��jkfhn�s�i�su�

(Pb̄)
¥

~�iN����Y'f
(λ̄, s̄)

§�Y�~�i�~<dhdhsc��nq~�fhY:� � ~u�<mo~�ik��Y�X�jk��fhn��k��n�Y?m?¥efoVN~�fwnqd'¥

L(z̄, λ̄, s̄, b̄) = min
z

L(z, λ̄, s̄, b̄); s̄ ≥ 0; s̄ · z̄ = 0.
´ o ¢³¡�¶

U-VkY?i��Òs�mw~uieb
z ∈ F (Pb)

¥k 
Y+VN~P¦<Y\foVN~�f

f(z) ≥ L(z, λ̄, s̄, b) = L(z, λ̄, s̄, b̄) − λ̄ · (b − b̄) ≥ L(z̄, λ̄, s̄, b̄) − λ̄ · (b − b̄).

]»n�ikn�X&n�±?n�ik�*s�¦<Y'm
z ∈ F (P )

¥�~uiN��jNdhn�ik�
L(z̄, λ̄, s̄, b̄) = v(b̄)

¥Ns�§cf�~un�i

v(b) ≥ v(b̄) − λ̄ · (b − b̄).
´ o ¢ �=¶

U-VkY?mhY'�Òs�moY�¥8dhs���¦=n�ik�
(Pb̄)

�kmos�¦=nq�cY:d�~ui¯~��*ikY�XEn�iks<mo~�i<f�su�
v(·)

¥�Y'®c~<�0f´ÒY?p=jN~���fos
v(·)

¶E~�f
b̄
¢ |!s�iNdhY?p=jkY?i=fh��b�¥.�Òs�mE~u���

S ∈ P1(S)
¥

c(S) = v(b(S)) ≥ v(b(Sk)) − (λk) · (b(S) − b(Sk)),
´ o ¢=au¶

 �VkY?mhY
λk

n�dE~ � ~u��m�~uiN��Y&X�jk��fhn��k��n�Y?mE�'s�X&�kjcfoY?�° �VNY'i¯dhs���¦en�iN�
(Pbk )

¢°|!s�X&n�iN�³§N~<��¨³fosCfhVNY��cY<[Nikn�fhn�s�i s���fhVkY��s=dvf
�Òjki��0fhn�s�i

c(·)
¥N 
Yz�<Y�f-fhV�~�f

c(S) ≥ c(Sk) − λk · (b(S) − b(Sk)).
´ o ¢ ^<¶

`eY'f
ĉk := c(Sk) + λk · b(Sk)

¢�U
fwn�fhY'm�~�fon�s<i
K
¥k !Y�s<§cfo~�n�i~E��s� 
Y'm-Y?dgfhn�X*~�foY

ΨK(S)
su�

c(S)
¥k �VkY?mhY

ΨK(S) := max
0≤k≤K

{ĉk − λk · b(S)} .
´ o ¢ g=¶

P n�¦�Y?i
S ∈ P2(S)

¥��cY?iksufoYz§eb
1S

n�fod\��VN~um�~���fhY'monqdvfon��\¦�Y?��fhs<m

(1S)i = 1
nª�

i ∈ S; 0
s�fhVkY?mh �nqdhY�¢ ´ o ¢��?�=¶

¸²Y»dh~Pb²fhV�~�f
y ∈ P2(S)

n��
y
nqd�fhVkY»��VN~�mo~<�0fhY?mhnqdgfhnq�*¦�Y:�0fhs<m�s���~ui¯Y'��Y'X&Y'i=f&su�

P2(S)
¢ £¤f&�Òs<����s� wd�foVN~�f&X&n�iNn�X&n�±'n�ik�

Ψ(S) − x(S)
s�¦<Y'm

P(S)
´µn�i³s�m��cY'm\fhs��<Y'ikY?mo~ufhY�foVkY�iNY�®efz�'s�iNdgfhm�~un�i=f�¶-X&Y?~�iNd\dhs���¦en�iN��~¡s<�cfhn�X&n�±:~�fhn�s�i»�Nmhs<§k��Y?X  �nªfoV

N
¦�~umon�~�§k��Y?d
n�i

{0, 1}
~uiN�~&��s<i=fhn�i=jNs�jNd
¦�~umon�~�§k��Y

Min
w∈IR

y∈P2(S)

w −
n
∑

i=1

yixi; ĉk − λk ·

(

n
∑

i=1

yib
i

)

≤ w,
�Òs�mw~����

k ≤ K. (LK)
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� p$q ��8�r�;�rA8�&(�-st�6)1)#�6)1�vuxw\���'�y.>&(0<"{zt)|;�89r

£¤��foVkY���s<iNdgfhm�~un�i<f
y ∈ P2(S)

~�mhY*Y'®c�kmhY:dhdhY?�²~�d���n�ikY:~um��'s�iNdgfhm�~un�i=fod�s�¦�Y?m
{0, 1}n

¥�foVkY'i
(LK)

nqd�n�i·fhVkY¡�Òs�moX&~uf�su�w~
X&n�®eY:�³��n�ikY?~�mz�Nmhs<��m�~uX ´Ò �n�fhV

{0, 1}
~�iN�,�'s�i=fhn�iejks�j�d\¦�~umonq~u§k��Y?d�¶0¢�U-VNn�d�Vks<���Nd�n�i²�N~umhfhnq��jk�q~umzn�i³foVkY3bgdgfo~�iN�k~um��C�?~�dhY�d0¥

 �VkY?i
P2(S) = P1(S)

¥�dhn�i���Y

P1(S) =

{

y ∈ {0, 1}n; 1 ≤
n
∑

i=1

yi ≤ N − 1

}

.
´ o ¢��<�:¶

£«i²~��k�cn�fhn�s�iÌ¥Gfv !s�dgjN�?��Y:dhdhn�¦<Y��kmos�§N��Y?X&d�su��fvb=�IY
(LK)

�cn4TIY?mzs<ik��b»§=bfoVkY&~��k�cn�fhn�s�i,su��s<ikY��'jcf?¢�U-Vkn�d�dgfhmojN�0fojkmoY�X*~Pb
VkY?���C�Òs�m�~*�µ~�dgf\mhY:dgs<��jkfhn�s�isu�

(LK)
´ÃfoVknqd\nqd�foVkY��'��~<dhdhn��?~u�Ìdhn�fhjN~ufhn�s�i»n�iC§km�~uiN��V»~ui��»��jcf�~u����s�mon�fhVkX*d?¥N �VkY?mhY+Vks�fzdgfo~�mgf

s<�cfhn�s�iNd�~�����s�  fos*dg�IY'Y:��jN��'s�X&�kjcf�~�fon�s<iNdo¶�¢
��º 	��c��´fµ¤£'¥ U-VkY*X&Y�fhVNse�·�NmhY:dgY?i<foY?�·VkY?mhY*nqd��'��s=dgY&fos»fhVkY���s���jkX&i·��Y?ikY'm�~�fon�s<i²X&Y'fhVksc�·§eb]Y�~u����Y'�Ötvs�m��,Y'f�~u�A¢�¥�N �6O¤¢
U-VkY�Y?dodgY?i=fhnq~u�Ì�cn4TGY'moY'iN�'Y�n�dwfhVN~ufjN ��O.jNdgY:d�foVkY+fhmojkY�¦�~���jkY�su�8fhVNY���s=dvfw�ÒjNiN�0fon�s<i»�Òs�m���Y'iNY'm�~�fhn�ik�EfhVNY�ikY?  �'s���jkX&i ¥InÆ¢ Y�¢�¥
foVkY+�kmos�§k��Y'X©fos*§�Y�dhs���¦�Y:��~ufwY?~���V�nªfoY'm�~�fon�s<i�nqd�´Ò �VNY'i ¥N~<d-n�i¬N ��O¤¥k !Y+��Vkses=dgY

P2(S) = P1(S)
¶�W

Min
z

y∈{0,1}n

f(z) −
n
∑

i=1

yixi; Az =

n
∑

i=1

biyi; 1 ≤
n
∑

i=1

yi ≤ N − 1. (L′
K)

£¤�!fhVkY*�cn�X&Y'iNdhn�s<i³s��
z
nqd��q~umo��Y�¥Is�m�n��

f
VN~<dz~���s<X&�k��Y'®CY�®c�kmoY?dodgn�s�iÌ¥NfoVkn�d�X*~Pb§IYEX�jN��V³X&s<mhY�Y�®c��Y?iNdhn�¦<Y�¥�Y?dh�IY?��nq~u����b

�cjNmhn�ik�EfhVkY-[�modgfwnªfoY'm�~�fon�s<iNd
 �VkY'moY+dgs<��¦en�ik�
(LK)

nqdwp=jknªfoY���VkY?~�� ¢

¶!·9¸ ¹jº,»c¼�½¿¾ÁÀt¾�Â�ÃcÄcÅ|Æ�º,Â�»©ÇV½xÈÉ¼�Ê
eNs�m�fhVkY·�kjkmo�Is<dhY³su�E��s�X&�N~�mhnqdhs�i fhs)s�jNm��kmoY'¦en�s�jNd�~ui�~u��bedhnqd'¥w 
Y³moY?�?~u����n�i foVknqd»dgY:�0fhn�s�i ~�moY?dhjk��f�su�*{� !Y?iËN g�O

´µ��Y'iNY'm�~u��n�±?Y?�E§eb P m�~uiks�f!N ¡6OÃ¶�¥=~<d6 
Y'���N~�d�nªf�d6�kmosesu�v¥=dgn�iN��YwfhVkY���~ufgfhY?m6nqd�dhVks�mhf?¥��Òs�m��Nmhs�¦en�ik�zfhVkY�Y�®cn�dgfhY?iN��Y�~uiN�&�kmos�¦en��kn�ik�
~E�µ~<dvfw��s<X&�kjcfo~ufhn�s�i�su�8~ui~u����sc�?~�fhn�s�i�n�i�foVkY���s<mhYz�Òs�mwdh�IY?��n4[��z��n�ikY:~um��kmosc�cjN��fhn�s�i��<~uX&Y:d-su�ÌfoVkY��Òs�����s� �n�ik�E�Òs<mhXXW

Min
z

c>z; Az ≥ b, z ≥ 0 (P ′
b)

¸²Y��cY'iNsufhY�foVkYF24�RD�89��)ED±&(�6)�+5"$)|�<�'&(��)&su�.�kmhs<§k��Y'X
(P ′

b)
§eb

L(z, λ, b) := c>z − λ>(Az − b)

 �VkY?mhY
λ ∈ IRp

+

¢6U-VkY+�cjN~�� �kmos�§k��Y'X¬n�d
sup
λ≥0

b>λ; c − A>λ ≥ 0.

�3� ºe¿ � º 	�µ�£(¥Ì9� ¾�º>ÍÏÎQÐ�Ñ%Ò¬zv�5��"$��03�/.1�6�
b̄ := b(S)

&§�`��"1�5.X�y.����¤ #89�±Z<240<�
(P ′

b̄
)
.������cª�)1&/�703C6�62="10 q�¨ .�0<)*�/.10:�5��890

&§�@)#�6)0A�c |�B¦�u���)|;X�6)«¦{;�"1�62x�� |�B&/�F�62��A��2="$�B&(�6)
λ̄
&§�3��"1��.��/.1�6�

x̄ : S 7→ b(S)>λ̄
&§�j�6)i��2/24�R�5���'&(��)�x&/�/.�)|��)])#0BDE�6�B&/C60

0�S>��0A�5�5u1+A�68j��2/2$ 1���5��&(ZA240��5���62=&/�B&(�6)1� q
® � ¿ ¿|¯ £ U-VkY��cjN~���n�fvbCfoVkY's<mhb³�Òs�m���n�ikY?~�m��kmos��<mo~�X&d�n�X&�k��n�Y:d

C(S) = b̄>λ̄
¥.dhsfhV�~�f

x̄
nqd�~�i°~u����sc�'~ufhn�s�i ¢ P n�¦�Y'i ~�ieb

�'s<~u��n�fhn�s�i
S
¥<dhn�iN��Y-foVkY��ÒY?~<dgn�§k��YwdgY'f6su�IfhVkY��cjN~u���cseY?d8iks�f��cY'�IY'i��&s�i

b
¥<~�iN�EVkY'i���Y�¥

λ̄
nqd.�ÒY:~�dhn�§k��Y-�Òs�m6fhVkYw�'s�momhY:dg�Is�iN�kn�ik�

�cj�~u���kmhs<§k��Y'X
Maxλ≥0{b(S)>λ; c − A>λ ≥ 0}

¢tL!b�cjN~���n�fvb�fhVkY?s�mob�~��<~�n�i ¥� !Y�VN~P¦�Y�foVkY'i³fhVN~uf
C(S) ≥ b(S)>λ̄ =

x(S)
¥�nÆ¢ Y�¢�¥

C(S) − x(S) ≥ 0
¥c�kmos�¦en�ik��fhV�~�f

x̄
nqdw~ui~u����sc�?~�fhn�s�i�n�i�foVkY���s<mhY<¢

�

eNs�mw��n�iNY?~um��Nmhsc�cjN��fhn�s�i�<~�X&Y?d�n�i�fhVkY+�Òs<mhX*~uf
(P ′

b̄
)
¥G{� 
Y'i¤ d-foVkY's<mhY?X o ¢����kmos�¦�Y:d-iks�iY'X&�cfvbeikY:dhdwsu��fhVkY��'s�moY+~uiN�

�kmos�¦en��kY?d*~·��VkY?~��¯ -~Pb°su�+��s<X&�kjcfhn�ik�°~°��s<mhmoY?dh�Is�iN�cn�ik�²~u����sc�'~ufhn�s�i ¢)x6Y'f�nªf��ks=Y:d&�kmos�¦=nq�cYikY?nªfoVkY'm¡~°dhY�f*su�+~���fhn�¦�Y
�'s�iNdgfhm�~un�i=fod!iks�m-~ui�~�����sc�'~ufhn�s�i¡n�i¡foVkY���Y?~<dvf���s<mhY<¢�Ó6¦<Y'i�nª� foVkY���s�moY\V�~u�k�IY'iNd!fos�§IY�Y:p=jN~u��fhs�fhVkYz��Y?~�dgfo�'s�moY�´Ò§Njcf-fhVN~uf
nqd
iks�f�¨eiks� �i\�6ÔQ #8�&(�68�&ª¶�¥k~���s<iNdvfomo~�n�i=f8��Y?ikY'm�~�fon�s<i&�kmhsc�'Y?�cjkmoY�nqd�dgfhn�����jNdgY'�Òjk���Òs�m��'s�X&�kjcfon�ik��fhVkY��kmhY?iejN����Y's<��jNdRk<dhY'Y�dgY:�0fhn�s�i
ac¢

Z\sufhY!~u�qdgs�foVN~�f�nª�k 
Y�~<�k�zfhs�foVkY6�Òs<mhX�jk�q~�fhn�s�i+s��
(P ′

b̄
)
~ufÌ��Y:~�dgfÌs�iNY6��n�ikY:~um��'s�iNdgfhm�~un�i=f  �nªfoV���s<iNdgfo~ui=fÌmon���V=f,J¤VN~ui��>J¤dhnq�cY�¥

foVkY'i�fhVNY+�kmhses���nqd�iksuf�¦�~u��nq��¢

Õ Ö:× � �2�
�Ì".�����©����$�$������ 1 ".� 1 ������	��

U-Vknqd�dhY?��fhn�s�i �cY:~u�qd� �n�fhV°foVkY��?~�dhY¡ �VkY'i°Y:~���V ´Æ~u���<mhY?�<~ufhY?��¶\�N��~Pb<Y'm
i
n�d�n�i �µ~��0f�fhVkY�~u��moY'�=~�fon�s<i,s��

ni

&(;±0<)1�B&(�5�62
bgY'��Y'X&Y'i=f�~umob��k�q~Pb�Y?mod?d�¢Ì£«i*sufhVNY'm� 
s�m��kd?¥���s=~u��nªfon�s<iNd8 �n�fhV*s<ik��b&dhs�X&Y�su�GfhVNYwY'��Y'X&Y'i=f�~umob��k�q~Pb�Y?mod8~�mhY��Is<dodgn�§k��Y�¥=~uiN�EfoVkY'n�m
�'s<dgf�n�d+~��Òjki��0fhn�s�i·s��!foVkY*iejkX�§IY'm�s��
Y?��Y?X&Y'i=fo~�mhbC�N��~Pb<Y'm�d�n�i·Y?~<��V²�'��~<dhd�s��-~�����moY'�=~�foY?�»�k�q~Pb�Y?mod?¢*U-VkY*�cnqdh~���moY'�<~ufhY:�

Á   ÊÌÁÃó



�������������! #"$�%���'&(��)*�,+-�/.1032405�6�5�7�5�6890:�6)#;- #890<)1"1�<2405�62=">�3�?+@�5���� 10A8��6�B&/C�0-DE�6�F0�� a

�Òs<mhX�jk��~ufhn�s�i²VN~�d�foVkY'moY��Òs<mhY
N̂ :=

∑

i ni

�k�q~Pb�Y'm�d?¢�¸²Y¡�cY'iks�fhYEfhVNY¡��s<dgf��ÒjkiN��fhn�s�i·su�!fhVkY¡�cnqdo~u���<mhY?�<~ufhY?���Òs<mhX�jk�q~�fhn�s�i
~��<~un�i�§eb

c(·)
kNn�f�n�dw~��ÒjkiN��fhn�s�isu��fhVNY��Òm�~���fhn�s�i�su�.�cY'�IY'iN�Nd�s�ik��b¡s<i�foVkY�i=jNX�§IY'm�su�.Y'��Y'X&Y?i<f�~umob*�k�q~Pb�Y'm�d!su�.Y?~���V����q~�dod

n�iCfoVkY*��s<~���n�fhn�s�iÌ¢�¸²YE~<dhdhjkX&Y�n�iCfoVknqdzdhY?��fhn�s�i ¥G�Òs<m\foVkY&dh~�¨�Y�s���dgn�X&�k��n��'nªfvb<¥GfhVN~uf
P2(S) = P1(S)

¢ � Y�f�jNd�dhVks�  fhVN~uf
foVkY��cnqdh~���moY'�<~ufhY:�¡�kmos�§k��Y'X¬VN~�d�~&dhb=X&X&Y�fomhnq��dgs<��jkfhn�s�i�W
�!º 	f	 �]Ø�£(¥©Ù 03�6����"$�F0v�/.1�6�V�y.�0t�<0<�

P2(S)
�,+¿+A0��6��&(ZA240j�5�R��2=&/�'&(��)��3�?+v�y.�0`;6&§�<�RD�890%DE�6�705;v |8��±Z<240A�Ú&§�c��¦6�j�F0<�'8�&(��Û%& q 0 q u

&/)«C���8�&(�6)1�-ZA¦j 10A8��:"$�7�6�B&(�6)fZ50A�B��050A){ #24�6¦±0<85���?+:�y.�0:�<�6�F0��<24�6���%Ü qi¨ .�0<)i�y.�0M;�&§�A�RD�8�0BDE�6�705;: #89�±Z<240<�Ý.��6�F�X�5¦6�:�F0A�B8�&(�
�<�62K"$�'&(��)�u�& q 0 q u_�6)#0�+A��83��.>&(�5.��/.10j��2/24�R�5���'&(��)*&§�`&(;�0A)«�'&(�5�62E+A�68@��2/2
0<240A�F0<)1�7�68�¦v |2Q�6¦±0<85�:�?+-�y.�03�<�6�F0j�<24���5� q
® � ¿ ¿|¯ £ U-VkY6�kmos�§k��Y'X su�k�'s�X&�kjcfon�ik�wfhVkY!��Y:~�dgfo��s<mhY8n�i�fhVNY!�cnqdh~���moY'�=~�fhY:�w�Òs<mhX�jk�q~�fhn�s�i+§IY'n�ik�\�'s�ie¦�Y'®�¥?n�fod�dgY'fÌsu�Ndhs���jcfhn�s�i
nqd��'s�ie¦�Y'®�¢wU�~�¨=n�ik�*foVkY�~P¦<Y'm�~u�<Yz¦�~���jkY�su��~*��~umhfhnq��jk�q~umzdgs<��jcfon�s<iC~uiN�Csu�6~u���ÌfoVks<dhY�s��Ãfo~�n�ikY:�§eb��IY'moX�jkfo~�fon�s<i»§�Y'fv !Y?Y'i
�k�q~Pb�Y?mod
s���foVkY+dh~�XEY+�'��~<dhd?¥c !Y�s<§cfo~�n�i»~&dgbeX&X&Y�fomhnq��dgs<��jcfon�s<i ¢

�

`en�iN�'Y�foVkY?dhY*dgbeX&X&Y�fhmonq��dhs���jcfhn�s�i�dz~�mhYEdgsc�'n�~�����b��µ~un�m&´ÒfhVkY?b³~u����se�?~�foY�foVkYEdo~uX&Y&~uX&s�jNi<fzfhs�nq�cY'i=fhnq�'~��8�k�q~Pb�Y'm�d�¶-nªf+nqd
s���n�i=foY'moY?dgfwfhs�s�§cf�~un�i»fhVNY'X fhVkmos�jN��V³~��cY?�cnq�'~ufhY:��Òs�moX�jk�q~�fon�s<i ¢�y�Y'iNsufhYE§eb

yi ∈ {0, 1/ni, 2/ni, . . . , 1}
foVkY��Òm�~���fhn�s�i

s���Y'��Y'X&Y'i=f�~umob��k�q~Pb�Y?modwsu�!�'��~<dhd
i
n�i,�'s<~���n�fhn�s�i

y ∈ IRN
kGfoVkY&dgY'f�su���ÒY?~�dhn�§k��YE��s=~u��nªfon�s<iNdws��8fhVkY&�cnqdh~���moY'�<~ufhY:���Nmhs<§k��Y?X

´Æ~u�<~�n�iC~<dhdhjkX&Y?��fos¡§IY��Is���b=VNY?�cm�~u�Ã¶-nqd�dgfhn����.�cY?iksufoY?�
X ⊂ IRN

¢\U-VkY?i»fhVNY�moY?dhs�jkm���Y�~�����sc�'~�foY?��fos���s=~u��nªfon�s<i
y
¥I �VkY?mhY

yi ∈ {0, 1/ni, 2/ni, . . . , 1}
nqd�dvfon����.su�8foVkYE�Òs�moX

x(y) :=
∑

i xiyi

¢+U-VkY&��s<XE�Njcfo~ufhn�s�iCs��!dgbeX&X&Y�fomhnq��Y?��Y?XEY?i=fodzsu�6foVkY
��Y?~<dvfw��s<mhY�X*~Pb¡§IY+ �mhn�fgfoY'i~�d

max
ε∈IR

x∈X

ε; x(S) = c(S); ε + x(y) ≤ c(y),

�Òs�mw~u���
yi ∈ {0, 1/ni, 2/ni, . . . , 1}, i = 1, . . . , N.

(DNLP )

r6mos�§N��Y?X
(DNLP )

V�~�d
(Πi(1 + ni) − 2)

��s�i�dvfomo~�n�i=fod?¥= �Vkn���V�nqd!X�jN��V���Y:dhd!fhV�~ui¡foVkY (
2

P

i
ni − 2

) �'s�iNdgfhm�~un�i=fod!su�ÌfoVkY
iN~�n�¦<Yz�Òs�moX�jk�q~�fon�s<i�su��fhVkY+�cnqdo~u��moY'�=~�foY?�*�kmos�§N��Y?X�¢.£¤�.~���s� 
Y'm
§�s<jkiN�

Ψ
s��

c(·)
n�d�~P¦�~�n��q~u§k��Y&´Òn�i���~umhfhnq��jk�q~um
n�i�foVkY+�'~�dhY

s��.~&��s<ie¦�Y�®¡�Nmhsc�cjN��fhn�s�i��<~�XEYP¶�fhVkY?i�foVkY���s<iNdgfhm�~un�i<f��<Y'ikY?mo~ufhn�s�i��Nmhs<§k��Y?X�X*~Pb*§�Y+ �mon�fgfhY?i»~�d

Min
y

ΨK(y) − x(y); yi ∈ {0, 1/ni, 2/ni, . . . , 1}, i = 1, . . . , N. (DNL)

U-Vknqd�nqd�~uin�i<foY'�<Y'm+´Ò �n�fhV»n�i�~<�k�cn�fhn�s�i»~&��s<i<fon�iejks<jNd
¦�~umon�~�§k��YP¶!��n�ikY?~�m��kmos���m�~uX&X&n�ik���kmos�§N��Y?X�¢

Þ ß �+"����������!	������'�E��	�����".�����-�¡�����'	��

£¤��~·�k�q~Pb�Y?m
i ∈ {1, . . . , N}

nqd&fhVkY,~u��moY'�=~�fon�s<i�su�+~·¦�Y?mhb���~�mh�<Y�iejkX�§�Y?m¡su�+�k�q~Pb�Y?mod?¥6foVkY'i  
Y»X&n��<V=f*fhVkn�ik¨)su�
~��k�kmosP®en�X*~�fon�ik��fhVNY\�cnqdh~���moY'�<~ufhY:���kmos�§k��Y'X §=bE~u����s� �n�ik�

yi

fos+§�Ywn�i
[0, 1]

¢.U-Vkn�d6�kmhsc�'Y?dod. �n����k§IY\�'~�����Y?��fhVkY:����)1�B&/)1"1��">�
890<24�RSE���'&(��)¡su�.���q~�dod

i
¢

� Y�f
{1, . . . , N1}

§�Y�fhVkYEdgY'f\su�6�N��~Pb<Y'm�d
�Òs�m\ �VNn���V³~���s�i=fon�iejks<jNd�moY'�q~�®k~�fon�s<i�nqd���Y?mg�Òs<mhX&Y?� ¢!Uà890<24�<S>05;X�����62K&/�'&(��)�nqd
~�i�Y'��Y'X&Y?i<f�s��

S := [0, 1]N1 ×{0, 1}N2
¥e �VkY'moY

N2 := N −N1
¢6U-VkY&´µdhbeX&XEY'fhmon��:¶
~u����sc�'~ufhn�s�i*�Òs<m�~�moY'�q~�®cY?����s<~���n�fhn�s�i

y ∈ S
nqd

x(y) = x · y
¢

£«i�fhVkYz�'~�dhY\s���~��'s�ie¦�Y'®E�Nmhsc�cjN��fhn�s�i¡�=~uX&Y�¥<fhsE~�moY'�q~�®cY?����s<~���n�fhn�s�i*X�jNdgf
§IY��Nmhs�¦enq�cY?�
b(y) :=

∑n

i=1 yibi,
~�iN�*foVkY

~<dhdhsc��nq~�fhY:���'s<dgf�n�d
c(y) := v(b(y))

¢6£«i�fhV�~�f\�'~<dgYzfoVkY+��Y:~�dgfo�'s�moY�nqd�dgs<��jkfhn�s�i�su��fhVkY��Òs<����s� �n�iN���kmos�§N��Y?X{W

max
ε∈IR

x∈X

ε; x(S) = c(S); ε + x(y) ≤ c(y),
�Òs<mw~u���

y ∈ S. (RNLP )

`en�iN�'Y¡fhVNn�d��kmhs<§k��Y'X V�~�d�n�i$[NiNnªfoY'��b²X*~�i=b²��s<iNdvfomo~�n�i=f�d'¥ÌfhVkY�n��cY:~»su���<Y'ikY?mo~ufhn�s�i²su�w��s<iNdvfomo~�n�i=f�d�~u�k�IY?~�mod+fhs»§IY�p=jkn�fhY
iN~ufhjkm�~u�A¢ P n�¦�Y?i~�i»~u����sc�'~ufhn�s�i

x ∈ IRN
¥cfhVkY��kmhs<§k��Y'X�s��
[�iN�cn�ik�&fhVkY�XEs=dvf\~<�0fon�¦<Y��'s�iNdgfhm�~un�i=f�X&~Pb�§�Y��Òs<mhX�jk�q~�fhY:�~�d

�Òs<����s� wd<W
[Ni��
y ∈ S

dhjN��V�fhVN~uf

c(y) − x(y) ≤ c(y′) − x(y′),
�Òs<mw~u���

y′ ∈ S.
´µ�N¢��P��¶

U-VknqdwnqdwiNsuf�~�i�Y:~�dhb��kmos�§N��Y?X�¢�Yws� 
Y'¦<Y'm:¥kn�ifhVkY��?~�dhY+su�6~*��s<ie¦�Y�®��kmose�kjN�0fon�s<i��=~uX&Y�¥NfhVkY���s�X&�kjkfo~�fon�s<isu�
v
~�iN�nªf�d

dhjk§G�cnKTGY'moY'i=fon�~���~�f��Is�n�i=fod
bk := b(yk)

¥
k ≤ K

¥Ì�kmos�¦en��kY?d+~��s<i=¦<Y�®³��s� 
Y'm�§�s<jkiN�²foVN~�f� 
Y¡�cY'iNsufhY¡~��<~�n�i
ΨK

¢�U-VkY
�kmos�§N��Y?X�su�.��Y?ikY'm�~�fon�ik�&~&��s<iNdvfomo~�n�i=f-mhY:~��kd
foVkY'i»~<d

Min
y∈S

ΨK(y) − x(y). (RNL)

£¤fwX*~Pb¡§IY+n�i=foY'mo�kmhY'fhY:��~<d�~���~umhfhnq~u����b³´Ò�Òs�m-foVkY-[Nm�dvf
N1

¦�~�mhnq~u§k��Y?d�¶!��s�i=fon�iejks<jNd-mhY?��~u®k~�fhn�s�i�su���kmhs<§k��Y'X
(LK)

¢

Ê�Ê m Ý:Ügú0á n Þ0ò�ß�à0ù
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á ý 	����¡���+����	��þ	����������"����&���!����	������

£«i&foVkn�d!dgY:�0fon�s<i* !Yw~<dhdhjkX&Y-�Òs�m�fhVkY\do~u¨<Y�su��dgn�X&�k��n��'nªfvb�fhVN~uf
X = IRN

¢ � Y�f
η
§IY�~ � ~���m�~uik�<Y-X�jk��fhn��k��n�Y?m!~�dodhse�'n�~ufhY:�

 �n�fhV�fhVNY+n�ikY:p=jN~u��nªfvb���s�i�dvfomo~�n�i=fod
s���foVkY+��n�ikY:~um��kmos��<mo~�X
(LP )

´
η
VN~�d��kn�X&Y'i�dgn�s�i

2N − 2
¶�¢6y\Y?iksufoY

I1 := {S ∈ P1(S); ηS > 0}; J1 := P1(S) \ I1.
´Bac¢���G<¶

eNmhs<X fhVkY+�cjN~���n�fvb&fhVNY's�mob&su�Ì��n�ikY?~�m
�Nmhs<��m�~uX*d'¥< !Yz¨eiks�  fhV�~�f
(x, ε1) ∈ S(LP )

n4TCnªf-nqd��ÒY:~�dhn�§N��Y�~uiN��dh~ufhnqd?[�Y?d-��s<XE�N��Y<J
X&Y'i=f�~umonªfvb¡moY'�q~�fon�s<iNd
 �nªfoV»~ � ~u�<mo~�ik��Y�X�jk��fhn��k��n�Y?mRW

x(S) = c(S); ε1 + x(S) = c(S), S ∈ I1;
ε1 + x(S) ≤ c(S), S ∈ J1.

´Bac¢�� o ¶

� Y�f
v1 := val(LP )

¢}wY'�q~�fhn�s�i ´%ac¢�� o ¶+n�X&�k��n�Y?d�n�i°��~umhfhnq��jk�q~um
ε1 = v1

¢»£¤f�nqd�n�XE�Is�mhfo~�i=f?¥�Vks� !Y?¦�Y?m?¥ÌfhsC¨<Y'Y'�
ε1

~<d�~
¦�~umonq~u§k��Y�n�i�km�~���fhnq�'~u���'s�X&�kjcf�~�fhn�s�i�d-n�is�m��cY?m!fos¡~P¦�s<n���n�iNdgfo~�§kn���n�fhn�Y?d+´ÆdgY?Y�fhVkY+moY'X*~umo¨*§IY'��s� \¶0¢

{�ikY\X&~Pb�fhmobEfhs�X*~�®cn�X&n�dhY�¥<s�¦�Y'm!dgs<��jcfon�s<iNd8s��
(LP )

¥�foVkYwX&n�iNn�X*~u�IY�®k�'Y?dod.�Òs�m
��s<~���n�fhn�s�i�d8n�i
J1
k=foVkn�d�X&Y?~ui�d�dhs���¦=n�ik�

foVkY��Òs�����s� �n�ik�&�kmos�§k��Y'XXW
max

x,ε1,ε2

ε2; x(S) = c(S); ε1 + x(S) = c(S), S ∈ I1;

ε2 + x(S) ≤ c(S), S ∈ J1.
(LP1)

¸²Y��cnq��iNsufwmoY'�IY?~�f-foVkY+��~<dvfw�'s�iNdgfhm�~un�i=fod
su��´Bac¢�� o ¶0¥N �Vkn���V»~�mhY�~ujcfos�X*~�fon��?~u����b¡do~�fon�d,[NY:��~ufw~uieb�dhs���jcfhn�s�i�su�
(LP1)

¢
��º 	��c��´�â�£'¥ r6mhs<§k��Y'X

(LP2)
n�d��ÒY?~�dhn�§k��Y<¥�~�iN�·~u�qdgsCp=jN~���n4[NY:�·n�i·foVkY�dhY'iNdhY&fhVN~uf�foVkY'moY*Y�®cnqdvf�d�~��ÒY?~<dgn�§k��Y¡�Is�n�i<f��Òs�m

 �Vknq��V°~u���6n�ikY?p=jN~���n�fvb,�'s�iNdgfhm�~un�i=fod�~umoY*dvfomhnq�0fo��b²dh~ufhnqd?[NY:��W+f�~u¨�Y
(x, ε1)

dgs<��jkfhn�s�i²su�
(LP )

¥�~�iN�
ε2 < ε1

¢¡£«i°s<mo�cY?mzfhs
s<§cfo~�n�i�~�iejkX&Y'mon��?~u����b&dgfo~u§N��Y\�Òs�moX�jk�q~�fon�s<i ¥<VNs� !Y?¦�Y'm:¥�s<ikY\V�~�d�fhsEY'��n�X&n�iN~�foY��Is<dodgn�§k��b&mhY:�cjkiN�k~�i=f!Y?p=jN~���n�fvb*��s<iNdvfomo~�n�i=f�d'¢

{�iN�'Y
(LP1)

nqdwdhs���¦�Y:��¥e !Y�X*~Pb���s<i=fhn�i=jNY�dhs���¦en�iN�&~&dhY?p=jkY?iN��Y�su���kmos�§k��Y'X*d-su��fhVNY��Òs�moX

max
x,ε1,...,εk+1

εk+1; x(S) = c(S); ε1 + x(S) = c(S), S ∈ I1;¢¢¢
εk + x(S) = c(S), S ∈ Ik;

εk+1 + x(S) ≤ c(S), S ∈ Jk.

(LPk)

`eY'fod
Ik

~�iN�
Jk

~umoY��kYA[NikY:��n�iN�cj��0fhn�¦�Y?��b�§eb

Ik := {S ∈ Jk−1; ηk
S > 0}; Jk := Jk−1 \ Ik,

 �VkY?mhY
ηk

n�d
~ � ~���m�~uik�<Y�X�jk��fhn��k��n�Y?m!~<dhdhsc��nq~�fhY:�& �nªfoV*fhVNY\n�ikY?p=jN~���n�fvbE�'s�iNdgfhm�~un�i=fod8s�� �kmos���m�~uX
(LPk−1)

¢8U-VkY�dhY?p=jkY?iN��Y
dgfhs<�Nd- �VkY'i

Ik

nqd�Y'X&�cfvb<¢
y�Y'iks�fhY

vk := val(LPk)
¢z`en�iN�'Y�fhVNYEdhs���jcfhn�s�i

(x, ε1, . . . , εk)
s��

(LPk−1)
¥I �n�fhV

εk+1 = εk

¥In�dz~*�ÒY:~�dhn�§k��Y��Is�n�i=f�su�
(LPk)

¥=fhVNY\dgY:p=jkY'iN�'Y
vk

nqd6iks<iN�cY:��moY?~�dhn�ik�N¢�£¤�
vk = vk−1

~ui��
Ik 6= ∅

¥<fhVNY'i
Ik

n�d
~�dhY�f�s����'s�iNdgfhm�~un�i=fod.foVN~�f-~umoYw~u�� 
~Pbcd
~<�0fhn�¦�Y+~uf\~uieb¡dgs<��jkfhn�s�i�su�

(LPk−1)
¥N~uiN��~�f�foVkY�do~uX&Yzfhn�XEY

ηk−1
S = 0

¥c�Òs�mw~����
s ∈ Ik−1

¢
L
b)fhVkY P s<���cX*~�i$J¤U�jN��¨<Y'm�U-VNY's�moY'XãN o O¤¥� 
Y³¨eiks�  foVN~�f»~���n�ikY?~�m��kmos��<mo~�X�do~�fon�d,[NY:d¡foVkY,Vebe�IsufhVNY?dhn�d�su��dgfhmonq�0f

�'s�X&�k��Y'X&Y'i=fo~�mhn�fvb�¢
£«i»sufoVkY'm\ !s<mo�kd?¥kn��6~*��n�ikY:~umw�kmos��<mo~�X�VN~<dw~:[Nikn�fhY�¦P~���jNY�¥kfoVkY'i»n�fod��cjN~��ÌVN~<dw~�f\��Y?~<dvfws<ikY�dhs���jcfhn�s�i
dhjN��VfhV�~�f\n�fod\iks�ik±?Y'mos¡��s<XE�Is�iNY'i=fodw�'s�n�iN��nq�cY� �n�fhVfoVkY�dhY�f�su�6~���fhn�¦�Y+n�ikY?p=jN~���n�fvb��'s�iNdgfhm�~un�i=fodw~uf�~u��� �kmon�X*~���dhs���jcfhn�s�iNd?¢
`ej���V dvfomhnq�0fo��b ��s<XE�N��Y?XEY?i=fo~umon�fvb X�jk��fhn��k��n�Y?mod���s<n�iN�'n��kY» �nªfoV fhVkY³mhY?��~ufhn�¦�Y»n�i<foY'mon�s<m*su��fhVNY³dgs<��jkfhn�s�i dgY'f�su��foVkY³�cjN~��
�kmos��<mo~�X¢6¸,Y��cY'iks�fhY�foVkY��cjN~�� su�

(LPk)
§eb

(DLPk)
¥I~uiN��foVkY�moY'�q~�fhn�¦�Y+n�i=fhY?mhn�s�m�s���foVkY�dhs���jcfhn�s�i»dhY�fw�Òs<m�fhVkY��kjN~u��~�d

ri S(DLPk)
¢

�!º 	f	 �]â�£(¥ ¨ .10j&/)|05äA"1��2=&/�B¦
vk > vk−1

.1�624;6�3& å
ηk−1 ∈ riS(DLPk−1)

q
® � ¿ ¿|¯ £ £¤�

ηk−1 6∈ riS(DLPk−1)
¥�fhVNn�d�XEY:~uiNd�fhVN~uf�dgfhmon���f���s<XE�N��Y?XEY?i=fo~umon�fvb³ �n�fhV°s�iNY¡�kmon�X*~u�!dgs<��jcfon�s<i �cseY?d+iNsuf

Vks<����W.fhVkY?mhY+Y'®enqdgfod�~*��s=~u��nªfon�s<i
S ∈ Jk

dgj���V�foVN~�f
x(S) = c(S) − εk

�Òs�mw~����
(x, ε1, . . . , εk) ∈ S(DLPk−1)

¢!`en�iN�'Y�~uieb
�ÒY:~�dhn�§k��Yw�Is�n�i=f

(x, ε1, . . . , εk+1)
s��

(DLPk)
nqd�dhjN��VEfhV�~�f

(x, ε1, . . . , εk) ∈ S(DLPk−1)
¥< 
Y\�cY:�cjN��YwfhVN~uf

vk = εk+1 ≤
εk = vk−1

`en�iN��Y�foVkY���s<ie¦�Y'm�dhY\n�ikY?p=jN~���n�fvb�~u�� -~Pbed
Vks<���Nd'¥efoVkn�dw�kmhs�¦<Y?d!fhV�~�f
vk = vk−1

¢
£¤�.s�i�fhVkY��'s�i=fhm�~umob

ηk−1 ∈ riS(DLPk−1)
¥N �nªfoV�Y:~���V

S ∈ Jk

nqdw~�dodgsc�'n�~ufhY?��dgs<X&Y
(xS , ε1, . . . , εk) ∈ S(DLPk−1)´µ¦P~���jNY?d-su�

εi

~umoY�nq�cY'i=fon��?~u��s�¦�Y?m
S(DLPk−1)

¶
dgjN��V�fhV�~�f
xS(S) < c(S)− εk

¢6y�Y'iks�fhY�§eb
jk

foVkY+�'~�mo�cn�iN~��Is��
Jk

¥k~uiN�
dhY�f

x̂ := (jk)−1
∑

S∈Jk
xS

¢�`en�iN��Y
S(DLPk−1)

nqd�~¡�'s�ie¦�Y'®�dhY�f:¥I 
Y�VN~P¦<Y+fhV�~�f
(x̂S , ε1, . . . , εk) ∈ S(DLPk−1)

¥G~uiN�
~���dhs

x̂S(S) < c(S) − εk

¥k�Òs<mw~u���
S ∈ Jk

¥k �Vknq��Vn�X&�k��n�Y?d-foVN~�fwfoVkY'moY�Y�®cnqdvf�dwdgs<X&Y
ε̂ > εk

dhjN��V�fhVN~uf
(x̂S , ε1, . . . , εk, ε̂)nqdw~��ÒY?~<dgn�§k��Yz�Is�n�i=fwsu�

Jk

¢6U-VkY?mhY'�Òs�moY
val(DLPk) > ε̂ > εk

¢
�

Á   ÊÌÁÃó
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��º 	��c��´�â�£/æ Uwi�n�i=fhY?mhn�s�m9JA�Is�n�i=f�dhs���¦�Y'm��kmhs�¦enq�cY?d�~ � ~u�<mo~�ik��Y*X�jk�ªfon��N��n�Y'mEn�i�fhVkY�moY'�q~�fhn�¦�Y�n�i=fhY?mhn�s�mEsu�
S(DLPk−1)

¥
jkiN��Y:dhd�~°�kjkmonK[I�'~�fon�s<i �kmose�'Y?�cjNmhY»nqd¡�IY'mh�Òs�moX&Y?��¢ {�i fhVNY³��s<i<fomo~�mhb<¥�dgn�X&�k��nq��nq~u��~u����s�mon�fhVkX*d¡�'s�X&�kjcfoYCn�iT��Y'iNY'm�~u�\~
� ~u��m�~uiN��Y\X�jk��fhn��k��n�Y'm\s�i�fhVkY+moY'�q~�fon�¦<Yz§Is�jNiN�k~umob*su�

S(DLPk−1)
¢

£«iEs�m��cY'm�fhszY?dgfhn�X*~�foY!foVkY-iejkX�§IY'm.su�GdvfoY'�Nd�n�i�foVkY���s<XE�Njcfo~ufhn�s�i�s����kmoY'iejN�'��Y?s���jNd?¥: 
Y-ikY'Y:�+foVkY
�Òs�����s� �n�ik���cYA[NiNnªfon�s<i ¢

ç�ºEè
Í ~Ò��~ ¿|Í â�£(¥ ´µnq¶ � Y'f
I ⊂ P1(S)

~ui��
S̄ ∈ P1(S)

¢.¸²Y
do~PbzfhVN~uf
S̄
�cY'�IY'i��kd�s�i

I
n��NfhVNY!¦�~u��jkY!su�

x(S̄)
n�d.�cY'fhY?mhX&n�ikY?�

§eb¡foVkY+¦�~u��jkY?d
{x(S), S ∈ I}

¢�¸²Y�do~Pb*fhVN~uf
J ⊂ P1(S)

�cY'�IY'iN�Nd�s�i
I
n��.~�i=b

S ∈ J
�kY'�IY'iN�kdws�i

I
¢

´µn�nÃ¶6`=foY'�
k
n�iEfhVNYw��s�X&�kjkfo~�fon�s<i�s��I�NmhY?i=j�����Y's���jNd�nqd6dh~�n���fhs+§IY@0A���<0<)1�B&(�62Pnª� ~uf.��Y?~<dvf8s<ikY�Y'��Y'X&Y'i=f6s��

Ik

�cseY:d8iksuf��kY'�IY'iN�
s<i

S ∪ (∪{I`; ` < k})
¢

y�Y'iks�fhY�§eb
1S

foVkY+¦�Y:�0fos�m
su�
IRn

 �Vks<dhY
i
foV��'s=s<mo�kn�iN~ufhYzn�d��zn��

i ∈ S
¥k~�iN���EsufoVkY'mo �nqdgY<¢�£¤�

S
�kY'�IY'iN�kd-s<i

I
¥cfhVNY'i

foVkY+��n�ikY:~um��kmos��<mo~�X
Min

x
x(S); x(S′) = 0; S′ ∈ I

VN~<d6¦�~u��jkYz��k=§=b*�cj�~u��nªfvb<¥< 
Y\�cY:�cjN��Y�Y?~<dgn���b�fhV�~�f
S
�kY'�IY'iN�kd!s�i

I
n4T

1S

n�d!~���n�ikY:~um��'s�X�§kn�i�~�fhn�s�i*s�� ¦�Y:�0fhs<mod
{1S′ , S′ ∈

I}
¢

�!º 	f	 �]â�£§æ ¨ .10������! #"$�%���'&(��)*�,+_ |890<)1"1�<2405�62K">�!.1���j�6�����6���
N
0A�5�A0<)1�B&(�62¤���%07 «� q

® � ¿ ¿|¯ £ Ó�~���V»Y:dhdhY'i=fhnq~u��dvfoY'�³~<�k�kdw~*��n�ikY?~�m���s<iNdgfhm�~un�i<f:¥N��n�iNY?~umo��b�n�iN�cY'�IY'i��k~ui=f\�Òmos�X(fhVNY���n�ikY:~um��'s�iNdgfhm�~un�i=fodw~���moY?~<�cb
~<�0fhn�¦�Y<¢6`en�i���Y

x ∈ IRN
¥cfoVknqd�X*~Pb*se�?��jkmw~ufwX&s<dgf

N
fon�X&Y?d?¢

�

��º 	��c��´�â�£§¢ ´ÒnÃ¶6£«i�s�m��cY'm!fhsEjkiN�kY'm�dvf�~uiN�&foVkY�iN~�fojkmoY�s��Ìiks�i�Y?dodgY?i=fhnq~u�GdvfoY'�Nd?¥c��s�i�dgnq�cY'm!fhVNY��?~�dhY\ �VkY?i¡foVkY���Y:~�dgfo��s<mhY
VN~<d�~�jkiknqp=jkY�Y?��Y?X&Y'i=f?¢�U-VkY'i³fhVkY&��s<X&�kjcfo~ufhn�s�iCs��8fhVkYE�kmoY'iejN�'��Y?s���jNdwmoY?�cj���Y?d\fhs�~uiCs<mo�kY'mon�ik��su�8fhVNY�iks<i³do~�fhjNmo~ufhY?�
�'s�iNdgfhm�~un�i=fod��Òs�����s� �n�ik�zfoVkY'n�m6¦�~u��jkYw~�f8foVkYw��Y?~<dvf���s�moY�¢.{�§=¦en�s�jNdh��b+fhVkY\i=jNX�§IY'm6s��Iiks<i&Y?dodgY?i<fon�~��kdvfoY'�Nd6X&~Pb�§�YwY'®efhmoY'X&Y'��b
�q~umo��Y<¢
´µn�nÃ¶\{�ikY+��s<jk�q����VkY:��¨¡jkiknqp=jkY'iNY?dod-su��fhVkY�dhs���jcfhn�s�i�su���kmos�§k��Y'X

(LPk)
n�i�s<mo�kY'm
fhs¡dgfhs<��foVkY+�kmose�'Y?�cjNmhY<¢

´µn�n�nq¶�Uw�ÃfhY?m�VN~P¦en�ik�&dhs���¦�Y?�¡�kmhs<§k��Y'X
(LPk)

¥ks<ikYz�'s�jk�q��fhmob&fhs*��s<XE�NjcfhY+~ui��¡Y'��n�XEn�iN~ufhY+~u���Gn�ikY:p=jN~u��nªfvb���s�i�dvfomo~�n�i=fod�fhV�~�f
�cY?��Y?iN�s�i�fhVNY+Y?p=jN~u��n�fvb���s<iNdvfomo~�n�i=f�d!s��

(LPk)
¢VY\s� !Y?¦�Y'm:¥e !Y+�cs&iks�fw¨eiks�  ~�i=b¡�µ~�dgf�~����<s�monªfoVkX �Òs�mw�ks�n�ik�&nªf:¢

´µn�n�nq¶Ì£¤f�nqd�jNdgY'�Òjk�A¥�n�i�s�m��cY'm�fos\VN~P¦<Y�dgfo~u§N��Y��'s�X&�kjcf�~�fon�s<iNd'¥:fos���VkY:��¨\foVkY!��n�ikY?~�mÌn�iN�cY'�IY'i��k~uiN�'Y�s��cfhVkY!Y?p=jN~u��n�fvb��'s�iNdgfhm�~un�i=fod
s��

(LPk)
¢6U-Vknqdw�?~ui�§�Y��cs<ikY�§eb¡Y�¢ �N¢6~Méz}Tfvb=�IY+s�mhfhVNs���s<iN~u���µ~���fhs<mhn�±?~ufhn�s�i ¥cdhY'Y�N G�OA¢

ê ë �����-".������	���	�� �!	���� �Ì"����������¬����$%�"����&���!�'��	������

ì�·9¸ íî¼¤»c¼�¾�½xï�Å#½¿ÊE¼
U-VkY
nq�cY?~�su�G��s�i�dvfomo~�n�i=f��<Y'ikY?mo~ufhn�s�i��?~ui�§�Y-Y�®efoY'iN�cY:�+fos�foVkY���s<XE�Njcfo~ufhn�s�i�s��N�kmoY'iejN�'��Y?s���jNd'¢�¸ nªfoVks�jkf.Y?i=fhY'mon�ik�\n�i=fhs

~����.�cY�f�~un���d?¥N��Y�fzjNdzdg�IY?�'nª�Òb�fhVNY�Y?dodgY?i=fhnq~u��dgfhY?� ¥I �Vkn���V³n�dwfhVkY��Òs�moX�jk�q~�fon�s<i�s��8fhVkY��kmos�§k��Y'X su�8��Y?ikY'm�~�fon�iN�¡~¡��s<iNdvfomo~�n�i=f
~u�ÃfhY'm�dgs<��¦en�ik�

(LPk)
W

|!s<X&�kjcfhY
S̄ ∈ Jk

dgj���V�foVN~�f
c(S̄) − x(S̄) ≤ c(S) − x(S),

�Òs�mw~����
S ∈ Jk.

´(^N¢���¡�¶
Y\Y'moY

k
¥
Jk

~�iN�
x
~umoY���n�¦�Y?i ¢Ì£¤�� 
Y�VN~P¦�Yw~uf6s�jkm!�cn�dh�Is<do~u�cs�iN��bE~���s� 
Y'm8§Is�jN�

Ψ
su�IfhVkY���s<dgf8�ÒjkiN��fhn�s�i

c(·)
¥�foVkYw�kmos�§N��Y?X

fos*§�Y�dhs���¦�Y:�¡moY?~��Nd�~�dRW |!s�X&�kjcfoY
S̄ ∈ Jk

dhjN��V�foVN~�f
Ψ(S̄) − x(S̄) ≤ Ψ(S) − x(S),

�Òs<mw~u���
S ∈ Jk.

´(^N¢��:�<¶

£«i�fhVNY��'~�dhY�su�.~E�'s�ie¦�Y'®¡�kmose�kjN�0fon�s<i��=~uX&Y&´µdhY?�0fon�s<i o ¶0¥cfoVkY+��s� !Y?m
§Is�jNiN��VN~�d�~�i�Y'®e�NmhY:dhdhn�s<i�s���fvbe�IY

Ψ(S) := max
`∈L

{ĉ` − λ` · b(S)} ,
´(^N¢��6au¶

 �VkY?mhY
L
nqd�~i[Nikn�fhY,dhY�f:¢ U-VkY,�kmos�§k��Y'X fhs¯§�Y·dgs<��¦<Y?�)VN~<d�~�i Y�®c�kmoY?dodgn�s�i dhn�X&n���~�m¡fos fhVNY³s�iNY³su���Nmhs<§k��Y?X

(LK)s��zdhY?�0fon�s<i o ¥�§kjcf¡ �n�fhV¯fhVNY~<�k�cn�fhn�s�iN~�����s�i�dvfomo~�n�i=f
y ∈ Jk

¢¯£¤f¡n�dEjNdhY��Òjk�-fos·mhY? �mhn�fhY�nªf¡~<dE~²X&n�®eY:� ´Æ�cnqdh�'mhY'fhY~uiN�
�'s�i=fhn�iejks�jNd�¦�~umon�~�§k��Y:do¶���n�ikY?~�m6�kmos���m�~uX n�i*s<mo�kY'm8fos�§�Yz~u§k��Y�fos�dgs<��¦<Ywn�f�YATGY?��fhn�¦�Y'��b�¢8U-Vknqd��?~ui*§IY��cs<ikYwn�i*fhVNY��Òs�����s� �n�ik�
 -~Pb�¢ P n�¦�Y'i

z
~ui��

y
n�i

{0, 1}n
¥N�cY'iNsufhY

az(y) :=
∑

{i;zi=0}

yi +
∑

i;zi=1}

(1 − yi).
´(^N¢���^<¶
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�:� p$q ��8�r�;�rA8�&(�-st�6)1)#�6)1�vuxw\���'�y.>&(0<"{zt)|;�89r

U-Vknqd+dhjkX s�i²iks�iNikY'�=~�fhn�¦�YE~uX&s�jNi<f�d\nqd�Y?p=jN~���fhs��n4T
y = z

¥ ~uiN�,sufoVkY'mo �n�dhY�V�~�dz¦�~u��jkYE~uf+��Y:~�dgfE�<¢�U-VkY&��s�i�dvfomo~�n�i=f
az(y) ≥ 1

nqd-foVkY'moY��Òs<mhY�Y?p=jkn�¦�~u��Y'i=f�fhs&foVkY���s<iNdgfhm�~un�i<f
y 6= z

¢VY\~�����Y��Ötvs<mo��Y'f�~u�A¢!N ��O.~u��mhY:~��cb*j�dgY:��foVknqd��Òs�moX�jN��~ufhn�s�i��Òs�m
foVkY���s<XE�Njcfo~ufhn�s�i�su��fhVkY+�kmoY'iejN�'��Y?s���jNd?¢

y�Y'iks�fhY
J̄k := P1(S) \Jk

fhVkYzdgY'f!s��GY'®k����jN�cY?����s<~���n�fhn�s�i�d'¢.U-VkY\�Nmhs<§k��Y?X s��Ì��s<iNdvfomo~�n�i=f6�<Y'ikY?mo~ufhn�s�i*�'~�i¡§�Y� �mhn�fgfoY'i
~<d

Min
w∈IR

y∈{0,1}n

w −
n
∑

i=1

yixi;































ĉ` − λ` ·

(

n
∑

i=1

yib
i

)

≤ w,
�Òs�mw~����

` ∈ L;

1 ≤
n
∑

i=1

yi ≤ N − 1;

az(y) ≥ 1,
�Òs<mw~u���

z ∈ J̄k.

(L̄L,k)

Ó8®k�'��jN�kn�ik�EmoY?�cjki��k~ui=f-Y?p=jN~u��n�fvb&�'s�iNdgfhm�~un�i=fod?¥< 
Y�~��� -~Pbcd6VN~P¦<Y
|J̄k| ≤ N

¢.r6mos�§k��Y'X
(L̄L,k)

dhY'Y'X*d�fhVkY?mhY'�Òs�moY\s���~��?��Y'�kf,J
~�§k��Y��'s�X&�k��Y�®cn�fvb�¢

ì�·Bð ñ*½¿ÊE¼ÏÂVò�Ê�ó!ÈôÈ�¼�Æ$¾1º,ÅõÇV½xÈ�¼¤Ê
£«i�fhVkY+�?~�dhY�s���dhb=X&X&Y�fomhnq�z�<~�XEY:d'¥c�cY:dh�'mhn�§IY?��n�idgY:�0fon�s<i{¡c¥efoVkY�~u�N�kmhs=~���V¡nqd-dgn�X&n��q~um:¢8U-VkY�X*~un�i��cn4TGY'moY'iN�'Yznqd
fhV�~�f

dhn�i���Y�iNs� 
niyi

nqd�~�i»n�i=fhY?��Y?m\n�i
{0, ni}

mo~ufhVkY?m�fhVN~�i
{0, 1}

´ÆdgY?Y��kmos�§k��Y'X
(DNLP )

¶�¥�foVkY�Y'®k����jNdgn�s�i»�'s�iNdgfhm�~un�i=f\VN~�d
~*�cn4TGY'moY'i=f�Y�®c�kmoY?dodgn�s�i ¢�¸²Y+ikY'Y:��dhs�X&Y�iks�fo~�fon�s<iNd?¢ � Y�f

Y := {y ∈ IRn; niyi ∈ {0, . . . , ni}}
´(^N¢���g<¶

§IY�fhVNYwdgY'f6su��dgjN��VE�Òm�~���fhn�s�iNd
y
¢ P n�¦<Y'i

z ∈ Y
¥� 
Y���ses�¨��Òs�m�~�iEY'®c�kmhY:dhdhn�s�i�s���foVkYwY'®c�'��j�dgn�s�i&��s<iNdvfomo~�n�i=f

{y ∈ Y ; y 6= z}
¢

eNs�m6foVN~�f
 !Yzdg�N��n�f
y
~�d!~�dgjNX

y = y` + yu
¥< �VNY'moY��Òs�m!Y?~���V¡�'s�X&�Is�ikY?i<f

i
¥
y`

i = min(yi, zi)
~�iN�

yu
i = max(yi − zi, 0)

¢
U-VkY?i

y ∈ Y
nqd�dhjN��V�foVN~�f

az(y) :=

n
∑

i=1

(zi − y`
i + yu

i )
´(^N¢ ���<¶

nqd�iks<ikikY'�=~�fon�¦<Y�¥c~uiN��VN~<d-¦P~���jNY���n4T
y = z

¢8¸²Y+s�§kfo~un�i�fhVkY��Òs<����s� �n�iN�EdhY�fws�����s<iN�cn�fhn�s�iNdRW






y ∈ Y ; y` ∈ Y ; yu ∈ Y ; α ∈ {0, 1}n;
az(y) = 0; y = y` + yu;
αizi ≤ y`

i ≤ zi; 0 ≤ yu
i ≤ αi(1 − zi).

´(^N¢ �k�:¶

ö ÷ ��2�-".���!���°�_�&²�-"��?�2�������

¸²Y+fhY:dvfoY?��fhVNY���s<��jkX&i»�<Y'ikY?mo~ufhn�s�i�~����<s�monªfoVkX*d-su�.fhVNY��Òs�����s� �n�ik�&�µ~uX&n���b�su�.fhY:d��kmos�§k��Y'X*d?¢-|!s<iNdgnq�cY?m-fhVkY��Nmhs<§k��Y?X
s��\~u����sc�'~ufhn�ik�C��s=dvf�d��Òs�mE~» -~�fhY?m�ikY'fv !s<mh¨²��s�iNikY?��fhn�ik�

N
�cn4TIY?mhY?i=fE��n�fhn�Y?d?¢�Ó�~<��V ��n�fvb

i
mhY:p=jkn�moY?d�~Cp=jN~ui=fhn�fvb

Qi,t

su�
 -~�foY'm6s�¦<Y'm.fv 
s��cnKTGY'moY'i=f6fon�X&Yw�IY'mon�se�Nd

t ∈ T
¢¿Uw���kfoVkY?dhY\��n�fvb�Y'®c�k��s<nªf
~�jkiknqp<jNY\dg�Nmhn�ik�

s
¥< �n�fhV*iNs�dgjN�k�k��b�moY?dgfhmon���fhn�s�iNd?¢

eNs�m�Y?~<��V��IY'mon�se�
t
¥cfoVkY�dgjN�k�k��b�nqd��cY'iks�fhY:�

Yt

¢
U dgn�fhY�i=jNX�§IY'moY?�

n
´Ædg�kmon�ik�¡s�mz��n�fvbk¶�VN~<d��'s=s<mo�kn�iN~ufhY:d

(xn, yn)
kIfhVkY&��s=dvf\s��6§kjkn����kn�ik��~¡�kn��IY�§IY�fv 
Y'Y'iCfv !s��'nªfon�Y:d

n1
¥
n2

s�� �'~u��~���n�fvb
Cn1,n2

nqd8�kmos��Is�mhfhn�s�iN~��efhs+foVkY�´yÓ�jN����n��kY?~uiI¶6�cnqdvf�~uiN�'Y
dn1,n2

§IY�fv 
Y'Y?i&fhVkYwfv !s�dhnªfoY?d?¥ufoVkYwjkikn�f!�Nmhnq��Y
§IY'n�ik�

p
¢wU-VkY�fosuf�~u���'s<dgf�´Ã�Òs<mz~¡��n�¦�Y'i»�'s<~u��n�fhn�s�i�¶-n�iN�'��jN�kY?dz~u�qdgs¡~�[N®eY:�C��s=dvf

IC
kIfhVkY�Y�®c�kmoY?dodgn�s�is���foVkY�fosuf�~u���'s<dgf\nqd

foVkY'moY��Òs<mhY
f(C) := IC + p

∑

n1<n2

dn1,n2
Cn1,n2

.
´(gN¢ �<��¶

U-VkY-ø�s� 
Fn1,n2,t

X�jNdgf\dh~ufhnqdv�Òb¡fhVkY��?~u�N~<��n�fvb¡��s�i�dvfomo~�n�i=fod?¥c~�d- 
Y'���Ì~�d�ù�n�m���VkVks�T� d
��~P  ~�fwY?~<��V�dhnªfoY��Òs�mw~����Gfon�X&Y?dRW

0 ≤ Cn1,n2
≤ Fn1,n2,t,

�Òs<m\~u���
t ∈ T ∀(n1, n2),

´(gN¢ �±G<¶

∑

n2

Fn1,n2,t + Qn1,t =
∑

n2

Fn2,n1,t

�Òs�mw~����
t ∈ T, n1 6= s,

´(gN¢ � o ¶

∑

n2

Fs,n2,t =
∑

n2

Fn2,s,t + VYt,
�Òs<mw~u���

t ∈ T.
´(gN¢ ��¡�¶

U-VkY�X&n�ikn�X�jkX ��s<dgfw�cY?dhn���i��kmhs<§k��Y'X©�Òs<mw~E�'s<~���n�fhn�s�i
S
n�d
foVkY'moY��Òs<mhY

Min f(C),
dgjN§ctvY?��f
fos ´'gk¢Ö��G<¶

−
´'gk¢Ö�±¡u¶

.

Á   ÊÌÁÃó
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Z\sufhY�fhV�~�fw��ses��IY'm�~�fon�s<i*n�d-�'��Y:~umo��b&�kmos�[kf�~u§k��Y\§IY�fv 
Y'Y?i��'nªfon�Y:d'¥kdhn�i���Y&´ÒnÃ¶6foVkYzn�ie¦�Y:dvfoX&Y'i=f-�'s<dgf!nqd-dgVN~�mhY:�*§IY�fv 
Y'Y'i���n�fhn�Y?d?¥
~�iN�·´Òn�nq¶!foVkY�fv !s&�IY'mon�sc�kd�dgfhmojN��fhjkmoY+~u����s� wd-~E§�Y'fgfoY'mwjNdhY+su�µ��~P¦�~un���~�§k��Y��?~u�N~<��n�fhn�Y?d?¢

U-VkY��'s�X&X&Y'm���nq~u� dhsu�Ãfv -~umoY`Uw£v]C]³`XGN¢ ¡k¥k~uiN�n�fodwjkikn��Òs�moX¬m�~uiN�cs<X¬iejkX�§�Y?mw��Y?ikY'm�~�fos�m:¥=V�~�d�§IY'Y?i�j�dgY:���Òs�mw�<Y'ikY?m,J
~ufhn�ik�&fhVkY��N~�fo~Es����kmos�§k��Y'X*d- �n�fhVm�~uiN�cs<X���se�?~�fon�s<i�s�����n�fhn�Y?d?¢6Y+��s<X&�N~umoY?��fhVkmoY'Y+�cn4TGY'moY'i=fwX&Y�fhVNse�Nd-fhs*��s<X&�kjcfhY�foVkY
�kmoY'iejN�'��Y?s���jNdRW.fhVkY��'��~<dhdhn��?~u��~u����s<mhn�fhVNX ´Òiks¡�'s�iNdgfhm�~un�i=f���Y'iNY'm�~�fhn�s�iI¶0¥=fhVkY���s�i�dvfomo~�n�i=f-��Y'iNY'm�~�fhn�s�i~u�N�kmhs=~���V¡n�iN ��OA¥�~uiN�
s<jkm�ikY'  ��s<iNdgfhm�~un�i<f-��Y?ikY'm�~�fon�s<i�X&Y�foVksc�·´µ�'~�����Y?�Z�| P ]³¶0¢

U�~u§k��Y?d��+~�iN���&�kn�dh�k�q~Pb&fhVkY+moY?dhjk��fod
�Òs�mw�knKTGY'moY'i=fw�kmos�§k��Y'X(dgn�±'Y:d5ú�¢
U��?��s�m��cn�ik��fhs�fhVkY:dgY\mhY:dgjk��fod?¥eZz| P ] dhY'Y?X&d6fhs�§�Y\fhVkY�§�Y:dvf-~uX&s�ik��fhVkY\fhVkmoY'YwX&Y'fhVksc�kd?¢ � ~umo��Y�¦�~���jkY:d�s�� dvf�~uiN�k~�mo�

�cY?¦en�~ufhn�s�i�~���dhs-fhY?iN�+fos\dgVNs� ·~�i�n�XE�Is�mhfo~�i=f��cY'�IY'i��cY'iN�'b+su�efhVNY!�IY'mh�Òs�moX*~uiN�'Y8su�N��s<iNdgfhm�~un�i<f���Y'iNY'm�~�fhn�s�i�X&Y�foVksc�kdÌfhswfoVkY
�k~ufo~�su��foVkY��kmhs<§k��Y'X¥< �VNY'moY?~�d
���q~�dodhn��?~u�NX&Y'fhVksc��n�d!X&s�moY�dgfo~u§N��Y<¢�¸²Y�~u�qdgs�iksufon��'Y?�*foVN~�f���s<iNdgfhm�~un�i<f
��Y?ikY'm�~�fon�s<i&fhY'i��kd
fos�§IY���Y?dod6Y'�*�'n�Y?i=f
 �VkY?i*fhVNY\iejkX�§IY'm
su� n�fhY?mo~ufhn�s�iNd�ikY'Y:�cY?�*fhs3[�iN�*foVkY\�kmoY'iejN�'��Y?s���jNd6n�iN�'mhY:~�dhY?dRWÌn�f
X*~PbE§�YzY�®c�k�q~un�ikY?�
§eb¡foVkY+n�iN��moY?~<dgn�ik�Ei=jNX�§IY'm�su�.��jcf�d�su��fhVNY���s�i�dvfomo~�n�i=f-��Y'iNY'm�~�fhn�s�i�~u����s<mhn�fhVkX¥e �Vknq��V»~umoY�moY?~�����b*fhn�X&Y���s<iNdgjNXEn�ik��¢

|!nªfon�Y:d'¥N�N~�fo~ |!��~<dhdhn��?~u� Y�~u����Y'�Ötvs�m�� L
s<ikiN~ui�d
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