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ABSTRACT. We consider the problem of topological linearization of smooth
(C> or C¥) control systems, i.e. of their local equivalence to a linear con-
trollable system wvia point-wise transformations on the state and the control
(static feedback transformations) that are topological but not necessarily dif-
ferentiable. We prove that local topological linearization implies local smooth
linearization, at generic points. At arbitrary points, it implies local conjugation
to a linear system via a homeomorphism that induces a smooth diffeomorphism
on the state variables, and, except at “strongly” singular points, this homeo-
morphism can be chosen to be a smooth mapping (the inverse map needs not
be smooth). Deciding whether the same is true at “strongly” singular points
is tantamount to solve an intriguing open question in differential topology.
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1. INTRODUCTION

Throughout the paper, smooth means of class C*°.

In the early works [@, E, @], nice necessary and sufficient conditions were ob-
tained for a smooth control system & = f(z,u), with state x € IR" and control
u € IR™, to be locally smoothly linearizable, i.e. locally equivalent to a control-
lable linear system by means of a diffeomorphic change of variables on the state
and the control. The afore-mentioned conditions require certain distributions of
vector fields to be integrable, hence locally smoothly linearizable control systems
are highly non generic among smooth control systems. Similar results hold for real
analytic control systems with respect to real analytic linearizability.

Consider now the topological linearizability of a smooth control system, namely
the property that it is locally equivalent to a controllable linear system via a home-
omorphism on the state and the control which may not, this time, be differentiable.
Obviously, smooth linearizability implies topological linearizability; the extend to
which the converse holds will be the main concern of the present paper. We address
the real analytic case in the same stroke.

In brief, our goal is to describe the class of smooth control systems that are
locally topologically linearizable, yet not smoothly locally linearizable. This class in
nonempty : the smooth (even real-analytic) scalar system

P =v weER,zclR, (1)

gets linearized locally around (0, 0) by the homeomorphism (x, u) — (z,u3), whereas
the conditions for smooth linearizability fail at this point. However, we observe on
this example that the conjugating homeomorphism has much more regularity than
prescribed a priori:

1. it is a smooth (even real-analytic) local diffeomorphism around all points (z, u)
such that u # 0,

2. it is triangular and induces a smooth (even real-analytic) diffeomorphism on the
state variable (i.e. the identity map = — x),

3. it is a smooth (even real-analytic) map that fails to be a diffeomorphism only
because its inverse is not smooth.

Theorem @ of the present paper states that this example essentially depicts the
general situation. More precisely, if a smooth control system is locally topologically
linearizable at some point (Z, %) in the state-control space, then
1’. in a neighborhood of (Z, %), the system is locally smoothly linearizable around
each point outside a closed subset of empty interior (an analytic variety of positive
co-dimension in the analytic case),

2'. around (%, u), there is a triangular linearizing homeomorphism that induces a
smooth diffeomorphism on the state variable,

3. the above-mentioned homeomorphism is smooth (although its inverse may not),
at least if 0 f /Ou has constant rank around (z,u) or if sup,, , Rankdf/Ou(x,u) = m
on every neighborhood of (Z,@).

Similar results hold for real-analytic linearization when the initial system is real-
analytic.

A homeomorphism satisfying 2’ will be called quasi-smooth (see Definitions E,
EI), hence our main result is that local topological linearizability implies local
quasi-smooth linearizability. A point (Z, @) where the first rank condition in 3’ is
satisfied is called regular, and at such points local smooth linearizability is equivalent
to local topological linearizability (¢f. Theorem @) A point (Z,4) where none
of the rank conditions in 3’ are satisfied is called strongly singular. Whether the
conclusion of 3’ continues to hold at strongly singular points raises an intriguing
question in differential topology, namely can one redefine the last components of
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a local homeomorphism whose first few components are smooth so as to obtain a
new homeomorphism which is smooth? The answer seems not to be known, see the
discussion in section .

Motivations for the present study include the following.

e For systems without controls, i.e. ordinary differential equations, local
linearization around an equilibrium has generated a sizable literature, see
Section E for a small sample. It tells us that, even for a real analytic
o.d.e., linearizability much depends on the admissible class of transforma-
tions (formal, real analytic, C* or topological). For instance, although ana-
lytic linearization requires subtle conditions relying upon a refined analysis
of resonances and small divisors, the Grobman-Hartman theorem says nev-
ertheless that topological linearization is always possible at a hyperbolic
equilibrium. As one might suspect (this is indeed shown in section @), no
naive analog to the Grobman-Hartman theorem can hold for control sys-
tems because they feature a family of vector fields rather than a single one.
However, it might still be expected that relaxing the smoothness of the al-
lowable transformations increases the class of linearizable control systems.
It is in fact hardly so: we knew already from [, [, R7 that C! lineariz-
ability of a smooth control system implies smooth linearizability, and we
prove here that for C? linearizability this class does not get much bigger.
In particular, there are no subtle questions about resonances and one may
say that the most prominent feature of a control system is to be, or not to
be linearizable, regardless of smoothness.

e Linearizable control systems are systems with linear dynamics, whose non-
linear character lies in their input-to-state and state-to-output maps only.
Such models are advocated in [E, E] for identification (in the discrete-time
case), as their reduced complexity makes them more amenable to standard
techniques. It is therefore natural to investigate this class, and topolog-
ical equivalence is about the weakest possible from the point of view of
identification.

e From a control engineering point of view, it is common practice to de-
sign locally stabilizing feedback laws for a given system based on its linear
approximation when the latter is controllable. Moreover, no topological in-
variants are known that distinguish the latter from the former. Therefore,
it is legitimate to ask about the relationship between them, and the present
paper shows it cannot be as strong as topological conjugacy.

e Even if the linear approximation to a control system is not controllable, it
may still happen that the system is locally topologically linearizable, and
thus locally equivalent to a linear controllable system which is not its linear
approximation. Clarifying this phenomenon (c¢f. section @) lays ground
for a slight extension of the technique mentioned in the previous item.

The conditions for smooth linearizability derived in [@, E, @] come up naturally
in some sense. Indeed, for linear systems, the flag of distributions obtained from the
control vector fields by iterating Lie brackets with the dynamics is a constant flag,
and it matches the entire state space in at most n steps if the system is controllable.
Since integrability, Lie brackets, as well as rank of distributions are preserved under
local diffeomorphisms, this translates at once into necessary conditions for smooth
linearizability of a smooth nonlinear system. These conditions are shown in [@,
E, @] to be sufficient. In contrast, homeomorphisms do not allow to pull back
Lie brackets or tangent vector fields; this makes the proofs in the present paper
more intricate. Specifically, we have to rely upon the notion of orbits of families
of smooth vector fields rather than integral manifolds. The proof of Theorem @
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uses classical results concerning such orbits, first established in [@], that we recall
and slightly expand in Appendix E Incidentally, the lack of a theory dealing with
orbits of C* vector fields is the main reason why the results of the present paper
restrict to C* or C¥ (i.e. real analytic) control systems. Hopefully our method
can be useful to study local topological equivalence to other classes of systems than
linear ones.

The organization of the paper is as follows. Section E recalls classical facts on
local linearization of ordinary differential equations. Section E introduces conju-
gation for control systems (under a homeomorphism, a diffeomorphism, etc.) and
establishes basic properties of conjugating maps. Section E reviews (topological,
smooth, linear) conjugacy between linear control systems after [E, @] Section E
states the main result of the paper (Theorem @), namely that local topological
linearizability implies local quasi-smooth linearizability for smooth control systems
(smooth meaning either C* or C“), and discusses the gap between smooth and
quasi-smooth linearizability, including geometric characterizations thereof. Section
E contains the proofs of the results given in section E The proof of Theorem @,
to be found in subsection [.9, relies upon section ] and results from [f] stated in
Appendix E plus some technical lemmas from Appendix @ The proof of Theorem
@ is in subsection @

2. LOCAL LINEARIZATION FOR ORDINARY DIFFERENTIAL EQUATIONS

Consider the differential equation

o(t) = f(x(t)), (2)

where f € C¥(U, IR") with U an open subset of IR" and k € IN U {co,w}, k > 1.

It is well known (the “flow box theorem”, see e.g. [E]) that, around each xg € U
such that f(xo) # 0, there is a change of coordinates of class C* that conjugates (B)
to the equation 1 =1, 5 = 0, ..., &, = 0. Hence all differentiable vector fields are
equivalent to each other, at points where they do not vanish, via a diffeomorphism
having the same degree of smoothness (including real analyticity).

At a point 29 € U such that f(xg) =0, i.e. at an equilibrium of the dynamical
system (E), its linear approximation is the system

x(t) = Azx(t) — Axo (3)

where A = Df(xg) is the derivative of f at xo. The equilibrium zg is said to be
hyperbolic if the matrix A has no purely imaginary eigenvalue.

The problem of locally linearizing (E) is that of finding a local homeomorphism
h:V — W around xp mapping the trajectories of (fl) in V onto trajectories of (f)
in W in a time-preserving manner. In other words, if ¢; denotes the flow of ()
we should have for each z € V that

hogi(x) = eAt(h(:I:) — h(z0)) + h(zo)
provided that ¢,(x) € V for 0 < p < t. When this is the case we say that
h conjugates (P) and (E), and we speak of topological, C*, smooth, or analytic
linearization depending on the regularity of h and h~!.

Local linearization at an equilibrium is a very old issue. At the beginning of the
twentieth century, H. Poincaré already identified the obstructions to the existence
of a formal change of variables h that removes all the nonlinear terms when f
is analytic. These are the so-called resonances, see e.g. [E, E] In fact, resonant
monomials of order ¢ are obstructions to linearizing the Taylor expansion of f at
order ¢ and consequently also obstructions to C* linearization. However, although
there exists a formal power series expansion for h when there are no resonant
terms, the existence of a convergent power series for h (analytic linearization) is

)
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a delicate issue. When the eigenvalues of the Jacobian belong to the so-called
Poincaré domain, the absence of resonances indeed implies analytic linearizability
(the Poincaré theorem). If it is not the case, a famous theorem by Siegel gives
additional Diophantine conditions on these eigenvalues to the same conclusion.
These conditions are generically satisfied in the measure-theoretic sense @] If no
eigenvalue of the Jacobian is purely imaginary, it turns out [@] that the absence
of resonances is also sufficient for smooth (h, h~! of class C*) but in general not
real analytic linearization. This is still valid when f is merely of class C°.

In contrast, if one allows conjugation via a topological but not necessarily dif-
ferentiable homeomorphism, the Grobman-Hartman theorem asserts that every or-
dinary differential equation with no purely imaginary eigenvalue of the Jacobian
(hyperbolicity) can be locally linearized around an equilibrium, that is, resonances
are no longer an obstruction. A proof of this classical result can be found in [§:

Theorem 2.1 (Grobman-Hartman). Under the assumption that xq is a hyperbolic
equilibrium point, system (E) 1s topologically conjugate to system (E) at xg.

In fact, it is proved in [@] that the conjugating homeomorphism h (together
with its inverse h~!) can be chosen Holder-continuous, and even differentiable at
xo (but not in a neighborhood). This brings additional rigidity to the mapping h.

The above theorem entails that the only invariant under local topological conju-
gacy, around a hyperbolic equilibrium, is the number of eigenvalues with positive
real part in the Jacobian matrix, counting multiplicity. Indeed, as is well-known
(cf. [ﬂ]), the linear system & = Ax where A has no pure imaginary eigenvalue is
topologically conjugate to © = DX, where D is diagonal with diagonal entries £1,
the number of +1 being the number of eigenvalues of A with positive real part.

3. PRELIMINARIES ON TOPOLOGICAL EQUIVALENCE FOR CONTROL SYSTEMS

3.1. Control systems and their solutions. Consider two control systems where
n,m,n’,m’ are natural integers :

z = flzyu), € R", ue R™, (4)
2 = g(z,v), zeRY, ve R, (5)
or expanded in coordinates :
.Z"l = fl(xl,...,xn,ul,...,um) 21 = gl(zl,...,znr,vl,...,vm,)
T = fol@1,.. o Tn,Ut, .o, Un) 2o = gn(Z1y ey 20y U1, ooy Unr)

where = or z is called the state and w or v the control.

Although our main results are stated (in section [) for infinitely differentiable
—or real analytic— control systems, their proofs deal with non-smooth objects
because the transformations we consider are only assumed to be continuous. This
leads us to keep smoothness assumptions to a minimum in the present section.
Accordingly, the maps f; : R" x IR™ — IR and g; : R" x R™ — IR are assumed to
be at least continuous; any additional regularity assumption will be stated explicitly.
We do not restrict their domains of definition; this is no real loss of generality
because they could anyway be extended using partitions of unity (real analyticity
plays no role in the present section), and whenever a result is stated, the domain
where it holds true is precisely stated and the value of f and g outside this domain
does not matter.

If m is zero or f does not depend on u, equation (H) reduces to the ordinary
differential equation (E) Of course “genuine” control systems are those whose right
hand side does depend on the control.
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Definition 3.1. By a solution of (H) that remains in an open set Q C IR™ ™ we
mean a mapping 7y defined on a real interval I, say
y: I = Q
Lo ) = (n(t), 1) )
with y1(¢) € R™ and ~g(t) € R™, such that :

e ~ is measurable, locally bounded, and 71 is absolutely continuous,
e whenever [T1, T3] C I, we have :

T>

n(T2) — n(Ty) = . f(n(t), yu(t))de . (7)

Solutions of (ﬁ) that remain in Q' ¢ IR™ T are likewise defined to be mappings
~o I —

t o= () = (n@), n))
having the corresponding properties with respect to g.

(8)

If (z,a@) is a point in Q, U a neighborhood of @ such that {Z} xU C Q, J a
real interval, and ~g : J — U a measurable and locally bounded map, then, by [ﬂ,
Ch. 2, Theorem 1.1] and the continuity of f, there exists, on a possibly smaller
interval I C J, a solution v of (E) that remains in €2 subject to the initial condition
~(0) = Z. This solution may not be unique without further assumptions on f, for
instance that it is continuously differentiable, or merely locally Lipschitz in the first
argument.

Remark 3.2. Observe that Definition B.] assigns a definite value to yg(t) for each
t € I. Of course, since 71 remains a solution to (E) when the control vy gets redefined
over a set of measure 0, one could identify two control functions whose values agree
a.e. on I, as is customary in integration theory. However, these values are in any
case subject to the constraint that v(t) € Q for every t € I, and altogether we find
it more convenient to adopt Definition @

3.2. Feedbacks. In the terminology of control, a solution in the sense of Definition
@ would be termed open loop to emphasize that the value of the control at time
t is a function of time only, namely that ~g(¢) bears no relation to the state x
whatsoever. A central concept in control theory, though, is that of closed loop or
feedback control, where the value of the control at time t is computed from the
corresponding value of the state, namely is of the form a(z(t)). To make a formal
definition of a feedback defined on an arbitrary open set, we need one more piece
of notation : if Q C IR™ x IR™ is open, we let 7, :  — Qpr~ the natural projection
that selects the first n components, where Qp» = 7,(Q) C R".

Definition 3.3. Given an open set Q C R™™™, a feedback on € is a continuous
mapping « : Qpr~ — IR™ such that (z,a(x)) € Q for all € Qpr». A C*(resp.
C¥) feedback on € is one of class C*(resp. C¥).

A feedback is nothing but a mapping « such that x — (z, a(z)) is a continuous
section of the natural fibration 7, : Q@ — Qpg~. Of course, there are sets 2 whose
topology prevents the existence of any feedback. However, if there is one there are
plenty, among which C*°feedbacks are uniformly dense. This is the content of the
next proposition, that will be used in the proof of Theorem . To fix notations,
let us agree throughout that the symbol || || designates the Euclidean norm on
R irrespectively of the positive integer ¢, while B(z,r) stands for the open ball
centered at x of radius r and B(x,r) for the corresponding closed ball.
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Proposition 3.4. Let Q be open in R™™™, and a : Qe — IR™ be a feedback on ).
To each & > 0, there is a C™ feedback 5 : Qpn — R™ such that ||a(z) — B(z)|| < e
for x € Qpn.

Proof. Let @ =Ky C Ky--- C Kg C Kg41 -+ be an increasing sequence of compact
subsets of Qpn, each of which contains the previous one in its interior, and whose
union is all of Qp». For each x € QQzn, define an integer

k(x) = min{k € IN; z € Ky} . 9)

To each k, by the continuity of o and the compactness of Ky, there is ui > 0 such
that

o B(z, ) x Conv { a(B(z,ux)) } € Q,

e Vuy,us € Conv { a(B(z, k) }, Jur —uz <e, (10)

r e, = {
where the symbol Conv designates the convex hull. In addition, we may assume
that the sequence (i) is non increasing.

o [e]

Denote by fCj the interior of Ky, set Dy = K\ Kir—1 for & > 1, and cover
the compact set Dy with a finite collection By of open balls having the following
properties :

e each of these balls is centered at a point of Dy, and is contained in the open

o
set Cr+1 \Kr—2 (with the convention that K_; = &),

e cach of these balls has radius at most uk;l .

The union B = J,.»; Bk is a countable locally finite collection of open balls that
covers Qpn, and it has the property that every ball in B is included in B(zx, k()
as soon as it contains x. Let Bj, for j € IN, enumerate B, and h; be a smooth
partition of unity where h; has support supph; C B;. If we pick z; € B; for each
7, the map 3 : Qrn — IR™ defined by

Blz) =Y hj(z)a(z)) (11)

jEIN
is certainly smooth. In addition, since by construction z; belongs to B(z, jty(y))
whenever hj(z) # 0, we get that 3(z) lies in the convex hull of a(B(z,r)) for
some 7 < [ij(y), and therefore, from ([L0) and (f]), that (z,3(z)) € @ and [|o(z) —
B(x)|| < e. Hence 3 is a smooth feedback on € such that ||a(x) — 3(z)| < ¢ for all
T € Qpn. [l

3.3. Conjugacy. We turn to the notion of conjugacy for control systems, which is
the central topic of the paper.

Definition 3.5. Let
X : Q —

(@) — x@w = Oalow), xa(ew)) (12)

be a bijective mapping between two open subsets of IR" "™ and R+ respectively.
We say that x conjugates systems (E) and (E) if, for any real interval I, a map
~ : I — € is a solution of (E) that remains in Q if, and only if, x o v is a solution
of (f) that remains in .

Although this definition makes sense without any regularity assumption, we
only consider the case when y and y~! are at least continuous. Then Brouwer’s
invariance of the domain (see e.g. [[[7) implies that n' +m’ = n+m if () and (§)
are conjugate via such a y. Proposition @ below asserts that more in fact is true.
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Proposition 3.6. If the map x in (L) is a homeomorphism that conjugates (E)
to (5)7 thenn =n', m =m’/, and x1 depends only on x:

x(z,uw) = (xi(z), xu(z,u)) . (13)
Moreover, x1 : Qrr — Qpn is a homeomorphism. Here, one should recall the
notation Qpn that was introduced before Definition .

Proof. Let T, @, @ be such that (z,a) and (Z,4’) belong to Q. Let further z(t) be
a solution' to ({) with z:(0) = & and

u(t) =uif t <0,
u(t)y=a"if t>0.

By conjugacy, z(t) = xi(z(t),u(t)) is a solution to (fJ) with v given by v(t) =
xm(x(t),u(t)), for t € (—e,€) and some € > 0. In particular x1(z(t),u(t)) is con-
tinuous in ¢ so its values at 07 and 0~ are equal. Hence x1(Z,u) = x1(Z, @) so
that x1: Qp» — Q’Rn/ is well defined and continuous. Similarly, ()(*1)I induces a
continuous inverse Q’Rn, — Qprn. By invariance of the domain n = n'. O

In view of this proposition, we will only consider conjugacy between systems
having the same number of states and inputs. Hence the distinction between (n, m)
and (n’,m') from now on disappears.

Remark 3.7. In the literature, there seems to be no general agreement on what
should be called a solution of a control system, nor on the concept of equivalence.
We discuss and compare some notions in use in section @

Remark 3.8. Taking into account the triangular structure of x in Proposition E,
one may describe conjugacy as resulting from a change of coordinates in the state-
space (upon setting z = x1(z)) and then feeding the system with a function both of
the state and of a new control variable v (upon setting u = (x~!)r(z,v)), in such a
way that the correspondence (x,u) — (z,v) is invertible. In the language of control,
this is known as a static feedback transformation, and two systems conjugate in the
sense of Definition would be termed equivalent under static feedback.

This notion has received considerable attention (see for instance [EI]), albeit only
in the differentiable case (i.e. when Y is a diffecomorphism). Differentiability has the
following advantage : when x1 and (x1)~! are differentiable, x conjugates systems
) and () on some domain if, and only if

g0at) xaew) = P faw) (14)
holds true on this domain. Hence one may replace Definition , which is based
on solutions to ({J) and (f), by the equality above expressing the way in which x
transforms the equations. Note that the differentiability of xy is not required.

Various degrees of regularity for x give rise to corresponding notions of conjugacy
in Definition ‘ below.

Definition 3.9. For k € IN U {oco,w}, & > 1, a map x as in ([Lj) is called a
quasi-C* diffeomorphism if and only of it is C° homeomorphism and yp is a C*
diffeomorphism Qg — Q. i.e. x1 and x;~* are of class CF.

Definition 3.10. Let k € IN U {co,w}, k > 1.

Systems (@) and @) are topologically (resp. C¥, resp. quasi-C¥) conjugate over
the pair Q,Q) if there exists a homeomorphism (resp. C* diffeomorphism, resp.
quasi-CF diffeomorphism) y : Q — €’ that conjugates the two systems.

LThis solution is not necessarily unique since here f and g are merely assumed to be continuous.
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System (@) is locally topologically (CF, quasi-C*) conjugate to system (E) at
(z,1) € R™™ if? the two systems are topologically (C*, quasi-C*) conjugate over
a pair Q, ', where © is a neighborhood of (Z, @).

Remark 3.11. All definitions are invariant under linear time re-parameterization,
namely :  if x : Q — Q' conjugates systems (E) and (E), then for any A € IR (if
A < 0, this reverses time) the map x also conjugates the systems
= Af(z,u) and Z=Xg(z,v) .

Indeed, this is trivial for A = 0, otherwise, if ¢ — (z(t),u(t)) is a solution of
& = Af(z,u) on a time-interval [¢1,t2], and Z(¢) and @(t) denote respectively x(t/)\)
and u(t/)), then ¢ — (Z(t),@(t)) is a solution of () on [A1, Ato], hence y sends
(Z(t),a(t)) to (2(t),v(t)) satisfying z(t) = g(Z(t),v(t)). Consequently, x maps
(x(t),u(t)) to (2(t),v(t)) = ((2(At),5(At))), which is a solution of 2 = A\g(z,v).

In case there is no control (i. e. m =m’ = 0) so that neither uw nor xy appear in

(@), Definition coincides with the usual notion of local conjugacy for ordinary
differential equations.

, U
, U

3.4. Properties of conjugating maps. Below we derive some technical facts
about conjugacy and feedback that are fundamental to the proof of Theorem @,
although they are not needed to understand the result itself.

In the proof of Proposition @, we only used conjugacy on a very small class of
solutions, namely those corresponding to piecewise constant controls with a single
discontinuity. This raises the question whether smaller classes of solutions than
prescribed in Definition @ are still sufficiently rich to check for conjugacy. Under
mild conditions on f and g, as we will see in the forthcoming proposition, conju-
gacy essentially holds if it is granted for a class of inputs that locally uniformly
approximates piecewise continuous functions, and this fact will be of technical use
in the proof of Lemma @ To fix terminology, we agree that a function I — IR™,
where [ is a real interval, is called piecewise continuous if it is continuous except
possibly at finitely many interior points of I where it has limits from both sides
and is either right or left continuous. If in addition the function is constant (resp.
affine, resp. C*) on every open interval not containing a discontinuity point, we
say that it is piecewise constant (resp. piecewise affine, resp. piecewise C*).

Proposition 3.12 (Conjugacy from restricted classes of inputs). Assume that f
and g are continuous IR" x IR™ — IR"™ and locally Lipschitz-continuous with respect
to their first arqument®. Let x : Q — Q' be a homeomorphism between two open
subsets of R™™™, and denote by Qu and Qf respectively the open subsets of IR™
obtained by projecting Q and ' onto the second factor. Let further C and C' be
collections of locally bounded measurable functions IR — IR™ whose restrictions
Cly and C'ly to any compact interval J contain in their respective closures, for
the topology of uniform convergence, the set of all piecewise continuous functions
J — Qp and J — Qf respectively. If x maps every solution (B) of () such that
Yi(t) € C|1 to a solution of (f) while, conversely, x~' maps every solution (§) of
@) such that v (t) € C'|r to a solution of (), then the restriction of x to any
relatively compact open subset O C Q conjugates systems () and (E) over the pair
0, x(0).

2It would be more natural to say that system (H) at (&, w)€ IR"T™ is locally conjugate to
system () at (&', @’)€ R™™ if the two systems are conjugate over a pair Q, Q’, where Q is a
neighborhood of (z, %) and €’ is a neighborhood of (z’,4’). However, prescribing (z’,4’) would
increase notational burden and add no relevant information.

3This means that each (Z,4) € € has a neighborhood N such that ||f(z',u) — f(z,u)|| <
c||z’ — z|| for some constant ¢ whenever (x,u) and (z/,u) lie in N.
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Proof. Let us first show that

for any solution v : I — Q of ([{]) such that vy is }

piecewise continuous, x o~y is a solution to (E) (15)

Since the property of being a solution is local with respect to time, we may suppose
that I is a compact interval. Then, there is an open set O and a compact set }C
such that v(I) C O C K C Q. By the hypothesis on C, there exists a sequence of
functions g : I — IR™ converging uniformly to vy such that g € C|;. Define
for each k € IN a time-varying vector field X* by X*(¢,z) = f(z,71.(t)). By the
continuity of f, this sequence converges uniformly on compact subsets of I x IR"™ to
X(t,x) = f(x,vu(t)); moreover, since vy is bounded (being piecewise continuous)
~i,% is also bounded, thus the local Lipschitz character of f(z,u) with respect to x
implies by compactness that X (¢,7) and X*(t,z) are themselves locally Lipschitz
with respect to x on I x Opn. Pick tg € I and apply Lemma with I = [tq, ta],
xo = 7(to), and U = Opn. This yields, say for k > K, that the solution 71 x to the
Cauchy problem

k(t) = X5t k(L) Yk(to) = n(to) ,
maps I into O~ and that the sequence (V1,x)k>k converges uniformly on I to .
Hence, if we let
V() = (Vk(t), Y0,k (1)),

the sequence (Vg )g>x converges to v, uniformly on I. In particular v (1) C K C Q
for k large enough.

Now, since 7, : I — Q is a solution to () with vz € C|r, it follows from the
hypothesis that y o~y is a solution to ([]) that remains in €/, i.e. with the notations
of ([.d) we have, for k large enough,

xiomw(t) — xiom(te) = / g(xom(s)ds, teT. (16)

By the continuity of x, the convergence of v (t) to v(t), and the fact that g re-
mains bounded on the compact set x(K), we can apply the dominated convergence
theorem to the right hand-side of ([l) to obtain in the limit, as k — oo, that

x1ov(t) — xiov(to) = /tg(xoy(s))ds, tel.

'%us xov: I — IR"™ is a solution to (H) that remains in €', thereby proving
@
The next step is to observe from (@) that, since piecewise constant controls are
in particular piecewise continuous, the proof of Proposition @ applies to show that
X : © — Q' has a triangular structure of the form ([13).

With (1) and (B) at our disposal, let us now prove the proposition in its
generality. Choose an arbitrary open subset O with compact closure O in 2, and
fix two compact subsets I and Iy of ) such that

OC@CI%CICCIOCchClcQ.

where IOC stands for the interior of K.

Let v : I — O be a solution of (E) We need to prove that x o+ is a solution to
(E) and again, since the property of being a solution is local with respect to time, we
may suppose that I is compact. Notations being as in (ﬂ), it follows by definition
of a solution that vy is a bounded measurable function I — IR"™. We shall proceed
as before in that we again approximate v by a sequence 7 of trajectories of (E)
that are mapped by y to trajectories of (E) This time, however, the approximation
process is slightly more delicate, because it is no longer granted by the hypothesis
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on C but it will rather depend on general point-wise approximation properties to
measurable functions by continuous ones.
By the compactness of I, there is ex > 0 such that

(z,u) €K = B((z,u), ex) CI%l . (17)
Let u,, : I — IR™ be an auxiliary function with the following properties :

(1) u~, is piecewise constant on I,

(if) (&(¢), uvy (1)) €Ky for all ¢t € T and every map § : I — IR" that satisfies
sup [[€(1) = ()] < ex/2. (18)
€

Such a function u,, certainly exists. Indeed, by definition of a solution, v; is ab-
solutely continuous thus a fortiori continuous I — IR", and therefore we know for
each ¢t € I that the set

w H(Bn(t),ex/2))
is an open neighborhood of ¢ in I, hence a disjoint union of open intervals in I one
of which contains ¢; call this particular interval U;. By the compactness of I, we
may cover the latter with finitely many intervals Uy, for 1 < j < v. Let now j(t)
denote, for each ¢ € I, the smallest index j € {1,...,v} such that ¢t € U;,. Then,
the map

Uy () = u(tje))

clearly satisfies (i), and since (v1(t;)), vu(tj))) € O C K, it follows from ([L7) and
the fact that ||v1(t) — y1(t;))ll < ex/2 by definition of j(t) that u,, also satisfies
(ii).

Next, recall that ~g is a bounded measurable function I — IR™ so, by Lusin’s
theorem [@, Theorem 2.23] applied component-wise, there is, for every integer
k > 1, a continuous function hy : I — IR™ that coincides with ¢ outside some set
Ti C I of Lebesgue measure strictly less than 1/k?, and in addition such that

sup || k()| < v/msup [ y(2)]]. (19)
tel tel

Put B = {t € I, (m(t), hi(t)) §ZIOC} Since hj, is continuous Ej is compact, and

since v(I) C O CIOC it is clear that FEj C 7y hence E} has Lebesgue measure strictly
less than 1/k2?. Consequently, by the outer regularity of Lebesgue measure, Ej can
be covered by finitely many open real intervals I 1, . . ., Iy n, whose lengths add up
to no more than 1/k2.

We now define the sequence of functions vy, on I by setting, for £ > 1,

k() = h(t)ift € I\ U Iy,

mat) = uy ()it Ul L.
By construction vy 1, is piecewise continuous, and uniformly bounded independently
of k in view of (L) and the fact that w.,, being piecewise constant, is bounded.
Moreover, as Y, 1/k? < oo, the measure of the set Uj—vzkl I, j is the general term,
indexed by k, of a convergent series, hence almost every t € I belongs at most
to finitely many of these sets so that ~yy ; converges point-wise a.e. to vy on I as
k — oo.

Redefine now X*(t,z) = f(x,vuk(t)), X(t,z) = f(x,v(t)), and observe from
what we just said and the continuity of f that X*(¢,2) converges to X (¢, ) when
k — oo, locally uniformly with respect to © € Opn, as soon as t ¢ E where
E C I is a set of zero measure which is independent of k. Moreover, again from
the boundedness of vy x, yr and the local Lipschitz character of f, we have that
X¥(t,xz), X(t,x) are locally Lipschitz with respect to x. Pick tq € I and apply

(20)
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Lemma @ with U = Opn, I = [t1,t2], and xg = Y1(to). We get, say for k > K,
that the solution 7 to the Cauchy problem

() = XFte®),  eto) =nlto),
is defined over I, maps the latter into Opr», and that the sequence (y1,x)r>xK con-
verges uniformly on [t1, t2] to 1.

We claim that v (t) = (y1,6(t), yr,1(t)) lies in /%1 for allt € I when k is so large
that

sup [|y1,6(t) = ()l < exc/2. (21)
te

Indeed, if t € U, I}, ;, this follows automatically from definition (20) by property (ii)
of uy; ift ¢ U;Iy 5, then (y1(¢), ki (%)) EIOC by the very definition of U;1j ;, and since

vu(t) = (y1.(t), hi(t)) in this case, we deduce from () and (1)) that ~4(t) K.
This proves the claim.

Altogether, we have shown that v : Hlocl is a solution of (H) as soon as k is
large enough, with ~y  a piecewise continuous function on I by construction. By
(@), we now deduce that, for k large enough, ; = x o v is a solution of (E) that
stays in Q. Let us block-decompose 7, into

Mr®) = xi(vk®)) s e®) = xa(ys), ye())

where we have taken into account the triangular structure of x. That v}, : I — &/
is a solution of (E) means exactly that

Va(t) — Aplto) = / (Y k() Vop(s))ds, te . (22)

to

Due to the continuity of x, the functions 71, and vy, respectively converge uni-
formly and point-wise almost everywhere to v{ = xro71 and y = xmo~y on I. Since
g is bounded on the compact set x (K1) that contains v (1) for k large enough, we
get on the one hand, by dominated convergence, that the right-hand side of (23)
converges, as k — 0o, to ftto g(¥{(s), v(s))ds, and on the other hand that the
left-hand side converges to v{(t) — ¥{(to). Therefore (7{,7f) = xov: I — ¥ is a
solution of (f).

This way we have shown that ¥ maps any solution of () that stays in a relatively
compact open subset O of Q to a solution of (E) that stays in €. This achieves the
proof, for the converse is obtained symmetrically upon swapping f and g, C and C’,
and replacing x by x ' O

The triangular structure of conjugating homeomorphisms asserted by Propo-
sition @ is to the effect that any such homeomorphism y : Q@ — Q' is a fiber
preserving map from the bundle Q — Qpr» to the bundle ' — Q.. Since feed-
backs are naturally associated to sections of these bundles by Definition @, X
gives rise to a natural transformation from feedbacks on € to feedbacks on Q. This
transformation will prove important enough to deserve a notation : to any feedback
a on £, we associate a feedback yma on Q' by the formula

yma(z) 2 xaly (200 (2). (23)
We leave it to the reader to check that the properties of an action are satisfied, and
in particular that
X 'm(xma) = a. (24)
Naturally associated to a control system (@) and a feedback « is the following
continuous vector field f, on Qpn :

fa(z) = f(z,a(z)). (25)
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If the homeomorphism y in ([[3) conjugates system () to system (f]), then it is
clear that x; maps the solutions of the ordinary differential equation & = f,(x)
to the solutions of the ordinary differential equation z = g, mq(2). Indeed if x(t)
is a solution of the former, then (z(¢),a(x(t))) is a solution of the control sys-
tem (E) in the sense of Definition @ so the conjugacy assumption implies that
(x1(x(t)), xu(z(t), a(x(t)))) is a solution of (f), and setting z(t) = x1(z(t)) one
clearly has xu(z(t), a(z(t)))) = xma(z(t)); hence z(¢) is a solution to z = gyma(2)
because (z(t), yma(z(t))) is a solution of ().

Now, if a3 and ay are two feedbacks on 2, and the two vector fields f,, and fa,
are defined on Qp~ by (), we denote their difference by 0 fa, a, :

5fa1,a2 = foq - fag . (26)
Such vector fields are similar to the difference vector fields used in [@], except that
we consider arbitrary feedbacks instead of constant ones. To us, these vector fields
will play an essential role. The next proposition states that a homeomorphism that
conjugates two control systems also conjugates the integral curves of such difference
vector fields.

Proposition 3.13 (preservation of difference vector fields). Suppose that f and g
n (E) and (E) are continuous and locally Lipschitz continuous with respect to their
first argument. Assume they are locally topologically conjugate at (0,0) over the
pair Q,€Y. Then, notations for x1 and x1 being as in Proposition , we have for
every pair of feedbacks oy, on ) that x1 conjugates any solution of

T = 5fa1,a2 (SC) (27)

that remains in Qpn to a solution of

z = 59xla17><laz (2) (28)

that remains in Q.

It is perhaps worth emphasizing that the solutions of (R7) and (Rg) need not be
unique since « is merely assumed to be continuous.

Proof. Let n: [t1,t2] — Qgr» be an integral curve of 6 fo, q,, and set
ur(t) = ai(n(t)) . u2(t) = a2(n(t)) . (29)

Let further fA: R™™ — IR" be bounded, continuous and Lipschitz continuous with
respect to its first argument, and coincide with f on some compact neighborhood
of

n(ltr,t2)) x (aa(n(fta, t2]) | azn(ltr.ta))) ) -

Such a f is easily obtained upon multiplying f by a function of class C*with
compact support. For £ € IN, let * be the solution to the Cauchy problem

W) = att) + [ Gilrf (M) (30)
with
Ge(t,x) = 2f(x,ua(t)) _
if t €[t +3(ta —tr), 1+ ( + 55)(t2 — 1)),
Ge(t,x) = —2f(z,us(t)) | (31)
ift et + (3 +5)(ta —t1),t1 + T (ta — 1)),
Golta,z) = —2f(z,ux(tz)), 0<j<l—1.

The definition of 5’ is valid because, since G¢(t, z) is bounded and locally Lipschitz
with respect to the variable z, the solution to (0)) uniquely exists.
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From Lemma [A.4 applied to the case where X (¢, ) = f(x, u1(t)) and X24(t, ) =
f(z,ua(t)) are in fact independent of ¢, any accumulation point of the sequence (%),
say 1°°, is a solution to

1) = f0F0),w(t) — f0™@),u2(t) . n™(t) = nlta) -
Since jA’ is locally Lipschitz continuous with respect to its first argument, the so-
lution to this Cauchy problem is unique and, since f and ]?coincide at all points
(n(t),u1(t)) and (n(t),uz(t)), this entails n> = 5. Thus (n°) converges uniformly
to n on [t1,ts] and, for £ large enough, 1’ remains a solution of ) if fis replaced
by f in (BY). Moreover, n([t1,t2]) C Qpn for ¢ large since the same is true of 7.
Since x conjugates the two systems, hence also by Remark the systems where
f and g are multiplied by 2 or —2, the map x1 01’ : [t1,t2] — Qs is, for ¢ large
enough, a solution to
t

xion‘(t) = xion(t) + t Ge(r,x1 00 (7))dr (32)
with
Ge(t,z) = 2g(z xa(xy(2), u(t)))
ift €[t + 2t —t1),t1+ (L + %) (t2 — t1)),
Gi(t,2) = —2g(z xa(x ' (2), ua(t))) ‘ (33)
if t €[t + (4 + 4)(ta — t1), t1 + T (12 — 1)),
Golta,z) = —2g(zxalxy (), ua(t2))).

Since (x1 o %) converges uniformly to x1 o1 by the continuity of x, replacing ¢ by
a bounded and continuous g : IR"™™ — IR™ that coincides with ¢ on a compact
neighborhood of

xt o n([ts, t2]) x (XH(U([tl,t2]), n([tr,t2])) | xa(n([tr, t]) (77([151,152]))))

does not affect the validity of ([B9)-(B3) for ¢ large enough. Lemma [A.4 now implies
that all accumulation points of the sequence (x1 o 7%) in the uniform topology on
[t1, t2] are solutions of

2= gz, xu(xq ' (2),ur (1)) — g(z, xa(xy ' (2), ua(t)))-

Because x1 o 77 is such an accumulation point, it is by (@) a solution to

o= glzxalg (2), 0107 (2) = gz xalxg ' (2), 02(x7 ' (2)))
which is nothing but (p§). O

3.5. Alternative notions of conjugacy and equivalence.

3.5.1. Transformations in functional spaces. Following [ﬁ], one may view the con-
trol system (@) as a flow on the product space IR"™ x U, where U is a functional
space of admissible controls whose dynamics is induced by the time-shift. Trans-
formations on IR"™ x U then naturally arise; they involve the future and the past of
the control, unlike the mere homeomorphisms on finite dimensional spaces that we
consider here. The corresponding notion of equivalence is obviously rather weak. In
@], a “Grobman-Hartman theorem” theorem is proved in this setting, i.e. generic
control systems (E) are locally conjugate to a linear system via this kind of trans-
formation. With the much stronger notion of equivalence that we use here, we shall
see (section @) that “almost” no system is conjugate to a linear system.

Let us also mention [fJ, where control systems are maps (z(0), u(.)) — =(.) that
satisfy certain axioms, without reference to differential equations, and where the
notion of topological equivalence involves transformations on the product R"™ x U.
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3.5.2. x-conjugacy. Let us call x-solution of system (@) any map t — 1(t) such that
there exists a map ~y for which v = (41, 1) is a solution in the sense of Definition
@; the set of z-solutions is the projection on the x factor of the set of solutions. Let
then z-conjugacy be defined in the same way as Definition defines conjugacy,
except that we replace solutions by x-solutions and the homeomorphism y that acts
on state and control with a homeomorphism x — z = h(z) on the state only.

In the literature, both notions are used (without the prefix “z-”). For instance

|, devoted to the topological classification of linear control systems (see section

) relies on a-conjugacy. We favor Definitions @ and of conjugacy and
solutions because results have to be stated locally with respect both to x and u for
nonlinear control systems.

Conjugacy implies z-conjugacy: use Proposition @, take h = x1 and ignore x7.
The converse is not true in general, as the reader may check easily.

4. THE CASE OF LINEAR CONTROL SYSTEMS

4.1. Kronecker indices. A linear control systems is a special instance of (@), of
the form

& = Az + Bu (34)

where A and B are constant n X n and n X m matrices respectively. When dealing
with linear systems, it is natural to consider an equivalence relation similar to that
of Definition , but where x is restricted to be a linear isomorphism :

Definition 4.1. Two linear systems
i = Av + Bu and % = Az + Bu

are linearly conjugate if and only if any of the following two equivalent properties
is satisfied :

(1) There is a nonempty open set Q C IR"™™, and a linear isomorphism y of
IR™™ whose restriction 2 — x () conjugates the two systems in the sense
of Definition .

(2) There exist matrices P € IR™*", Q € R™*™ and K € IR"™™, with P and
@ invertible, such that

— -1
A = P(A __1BK)P , (35)
B = PBQ .

Since, by Proposition @, a linear conjugating homeomorphism is necessarily
of the form (z,u) — (Pz, Kz + Qu), the equivalence between properties (1) and
(2) follows at once from differentiating the solutions. Provided it exists,  plays
absolutely no role in this context since (@) implies that the two systems are in fact
linearly conjugate on all of IR™*™.

Linear conjugacy actually defines an equivalence relation on linear control sys-
tems or equivalently on pairs (A, B), for which (Bg) can be read as “(A, B) is
equivalent to (Z, E)”. The classification of linear systems under this equivalence
relation is well-known [H], and goes as follows. Each equivalence class contains a
pair (A., B.) of the form (block matrices) :

A0 0 0 --- 0
c .. : be . .

4, = | 0 A4 . B, = ! (36)
0 0 0
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where
0 1 0 0 0
A = o |- b = S, 1<i<m. (37)
- 0
0 --- e 0 (Raxcred) 1 (rix1)
The integers (k1,. .., km) are called the controllability indices of the control system,

also known as the Kronecker indices of the matrix pencil (4, B), while A§ is a square
matrix of dimension n — (k1 + - - - + K, ) that may be assumed in Jordan canonical
form. Note that k1 +- -+ Ky < n, and if kK1 + - - - 4+ Ky, = 1 there is no A ; also, it
may well happen that x; = 0, in which case A and b§ are empty and do not occur
in (BA) to the effect that there are less than m blocks beyond A§. Normalizing so
that

K1 2> 2> km >0,

and ordering the Jordan blocks arbitrarily, there is one and only one such normal
form per equivalence class. A complete set of invariants is then the list of Kronecker
indices and the spectral invariants of the matrix A§.
With the natural partition z = (Zo, Z1,...,Zm) corresponding to the block
decomposition (Bf), the control system associated to the pair (A., B.) reads
Zy = AoZy, Z1 = MZi+ wb, -, Zm = AnZm + umb;

m

where Zj is missing if K1 +- - -+ Ky, = n and Z; is missing if k; = 0. Because it is not
influenced at all by the controls, Zj is sometimes called the non-controllable part
of the state. In this paper, we are only interested in controllable linear systems,
namely :

Definition 4.2. A linear control system (@) is said to be controllable if, and only
if, the following two equivalent properties are satisfied :

&

(1) There is no bloc A§ in the associated normal form (B6)).
(2) Kalman’s criterion for controllability :

Rank(B, AB,..., A" 'B) = n.

To see the equivalence of the two properties, observe that the n — k1 — -+ — Kk,
first rows of the matrix P that puts (A4, B) into canonical form (i.e. z = Pz) form
a basis of the smallest dual subspace that annihilates the columns of B and at
the same time is invariant under right multiplication by A, i.e. they are a basis
of the left kernel of (B, AB, ..., A" !B). For controllable linear systems, the only
invariant under linear conjugacy is thus the ordered list of Kronecker indices. These
can be computed from (B, AB, ..., A" 1B) as follows : if we put

r; = Rank(B,AB,...,A77'B), j>1, ro=0,71r_1=-m,
Sj:ijijl,jZ:l, So=m,

(38)

then s; does not increase with j and a moment’s thinking will convince the reader
that the number of Kronecker indices that are equal to i is s; — s;41, or equivalently
that sy is the number of ;s that are no smaller than k.

To us, it will be more convenient to use as normal form the following permutation
of the previous one. Let p be the smallest integer such that s, = 0, so that

0 =38, < sp-1 < 85p-2 < - <51 < 50 = m,
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with Z s; = n. From these we define, for 0 <i < p:
j>1
o; = ZS]' = NnN—"T;—1, (39)
jzi
so that in particular o, =0, 0,1 = s,—1 > 0, 01 = n and o9 = n +m. Note that,

from (BY), 0; = n — r;—; for 4 > 1. We shall write our controllable canonical form
as 2 = A.z + B.v with

0oy
0 |Jr=2
0 | Jrs

0

A= , Bc= (40)
0 I3
0 I3
where for any integers r and s with s < r, J? is the s x r matrix

J: = I 0 (41)

where I, is the s x s identity matrix.

4.2. Topological classification of linear control systems. In [@], which is
devoted to the topological classification of linear control systems and uses the
notion of z-conjugacy rather than conjugacy (cf Section @), the following result
is proved:

Theorem 4.3 (Willems [R9)). If two linear control systems & = Az + Bu and
s = Az+Bo are topologically x-conjugate, then they have the same list of Kronecker
indices, and the non-controllable blocks A§ and /Tg in their respective canonical
forms (@) are such that the two linear differential equations Xy = A§Xo and
Zy = ZSZO are topologically equivalent.

As pointed out in Section @, topological conjugacy implies topological x-conjugacy
but not conversely. However, for linear control systems having the same number
m of inputs, Theorem @ implies that these notions are equivalent. Indeed, if
two systems are respectively brought into their canonical form () by a linear
change of variable on IR"*™, and if in addition they are x-conjugate, then their
non-controllable parts are topologically equivalent while the remaining blocks are
identical by equality of the Kronecker indices. Hence, both in the above theorem
and in the corollary below, one may use indifferently “z-conjugate” or “conjugate”
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Corollary 4.4. If two linear systems & = Az + Bu and z = Az + Bv are topolog-
ically conjugate and one of them is controllable, then the other one is controllable
too and they are linearly conjugate.

Proof. Controllability is preserved, since Kronecker indices are by the theorem.
Linear conjugacy follows, as we saw that the list of Kronecker indices is a complete
invariant for controllable systems under linear conjugacy. (I

In some sense, the results of section E can be viewed as a generalization of
Corollary @ to a local setting where only one of the two systems is linear.

5. LOCAL LINEARIZATION FOR CONTROL SYSTEMS

In this section, we consistently assume that the map f defining system (E) is
either smooth or real-analytic.

Definition 5.1. Let k € {oco,w}. The system (@) is said to be locally topologically
(resp. CF, resp. quasi-CF) linearizable at (Z,u) € IR™™ if it is locally topologically
(resp. CF, resp. quasi-C*) conjugate, in the sense of Definition , to a linear
controllable system # = Az + Bv (cf. Definition [£.9).

This definition of smooth linearizability coincides with linearizability by smooth
static feedback as described in the textbooks [E, @] In subsection @, we recall
classical necessary and sufficient geometric conditions for a system to be smoothly
(resp. analytically) linearizable, and we complement them with a characterization
of quasi-smooth (resp. quasi-analytic) linearizability.

5.1. Main result. If a smooth control system is locally topologically linearizable,
then the conjugating homeomorphism has a lot more regularity than required a
priori. This is in contrast with the Grobman-Hartman theorem for ODE’s and
constitutes the central result of the paper:

Theorem 5.2. Let k € {oo,w} and assume that f is of class C* on an open set
Q c R™™. Then system () is locally topologically linearizable at (z,a) € Q if,
and only if, it is locally quasi-C* linearizable at (Z,u).

Proof. See section @ O

Observe from (@), that a quasi-C* diffeomorphism Y is a linearizing homeomor-

phism if and only if it satisfies

Ix1 .

) flaw) = Anle) + Bxalew) (42)
Hence quasi-smooth linearizability is much easier to handle than topological lin-
earizability, that relies on conjugating solutions rather than equations.

System (EI) of the introduction is topologically, quasi-C*and quasi-C*°linearizable
at (0,0) but fails to be even C! linearizable; hence quasi-C* cannot be replaced with
C* in Theorem @ To study the gap between C* and quasi-CF linearizability, note
that (@) imposes additional regularity on a linearizing quasi-C* diffeomorphism :

Proposition 5.3. Let k € {oo,w} and f in (f)) be C*. If x : Q@ — ' is a quasi-C*
diffeomorphism that conjugates (Q) to the linear system 2 = Az + Bv, then :

(1) the map Bxy : Q — IR™ is of class C*,

(2) for any (x,u) € Q in the neighborhood of which the rank of df/0u is con-

stant, one has Rank ?(z, u) = Rank B.
u

3]
(3) for any open subset O of Q, one has sup Rank a—f(ac', u') = Rank B.
(z’,u")€O u
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Proof. Point (m) is direct consequence of @) and the smoothness of x1 and f. To
establish (f) and (B), differentiate () with respect to u to obtain
B

)W gy = LB () (43)
Let V C Q be open and such that Rank df/0u(z,u) = p some integer p and all
(z,u) € V. Define ¢ : V — R"™™ by é(z,u) = (x1(z), Bxa(z,u)). On the one
hand, since i is a diffeomorphism, (@) implies that the rank of the Jacobian of ¢ is
n+ p, hence, by the constant rank theorem, ¢(V) is a (n+ p) dimensional immersed
sub-manifold of IR"*™; on the other hand, since y is open, ¢(V) is an open subset
of the (n + Rank B)-dimensional linear range of I,, x B; hence p = Rank B. This
proves point E, and at the same time point f because any O C () contains an open
subset on which the rank of df/du is constant while (1) clearly implies that, for
all (z,u) € Q, the rank of 0f/0u(z,u) is no larger than Rank B. O

Based on Proposition @, let us divide the points of €2 into three classes.

e A point (Z,a) € Q is called regular if it has a neighborhood on which df/0u
has constant rank. It is easy to see that regular points form an open dense
subset of ).

o If (Z,u) is not regular, it is termed weakly singular if each neighborhood
O C Q of this point satisfies

0
sup Rank —f(ac, u) =m. (44)
(z,u)€O0 ou
e A point (Z,u) € Q which is neither regular nor weakly singular is said to
be strongly singular. This means it has a neighborhood O C €, such that

0 9]
sup Rank —f(:c,u) =m’' <m, Rank —f(:E, ) <m'. (45)
(z,u)€O ou ou
The distinction between topological and smooth linearizability may now be ap-

proached wvia the following theorem that complements Theorem @

Theorem 5.4. Let k € {oo,w} and f be of class C* on an open set Q@ C R"™.

e System (E) is locally C* linearizable at (Z,u) € Q0 if, and only if it is locally
topologically linearizable at (Z,u) and the latter is a regular point.

o If (E) is locally topologically linearizable at (T,u) and the latter is a weakly
singular point, then a linearizing homeomorphism around (T, @) may be cho-
sen to be a map of class CF, although not necessarily o CF diffeomorphism
(its inverse may fail to be CF).

Proof. The first assertion is a consequence of Theorem @ together with Theo-
rems .7 and f.g to come, observing that condition (R]) in the latter will automat-
ically hold at a regular point by the constant rank theorem. Next, assume that
X : Q2 — ' is a quasi-C* diffeomorphism that conjugates the C* system (E) to the
linear controllable system 2 = Az + Bv at some weakly singular point (Z,u). By
(3) of Proposition p.d, the rank of B is m hence it is left invertible; by (1) of the
same proposition, xy is indeed C*. (I

Whether Theorem @ remains true if “weakly singular” gets replaced by “strongly
singular” is unknown to the authors. This turns out to be equivalent to the follow-
ing question in differential topology which is of interest in its own right and seems
to have no answer so far.

Open Question 5.5. Let O be a neighborhood of the origin in RPY and F : O —
IR? a smooth (resp. real-analytic) map. Suppose G : O — IR? is a continuous map
such that F x G : O — IR? x IR? is a local homeomorphism at 0.
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Does there exist another neighborhood O C O of the origin and a smooth (resp.
real-analytic) map H : O' — IR? such that F x H : O’ — IRP x IR? is still a local
homeomorphism at 0 ¢

If the answer to the open question was yes, then Definitions and @ of
quasi-smooth (resp. quasi-analytic) linearizability might equivalently require x to
be smooth (resp. analytic) because, assuming the linear system is in normal form
(10)- (1), one could set F = 7,44, o x and smoothly (resp. analytically) redefine
the last m — s; components of y.

If the answer to the open question was no, then Definition @ would really be
more general than the one obtained by restricting x to be smooth (resp. analytic).
Indeed, if F' provides a counterexample to the open question, say, in the C*° case,
we may consider on IRP x O the control system

& = F(u) , z€lRP uc R (46)
which is locally quasi-smoothly linearizable at the origin since the local homeomor-
phism

(z,u) = (Z,’U) - (z,F(u),G(u))
conjugates ({d) to
2 = Buw, with B=(I,|0). (47)

However, no smooth homeomorphism

X (zu) = (z,0) = (al@),xu(z,u))
exists that quasi-smoothly linearizes (@) at 0: if this was the case, by Corollary
we may assume up to a linear change of variables that y conjugates (4) to ({7)
Then conjugacy would imply
0
%(m)F(u) = Bxu(z,u)

whence in particular

F(u) = (%(0))1 B x1(0,u),

and the last ¢ components of xy(0, u) would yield a smooth H such that F' x H is
a local homeomorphism at 0 in RP*9, contrary to the assumption.

5.2. Geometric characterization of quasi smooth linearization. Let A and
U be two open subsets of IR" and IR™ respectively, and assume that f is defined
on X x U. For each u € IR™, let f, be the vector field on X defined by :

fulz) = flz,u). (48)
Also, for each (z,u) € X x U, we define below a subspace D(z,u), that coincides
with the range of the linear mapping 0f/0u (z,u) when its dimension is locally

constant. First, we consider the subset £, , C IR" (not a vector subspace) given
by :

YELry & Iwy) U, lim w,=u (49)
and lim =Y
n—oo || f(z, wn) — f(x, u)|
subsequently we put
D(z,u) = Spang Ly, - (50)

In words, D(x,u) is the vector space spanned by all limit directions of straight
lines through f(z,u) and f(z,u’) as u’ approaches u in IR™; it is of common use
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in stratified geometry to generalize the notion of tangent space. Note that the set
L ., depends on the norm used in @), but the subspace D(z,u) does not.

Proposition 5.6. If f is of class C* and if we denote by Ran L the range of a
linear map L, we have that

D(z,u) D Ran %(x,u) (51)

and equality holds at every (xz,u) where the rank of df/0u (x,w) is locally constant
with respect to u.

Proof. The inclusion (F1) is clear since any element of Randf/du(x,u) can be
written 0f/0u (z,w).h with h € IR™, and, if it is nonzero, one has

of /Ou (x,u).h — lm flzyu+1th) — f(z,u)
10f/0u (2, u).h|| =0+ || f(2,u+th) — f(z,u)]

To get the reverse inclusion when the rank of 9f/0u (z,w) is locally constant, we
use the constant rank-theorem to the effect that the partial map v’ — f(z,u’)
may, in suitable coordinates around u, be factored as ¢ o %, , o 7, where ¢ is a
local diffeomorphism around f(z,u) in IR", r is the rank of 9f/0u (x,u), the map
m : IR™ — IR" is the canonical projection on the first » components and the
inclusion iy, : R" — IR™ maps (w1,...,wy) to (wy,...,wy,0,...,0). Therefore,
up to a local change of coordinates around « in IR™ which clearly leaves D(z,u) and
Randf/0u (x,u) unchanged, we can assume that f(z,u’) depends only on m,(u')
and that

1f (') = fl2,u)ll = cllm (u” = w)| (52)
for some constant ¢ > 0. Take y € D(z,u). By definition there is a sequence (hy,)
satisfying (). Since f(z,u+ h,,) depends only (for z fixed) on m,(u+ h,, ), we may
replace h, by any element of IR™ having the same r first components : assume
that the m — r last components of h,, are zero, so that ||h,|| = ||7,(hy)||. Then,
we can write

S St ) =S )l
T ] 7w+ o) = o]

Let h be a limit point of h,/||h,|| in IR". By definition of the derivative, we see,
up to a subsequence, that the first ratio on the right-hand side of (E) converges
to Of/0u (z,u).h. Moreover the second ratio is bounded from above by virtue of
(@), and therefore, extracting another subsequence if necessary, we may assume it
converges to some real number. It is now apparent that y € Randf/du (x,u) as
desired. O

(53)

We can now characterize smooth (resp. analytic) and quasi-smooth (resp. quasi-
analytic) linearizability in parallel. The proofs are given in section @

Theorem 5.7 (smooth or analytic linearizability). Let k € {co,w} and f be of class
C* on an open set Q C IR™™™. The control system (E) is locally C* linearizable at
(Z,u) € Q if, and only if there are open neighborhoods X and U of T and @ in IR"
and IR™, with X x U C §, such that the following conditions are satisfied.

(1) D(z,u) does not depend on u for (x,u) € X x U.
0
(2) The rank of a—f(x,u) is constant in X x U.
u
(3) Defining on X the distribution Ag by Ao(z) = D(z,u) — this is possible
if point (ﬂ) holds true — and inductively the flag of distributions (Ay) by :

Apri = A + [fa, D] (54)
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where [ , ] denotes the Lie bracket, then each Ay for 0 < k < n —1 is
integrable (i.e. has constant dimension over IR and is closed under Lie
bracket) and the rank of A,_1 is n.

Theorem 5.8 (quasi-smooth or quasi-analytic linearizability). Let k € {oo,w}
and f be of class C* on an open set Q@ C IR™™. The control system (E) is locally
quasi-C* linearizable at (Z,u) € Q if, and only if there are open neighborhoods X
and U of T and u in R"™ and R™, with X x U C Q, such that conditions (ﬂ) and
(ﬁ’) of Theorem E are met and, instead of condition (@), it holds that

(2") Denoting by 11 < m the constant rank of Ay, the mapping
F: XxU — XxR"
(@,u) — (=, f(z,u))

restricts to a C° fibration® W — F(W) with fiber IR~ on some neigh-
borhood W of (Z,@) in X x U.

(55)

Theorem m is of course equivalent to the results in [@, E, @], but the conditions
are stated here in a slightly different form to parallel Theorem p.§.

Corollary 5.9. Assume that f is real analytic on some open set Q C R™™™. If
the control system @) is locally C* (resp. quasi-C™ ) linearizable at (T,u) € €,
then it is also C¥ (resp. quasi-C* ) linearizable there.

Proof. analyticity does not appear in the conditions of the theorems, except for the
regularity of f itself. (I

5.3. Linearization versus equivalence to the linear approximation. For a
control system, smooth linearizability at an equilibrium implies conjugacy to its
linear approrimation:

Proposition 5.10. Let (Z,a) be an equilibrium point of (E), i.e. f(Z,u)=0, and
let A=0f/0x (z,u), B=0f/0u(z,u) so that :

flx,u) = A(x—2) + B(u—1) + (@ — Z,u—1a), (56)

where € is little o(||x — X|| + |lu — l]).

If system, ({) is locally smoothly linearizable at (T, ), then:
1. its linear approzimation (A, B) is controllable (cf. Definition @),
2. the system is smoothly conjugate to (A, B) at (Z,).

Proof. Let x be a local diffeomorphism conjugating system (E) to 2 = Az + Bv at
(Z, 1), and observe from ([[4) in Remark B.§ that smooth linearizability translates
into (F2). 1f we write f as in (Bf), and if we set P = %(5@), K = %(i,@),
Q= %(a’c,ﬂ), we get by differentiating (i) with respect to = and u at (&, ),
using the relation f(Z,a) = 0, that

PA = AP+ BK , PB = BQ.
Since P and @ are square invertible matrices by the triangular structure of x
displayed in (@), this implies that the linear systems (A4, B) and (A4, B) are linearly

conjugate, see @) Since (A, B) is controllable by definition so is (A, B), thereby
achieving the proof. O

4 A CO fibration with fiber F over B is a continuous map g : £ — B for which every £ € B has
a neighborhood O in B such that g~ (0) C & is homeomorphic to O x F, the so-called trivializing
homeomorphism 1 : g71(O) — O x F being such that 7 o = g where 7 : O x F — O is the
natural projection onto the first factor.
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Proposition has no analog if the control system is only topologically lineariz-
able (hence quasi-smoothly linearizable according to Theorem @) For example,
the system (EI) in the introduction is quasi-C*linearizable at (0,0), but its linear
approximation £ = 0 is not controllable and it is not topologically equivalent to
& = 0. Apart from such degenerate cases, there also exist systems that are quasi-
analytically linearizable at some point with controllable linear approximation there,
and still they are not conjugate to this linear approximation. An example when
m =mn = 2 is given by :

. . 3
T = uw , X2 = 21 + U3,

This system is quasi-analytically conjugate at (0,0) to

2 = v, Z2 = U2, (57)
via z = x, v1 = uy, v = uj + ;. However, its linear approximation at the
origin is #1 = w1, £3 = 1, which is controllable yet not conjugate to @) (¢f

Theorem [£.9).

5.4. Non-genericity of linearizability. Except when m > n or (n,m) = (2,1),
the conditions of Theorem @ require a certain number of equalities (involving
f and its partial derivatives) to hold everywhere. For example, the integrability
of a distribution entails that all Lie brackets be linearly dependent on the original
vector fields, i.e. certain determinants must be identically zero. This makes smooth
(resp. analytic) linearizability of a smooth (resp. analytic) control system highly
non-generic in any reasonable sense, because when written in proper jet spaces it
is contained in a set of infinite co-dimension. Moreover, small perturbations of
a system that does not satisfy these condition will not satisfy them either, while
most perturbations of a system which satisfies them will fail to do so. Compare for
instance [E] where it is shown that the equivalence class of any system affine in
the control has infinite co-dimension in some Whitney topology.

From Theorem @, quasi-smooth or quasi-analytic linearizability, hence also
topological linearizability by Theorem @, require the same equalities to hold on
an open dense set, although this time some singularities are allowed. This is no
more “generic” than smooth linearizability, as opposed to ODE’s for which the
Grobman-Hartman theorem allows one to linearize around an equilibrium as soon
as it is hyperbolic.

6. PROOFs
6.1. Proof of Theorems @ and @ We begin with a lemma whose cumber-

some index arrangement will be rewarded later when constructing the Kronecker
indices of the linearized system.

Lemma 6.1. Let k € {oo,w}. Let Ag and fz be respectively a distribution and
a vector field, both of class C* on a connected open neighborhood of x € IR™.
Let further A;, i > 0, be the distributions defined according to (b4)), and set for
convenience A_1 = {0}. Assume they satisfy point (B’) of Theorem or @ Put

Ty = RaHkAi,1 N 7> 0, To = 0, r-1=-—-m, (58)
so that r; = n for somei <n—1;let p € {3,...,n+1} be the smallest integer such
that r,—1 = n. Define also

p
Si=ri—Ti1, oi=» sj=n-—ri1, 0<i<p (59)
=i
(note that s, = o, =0).
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Then, there exists coordinates X1, ..., Xxn of class C* on a neighborhood X of x
such that

® X1,...,Xo; are independent first integrals of A;_o for i€ {1,...,p—1},
® Xoi+j — fﬂXUi+1+j f07" all mtegers iaj; 2 S 1 S pP— 17 1 S] S S;

(faXois1+j is the Lie derivative of the function Xo,,,+; along the vector field fy).

Proof. Note that when ¢ = 1, the first point above means that x1, ..., x, are indeed
local coordinates. Now, the Frobenius theorem provides us with n — r independent
CF first integrals for a C* integrable distribution of rank 7. This accounts for the
regularity of the coordinates if we construct them as follows.

First pick n —r,—o = 0,—1 independent first integrals of A,_3 and call them

X155 Xo,_y; define further 145, 15+ X20,_1 DY Xo,_145 = fax; for 1 < j <

0p—1 = 8p—1. Clearly, x1,...,Xo,_,+s,_, satisfy the conditions for i = p — 1. Then
proceed inductively : assume that, for some ig € {2,...,p — 1}, the functions
X1s- -+ Xosy+s;, Dave been constructed and satisfy the conditions for ¢ > . We

claim that the differentials dx, are linearly independent at each point of X. Indeed,
assume that there is € X and real coefficients u; and A; such that

domidg @+ Y Md (faxe) (@) =0. (60)
Jj=1 k;:1+(7'i0+1

Put wy = Yp;dy; and wy = X Ardxs. Since d commutes with the Lie derivative, we
may rewrite (B0) as wi(Z) 4+ faw2(Z) = 0. In particular, for any C*-vector field X
in Ao, we get as wi (X) = 0 that fzwe(X)(Z) = 0. Now, by virtue of the formula

fu (W2(X)) = faw2(X) + wa([fa, X]), (61)

we obtain since wo(X) = 0 that wa([fz, X])(Z) = 0, that is, wy annihilates A;,_q
at z. But dx1(%),...,dXo,,,,(Z) are a basis of the orthogonal space to A;,-1(Z)
by the induction hypothesis, whereas w2(Z) is a linear combination of the dy(Z)
for 0i,41 < k < 0i,. Therefore, since we know by the induction hypothesis that
the dy, are point-wise independent for 1 < ¢ < g;,, we get that the Ay are zero
and then the pu; are also zero by @) This proves the claim. Next, recall that
X1,--sXo;, are first integrals of A; o, thus a fortiori of A;,_3. For X a Ck-
vector field in the latter we deduce from (@), where ws is replaced by dy, with
1+ 0541 < € < 04y, that X14o,,5- -+ Xou,+s4, are also first integrals of Aj,—3. In
case 0, + Siy < Tig—1, PICK Xoy +si,+15- -+ Xoy, 1 SO that xe for 1 <0 < 0,1 is
a complete set of independent integrals of A;,_3. If ¢ = 2 we are done, otherwise
define Xoig_1+j = fﬁxgioﬂ- for 1 < j < s;,—1 in order to complete the inductioS
step.

Proof of Theorems and . The two proofs run parallel to each other.

We first show necessity, assuming that k = oo for analyticity does not appear in
the conclusions. Assume local (quasi) smooth linearizability, ¢f. Definitions @ and
@. Without loss of generality, we assume that 2 = X XU where X and U are open
neighborhoods of Z and @ in IR"™ and IR™ respectively. Let y : X xU — Q' C R"™™
be as in ()7 recall that y1 is a smooth diffeomorphism X — x1(X). We may also
assume, after composing x with a linear invertible map, that the pair (A, B) is in
canonical form (fi)-([]), but we still write A, B rather than A., B.. Denote by
By, . .., By, the columns of B and define the vector fields b, ..., b, on IR"™ by

bi(2) =B, 1<i<m, bo(z) =Az+ Bu (62)
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and the distributions A; by
Ao(z) = Spanp{b1(2),...,bm(2)} = RanB  Ajp1 = A+ [bo, Ai], 1 <i<m.

(63)
From @), we have
%(x) flx,u) = bo(xi(z)) + B(xu(z,u) — xu(z,a)). (64)

Since  is a triangular homeomorphism, yg(z,w) — xn(z,u) covers an open neigh-
borhood of 0 in JR™ when w ranges around u in JR™. Thus, in view of (54), La..

—1
defined by ([id) contains an open set in (%(z)) RanB, and by double inclusion

-1
D(z,u) = (%(m)) RanB.
This proves point , and also proves that the distribution Ag in point E is the pull-
back of Ag by the diffeomorphism xi, i.e. (x1), Ao = Ag. Since (4) also implies
(x1), fa = bo, we have (x1), A; = A; for all i. This gives point f because it is
obviously true with A; instead of A;, and integrability and ranks are preserved by
conjugation with the smooth diffeomorphism x1. In the case of smooth linearizabil-
ity, point E is easily obtained by differentiating (@) with respect to u and using
invertibility of Oxu/0u(x,u).

To conclude the proof of necessity, let us prove point ﬂ in the case of quasi-
smooth linearizability. Let

M={ (z,y) € X x R"; %(m)y — Axi(z) € RanB }.

This is a smooth embedded sub-manifold of X x IR"™ of dimension n + r1, where
r1 = Rank B < m. If we define F as in (53), it is clear from () that

FxxU) ¢ M.

Now, take some (m — r1) X m matrix C' whose rows complement 7 independent
rows of B into a basis of IR™. Pick matrices E; and Fsy of appropriate sizes such
that

EvB 4+ ExC = I, .

By () we get

9a

E
! ox

(z) f(x,u) — Axi(z) | + E2Cxa(z,u) = xu(z,u) . (65)

Define
Y: XxU > Mx R
by the formula:
w(ma ’U,) = (:L'a f(.’L', U), CXH(:Ea ’U,))
From @), this mapping has an inverse given by
vl (X xU) — X xU

9]

(z,y,2) — x ! ( xi(z) , Er {%(m)y - AXI(-T):| + E2z)

so that v defines a homeomorphism from & x U onto its image which is open in
M x IR™™" by invariance of the domain. Let O be a neighborhood of (Z, f(Z, )) in
M and § an open ball centered at Cxp(Z, @) in IR™™ "™ such that O xS C ¢(X xU),
and take W = ¢~1(O x §). Then F: W — F(W) = O is a C fibration with fiber
S and trivializing homeomorphism ¢ : W — O x S. Since S is homeomorphic to
IR™™", condition E follows.
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We turn to sufficiency. Points EI, E, and either E or ﬂ imply, for all x € &,
Ag(r) = Spang{f(z,w) — f(z,u), (u,w) €U x U} . (66)

Indeed the right-hand side always contains D(x,u) because it contains all the dif-
ferences f(x,w,)— f(x,u) in ([i9), and point [ implies the reverse inclusion because
f(z,w) — f(z,u) can be computed as the integral on the segment [u,w] C U of a
function that, thanks to Proposition @, belongs constantly to Ag(x).

From (@), the distribution Ag is of class C*. Considering point E, we may
apply Lemma [.1]. We thus obtain some, with r;, s; and o; the integers defined
by (59) and (59), some C* coordinates x1,. .., xn on a neighborhood of Z possibly
smaller than X (but that we continue to denote by X), i.e. a diffeomorphism
x1: X — x1(X), with x1 = (x1,- -+, Xn), meeting the conclusions of Lemma [.1]. In
particular, x1,...,Xn—r, are first integrals of the distribution A, and from ),
this implies that 9x;/0z(x) f(x,u) does not depend on wu, and is there fore equal
to its value for u =@ :

2 () o) = s (@), TS i S0 (67)

For larger 7, the left-hand side depends on x and u : define A : X x U/ — IR™ by
_ aXn—n-‘rl aX"

AMz,u) = ( p (@) f(z,u), ..., pe () f(z,u)) . (68)

Then, defining coordinates z1,...,z, by z = xi1(x). The equations of system (E)
are as follows (the first line gives the derivatives of the n — r; first coordinates and
the second line the last r; ones) :

2Gi+1+j = Zo;+j> 2SZSP7171§‘7§817

Ze = )\n_g(xfl(z),u), n—m+1<¥l<n. (69)

If point [ is satisfied, the rank of the map (z, u) — (x1(z), %f(x, u)) is constant
and thus, according to (@), it is equal to n + r1, 71 being the rank of Ag. From
B7), the map (z,u) — (x1(z), \(z,u)) has the same constant rank n + r;. Hence

there exists ¢ : X x U — IR™ " such that

(mau) = (XI($), )‘('T’u)a ¢('Tau)) (70)

is a diffeomorphism of class C*. Obviously, defining xg by xr(z,u) = (A(x,u), ¢(x,u))
yields a C* diffeomorphism x that conjugates (fl) to a linear controllable system
%2 = Az + Bu. This proves sufficiency in Theorem @

If point P] is satisfied instead, let ¢ : W — F(W) x IR"™"" be the “trivializ-
ing” homeomorphism. Recall that, with 7 : F(W) x R"™"™ — F(W) the nat-
ural projection, one has w oty = F; call ¢ : W — IR"™"™ the map such that
¥ = F x ¢ Composing F with (z,£) — (Xl(x),%f), one gets that (x,u) —
x(z,u) = (xa(z), Mz, u),d(x,u)) is a homeomorphism. Tt clearly conjugates ([f)
to a linear controllable system Z = Az + Bu. This proves sufficiency in Theo-

rem @ O

6.2. Proof of Theorem . This theorem for k = w is consequence of this
theorem for k = oo and of Corollary @ Hence we only have to prove it for k = oo,
i.e. we assume that f is infinitely differentiable and we prove that topological
linearizability implies quasi-C*linearizability.

Without loss of generality, we suppose that (z,4) = (0,0). Assume there exists
a homeomorphism y from a neighborhood of the origin in IR"*™ to an open subset
of IR"T™ that conjugates system (@) to the linear controllable system

z = Az + Bv (71)
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with z € IR™ and v € IR™. Composing x with a linear invertible map allows us to
suppose that the pair (A, B) is in canonical form (f0)-([tT), i.e. that (1) can be
read

2U¢+k = zo'i,1+k 3 2 S Z S P 1 S k S Si—1, (72)
where the integers s; and o; were defined in () and @) and where, for notational
compactness, we have set :

A
Zntk = Uk ; (73)

recall here that so = m, and notice that s; < m may well occur as it simply means
that Rank B < m, in which case some of the controls do not appear in the canonical
form. With the aggregate notation :

Zojp1tl 1

15>

z, 2

J : )

2o,

and the matrices J3 defined in ([t]), system (72) can be rewritten as

Um

Zp—l = Jsz/f:; p—2
Zp—2 = Js;:szp—i%
: (75)
Zo = J2Z
Zy = J3Z
and is viewed as a control system with state (Z,—1,...,Z1) and control Z;. We
also make the convention, similar to (fJ), that
A
Tn+k — Uk, (76)
and we use for the controls the aggregate notation :
Tn+1 Ui
A ) .
Xo = : = : . (77)
Tn+m Um
Let us now prove that property Py below is true for 0 < ¢ < p — 1.
Property Py, : there exists a smooth local change of coordinates around 0 in

R"™, say
(ml,...,wn) — (X,Xg,...,Xg,Xl),

with X € R+ and X; € R* for 0 <@ <L (if £ =0 there are no X;’s beyond Xo
whereas if £ = p — 1 there is no X ), after which system (J) reads:

X = F(X, X))
Xe = Fi(X, Xy, Xe1)
: ; (78)
):(2 = FQ(X;X@"WXI)
Xl = FI(X;X€7"'7X1;XO)

and such that ([79), viewed as a control system with state (X, Xy, ..., X1) and con-
trol Xo, is locally topologically conjugate at (0,0) to system (@) via a local home-
omorphism

(X, Xp, .., X1,X0) — (Zp_1, -, Z0)
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which is, together with its inverse, of the block triangular form :

(Zp—1s-- 2 Ze1) = B(X) X = Y(Zy1, .., Zen1)
Zy = (X, Xy) Xe = V(Zpr,...,Z0)
Zy = &1(X, Xp,.., X1) X1 = WW(Zp1,.... 20)
Zy = ®o(X, Xy,..., X1, X0) Xo = Vo(Zp-1,.-., 721, 2)

where ®; and V; are, for 1 < i < £, continuously differentiable with respect to X;
and Z; respectively, have an invertible derivative, and satisfy for 1 < i < { the
relation :

Fi(X,X¢,...,Xi,Xio1) = Fi(X,Xo,...,X:,0)
~ —1

(I)ifl()?;Xéa .. .,Xi,Xifl) — q)ifl()?,Xe, .. ,XZ,O)) 3

furthermore, the partial homeomorphism

(X,Xe) = (Zporye.s Z0) (80)
locally topologically conjugates, at (0,0) € IR7** "¢ the reduced control system
X = F(X, X, (81)
with state X and input Xy, to the reduced linear control system
Zp—l = J;;:;Zp—Q )
: (82)
Zepyw = JiMZ

wit state (Z,—1,...,Zp41) and input Zy.

Indeed, Py is merely the original assumption on local topological conjugacy of
systems ([]) and (F3), where the triangular structure (%f the conjugating home-
omorphism was taken into account; note that, in Py, ) is empty and that the
reduced system () is the original system. Next, supposing that P, holds for some
£ > 0, we apply Lemmas @ and @ (see below) to the reduced systems (@), @),
and to the partial homeomorphism (B0), with

d=o0py1, T =8, $= Ser1, U = Xy, (zl,...,zd):)?,
ZV=(Zp-1,. . Zog2), 22 = Zps1, and V = Zy,

and then, upon renaming X2 as Xot1, ]?2 as Fy41, and choosing X! to be the new
)A(, we get Pryi.

Now, P,_1, where we specialize (@) to ¢ = 1, provides us with a smooth change
of variables around 0 in IR":

(iCl,. ..,l’n) — (Xp_l,. ..,XQ,Xl)

with X; € IR’ such that, in the new coordinates, system (Hl) reads

Xp—l = Fp—l(Xp—laXp—Q)
Xp2 = Fp—2(Xp—1’Xp—2aXp—3)
: (83)
Xz = F(X,-1,...,X1)
Xl = Fl(Xp—la-"aXlaXO)a
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and also such that the local homeomorphism @ that topologically conjugates system
(BI) to system ([73) at (0,0) is, together with its inverse ¥, of the triangular form :

Zp1 = (I)pfl(prl) Xp—1 = \prl(prl)
Zp—y = P, o(X,-1,Xp-2) Xp—o = VY, o(Z,-1,Z,-2)
: : (84)
AR @1(Xp,1,...,X1) X7 = \Ill(prl,...,Zl)
Zy = (I)O(Xp_l,...,Xl,XO) Xo = \IJO(Zp_l,...,Zl,ZO),

where the following three properties hold :

(1) Each ®; and ¥y for k > 1 is continuously differentiable with respect to
X and Zj, respectively; in particular, 0®;/0X}, is invertible throughout
the considered neighborhood.

OF,
2) For k > 2. Rank
(2) For k > 2, Ran X

to the number of rows.
(3) F satisfies

F(X,-1,...,X1,X0) = Fi(X,-1,...,X1,0) (85)
B -t
+ (a—)(l(Xpl,...,Xl)) Jml<

q)O(prlv s 7X15X0) - @O(prla .. '5X170)> :

0,...,0) = sk, i.e. this rank is maximum, equal

From the maximum rank assumption on J0F,_; / 0X,_o, it is possible to define
Y,_2 whose first s,_1 entries are those of Fp_l(Xp_l, X,—2) and whose remaining
S,—2 — Sp—1 entries are suitable components of X,_», in such a way that

(prl,.. .,Xl) — (prl,Yp,Q,prg. ..,Xl)

is a local smooth change of coordinates around 0 in IR". After performing this
change of coordinates and setting Y,_; = X,_; for notational homogeneity, system

(B3) reads

5:/,;—1 = {555:21 Y, 2
Yoo = F/Jf?(Yp*lep*%prB)
Xz = EQ(Ypflvypf%Xp*?n o X1)
Xl = Fl(Yp717Yp72;Xp*37"'7X17X0)

where the F ’s enjoy the same properties than the F’s, in particular the maximality
of Rank 0F},/0Xk-1(0,...,0) for p — 2 > k > 2. One may iterate this procedure,
limited only by the fact that the maximum rank property mentioned above only
holds for £ > 2 but not necessarily for k = 1. Altogether, this yields a smooth local
change of coordinates around 0 in IR" :

(Xp_l, e ,Xl) [ad (Yp_l, e ,Yl),
after which system (8J) is of the form

Sp—1
Yp—l = J5572 Yp—2

Yo = J2Y
Yi = Fi(Yo-1,,...,Y1,X0),
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where we abuse the notation Fj for simplicity because, although it needs not be
the same as in (), this new F) enjoys the same property (E) for some suitably
redefined ®; and ®;. Now, we may rewrite (B3) as

Fi(Yy_1,,...., 71, X0) = JHY,-1,,...,Y1,X0) (87)
where H, in the aggregate notation Y = (Y,_1,,...,Y1), is defined by
Fi(Y,0 9o (v)"t 0
H(Y,Xo) = ( 1(0, )> n ( o (0 ) , ) (B0 (Y, Xo) — ®o(Y,0)).
m—sSi1

Since ® has the triangular structure displayed in (@), the map X — ®(Y, Xp) is
injective for fixed Y = (Y),_1, ..., Y1) in the neighborhood of 0 where it is defined in
IR™. Consequently, (Y, Xo) — (Y, H(Y, X)) is also injective in the neighborhood
of 0 where it is defined in JR™"™; since it is continuous, it is a local homeomorphism
of R™™ at (0,0) by invariance of the domain, and then (Bf), (B7]) make it clear
that system (@) is locally quasi-smoothly linearizable at this point.

Since (BJ) is smoothly conjugate to the original system (f), this proves local
quasi-smooth linearizability of the latter hence the theorem.

Two lemmas. The following two lemmas are applied recursively in the above
proof of Theorem .9 to obtain the forms (83), (F5), and (B4). Although these
lemmas team up into a single result in the above-mentioned proof, they have been
stated here separately for the sake of clarity.

We will consider two control systems with state in R and control in R". Ex-
panded in coordinates, the first system reads

.Z"l = fl(ml,...,$d,$d+1,...,l’d+T)
: (88)
:I.;d - fd(-rla-"7$da$d+1a---al’d+7“) )
with state variable (x1,...,z4) and control variable (z4y1,...,Zq+r) € IR", the
functions f1,-- -, fq being smooth R — IR. The second system has state vari-
able (z1,...,2zq4) and control variable (z441,...,2d+r) € IR", and it assumes the
special form :
21 = gl(Zl,...,Zd)
2.:d—s = gd—s(zla B Zd) (89)
Zd—s+1 = Zd+1
Zd = Zd+s s
where 0 < s < d and s < r while g1,--- , g4—s are again smooth R - RR. Nothing

prevents us here from having s < 7, in which case some of the controls do not enter
the equation. It will be convenient to use the aggregate notations

A A

X =(z1,...,xa), U=(Tdat1,---,Tdsr),
A A

Z = (21,.+-,2d) V = (Zdt1s .- Zdtr)

and to further split Z into (Z*, Z?) with
Zlé(zl,...,zd,s), ZQé(zd,Hl,...,zd), (90)

so as to write (8§) in the form

X = f(X,U) (91)
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and (B9 as
Zl — gl (Zl, Z2)
Z? = IV,
with J2 the s x r matrix, defined in ([f]), that selects the first s entries of a vector.

(92)

Lemma 6.2. Let d, v and s be strictly positive integers with s < d and s < r.
Suppose, for some € > 0, that

¢ :(—¢,¢)
s @ homeomorphism onto its image, with inverse 1, that conjugates system ) to

system (@) Then, there ezists 0 < &’ < & and a smooth local change of coordinates
around 0 € R? :

d+r N IRdJrr

0: (=)t — 0((—¢,e)?) C (—e,8)?
that fizes the origin and is such that, in the new coordinates X = 0=1(X), both
the system (@) and the conjugating homeomorphism @ = ¢ o (6 x id) assume
a block triangular structure with respect to the partition X = (X', X?), where
X2 (ZT1,...,T4—s) and X222 (Ta—ss1,.--,2q); that is to say, on (—¢',&")*", we
have that
o system (BY) reads :

X = fi )}1,)}2

, = LAY (93)
X = fXLXA0),
e On their respective domains of definition, the homeomorphism ¢ and its

inverse 1 = (0= x id) o ¢ read :

7t = FHXY XU = y(2Y)
72 = F(X!,X?) X2 = (2,27 (94)
Vv = ZPX,X2U) U = 324, 22,V).

Lemma 6.3. Let

(;5: (—EI,EI)d+T N Bd—i—r
be a homeomorphism onto its image, having the block triangular structure displayed
mn (@), and assume that it conjugates the smooth system @) to the smooth system
(@) Necessarily then, @ has the following properties :

(1) The map @? is continuously differentiable with respect to its second argu-
> 0
ment X2, and LL(O,O) 18 inwvertible.
0X?2

(2) On some neighborhood of 0 € R included in (€', one has :

XL X%LU) = (95)
PRLEL0 + (S2R080) o (PELRL0) - PR R0)
(3)  On some neighborhood of 0 € R® included in (—¢',¢')%, the partial home-
omorphism
(X', X%) = (XY, P(XLX7) (96)
conjugates the control system
X1 = (X!, X?), (97)

with state X' and control )~(2, to the control system

z' =g" (2", 2% (98)
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with state Z' and input Z2.
Note that (P7) and (Bg) are reduced systems from (p3) and (p3).

Proof of Lemma |6.4. Since the homeomorphism ¢ conjugates ) to (), we know,
by Proposition B.6), that ¢ and 1 split component-wise into :
Z = @(X) X = i(2)
Vo= ei(X,0) U = 4u(ZV)

Consider the map f : (—¢,¢)%" — R? given in (P)), and let us define g :
o((—&,e)™") — R analogously from (§3), namely g is the concatenated map
whose first d — s components are given by g!(Z) and whose last s components are
given by J:V. Define two families of continuous vector fields 7 and G’, on (—¢,¢)?
and ¢r((—¢,£)9) respectively, by the following formulas (compare ([[43)) :

F' = {0fa,.as;01,as feedbacks on (—g,e)dt" } | (100)

G' = {09s5: 51, B feedbacks on ((—c,)™7) } . (101)

Applying Proposition twice, first to x = ¢ and then to x = 1, we see that each

integral curve of a vector field in F’ is mapped by ] to some integral curve of a

vector field in G’ and wvice-versa upon replacing o1 by 1. This shows in particular

that uniqueness of solutions to the Cauchy problem associated to vector fields is
preserved, i.e. if we define the families of vector fields (compare ([[4J)) :

F' = {YeF,Y hasaflow}, (102)

Gg" = {Yed, Yhasaflow}, (103)

we also have that each integral curve of a vector field in " is mapped by ¢ to an

integral curve of a vector field in G” and wice-versa upon replacing o1 by 1. By
concatenation, using Proposition @, it follows that

(99)

for any X € (—¢,¢)?, o1 defines a homeomorphism,
for the orbit topologies, from the orbit of F" through X (104)
onto the orbit of G through ¢1(X),

where the orbit topology as described in Proposition @ (by definition the re-
striction of ¢ is bi-continuous for the topologies induced by the ambient space;
bi-continuity for the orbit topologies requires the description of these topologies as
given in Proposition E)

Now, the vector fields dgg, 3, appearing in (@) inherit from the structure of g,
displayed in (@), the following particular form :

0

0

6951,ﬁ2(Z) = 5111(2) - ﬂQ,l(Z) ’ (105)

ﬂl,s(z) - BQ,S(Z)

where 3; 1, ..., (i s designate, for i = 1,2, the first s component of the feedback ;.
This will allow for us to describe explicitly the orbits of G”, namely :

the orbit of G" through Zy = (c1,...,¢q)

is the connected component containing Zy of the set (106)

{Z € o1 ((—E,E)d) y 21 =Cly-y2d—s = Cd—s}-
Indeed, the orbit in question is contained in this set, because it is connected, and
because all the vector fields in G” have their first d — s components equal to zero

by ([L0g).
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To prove the reverse inclusion, it is enough to show that the orbit of G” through
Zy, denoted hereafter by Ogr z,, contains all the points sufficiently close to Zg
having the same first d — s coordinates as Zy. Indeed, since Z, was arbitrary, this
will imply that the connected component defined by (JL0§) splits into a disjoint
union of open orbits hence consists of a single one by connectedness. That is to
say, putting Zo = (Z3, Z2) according to (90), will follow from the existence of

a p > 0 such that
{Z3}y x B(Z2, p) = B(Zo,p) N Ogr 7, (107)

Now, it follows from Remark @ that, for sufficiently small p, each connected
component of B(Zy, p) N Ogr z, is an embedded sub-manifold of B(Zy, p). Then,
the connected component of B(Zy,p) N Ogr,z, containing Zy is, by inclusion, an
embedded sub-manifold of the linear manifold {Z}} x B(ZZ, p). In particular, since
no strict sub-manifold can be densely embedded in a given manifold, we see that
(fL07) will hold is only we can prove that

The connected component containing Zy of B(Zy, p) N Ogr z,

is dense in {Z}} x B(ZZ,p) for the Euclidean topology. (108)

To prove ([L0§), pick Vo such that (Zo, Vo) € ¢((—¢,€)4") and observe, since
the latter is an open set, that shrinking p further, if necessary, allows us to as-
sume B(Zy,p) x B(Vo,p) C ¢((—¢,2)%*"). We claim that any continuous map
B(Zy, p) — B(Vo, p) extends to a feedback on o((—e,e)*™"). Indeed, in view of the
one-to-one correspondence 3 — 1 m 3 between feedbacks on go((—s, €)d+T) and feed-
backs on (—¢,£)4*" (cf the discussion leading to (23)-(P4)), it is enough to prove
that every continuous map 1 (F(ZO, p)) — (—&,&)" extends to a continuous map
(—e,6)4 — (—¢,¢)", and this in turn follows from the Tietze extension theorem
since 11 (B(Zo, p)) is closed in (—¢,e)? and since (—¢,e)" is a poly-interval. This
proves the claim.

From the claim, it follows that the restriction to B(Zy, p) of the IR*-valued vector
field J2(61(Z)—B2(Z)), accounting for the lower half of the right-hand side in ([L05)),
can be assigned arbitrarily, by choosing adequately the feedbacks 31 and 33, among
continuous vector fields B(Zo, p) — B(0, p) (take 32 to extend the constant map
Vo on B(Zy, p)). Of course, the corresponding vector field dgg, 5, in ([L0]) belongs
to G’ but not necessarily to G” since continuous vector fields need not have a flow.
However, since dgg, g, has a flow at least when 3; and (2 are smooth, we deduce
from Proposition B.4 that the restriction to B(Zy, p) of the vector fields in G” are
of the form {0} x Y, where Y ranges over a uniformly dense subset YT of all IR*-
valued continuous maps B(Zy,p) — B(0,p). Now, every point in B(Z2,p) can
be attained from ZZ upon integrating, within B(ZZ,p), a constant vector field of
arbitrary small norm. By Lemma [A.q applied with & = B(Z3,p) and K = {Z2},
the corresponding trajectory can be approximated uniformly by integral curves that
remain in B(Z3, p) of vector fields in Y. Therefore, every point in {23} x B(Z3, p)
is the limit of endpoints of integral curves of G” that remain in {z}} x B(ZZ, p),
which proves ([L0§) and thus ([L0g). In particular, the orbits of G” are embedded
sub-manifolds in ¢ ((—¢,¢)?).

Next, we turn to the orbits of 7"/, and we designate by Oz~ , the orbit of 7" in
] — &, ¢[* through the point p. On the one hand, Proposition B.5 and Theorem [B.9
show that Oz, is a smooth immersed sub-manifold of | — ¢,e[?. On the other
hand, by (@), this immersed sub-manifold is sent homeomorphically by ¢r, both
for the orbit topology and the ambient topology, onto Ogn () which is a smooth
embedded s-dimensional sub-manifold of ¢ ((—¢,)?), as we saw from ([L0d). This
entails that all orbits of " in | — ¢, e[¢ are embedded sub-manifolds of dimension s.
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Consequently, still from Proposition @ and Theorem @, there are coordinates
(€1,...,&q) defined on an open neighborhood Wy of the origin in | — ¢, e[¢ —this
neighborhood may be assumed to be of the form {(&1,...,&4), |&| < €’} — such
that, in these coordinates,

WonN Oz = {(&,...,8a), with (§s11,...,8a) €T},

with T a subset of | —¢’, £’[4~* containing (0, ..., 0), the tangent space to WoNOz» o
at each of its points being spanned by 0/0&1, .. .,0/0¢,, while at any point p € Wy
the vector fields 0/0¢1,...,0/0&s belong to the tangent space of Oz ,. But since
we saw that all orbits are smooth sub-manifolds of dimension s, these vector fields
actually span the tangent space to the orbit at every point. Hence all the vector
fields 6 fay 0, in F” have their last d — s components equal to zero on Wy in the
& coordinates, and this holds in particular when «y, as range over all constant
feedbacks (—¢,e)¢ — (—¢,¢)". This implies, by the very definition of §f., a,, that
(és+1, . ,éd) — as computed from (@) upon performing the change of variable
X — (&,...,&) — does not depend on the control variable U. Choose for X the
& coordinates arranged in reverse order, and let f be the analog of f in the new
coordinates ()?, U). Then the first d — s components of f do not depend on U so
that (@) holds. Moreover, if ¢ denotes the new homeomorphism that conjugates
®3) to) over (—&,¢)%+", 3((—e,€)%T), and if ¢ denotes its inverse, it follows
from ([l04) and the above characterization of the orbits that @; maps the sets
where Z1,...,24_5 are constant to those where z1,...,24_s are constant, thus the

functions @1, ..., pq—s and 1;1, e ,Jd,s depend only on their d — s first arguments
whence (p4) follows. O

Proof of Lemma @ We use again the concatenated notation g1 = (g1, @), ’LZI =
(1t 1)?), these partial homeomorphisms being inverse of each other. Let (Z, Vo) €
?((—¢',e")™*7) and €” be so small that the product neighborhood (Zg, Vp)+(—¢",&")®+"

lies entirely within @((—¢’,¢’)**"). The restriction to (Zo, Vo) + (—¢”,&")*" of "
conjugates (P2 to (pF). Consequently, for any V € (—¢”,&")", we may apply
Proposition to this restriction and to the constant feedbacks a1(Z) = Vo +V

and ay(Z) = Vp; this yields that v, given by
(ZlaZQ) = ()21,)?2) = (1;1(21)’1;2(Z1’Z2))’
maps every solution of
zZv =0, 72*=JV (109)

that remains in Zg + (—¢”,€"”) to a solution of

-2

X =0, X =X X200 X),@XLX),W+V) (i)
_fQ(jZ'l’jZQ’,lZ3(¢'l(jZ1),@'2()’51,)22)’%))

that remains in JI(ZO +(—€",¢")?), and vice versa upon applying Proposition
in the other direction.
Integrating ([L09) explicitly with initial condition Z(0) = Zy, we get that

R ey
GA(Z3, 23 + tIEV)
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solves ([L1]) for sufficiently small ¢, hence ¢2(Z!, Z2) is differentiable at Z, with
respect to its second argument in the direction J;V, with directional derivative

- o ) ) -
ai(Z&,ZS)JfV = A2, A28, 23) .03 (25, 28, Vo + V)

022

— PPN (Z5),9°(Z5, 28),9%(Z5, 23, Vo)) - (111)
In particular, since Zy can be any member of @i((—¢’,&')4) while J5V can be
assigned arbitrarily in (—”,”)*, we conclude that di2/0Z2(Z", Z2) exists and is
continuous since this holds for the partial derivatives. Next we prove that 9% /922
is invertible at every point by showing that its kernel reduces to zero. In fact, if
the left-hand side of ([[11]) vanishes, so does the right-hand side which is also the
value of the right-hand side of ([L1() for X = ¢1(Zp). Therefore the constant map
t— QZI(Zo) is a solution to ([L1() over a suitable time interval, and by conjugation
the constant map t — Zp is a solution to ([09) over that time interval which

clearly entails J5V = 0, as desired. Now, since d12/0Z2 is invertible at every
(Z1,7%) € g1((—¢’,€")?), the triangular structure of (P4) and the inverse function
theorem together imply that

~ —1
=2 2
TR - <%(¢1<X1>,¢Q<Xl,x2»> (112)
continuously exists and is invertible for (X', X2) € (—¢’,’)?. This proves point [.

Let us turn to point E Select an open neighborhood W of 0 having compact
closure in (—¢’,&’)%, so there is 7 > 0 such that @(X,0) + (—n,7)*" is included
in 3((—¢,&")%7) whenever X € W. If V € (—n,1)", we can apply (LL]) to
(Zo, Vo) = 3(X,0) with X € W, and we obtain in view of (E)E

862 vl v2 - s 2/v1l 2
(—~(X , X )) Vo= —f (X , X*4,0) (113)

0X?
+ 2 (R X200 (F (XY, (X, X, (R, X2,0) + 7))
Set
U=9¢*(@"(X1), ¢ (X1, X?), 2* (X, X%,0) +V) (114)
and observe that (X,V) — (X,U) = 4(3(X,0) + (0,V)) defines a continuous
map h : W x (—n,n)" — (—¢’,&')%*", such that h(0) = 0, which is injective. By

invariance of the domain, h is a homeomorphism onto some open neighborhood of
0, say N C (—¢',&")¥". For (X,U) € N, ([[14) can be inverted as

V=3 (X,U) - F(X,0), (115)
and substituting ([(14) and (1) in ([13) yields (7).

Finally we prove point {, keeping in mind the previous deﬁn~itions and properties
of h, W, n and N. For X = (X!, X?) € (—¢',&")4, define V(X) € IR* x {0} C IR"
by the formula :

JV(X) = 8—‘52()?1 X?)(£2(0,0,0) — fA(X', X2,0)) (116)
r - aj(‘;Q ) ) Uy ) ) .
Clearly V : (—¢’,&')? — IR" is continuous and V(0) = 0, so there exists an open
neighborhood ¥V € W of 0 in IR? such that V(X) € (—n,n)" as soon as X € V;
then, if we set (X, V(X)) = (X,U(X)) € N, it follows from ([L16), (L17), and (p3)
that
PXLX2UX) = 20,00,  Xev. (117)
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We will show, using Proposition , that the restriction of ¢y to any relatively
compact open subset X of V conjugates (1) and (P) over X, G(X), and this will
achieve the proof. To this effect, let C to be the collection of all piecewise affine
maps IR — IR® with constant slope f2(0,0,0) (cf the discussion before Proposition
) and note that, for any open set O C IR® and any compact interval J C IR, the
restriction of C to J contains, in its uniform closure, the set all piecewise continuous
maps J — O. Now, consider a solution v : I — V of the control system :
1

X = XL (118)
with state X! and control Y; hereafter, Vi C IR and Vy C IR® will indicate
the projections of V onto the first d — s and the last s components respectively,
and similarly for any other open set in IRY. Assume that the control function
yr : I — Vr is the restriction to I of some member of C. By definition, if a,b
are the endpoints of I (that may belong to I or not), there are time instants
a=ty <t <--- <ty =Db, and vectors &1, ...,&x € IR® such that, for 1 < j < N,
one has N

tia<t<t; = () = &+tf%(0,0,0), (119)
while at the points t; themselves vy is either right or left continuous when 1 <
j < N. We claim that @1(y(t)) is a solution that remains in @1(V) of the control
system :

zt = ¢Yz41) (120)

with state Z! and control I'. In fact, since 51 is continuous by definition of a solution,
so is (1) and therefore, as p1((t)) lies in @1(V) for all t € I by construction, it
is enough to check that

T>

(1 () — B (n(Ty)) = / (G (), B (n(t), m(®))) dt (121)

Ty

whenever t;_1 < 11 < T < t; for some j > 1. However, the restriction of y(t) to
(tj—1,t;) is a solution that remains in V of the differential equation :

o= )

;YII = f2 (Oﬂ 07 0)5
hence (y(t), U(7(t)) is, by ([L17), a solution of (PJ) that remains in A, and therefore
([21) follows from the triangular structure (94) of ¢ and the fact that it conjugates
system (D) to system (99). This proves the claim.

In the other direction, we observe since it is included in W that V has com-
pact closure in (—¢’,¢’)?, and therefore that $;()V) in turn has compact closure in
o1((—¢’,€")?). Pick o > 0 such that &1(V) x (—=n',n')" C §((—¢’, ")), and let
C’ denote the collection of all piecewise smooth maps IR — IR® whose derivative is
strictly bounded by 1’ component-wise. The restriction of C’ to any compact real
interval J is uniformly dense in the set all piecewise continuous maps J — O, for
any open set O C IR®. Clearly, any solution 7' : I — @1(V) of system (), whose
control function v : I — (Pr(V)), is the restriction to I of some member of
satisfies the differential equation

i = ¢'(v,)

gl J7 (dyg/dt, 0)
on every interval where it is smooth. By the very definition of " and C’, it follows
that (7/(¢), (dyf(t)/dt,0)) is, on such intervals, a solution to (p) that remains in

@((—¢’,€"))%*" and, since ¥ conjugates system (@) to system (@), we argue as
before to the effect that 11(7') is a solution to system ([1§) that remains in V.
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Appealing to Proposition , we conclude that @; conjugates system ([L1§) to
system ([L20) on relatively compact open subsets of V, as desired. O

APPENDIX A. FOUR LEMMAS ON ODESs

Throughout this section, we let & be an open subset of RY. We say that a
continuous vector field X : U — IR? has a flow if the Cauchy problem z(t) =
X (z(t)) with initial condition z(0) = z( has a unique solution, defined for ¢ €
(—¢,e) with € = e(zg) > 0. The flow of X at time ¢ is denoted by X;, in other
words we have with the preceding notations that X;(xzg) = x(t). It is easy to see
that the domain of definition of (¢,z) +— X (¢,x) is open in IR X U.

Lemma A.1l. If X : U — IR is a continuous vector field that has a flow, the map
(t,x) — Xi(x) is continuous on the open subset of IR x U where it is defined.

Proof. This is an easy consequence of the Ascoli-Arzela theorem, and actually a
special case of [E, chap. V, Theorem 2.1]. O

Lemma A.2. Assume that the sequence of continuous vector fields X* : U — IR®
converges to X, uniformly on compact subsets of U, and that all the X* as well as
X itself have a flow. Suppose that Xi(x) is defined for all (t,x) € [0,T] x K with
T >0 and K CU compact. Then X[F(x) is also defined on [0,T] x K for k large
enough, and the sequence of mappings (t,z) — XF(z) converges to (t,z) — Xi(z),
uniformly on [0,T] x K.

Proof. By assumption,
Kl = {Xt(z>’ (t,SC) € [OvT] X K}

is a well-defined subset of U that contains K, and it is compact by Lemma @ Let
K be another compact subset of & whose interior contains K1, and put d(Kq,U \
Ky) = n > 0 where d(E1, E») indicates the distance between two sets Ep, Es.
From the hypothesis there is M > 0 such that || X*|| < M on K, for all k, hence
the maximal solution to z(t) = X*(x(t)) with initial condition z(0) = zo € K
remains in Ko as long as t < 7/2M. Consequently the flow (t,z) — XF(z) is
defined on [0,n7/2M] x K for all k, with values in Ky. We claim that it is a
bounded equicontinuous sequence of functions there. Boundedness is clear since
these functions are Ko-valued, so we must show that, to every (¢, z) € [0,n7/2M]x K
and every € > 0, there is a > 0 such that || X*(¥',2') — X*(t,z)|| < € for all k as
soon as |t —t/| + ||z — /|| < a. By the mean-value theorem and the uniform
majorization || X*(XF(z))|| < M, it is sufficient to prove this when t = ¢. Arguing
by contradiction, assume for some subsequence k; and some sequence x; converging
to z in K that

| XE(x) — XF ()] > e for all [ € IN. (122)
Then, by Lemma @, the index k; tends to infinity with [. Next consider the
sequence of maps F; : [0,7/2M] — K, defined by Fy(t) = X;"(x;). Again, by
the mean value theorem, it is a bounded equicontinuous family of functions and,
by the Ascoli-Arzela theorem, it is relatively compact in the topology of uniform
convergence (compare [E, chap. II, Theorem 3.2]). But if ® : [0,n/2M] — Ky is
the uniform limit of some subsequence Fj;, and since X ki converges uniformly to
X on Ky as j — 00, taking limits in the relation

ki, t ki,
X, (z1,) = m, + / XF5 (X () ds
0

gives us

(b(t):x—i—/o X (®(s))ds
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so that ®(t) = X;(z) since X has a flow. Altogether Fj(t) converges uniformly
to X;(z) on [0,17/2M] because this is the only accumulation point, and then ([129)
becomes absurd. This proves the claim. From the claim it follows, using the Ascoli-
Arzela theorem again, that the family of functions (¢,z) — X[(z) is relatively
compact for the topology of uniform convergence [0,7/2M] x K — Ky, and in fact
it converges to (¢, x) — X (z) because, by the same limiting argument as was used
to prove the claim, every accumulation point ®(¢,2) must be a solution to

D(t, x) :x—i—/o X(s,®(s,x))ds

hence for fixed z is an integral curve of X with initial condition z. In particular, by
definition of K, we shall have that d(XF(z), K1) < n/2 for all (t,z) € [0,n/2M]x K
as soon as k is large enough. For such k the flow (¢,2) — XF(z) will be defined on
[0,n/M] x K with values in Ky, and we can repeat the whole argument again to the
effect that X (z) converges uniformly to X;(z) there. Proceeding inductively, we
obtain after [27'M /n] + 1 steps at most that (t,x) — XF(z) is defined on [0,T] x K
with values in Ky for k large enough, and converges uniformly to (¢,z) — Xi(z)
there, as was to be shown. Il

The next lemma stands analogous to Lemma @ for time-dependent vector
fields, assuming that the convergence holds boundedly almost everywhere in time.
The assumption that the vector fields have a flow is replaced here by a local Lipschitz
condition that we now comment upon.

By definition, a time-dependent vector field X : [t1,ts] x U — IR? is locally
Lipschitz with respect to the second variable if every (tg, o) € [t1,t2] X U has a
neighborhood there such that || X (t,2") — X (¢, 2)|| < ¢||z’ — z||, for some constant c,
whenever (¢, z) and (¢,2’) belong to that neighborhood. This of course entails that
X is bounded on compact subsets of [t1, 2] xU. Next, by the compactness of [t1, t2],
the local Lipschitz character of X strengthens to the effect that each zo € U has a
neighborhood A, such that | X (¢,z) — X (¢, )| < cu,l|2" — x|, for some constant
Czq, Whenever x,x’' € N, and t € [t1,ts]. If now K C U is compact, we can cover it
by finitely many N, , as above and find € > 0 such that z,2" € K and ||z —2'|| < ¢
is impossible unless z, 2’ lie in some common N,,. Consequently there is ¢ > 0
such that || X (t,2') — X(t,2)| < cxll®’ — z|| whenever x,2’ € K and t € [t1,t2],
because if ||z — 2’| < e we can take cx > maxy ¢y, , Whereas if ||z — 2'|| > € it is
enough to take cx > 2M /e where M is a bound for || X|| on [t1,t2] x K. Finally, if
X (t,x) happens to vanish identically for 2 outside some compact K C U, we can
choose IC such that

K ckc Kk cu
and construct ¢k as before except that we also pick € > 0 so small that ||z —2a/|| < e
is impossible for € K’ and 2’ ¢ K. Then it holds that || X (¢,2') — X (¢, 2)| <
ckllz’ — x| for all x,2" € U and all t € [t1,%2], that is to say X (¢,x) becomes
globally Lipschitz with respect to . These remarks will be used in the proof to
come.

Lemma A.3. Let t; < ty be two real numbers and X* : [ti,to] x U — R? a se-
quence of time-dependent vector fields, measurable with respect to t, locally Lipschitz
continuous with respect to x € U, and bounded on compact subsets of [t1,ta] xU in-
dependently of k. Let X : [t1,ta] XU — IR? be another time-dependent vector field,
measurable with respect to t, locally Lipschitz continuous with respect to x € U,
and assume that, to each compact K C U, there is Ex C [t1,ta] of zero measure
such that, whenever t ¢ Ex, the sequence X*(t,x) converges to X (t,z) as k — oo,
uniformly with respect to x € K. Suppose finally that 7 : [t1,t2] — U is, for some
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(to,xo) € [t1,ta] X U, a solution to the Cauchy problem

V() = X)), (o) = o (123)
Then, for k large enough, there is a unique solution ~yi : [t1,t2] — U to the Cauchy
problem
() = XPEw®) . wlto) = o, (124)
and the sequence () converges to vy, uniformly on [t1,ts].

Proof. Upon multiplying X*(¢,z) and X (t,x) by a smooth function ¢(x) which is
compactly supported U — IR and identically 1 on a neighborhood of y([t1, t2]), we
may assume in view of the discussion preceding the lemma that X (t,z) and X* (¢, z)
are defined and bounded [t;,t] x R? — IR? independently of k, measurable with
respect to ¢, and (globally) Lipschitz continuous with respect to x.

Then, by classical results [@, Proposition C 3.8., Theorem 54], the solution to
([29), say i, uniquely exists [t1,t2] — R for each k :

Y (t) = o + /th(s,'yk(s))ds, t € [t1,1ta]. (125)

From the boundedness of X, it is clear that 7; is an equicontinuous and bounded
family of functions, hence it is relatively compact in the topology of uniform con-
vergence on [t1,%2]. All we have to prove then is that every accumulation point
of ~; coincides with . Extracting a subsequence if necessary, let us assume that
vk converges to some 7, uniformly on [t,t]. Let K C IR? be a compact set con-
taining vk ([t1, t2]) for all k; such a set exists by the boundedness of ~;. If we let
Ex C [t1,t2] be the set of zero measure granted by the hypothesis, there exists to
each s € [t1,t2]\ Ex and each & > 0 an integer ks . such that | X* (s, z)—X (s, z)|| < e
as soon as ¢ € K and k > k; .. In another connection, the Lipschitz character of X
with respect to the second argument and the uniform convergence of v to ¥ shows
that that || X (s,vx(s)) — X (s,7%(s))|| < € for k large enough. Altogether, by a 2-¢
majorization , we find that

Tim [ XE(s,34(5)) = X (5,7()]| =0,

that is to say the integrand in the right-hand side of ([[25) converges point-wise
almost everywhere to X (s,7(s)). Since X* is bounded we can apply the dominated
convergence theorem and, taking limits on both sides of ([[2§) as k — oo, we find
that v is a solution to () whereas the latter is unique. Hence 57—+ as desired. [

The following averaging lemma for continuous vector fields is less classical than
in the locally Lipschitz case, where the Cauchy problem has a unique solution.

Lemma A.4. Let t; < ty be real numbers and (X' e, (X2 e, be two
sequences of continuous time-dependent vector fields [t1,t2] X R — RY, uniformly
bounded with respect to ¢, that converge uniformly on compact subsets of [t1,t2] X R
to some vector fields X' and X? respectively. Denoting by L = to —t1 the length of
the time interval, define, for each ¢ € IN, the “average” vector field Gy : [t1,t2] X
R — R by :

tet+ %;L, t + %L) = Gy(t,z) = XY(t,z),

telth+ 23520, th+52L0) = Gi(t,x) = X2 (t,2) |

for j €{0,...,0—1} and, say, Gy(tz,x) = X>*(tg,x) for definiteness.
Let g : [t1,t2] — R? be a solution to
t

Y(t) — % = Go(7,ve(7))dr . (127)

t1

(126)
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Then the sequence (v;) is compact in CO([ty,ts], R?), and every accumulation point
Yoo 1S @ Solution to

ylt) — 7 = %/t (X} (770 (7)) + X2(7, 700 (7)) 7 - (128)
Proof. Let
M = sup | XUt z)| . (129)

t,x,i,l
From ([[26)-([27), it is clear that M is a Lipschitz constant for ~,, regardless of /.
In particular 7,(t) stays in a fixed compact ball B of radius ML, and the family
(7¢) is equicontinuous. From Ascoli-Arzela’s theorem this implies compactness of

the sequence (v¢) in the uniform topology on [t1, ta].
Rewrite ([127) as

t Le(r - 2,0(r -
)~ 7 = [ (Gurnntr) - FHEAD IR

CXPm () + X () X ye(r) + X7 (7))
N /t1 ¢ : ¢ B ¢ : ¢ >d7’

. /tf X (7, 7e(7)) ;XQ(T, v(m) o (130)

By the uniform convergence of X** to X, it will clearly follow that any accumu-
lation point vse of (v¢) satisfies ([.29) if only we can show that the first integral in
the right-hand side of ([L30]) converges to zero as £ — co.

To prove this, we compute, from the definition of Gy :

t+ L X7, 70(7)) + X2 (7, 74(7))
/tl%L (Gg(T,W(T)) - 2 )dT

2j+1
) /t1+ 2L XV T () = X u(r) (131)
t1+2L 2

i
_ /th b XV e(r) = X2 (7, (7))
42 2

dr

t1+325H L
= [ Bdrntn) - Adlr + ol + ) ar
t1+5L

with Ay = $(X1¢ — X2%). On the compact set [t,t2] x B, the vector field Ay
is uniformly continuous with a modulus of continuity that does not depend on ¢ ;
consequently, by the uniform Lipschitz property of ~,, we see for arbitrary € > 0
that the norm of the last integral is less that /2 as soon as { is large enough,
independently of j.

Now, the first integral in ([L3() can be decomposed into a sum of at most ¢
integrals like these we just studied plus an integral over an interval of length smaller
that 1/¢. Since the norm of the integrand is bounded by 2M, the norm of the last
term is less than 2M/¢. Summing over j, the above estimates tell us that, for
t € [t1,t2] and for ¢ is large enough,

/ (6t - XD+ X))

2M

+ 5

| ™

This achieves the proof since € > 0 was arbitrary. (I
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APPENDIX B. ORBITS OF FAMILIES OF VECTOR FIELDS

In the proof of lemma .9 we need results from [R3] on orbits® of families of
smooth vector fields, that were recently exposed in the textbook [@, chapter II].
We recall them below, in a slightly expanded form.

Let F be a family of smooth vector fields defined on an open subset U of IR%. For
any positive integer N and vector fields X',..., X belonging to F, given m € U,
consider the map F' given by

(t1, oo tv) = XL (G (- (X (m) <) (132)

where the standard notation X;(z) indicates the flow of X from x at time ¢; of
course, I depends on the choice of the vector fields X7 and of the point m. This map
is defined on some open connected neighborhood of the origin, hereafter denoted
by dom(F'), and takes values in U. In fact, (¢1,...,tn) € dom(F) if, and only if,
for every j € {1,..., N}, the solution z(7) to & = X7(z), with initial condition
x(0) = th;ll( (XY (m))--+), exists in U for all 7 € [0,;] (or [t;,0] if £; < 0).

The orbit of the family F through a point m € U is the set of all points that lie
in the image of F for at least one choice of the vector fields X', ..., XV, In words,
the orbit of the family F through m is the set of points that may be linked to m
in U upon concatenating finitely many integral curves of vector fields in the family.
We shall denote by O, the orbit of F through m.

Note that the definition depends on U in a slightly subtle manner : if F defines
by restriction a family of vector fields F|y on a smaller open set V' C U and if
m €V, then

VNOrm D Oflym (133)

but the inclusion is generally strict because of the requirement that the integral
curves used to construct Oz, », should lie entirely in V.

We turn to topological considerations. The topology of U is the usual Euclidean
topology. The topology of O ,, as an orbit is the finest that makes all the maps F,
arising from (), continuous on their respective domains of definition, the latter
being endowed with the Euclidean topology. The classical smoothness of the flow
implies that each F is continuous dom(F) — IR, hence the topology of Or ., as
an orbit is finer than the Euclidean topology induced by the ambient space U. It
can be strictly finer, and this is why we speak of the orbit topology, as opposed to
the induced topology.

Starting from JF, one defines a larger family of vector fields Px, consisting of all
the push-forwards® of vector fields in F through all local diffeomorphisms of the
form X/ o X2 o---o0 X{¥ where X',..., X" belong to F. That is to say, vector
fields in Pz are of the form

(X} 00 X) X° (134)
where X0, X1 ... X" belong to F.

50ne of the motivations in [@] was to generalize the notion of integral manifolds to vector
fields that are smooth but not real analytic. Note that the orbits of a family of real analytic vector
fields actually coincide with the maximal integral manifolds of the closure of this family under
Lie brackets (P9, [L4, . However, even if we assume the control system (fff) to be real analytic,
integral manifolds are of no help to us because topological conjugacy does not preserve tangency
nor Lie brackets. Using orbits of families of vector fields instead is much more efficient, because
topological conjugacy does preserve integral curves.

6Recall that the push-forward of a vector field X : V — IR? through a diffeomorphism ¢ :
V — (V) is the vector field ¢4 X on p(V) whose flow at each time is the conjugate of the flow
of X under the diffeomorphism ¢; it can be defined as ¢+« X (¢(x)) = Dy(z)X (z), where Dp(z) is
the derivative of p at x € V.
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Remark B.1. Note that a member of Pr is defined on an open set which is generally
a strict subset of U, whereas members of F are defined over the whole of U, and it
is understood that a curve v : I — U, where [ is a real interval, will be called an
integral curve of Y € Pr only when ~(I) is included in the domain of definition of
Y.

For x € U, we denote by Pz (x) the subspace of R spanned by all the vectors
Y (z), where Y € Pr(z) is defined in a neighborhood of z.

Theorem @ below, which is the central result in this appendix, describes the
topological nature of the orbits. To interpret the statement correctly, it is necessary
to recall (see for instance [P4]) that an immersed sub-manifold of a manifold is a
subset of the latter which is a manifold in its own right, and is such that the
inclusion map is an immersion. This allows one to naturally identify the tangent
space to an immersed sub-manifold at a given point with a linear subspace of the
tangent space to the ambient manifold at the same point. The topology of an
immersed sub-manifold is in general finer than the one induced by the ambient
manifold; when these two topologies coincide, the sub-manifold is called embedded.

Theorem B.2 (Orbit Theorem, Sussmann [@]) Let F be a family of smooth vector
fields defined on an open set U C Bd, and m be a point in U. If OF ,, denotes the
orbit of F through m, then:

(i) Endowed with the orbit topology, OF m has a unique differential structure
that makes it a smooth connected immersed sub-manifold of U, for which
the maps ([L39) are smooth.

(ii) The tangent space to OF m at © € OF m is Pr(z).

(iii) There exists an open neighborhood W of m in U, and smooth local coordi-
nates & : W — (—n,n)% € R, with £(m) = 0, such that
(a) in these coordinates, W N Of p, is a product :

wn Of,m = (_77a77)q xT (135)

where 7 > 0, ¢ is the dimension of OF ., and T is some subset of
(=n,n)4"9 containing the origin. The orbit topology of OF m induces
on W N Og n, the product topology where (—n,n)? is endowed with the
usual FEuclidean topology and T with the discrete topology.

(b) if v : [t1,t2] = WNOg,, is an integral curve of a vector field Y € Pr
(see remark [B1), then t — &(y(t)), ¢+ 1 < i < d, are constant
mappings,

(c) the tangent space to OF , at each point p € W N OF , is spanned by
the vector fields 0/0¢1,...,0/0&,,

(d) at any point p € W, the vector fields 8/0¢1,...,0/0&,; belong to the
tangent space to the orbit of F through p.

Remark B.3. Another description of the product topology in point (iii) — (a) is as
follows. The connected components of W N O ,, are the sets

Swa = (=n,m)?* x {a} (136)

for a € T, and the topology on each of these connected components is the topology
induced by the ambient Euclidean topology. In particular each Sw, is an embedded
sub-manifold of U.

Proof of Theorem [B.4. Assertion (i) is the standard form of the orbit theorem (cf
e.g. [@, Chapter 2, Theorem 1]), while assertion (i) is a rephrasing of [@, Theorem
4.1, point (b)]. Assertion (iii) apparently cannot be referenced exactly in this form,
but we shall deduce it from the previous ones as follows.



ON LOCAL LINEARIZATION OF CONTROL SYSTEMS 43

By point (i7), the tangent space to Or ,,, at m € S is the linear span over IR of
Yi(m),...,Y9(m), where Y, ... Y7 are q vector fields belonging to Pr, defined on
some neighborhood of m, and such that Y'*(m), ..., Y%(m) are linearly independent
(recall that ¢ is the dimension of Oz ,,). Let us write

vi o= (X oo X)X 1520,

where X7k € F for 0 < k < Nj, and where the t;;’s are real numbers for which
the concatenated flow exists, locally around m (compare ([34)).

Since Y1(m),...,Y9(m) are linearly independent, one may complement them
into a basis of IR? by adjunction of d — ¢ independent vectors that may, without

loss of generality, be regarded as values at m of d — ¢ smooth vector fields in U, say
yatl .. Y4 Then, the smooth map

L(E1,....6) = (Y;l o-..oy:ioygﬁo...oyg) (m) (137)

defines a diffeomorphism from some poly-interval Z,, = {(&1,...,&q), |&] < n} onto
an open neighborhood W of m in U, simply because the derivative of L is invertible
at the origin as Y'(m),...,Y%(m) are linearly independent by construction. Let
& : W — I, denote its inverse.

By the characteristic property of push-forwards, we locally have, for 1 < j < g,
that

7N J,1
St o OX—th .

(138)
This implies that, in ([37), the images under L of those d-tuples sharing a common
value of {41, ..., &q all lie in the same orbit O r(0,....0,¢,41,....¢4)- 10 particular, the

map

_ " N o0
YV =X} oo X 0 0 X0 X
J J,1 7N &5

Tiy--+5Tqg (Y7'11+51 © “'OYT(ZH-&; OYéii © O}/fc.li) (m)
is defined TI9_, (—n — &,m — &) — W N Ox L(,,..c,)» and this map is smooth
from the Euclidean to the orbit topology by ) and point (¢). If we compose it
with the immersive injection Jw : W N Of p(g,,...e) = W (keeping in mind that
WNOF L,,...cq) s 0Pen in OF (¢, ... ¢,) since the orbit topology is finer than the
Euclidean one), and if we subsequently apply &, we get the affine map

Ty, Tqg = (o4&, T+ 60,6041, 5 €a)- (139)
Thus the derivative of ([L39) factors through the derivative of EoJy at L(&y, . . ., &q),
which implies (d); from this (c¢) follows, because ¢ is the dimension of the orbit
through m. If Y € Pr is defined over an open subset of W, and if we write in the £
coordinates Y (§) = >, a;(£)0/0&;, then, since Y () is tangent to O ¢ by (i), we
deduce from (c), that the functions agy1, ..., aq vanish on Of ,,,, whence (b) holds.
We finally prove (a). Considering ([37) and ([[3§), a moment’s thinking will
convince the reader that W N O# ,,, consists exactly, in the £ coordinates, of those
(&1,...,&q) such that
(y‘Hl oo Yéﬁ) (m) € OF m, (140)

§q+1

which accounts for ([L3§) where T is the set of (d — g)-tuples ({441, ...,&q) such
that ([L40) holds. To prove that the orbit topology is the product topology on
(=n,n)? x T where T is discrete, consider a map F as in ([L32), and pick f =
(t1,...,tn) € dom(F') such that F(t) € W (hence F(t) € W N Og,y,) ; then F is
continuous at ¢ for the product topology because, for ¢ close enough to ¢, the values
Eg+1(F(2)),...,&a(F (t)) do not depend on t by (b) (moving ¢; means following the
flow of a vector field in Pz, namely the push-forward of X through X}, o-- ~oXZ;11)
while & (F(t)),...,&(F(t)) vary continuously with ¢ according to the continuous
dependence on time and initial conditions of solutions to differential equations.
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Since this is true for all maps F', the orbit topology on W N O j, is finer than the
product topology. To show that it cannot be strictly finer, it is enough to prove
that the orbit topology coincides with the Euclidean topology on each set Sy,
defined in ([L3(), a basis of which consists of the sets O x {a} where O is open
in (—n,n)?. Being open for the product topology, these sets are open the orbit
topology as well by what precedes and, since O, is a manifold by (i), each point
(y,a) € O x {a} has, in the orbit topology, a neighborhood N, C O x {a} which
is homeomorphic to an open ball of IR? via some coordinate map. When viewed
in these coordinates, the injection N, — O x {a} from the orbit topology to the
Euclidean topology is a continuous injective map from an open ball in IR? into IRY,
and therefore it is a homeomorphism onto its image by invariance of the domain.
As (y,a) was arbitrary in O x {a}, this shows the latter is a union of open sets for
the orbit topology, as desired. (I

Consider now the control system :

with state z € IR? and control u € IR", the function f being smooth on R? x IR".
Let Q be an open subset of IR? x IR" and, following the notation introduced in
section E, put Qpa to denote its projection onto the first factor. In the proof of
Theorem @, we shall be concerned with the following family of vector fields on
Qpa :

F' = {6far,00, 01,2 feedbacks on Q} | (142)

where feedbacks on 2 were introduced in Definition @ and the notation dfu, a,
was fixed in (R5), (B6).

Since feedbacks are only required to be continuous, F' is a family of continuous
but not necessarily differentiable vector fields on Qe and, though the existence
of solutions to differential equations with continuous right-hand side makes it still
possible to define the orbit as the collection of endpoints of all concatenated inte-
grations like (), Theorem does not apply in this case.

To overcome this difficulty, we will consider instead of F’ the smaller family :

F'" = {XeF, Xhasaflow}, (143)

where the sentence “X has a flow” means, as in appendix @, that the Cauchy
problem #(t) = X (x(t)), 2(0) = zo, has a unique solution, defined for |t| < &
where €y may depend on xy, whenever zj lies in the domain of definition of X.
Let us consider the orbit Oz ,, of F” through m € Qa, which is still defined as
the union of images of all maps ([[39) where X7 € F”, the domain of each such
map F being again a connected open neighborhood dom(F) of the origin in R
by repeated application of Lemma @ As before, we define the orbit topology
on Of» , to be the finest that makes all the maps ([L32) continuous, and since
uniqueness of solutions implies continuous dependence on initial conditions (see
Lemma @), the orbit topology is again finer than the Euclidean topology. A
priori, we know very little about Oz, and its orbit topology as Theorem
does not apply. However, Proposition below will establish that these notions
coincide with those arising from the family F of smooth vector fields obtained by
setting :

F = {0far,as, 01,2 smooth feedbacks on € }. (144)
Note that, from the definitions ([42)), ([43) and ([44), we obviously have
FcF' cF, (145)

hence the orbits of these families through a given point obey the same inclusions.
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Remark B.4. It may of course happen that the family F’ is empty because 2
admits no feedback at all. However, if F’ is not empty, then F is not empty either
by Proposition @

Proposition B.5. Suppose that f : R x R" — IR is smooth, and let Q be an
open subset of RY x IR". Let F" be defined by )—()

For any m € Qpga, the orbit OFn p of F' through m coincides with the orbit
through m of the family F of smooth vector fields defined by ([144), and the topology
of Orr m, as an orbit of F, coincides with its topology as an orbit of F". In
particular, the conclusions of Theorem @ hold if we replace F by F" and U by
Qpa.

Remark B.6. With a limited amount of extra-work, it is possible to show that the
orbits of F’ also coincide with those of F. Hence they turn out to be manifolds
despite the possible non-uniqueness of solutions to the Cauchy problem. However,
(IL32) is no longer convenient to define the orbit topology in this case because the
maps F may be multiply-valued when X7 € F’, and it is simpler to work with the
family 7" anyway.

The proof of the proposition is based on the following lemma.

Lemma B.7. For m € Qpa and X',..., XN € F", let F : dom(F) — Qpa be
defined by ([32). Fizt = (t1,...,tx) € dom(F) and set @ = F(t).

Then, there is a neighborhood T of t in dom(F), with F(T) C Ox m, such that
F T — O is continuous from the Euclidean topology to the orbit topology.

Assuming the lemma for a while, we first prove the proposition.

Proof of Proposition @ We noticed already from () that the orbit of F” through
m contains the orbit of F through m. To get the reverse inclusion, consider the
map F defined by ([[32)) for some vector fields X!, ..., X belonging to F”. Then,
observe from Lemma that F' takes values in a disjoint union of orbits of F, and
that it is continuous if each orbit in this union is endowed with the orbit topology.
Since dom(F') is connected, F' takes values in a single orbit, which can be none but
Of m. As F was arbitrary, we conclude that Oz ,,, C Of ,, and therefore the two
orbits agree as sets. Moreover, since each map F' was continuous dom(F) — Oz i,
the orbit topology of Oz~ ., is by definition finer than the orbit topology of Of ,,;
but since it is also coarser, by definition of the orbit topology on Of ,,, because
F C F”, the two topologies in turn agree as desired. O

Proof of Lemma @ Theorem @ applied to the family F, at the point m =
F(t), yields an open neighborhood W of m in Qe and smooth local coordinates
(€1,...,&0) + W — (—n,n)? satisfying properties (iii) — (a) to (iii) — (d) of that
theorem. For € > 0 denote by 7. the compact poly-interval :

T. = {t={(t1,...,tn) € RV, |t; —t;| < e} .

By Lemma [A]], F is continuous dom(F) — Qpa and, since dom(F) is an open
neighborhood of £ in RY, we can pick ¢ > 0 such that

7. Cdom(F) and F(7.)C W .
As X1, ..., XN belong to F"" C F’, we can write
X' = 0fprass 1<E<N

for some collection of feedbacks af, o on Q. From Proposition @, there exists

for each (¢,1) € {1,...,N} x {1,2} a sequence of smooth feedbacks on 2, say
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(ﬂf’k) ke, converging to of uniformly on Qpa. Subsequently, we let Y4* denote,
for 1 < ¢ < N and k € IN, the smooth vector field on Q pa

Ye’k = 5fﬂf,kﬂ§,k.

Clearly Y%* € F and, for each ¢, we have that Y** converges to X* as k — oo,
uniformly on compact subsets of €2 a.
Now, pick j € {1,..., N} and consider a N-tuple V) € T_ of the form :
t0) = (T, .. 1yt tN), |te— Tl < e for j << N.
Let also 1; designate, for simplicity, the N-tuple (0,...,1,...,0) with zero entries
except for the j-th one which is 1. Then, for |A\| < &, we have that
¢ + A1, = (2?1, e ,fj_l,fj + N, Jtn) €T,

and a simple computation allows us to rewrite F'(t + A1) as :

F(tW +215) = X} oo X o X{oX/7! o0 X1 (F(1)).
j—1 j—1 1

Let us set

Ap(\) = Yt’llk 0---0 Yéifk o Y){’k o thf]if 0---0 Yj{]f(F(t))

Repeated applications of Lemmas and @ show that, for fixed j and ¢, the
map A — Ag()\) is well-defined [—e,e] — W as soon as the integer k is sufficiently
large, and moreover that Ax(\) converges to F(t) + \1;) as k — 400, uniformly
with respect to A € [—¢,¢]. Now, by the characteristic property push forwards,
A+ Ai()) is an integral curve of the smooth vector field

gk — (ylEo.. . oydTLE) yik
tl tj71 * )

which is defined on a neighborhood of { F/(t) +A1;); |A\| < ¢} in W. Since Z* € Pr
(¢f equation ([[34)), it follows from point (iii) — (b) of Theorem [B.g that, for k large
enough,

gzOAk(A) = ézOAk(O) ’ VA€ [75,5]7 (&S {q+ lavd}

It is clear from the definition that Ax(0) = F(t()); hence, using the continuity of
& and taking, in the above equation, the limit as k — +o00, we get

Lo F(tY + A1) =& o F(tV)), YA € [~e,¢], i € {g+1,...,d}. (146)

Since £gq1 0 F(t) = -+ = &g 0 F(t) = 0 by definition of W, successive applications
of ([[4d) for j = N,...,1 lead us to the conclusion that

1o F(t)=-=&oF(t)=0, VteT.. (147)

Equation ([147) means that, in the é-coordinates, F(7:) C (—n,n)? x {0}. Hence,
from the local description of the orbits in ([L35) (where m is to be replaced by m),
we deduce that F(7.) C O . Actually, with the notations of ([[3), we even get
the stronger conclusion that

F('TE) C SW,O
which achieves the proof of the lemma, with 7 = 7., because the orbit topology on
Swo is the Euclidean topology by Remark @ (I
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