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(ch(G) + ln n)
�UKNP�jaP

n
fg]Q_aKNPxe,dNOS��P�j

c0�U¢0P�ja_afgb�P%] ; JLK�P�c0joP�O �%} > � � e�_aK�P5_aK�f|j�r ]`P%b«_of|c#e§�"��P5f{e,¢0P%]m_of|�!h�_aP�hª�#P�eNP�joh0z|fg]oh�_af{c0e¥c��nb�f|j�b�dNzgh�j
b�K�c!c!]ah0�Nf{z|f|_m\0�kb�f|j�b�d�z{h0j

f © b�KNc,c#]oh���f|z{f�_m\#�3�UKNP�e f
fg]�h¯�¨dNe�b«_of|c#e c��>_oKNPªr^P��#jaP�P�]�h�e�r h�_`_aP�O�q^_�_ac

P%]m_�h��Nz{fg]`K¬h0e¬h�e�h0z|c#�0dNPQ�¨c0j_aKNPBjaP%]`dNz|_c0�m��f{e�r^P�q�P�e�r^P�e#_oz|\#� @�c0joc,rNf|e � H���h0e�r���j�r��#]��"pUdN�Nf{e h�e�r
J�h�\,z|c#jU� u�� ; JLKNP�c#jaP�O ��u > ��JLKNPn�¨c0dNja_aKB]aP�b�_af{c0e��;P��#f|e�]k�Uf�_oKBh�£!dNP%]m_of|c#e�c��GVªc#K�h�jn� ��� �!�UKNch0]a®0P%r
�¨c#jL_aKNP¢�h0z|dNP�c0�

τ := sup{cch(G) : G
fg]LqNz{h0e�h�j }.

¤¥P
]aK�h0z|z�q�jac�¢#P�_aK�h�_
6 ≤ τ ≤ 8

; JLKNP�c0joP�O }�H)h�e�r�i�jac#q�c!]`f|_af{c0e }.J > �ª¤¯PB_aKNP�e �0f{¢0P5�;c0dNe�rN]
; i�joc0q;c#]af�_of|c#ex}!wh0e�r�JLKNP�c#jaP�O �#u > �¨c#jL_aKNPq�h�j�h�O�P�_oP�j

τ(k) := sup{cch(G) : G
f{]nqNz{h0e�h�jUh0e�r�K�h0]L�#f|ja_aK ≥ k},

h0e�r��.O�c0joP�#P�eNP�joh0z|z{\0��_aKNP�b�f|j�b�dNzgh�jWb�KNc0fgb�PSe,dNO�;P�jWc��k�#joh0qNK�]~�Uf�_oK°�;c0dNe�r^P�r¯r^P�e�]af|_m\ ; i�joc0q;c#]af ©_of|c#e�]n}���h0e�r
�!} > �"¡�c0jL_oKNP�h�e�h0z|c#�0c#d�]kq�h�j�h�O�P�_oP�j

τo(k) := sup{cch(G) : G
f{]nc0d^_oP�joqNz{h0e�h�jUh0e�rBK�h0]L�0f{ja_aK ≥ k},

��Pb�h0e
qNjoc�¢0P�h�e�P�¦Nh#b«_UjaP%]`d�z�_ ; JLKNP�c#jaP�O �!w > �
JLKNPB�¨c0dNjQO�h�f{e¬]`P%b«_of|c#e�]h0jaP5joP�zgh�_of|¢#P�z{\¥]aP�z|� © b�c0e!_�h�f{eNP�r�h�e�r O�h�\0�"�Uf�_oK �¨P�� P�¦Nb�P�q^_af{c0e�]��"��P
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G
fg]�#f|¢#P�e§�3f{e!_aP��0P�j�]

p ≥ q
h�joP5�0f{¢0P�e§�

t ≥ 1
fg]Sh0z{]ac)�#f|¢#P�e§��h#]�fg]Sh

t ©
(p, q) © z{fg]m_h0]o]`f{�0e�OQP�e!_ L

�S¡NdNja_aKNP�jaO�c#jaP#�.]ac0O�PQ¢0P�j`_of{b�P�]
u1, u2, . . . , uk

h0jaP
(p, q) © L © qNjaP%b�c#z|c#dNjaP%rh0e�rs��P h�joP _oja\,f{eN� _acDP�¦,_aP�e�rI_oKNP b�c0z{c0dNjof|e�� h0b�b�c0j�r^f{eN� _acD]`c#OQP c0j�r^P�jof{eN� c���_oKNP ¢#P�ja_afgb�P�]

(v1 = u1, . . . , vk = uk, vk+1, . . . , v|V (G)|)
��� ������� ² � 	 ¶ � ²���µ² � ²�� ���Ä� ² �����^����� ² ¶ ��· ² � ´
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a
f{e

L(vj)
fg] 0&-�� 0�'/..����	�0 f��"_oKNP�joPP�¦^fg]m_�]n]`c#O�P

(p, q) © L © b�c0z{c0dNjof|e�� c
c���_aKNP5]adN�N�#joh0qNK¥f|e�rNd�b�P%r¯�,\ {v1, v2, . . . , vj}

]ad�b�K¥_aK�h�_
c(vj) = a

h�e�r
cjoP�]aq;P�b«_�]�_aKNPq�jaP%b�c0z{c0d�jaf{eN���

0�² 	 	¬�21 1�43536����0
F = {w1, . . . , wk}
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..0�' �� 0�����0 ��0��8�<6I0&-�� 0�'/..����	�0:�%��	���
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(i) > 6 wi
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xi ≥ 1
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i:xi<2q(2q − xi)
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[ai]q ∩ [ai + xi − 1]q
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i
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L(vj) \
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� � ¶§¶��o��J�c
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vj
h�joP�P�¦!_oP�e�r�h��Nz{P0�;f�_�]`d6E�b�P�]n_ac
b�c0e�]afgr^P�j>h0z|z�q�c!]a]af{�Nz|P
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F
�Uf|_aK�b�c#z|c#dNjo]�b�KNc#]aP�e5�¨jac#O _oKNP�f{j�jaP%]`q;P�b�_af{¢0P>P�¦,_aP�e�rNh��Nz{P>z{fg]m_�]

Ei
�

; f > C4@�\¯_aKNP�b�c#e�r^f|_af{c0e�c0e�_oKNPBc#jor^P�jaf{eN�xc��L_oKNPB¢#P�ja_afgb�P�]��"h)b�c#z|c#dNjc��
vj

fg]�eNc0_P�¦,_aP�e�rNh0�Nz|P
�¨c#j

vj
f|�nh�e�r¥c#eNz|\°f��Uf|_�f{]f{e¥_aKNP�f{e!_aP�jo]aP�b�_af{c0e ⋂

a∈Ei
[a]q

�¨c#j]ac0O�P
i
�
JLKNP�]aP�f|e!_aP�jo]aP�b�_af{c0e�]`P�_o]

h0jaP
O�h�¦^f|O�fg]`P%r¬�UKNP�e _oKNP
Ei

h�joPBf{e!_aP�jo¢�h�zg]��k�0f{¢!f{eN� |⋂a∈Ei
[a]q | = 2q − xi

�kf|�
xi < 2q

�kh�e�r
|⋂a∈Ei

[a]q| = 0
�^c�_oKNP�jo�Uf{]aP0�

; f|f > C3Z,f{e�b�P
xi < 2q

��f|_��¨c#z|z{c��n]��¨joc0OI_oKNP���jo]`_3b�c0e�r^f�_of|c#e_aK�h�_
[ai]q∩[ai+xi−1]q ⊆ ⋂

a∈Ei
[a]q

�
JLK,d�]��^r^dNP~_acS_aKNP�c#��]`P�ja¢�h�_af{c0e5O�h0rNP>f{eB_oKNP~q�jac,c���c�� ; f > _ac#�0P�_aKNP�j��Uf|_aK
_aKNPWzgh0]`_�_m��cSb�c0e�r^f|_af{c0e�]��
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¡�c0jWh�e,\5_m��c5q;c#]af�_of|¢#P�f|e!_oP��0P�jo]
a ≥ 2b

��_oKNP��#joh0qNK
Ka/b

�.b�h�z{z{P�r�_aK�P ���������
	���:��	+�! ���0 �.K�h#]n¢0P�j`_oP�¦
]aP�_ {0, . . . , a − 1} h�e�r ij

f{]~h�exP�rN�0Pf|�3h0e�rxc0e�z|\
f��
b ≤ |i − j| ≤ a − b

��pnP�O�h�jo®�_aK�h�_����¨c0j~h�e,\
k ≥ 1

�
K(2k+1)/k ' C2k+1

� � e �|��u%� �.�;K,dªqNjoc�¢0P%r5_oK�h�_
cch(C2k+1) = 2 + 1

k

�¨c#j~h0e!\
k ≥ 1

h�e�r
h#]`®#P�rx�UKNP�_aKNP�jW_aKNP�b�f{job�dNzgh�jWz|fg]m_b�KNjoc0O�h�_of{b�e!d�O�;P�j�c��

Ka/b

fg] a
b
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N
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b
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� � ¶§¶��o�7#GP�_
m ≥

(
2(N+3)−1
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a = 2k+2mh0e�r

b = k
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cch(C2k+1) ≥ 2 + 1

k
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�

Z^cQ��P�O�h�\Bh0]o]`d�OQPW_oK�h�_
q ≥ 2

���Uf�_oKNc0d^_nz{c#]o]�c��"�0P�eNP�j�h�z{f�_m\#�
#GP�_Ud�]�q�h�ja_af|_af{c0e {

0, . . . ,
⌊

p−1
q−1

⌋} f|e!_acQ�0joc0d�q�]
gi = {3i, 3i+ 1, 3i + 2} c��§_oKNjoP�P�b�c0e�]`P%b�d^_of|¢#Pe,dNOS��P�jo]����UK�P�joP_aKNPSz{h#]m_~�0joc0dNqxO�h�\
q;c#]o]af|�Nz{\xb�c0e!_�h�f{eªz|P%]a]n_aK�h0eª_aKNjoP�Pe!d�O�;P�j�]��~T~d^_~c���P�h#b�K

�#jac#dNqBc0��_oKNjoP�P0��P�¦Nb�P�q^_L_aKNP�¢#P�jo\�z{h#]m_nc#eNP0�^��P��Uf|z{z§qNfgb�®Bc#eNP�P�z{P�O�P�e!_>h�_njoh0e�r^c0Ox�^�NdN_nf|eª]ad�b�K�h
�Lh�\5_oK�h�_W��PeNP�¢#P�j>q�f{b�®
_m��c
b�c0e�]`P%b�d^_of|¢#P�e,dNO�;P�j�]��nJ�cB�;PO�c#jaP�q�jaP%b�fg]`P#�N�¨c0j

i = 0
��P]af|O�qNz{\

q�f{b�®5c#eNP�c��
0, 1, 2

dNeNf|�¨c0joOQz{\Bh�_Lj�h�e�r^c0Ox�kT~e�b�Ph�b�KNc#f{b�PWK�h0]L�;P�P�e�O�h0r^P��¨c#j
gi−1

�^��P�qNfgb�®5c0eNP
c0�

3i, 3i + 1, 3i + 2
dNeNf|�¨c0joOQz{\Bh�_Lj�h�e�r^c0O qNjoc�¢,f{rNP�r5��Pr^fgr
e�c�_nb�KNc,c#]aP

3(i− 1) + 2
�¨joc0O

gi−1
�

T>_oKNP�jo�Ufg]`P#�#��P~b�KNc,c!]`Pnc#eNP>c0�
3i+ 1, 3i+2

h�_�j�h�e�r^c0O P�h#b�K5�Uf�_oKBqNjoc0��h��Nf{z|f|_m\ 1
2

�A#§P�_Ld�]�r^P�e�c�_aP
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_oKNP�]`P�_�c��G]aP�z{P�b�_aP%r5f{e�r^fgb�P�]��,\ K = {k : k
�Lh0]Ub�KNc!]`P�e } �"¤ f�_oKBP%h0b�K5f{e�r^P�¦

k ∈
{

0, . . . ,
⌊

p−1
q−1

⌋} �
��P~h#]a]ac^b�fgh�_oP>h�e
f|e!_aP�ja¢�h0z

Ik = {k(q − 1), . . . , (k + 1)(q − 1)− 1} c�� Zp
� 
 c�_of{b�P>_oK�h�_�_aKNP

Ik
h�joP

rNf{]Älmc0f{e!_Lf{e!_aP�ja¢�h�zg]Lc���z|P�eN��_oK
q − 1

� * b�jod�b�fgh�z.c0��]`P�ja¢�h�_of|c#e5�¨c#jL_aKNP�]aP�£!dNP�z�f{]�_oK�h�_%�Nf��
k, l ∈ K h0jaP

rNf{]`_af{e�b«_>h0e�r
a ∈ Ik, b ∈ Il

�N_aKNP�e |a − b|p ≥ q
�kZ^P�P�¡�f|�#dNjoPS�#�

. . .

3(q − 1) 6(q − 1) 9(q − 1)

I

p − 1

j

p−1
3(q−1)

k

(q − 1)

0

· · ·

¡�f{�0d�jaP��.C * e�f{z{z|d�]`_aj�h�_of|c#e
c0�G_oKNP��Ô_oKNf{eNeNf{eN���qNjoc,b�P�r^d�jaP~�¨c0jnJLKNP�c0joP�OY��}^�

#GP�_nd�]n]aP�_ I =
⋃

k∈K Ik
��¡Nc#jUP�h#b�K

v ∈ V
�Nz{P�_nd�]Ur^P ��e�P

S(v) = {k ∈ K : Ik ∩ L(v) 6= ∅}.
JLK�Pnf{rNP�h�¨c#j�_oKNP>joP�]`_kc��._oKNP>qNjoc,c���fg]�_oc]`K�c�� _oK�h�_

t
��h#]kb�KNc!]`P�eQf{eB]ad�b�K5h�Lh�\_oK�h�_

P(|S(v)| <
ch(G)) < 1

n

�¨c0jnh0z|z
v
� � _n�Uf|z{z�_oKNP�e��¨c0z{z{c�� _aK�h�_

P(|S(v)| < ch(G)
�¨c#jn]`c#OQP

v ∈ V ) < n · 1

n
= 1.

� e c�_aK�P�j��c0j�rN]���_aKNP�jaP
Od�]`_SP�¦,fg]`_Qh)b�KNc#f{b�PBc0�neNc0e © h0r�l`h0b�P�e!_�f|e!_aP�ja¢�h0z{]��3c0eNP5�¨jac#O P%h0b�K �#jac#dNq
c0�L_aKNjoP�P#�G�¨c#j�UKNfgb�K |S(v)| ≥ ch(G)

�¨c0jSh0z|z
v ∈ V

� @�\°_aKNP
rNP ��eNf|_af{c0e c0�
ch(G)

�"_oKNP�joP5OSd�]m_
P�¦^f{]`_Qh¥b�c#z|c#dNjaf{eN�

c
c��

G
�Uf|_aK

c(v) ∈ S(v)
� #§P�_�d�]�r^P ��eNPxh)eNP�� b�c#z|c#dNjaf{eN�

f
�,\ b�KNc,c#]af{eN�

f(v) ∈ Ik ∩ L(v)
f��

c(v) = k
�JLKNfg]�b�h�e°��P�r^c0e�P��¨c0jWP�h#b�K

v
���,\�_aK�PQr^P ��eNf|_af{c0e¯c��

S(v)
� 
 c��

f
f{]h

(p, q) © L © b�c0z{c0dNjof{eN�����;P�b�h�d�]aP�f�� vw ∈ E(G)
_oKNP�e

c(v), c(w)
h�joP�r^f{]`_af{e�b�_P�z{P�O�P�e!_�]�c�� KX b�c#e�]aP�£!dNP�e!_oz|\#�

f(v)
h�e�r

f(w)
K�h�¢0Pn�;P�P�eBb�KNc#]aP�e��¨joc0O eNc#e © h0r�l`h#b�P�e!_kf{e!_aP�ja¢�h�zg] Ic(v), Ic(w)

�^]ac
_oK�h�_ |f(v) − f(w)|p ≥ q

�
� _LjaP�O�h�f{e�]3_ocS]aKNc�� _aK�h�_

t
fg]�b�KNc!]`P�e5]`d�b�K�_aK�h�_

P(S(v) < ch(G)) < 1
n

KNc0zgrN]���¤¥P���j�]`_�b�zgh�f{O
_oK�h�_U_oKNPqNjoc0��h0�Nf{z|f|_m\�_aK�h�_ |S(v)| < ch(G)

f{]n��c#dNe�r^P%r�h0��c�¢#P~�,\

P

(

Bi

(

s,
1

6

)

≤ ch(G)

)

,

�UK�P�joP
s =

⌈
t
3

⌉
− 1

� � exc0j�r^P�jU_oc�qNjoc�¢0PW_aKNPSb�zgh�f{O�����j�]m_neNc0_aP�_oK�h�_>��P�b�h0e��Ô_oKNf{e��W_oKNP�z{f{]`_o]
L(v)_oc��0P�_>]adN�Nz{fg]m_�]

L′(v) ⊆ L(v)
�Uf|_aK

|L′(v)| ≥
⌈ |L(v)|

3(q − 1)

⌉

− 1 >
t

3
− 1,

Ì�Ì Ï�K�L«÷&L�M
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h0e�r¥h
r^fg]`_oh�e�b�P�c��Lh�_z|P%h0]`_
3(q − 1)

��P�_m��P�P�e°P�z|P�O�P�e!_o]�c0�
L′(v)

�Q¤¥P5b�h0e¯b�c0e�]`_ajod�b«_
L′(v)

�,\
_�h�®,f{eN��_aKNP���j�]m_%�N_aK�P

(3(q − 1) + 1) © _aKG�N_aK�P (6(q − 1) + 1) © _aK§�.h�e�rª]`c�c#eªdNqx_acBh0e�rxf{e�b�z{d�r^f{eN�_oKNP
((M − 1)(q − 1) + 1) © _aK P�z{P�O�P�e#_�c0�

L(v)
���UK�P�joP

M =
⌈

tq
3(q−1)

⌉ �Lh�e�r ��PxrNf{]ob�h0jor _aKNP
(M(q − 1) + 1) © _oK P�z{P�O�P�e#_%��_oc�h�¢#c0fgr q;c#]o]`f{�Nz{P
�Uj�h�q © h�joc0d�e�r P�B.P�b�_o]�� #GP�_�d�]Q�Ujaf|_aP

L′(v) =
{a1, . . . , al}

�Uf|_aK
ai ≤ ai+1

�3¡Nc0j
J ⊆ {1, . . . , i − 1} �,z|P�_ A(i, J)

r^P�eNc�_oP~_oKNPP�¢#P�e!_L_aK�h�_
aj ∈ I�¨c#j

j ∈ J
h�e�r

aj 6∈ I �¨c#j�h0z|z j ∈ {1, . . . , i− 1} \ J
�§¤¥PWb�z{h0f|O _aK�h�_k�¨c#j�P�¢0P�ja\

J ⊆ {1, . . . , i− 1}��P�K�h�¢0P
P(ai ∈ I|A(i, J)) ≥ 1

6
.

; � >
J�c�_aKNfg]�P�e�r��GeNc0_aPQ_aK�h�_

a1, . . . , ai−1
P�h#b�K°�0f{¢0PQf{e^�¨c0joO�h�_af{c0e�h��;c0dN_W_oKNP5b�KNc#f{b�PSO�h0rNPS�¨c#j�]`c#O�P

�#jac#dNq
gl
� * zg]acªc0��]aP�jo¢0PS_aK�h�_��"f|�

ai ∈ I3k+1
c#j

ai ∈ I3k+2
�¨c0j�]ac0O�P

k
��_aKNP�e¥_aKNP5q�jac#��h��Nf{z{f�_m\

_oK�h�_
ai
f{]nb�c�¢0P�jaP%rB�,\ I ���0f{¢0P�e�_aK�h�_ A(i, J)

KNc0zgrN]��Nf{]~h�_nz{P�h#]m_ 1
3

���;P�b�h�d�]aP0��jaP��#h�j�r^z{P�]o]Lc��"�UKNfgb�K
P�z|P�O�P�e!_c��

gk−1
�Lh0]]aP�z{P�b�_aP�r§�§_aK�P�qNjac#��h���f|z{f�_m\x_oK�h�_

3k + 1
; joP�]aq;P�b«_of|¢#P�z{\

3k + 2
> fg]]`P�z|P%b«_aP%r

fg]Wh�_�z|P%h0]`_ 1
3

� 
 c����]`dNq�q�c!]`f{eN�5_oK�h�_
ai ∈ I3k

�¨c0j�]ac0O�P
k
�;_oKNP�e

ai−1 6∈ I3(k−1)+1 ∪ I3(k−1)+2

�
JLK�P�joP��¨c0joP0��_oKNPUqNjoc0��h0�Nf{z|f|_m\_aK�h�_

ai
f{]3b�c�¢0P�jaP%r��0f{¢0P�e_oK�h�_

A(i, J)
KNc#z{rN]"fg]�h�_"z{P�h#]m_"_oKNPUO�f|eNf{Od�O

c0�"_m��c�qNjoc0��h��Nf{z|f|_af{P�]�C�_oKNP�qNjoc0��h��Nf{z|f|_m\5_oK�h�_
3k

f{]~b�KNc#]aP�ex�#f|¢#P�e�_aK�h�_
3(k − 1)

��h#]nb�KNc!]`P�e
�¨joc0O
gk−1

F§h0e�rx_oKNPqNjoc0��h��Nf{z|f|_m\
_aK�h�_
3k

fg]Wb�KNc#]aP�eª�#f|¢#P�ex_aK�h�_
3(k − 1)

��h#]neNc0_Wb�KNc!]`P�ex�¨jac#O
gk−1

�
� _nfg]LeNc0_nK�h�j�r5_oc�]`P�P~_oK�h�_U_oKNfg]UO�f|eNf{Od�O fg] 1

6

�^�UK�f{b�KxqNjoc�¢0P%]�_oKNP�b�zgh�f{Ox�
* ��P�z{z§®,eNc��UeB�;c0d�e�r�c0e�_aKNP��f|eNc#O�f{h0z'�N]aP�PW�¨c0jUf{e�]`_oh0e�b�P��Åw%� ��]m_�h�_oP�]�_aK�h�_

P(Bi(k, p) ≤ kp − r) ≤ e−2 r2

k .
JLK�f{]Uh0z|z{c��n]�d�]L_ac��Ujof�_oP

P(S(v) < ch(G)) ≤ exp

[

−2
(

ch(G) − s

6

)2

/s

]

.

Z^c��^��PW��c0d�z{r
z|f{®0P�_oc�K�h�¢0P

2
(

ch(G) − s

6

)2

> s ln n,

c#jLf|exc�_oKNP�jU��c0j�rN]
s2

36
−

(
ch(G)

3
+

ln n

2

)

s + ch2(G) > 0.

JLK�f{]Lfg]nb�P�j`_�h�f{eNz{\�_ajodNP�f��

s >

ch(G)
3 + ln n

2 +

√
(

ch(G)
3 + ln n

2

)2

− 4 ch(G)2 1
36

2
36

,

h0e�rB_aKNfg]Uf{e
_odNjoe�fg]Ub�P�j`_�h�f{eNz{\�_ajodNP�f��

t

3
− 1 ≥ 12 ch(G) + 18 lnn,

f@� P0�^f|�
t ≥ 36 ch(G) + 54 lnn + 3

�
�
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pUP%b�h0z|z�_aK�h�_ * z{c0eª�{�«��K�h0]�]aKNc��UeQ_aK�h�_
ch(G) = Ω(ln d)

�#�UK�P�joP
d
r^P�eNc�_oP�]"_oKNP>h�¢0P�joh0�0PLr^P��#jaP�P

c0�
G
��JLKNP�c#jaP�O ��}5_oK,d�]�]aKNc��n]W_aK�h�_�_aK�P5P�¦^fg]m_oP�e�b�PQc0�n]`d�b�K hxb�c#e�]`_oh�e!_

α
�¨c#ji�joc0�Nz{P�O �ªb�h�e

c#eNz{\���Pr^fg]`q�jac�¢#P�r��,\5b�c#e�]af{r^P�jaf{eN�Q]`q�h0jo]aP>�#joh0qNK�]�F!_aKNP�jaPWf{]LhQb�KNc0fgb�PWc��
α = α(ε)

_aK�h�_U��c#ja®^]3�¨c#j
h0z|z��#joh0qNK�]��Uf|_aKªh�¢0P�joh0�0P~rNP��0joP�P�h�_nz{P�h#]m_

εn
�

¤¥P�h�zg]`c�joP�O�h�jo®�_aK�h�_nf|_nf{]n]`_aj�h�f{�0K!_a�¨c0jo��h0jorQ_oc��0f{¢0P�h�exdNqNq;P�jn�;c0d�e�r
�¨c0j
cch

f|e�_oP�joO�]nc��
ch_oK�h�_"fg]�P�¦^q�c#eNP�e!_afgh�z!f{e

ch
C�_oKNPLO�P�e!_af{c0eNP%rjoP�]adNz�_"c�� * z{c0eSh0z{]ac>]aKNc��n]G_aK�h�_

ch(G) = Ω(ln(δ∗(G)))X h#]k_oKNP�joP>fg]L]`c#O�PW]adN�N�#joh0qNK5c��
G
�Uf|_aKBO�f{eNf{OdNO rNP��0joP�P

δ∗(G)
�^_oKNf{]L]adN�N�#joh0qNKBb�P�j`_�h�f{eNz{\�K�h0]

h�¢#P�j�h��#P>r^P��#jaP�Ph�_Uz|P%h0]`_
δ∗(G)

��T~e�_aKNPc0_aKNP�jUK�h�e�r��
cch(G) ≤ 2δ∗(G)

�;]`cQ_aK�h�_

cch(G) ≤ eβ ch(G),

�¨c#jn]`c#O�P
β > 0

�

��� � �2��� #������ ��� � ��� � # ����� ��� ��! ���+# � �
R�c#O�qNz|P�_aP���f|q�h0j`_of�_oP�#joh0qNK�]nh0jaPh5e�h�_odNjoh0z�b�z{h#]a]L_oc
b�c0e�]af{rNP�j%���;P�f{eN�5_oKNPSb�h�eNc#eNf{b�h�z§P�¦Nh�O�qNz{P�]nc0�
�#joh0qNK�]U�Uf|_aK°z|c��sb�KNjoc0O�h�_of{b�e,dNOS��P�j��;\0P�_>KNf{�0K°b�K�c!c!]ah0�Nf{z|f|_m\0�UJLKNP�¨c0z{z|c��Uf{eN�Bh#rNh�q^_�h�_of|c#e�c0��c0dNj
h0ja�#dNO�P�e!_U]`K�h0jaq;P�e�]�_aKNP�#P�eNP�joh0z;d�qNq�P�jn�;c0dNe�r��#f|¢#P�eB�,\�JLKNP�c#jaP�O��%}Sf|e�_oKNP�]`q;P�b�f{h0z§b�h#]`P��UKNP�e
G = Kr∗m = Km,...,m

︸ ︷︷ ︸
r

fg]~_aKNPS��h�zgh�e�b�P�r��.b�c#O�qNz|P�_aP
r © q�h0j`_of�_oPS�#joh0qNK§���Uf|_aK¯P�h#b�Kªq�h�ja_~c0�k]`f ��P m

�

pnP�b�P�e!_"��c0jo®�c�� 1 h ��f|_�h�e�r���jof|¢#P�z{P�¢,f{b�KB� J���]`KNc��n]�_oK�h�_
ch(Kr∗m) = (1+o(1)) ln m

ln(1+ 1
r−1 )

�0]ac~_oK�h�_
_oKNP��;c0dNe�rxc0e

cch(Kr∗m)
�#f|¢#P�e��!\�i�joc0q;c#]af�_of|c#e�����fg]Uf|e�r^P�P%rª]`K�h0jaq;P�jn_aK�h0e
_oKNP�#P�eNP�joh0z�dNqNq;P�j

�;c0d�e�r��0f{¢0P�e¯�,\�JLKNP�c#jaP�O �%}N�
JLKNP5��c0jo®)c0� 1 h ��f|_h�e�r	��jof{¢0P�z{P�¢,fgb�K¯h0z{]ac)b�c#e�]`fgr^P�jo]b�c0O�qNz{P�_aP
OSdNz|_af{q�h�ja_af|_aP
�0j�h�qNK�]�Uf�_oK eNc0_�h0z|z�q�h0j`_�]c0�nP�£!d�h�zL]af���P0�3�Nd^_��Uf|_aK e�c�_Q_ac,c°OSd�b�K r^f�B;P�jaP�e�b�P�f{e
]af ��P���P�_m��P�P�e¥_aK�P5]`O�h�z{z{P�]`_h0e�r°_aKNP�zgh�jo�0P%]m_�q�h�ja_o]�� � e�qNjaf{e�b�f|qNz{P0��c0dNjjoP�]adNz|_�h�e�r¯qNjoc!c0��b�h�e���P
h#rNh�qN_aP�r¬_ac h�zg]ac¯b�c�¢#P�jS_aKNfg]�h0r�r^f�_of|c#e�h�zUb�z{h#]a]Sc���b�c0O�qNz{P�_oP
OSdNz|_af{q�h�ja_af|_aPx�0j�h�q�K�]��k�Nd^_���P�K�h�¢#P
b�K�c#]aP�e¯_acxc0O�f|_�_aKNfg]KNP�jaP#� � _]`K�c0dNzgr¥��P�eNc0_aP%r°_oK�h�_ * z|c#e h�e�r¬�.h0®,]�� ���kq�jac�¢#P�h�¢#P�jo\°]`f{O�f|zgh�j
joP�]adNz|_n_ac
i�joc0q;c#]af�_of|c#e �����;P�z{c�� �¨c0j

T © b�K�c!c!]ah0�Nf{z|f|_m\�c��kb�c0O�qNz{P�_aPS�Nf{q�h�ja_af|_aPS�0j�h�qNK�] ; h�e�rªf|e)�Äh0b«_�#f|¢#PWh�]af{OQf{zgh�jLqNjoc!c0� > �

� � ¶(%k¶ ���Ä��� ¶ � 1 �
cch(Kr∗m) ≤ 3(ln m+ln r)

ln(1+ 1
6r−1 )

+ 1
:

� � ¶§¶��o��¤¥PnqNjoc,b�P�P%rQh#]3f{eS_oKNPnqNjoc,c��.c���JLKNP�c#jaP�O ��}^�0]aP�z{P�b�_af{eN��h]`d���]`P�_ K ⊆
{

0, . . . ,
⌊

p−1
q−1

⌋} c0�
f{e�r^fgb�P%]��^e�cS_m��c�b�c0e�]`P%b�d^_of|¢#P0�Nh�_Uj�h�e�rNc0O f{eB_oKNP�]ah0O�P~�Lh�\5h0]Lf{eB_oKNPqNjoc,c��Gc0��JLKNP�c0joP�OY��}^�"¤¯P
]aK�h0z|z�eNc��Dq�h�ja_af|_af{c0ex_aK�Pf{e�r^fgb�P�]n_aK�h�_~K�h�¢#P��P�P�e)]aP�z{P�b�_aP�rxf{e!_ac

r
]aP�_�] K1, . . . ,Kr

�;�,\�h#]a]af|�#eNf{eN�
P%h0b�K)f{e�r^P�¦

k ∈ K dNeNf|�¨c0joO�z|\)h�_~j�h�e�rNc0O _ac
c0eNPSc�� K1, . . . ,Kr
��f{e�r^P�q�P�e�r^P�e#_oz|\x�¨joc0O�h0z|z"c�_oKNP�j

P�z|P�O�P�e!_o]Lf{e K � #GP�_nd�]n�Ujaf|_aP I1 =
⋃

k∈K1
Ik, . . . , Ir =

⋃

k∈Kr
Ik
�

� �L_aK�PBq�h0j`_of�_of|c#e¥c0�L_aKNP5¢#P�ja_aP�¦ © ]aP�_f{] V = V1 ] · · · ] Vr
��_aKNP�e ��P��Uf{z{z�h�_a_aP�OQqN__ac)b�c0z{c0dNj

Kr∗m
d�]af|eN��c#eNz|\5_aKNPb�c#z|c#dNj�]k�¨joc0O I1

�¨c#j�_aKNP¢#P�ja_afgb�P�]�c0�
V1
�^c#eNz|\5_aKNPb�c#z|c#dNj�]k�¨joc0O I2

�¨c#jL_aKNP
¢#P�ja_afgb�P%]3c��

V2
�,h�e�r�]ac�c0eG��JLKNfg]kb�h�e��;P~r^c#eNPUqNjoc�¢,f{r^P%rS_aK�h�_��#�¨c0jkP%h0b�K

i ∈ {1, 2, . . . , r} h�e�r�P%h0b�K
v ∈ Vi

�^��P�K�h�¢#P
L′(v) = L(v) ∩ Ii 6= ∅. ; } >
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J�cB]aP�P_oKNfg]��;eNc�_of{b�P�_oK�h�_Wf�� ; } > KNc0zgrN]U_oKNP�e°��Pb�h�e)r^P ��eNPQh5b�c#z|c#dNjaf{eN���,\�qNf{b�®,f{eN�Bh0e)h�jo�Nf�_ojoh0ja\
f(v) ∈ L′(v)

�¨c0jQP�h#b�K
v ∈ V

�¥¤¥P��0P�_�h)q�jac#q�P�j
(p, q) © L © b�c0z{c0dNjof|e��ªf|e _aKNfg]Q��h�\#���;P�b�h�d�]aPBf|�

vw ∈ E(Kr∗m)
_aKNP�e

f(v)
h�e�r

f(w)
�Uf{z{zkK�h�¢#P���P�P�e¬b�KNc!]`P�e°�¨joc0O r^f{]`_af{e�b�_X h0e�r¯_aK,d�]h0z{]ac

e�c0e © h0r�l`h#b�P�e#_~X f{e#_oP�jo¢�h�zg]Wh#]Wf�_�OSd�]m_�;PQ_aKNP�b�h#]`PS_aK�h�_
(v, w) ∈ Vi × Vj

�¨c#j�]`c#OQP
i 6= j

h�e�r
Ki,Kj

h0jaP�r^fg]¨lmc#f|e!_��-@�P%b�h0d�]`P
f(v), f(w)

K�h�¢0PW��P�P�eªb�KNc#]aP�e
�¨joc0O eNc#e © h0r�l`h#b�P�e!_Uf|e!_oP�jo¢�h0z{]��,_aK�P�f{jrNf{]`_oh0e�b�P�fg]Uh�_nz{P�h0]`_
q
f{e

Zp
�

Z,cS��PW]`P�Pn_oK�h�_Lf�_L]`d6E�b�P�]k_acQ]`KNc�� _oK�h�_
P(L′(v) = ∅) < 1

rm

�3¤¥P~b�h�eBh0�#h�f{e�_oh0®0P
a1 ≤ · · · ≤

al
f|e

L(v)
�Uf�_oK�hQr^fg]m_�h�e�b�P~c0��h�_�z{P�h#]m_

3(q − 1)
��P�_m��P�P�e
_aKNP�O h�e�r

l > t
3 − 1

�3JLKNP�qNjoc0��h��Nf{z|f|_m\
_oK�h�_

aj ∈ Ii
�#f|¢#P�e)_oK�h�_

a1, . . . , aj−1 6∈ Ii
fg]h�_z{P�h#]m_ 1

6r

; �,\°h�e�h�jo�0dNO�P�e#_h�e�h�z{c0�0c#d�]>_ac�_aKNP
h0ja�#dNO�P�e!_Ld�]`P%r
_aKNPqNjoc,c���c���JLK�P�c0joP�O �%} > �N]`cQ_oK�h�_

P(L′(v) = ∅) <

(

1 − 1

6r

) t
3−1

h0e�r)f|_f{]b�z|P%h�j~_aK�h�_
t ≥ 3(ln m+ln r)

ln(1+ 1
6r−1 )

+ 1
�Uf{z{z��#f|¢#P_oK�h�_

P(L′(v) = ∅) < 1
rm

�§�UKNfgb�K�b�c0e�b�z{d�r^P�]
_oKNPqNjoc,c��m�

�

� ���«�"����	���
f
	��"�
����G��x��	����;�

* �#joh0qNK
G
fg] ..0 (.��0%0

$
�%�6�7�3���.��	�0 f��m�§�#f|¢#P�e°h0e,\ªz|fg]m_ © h#]a]af{�0eNO�P�e!_ L

]ad�b�K)_oK�h�_P�¢#P�jo\xK�h0]�h
z|fg]m_c0�
]af ��P5h�_�z{P�h#]m_�f|_o]Sr^P��#jaP�P0��_oKNP�joP5P�¦,fg]`_o]hxqNjoc0q;P�j

L © b�c0z{c0dNjof{eN�
c0� G
� * _aKNP�c0joP�O f|e�rNP�q;P�e�r^P�e!_az{\

q�jac�¢#P�r��,\ @�c#jac^r^f{e � H��nh�e�r ��j�r��#]��kpUdN��f|e h�e�r J�h�\,z{c0jB�¼u%��X ]`P�P
h0z{]ac �{�%}%��X ]`_oh�_oP�]_aK�h�_�h
b�c0eNe�P�b«_oP�rx�#joh0qNKªf{]~r^P��#jaP�P © b�KNc,c#]oh��Nz{P0�^d�eNz|P%]a]~f|_~fg]>h�� �	�	���� ����0�0 �;f'� P0�;dNeNz{P�]o]nP%h0b�Kªc���f|_o]~�Nz{c^b�®,]fg]b�c#O�qNz|P�_aP�c#j�h�e¥c,r�r¥b�\^b�z{P0� � e¥_aKNfg]�]aP�b�_af{c0e§����P�]`_ad�r^\°_aKNP
h�e�h0z|c#�0c0d�]>qNjoc0��z|P�O��¨c0j�b�f|j�b�dNzgh�j
b�K�c!c!]ah0�Nf{z|f|_m\0�kJLK�f{]>jaP%]`dNz|_nfg]Uf|e!_oP�joP�]`_af{eN��f|eªf|_o]aP�z|�3�Nd^_~b�h�eªh�zg]ac���P�d�]`P%r�h#]nhQ_ac,c#z§_ac�P�¦,_aP�e�rxz|fg]m_
b�f|j�b�d�z{h0jLb�c0z{c0dNjof{eN��¨joc0O hS�#joh0qNK
_ac�z{h0ja�#P�jL�0j�h�q�K�]��3Z,P�PI#§P�O�O�h��N�W�¨c0jnh0e
P�¦Nh�O�qNz{P0�

#GP�_
G
�;P
h)�0j�h�qNK¬h0e�r

f
hª��P�f|�#K!_��¨dNe�b�_af{c0e¬c#e _aKNP
¢0P�j`_of{b�P�]���f@� P#�

f : V (G) → � p + � * e
f $ (p, q) $

	+�,�&�
$
�����&��(.'�/"0�'1�

L
f{]xh z|fg]m_ªh0]o]af|�#eNO�P�e!_�]ad�b�K _oK�h�_��¨c0jxh�e,\ ¢0P�j`_oP�¦

v ∈ V
�

L(v) ⊆
{0, . . . , p − 1} h�e�r |L(v)| ≥ max{1, f(v)q} � ¡Nc#j
h0e!\ joP�h0z>e,dNO�;P�j

t ≥ 1
�

G
fg]

f $ (p, q) $�%�6�7�3������	�0 f|��f|_~fg]
(p, q) © L © b�c#z|c#dNj�h��Nz{PW�¨c0j�h�e,\ f © (p, q) © z{f{]`_ © h0]o]`f{�0e�OQP�e!_ L

�<#�h0]`_��
G
fg] ���������
	���&	+�

f $
�%�6�7�3������	�0 f��.f|_�f{]

f © (p, q) © b�KNc,c#]oh��Nz{P��¨c#j�h�e,\ p, q
��JLK�PLb�c0e�rNf�_of|c#e |L(v)| ≥ max{1, f(v)q} O�h�\]aP�P�O dNeNe�h�_ad�joh0z��Nd^_nfg]"lmd�]`_nKNP�joPW_ac�h�z{z|c�� ]`c#O�PW¢#P�ja_afgb�P%]

v
_ac�K�h�¢#P

f(v) = 0
�

� _�f{]~P�h#]`\�_oc
]aP�P�_oK�h�_�P�¢#P�jo\
�#joh0qNKªfg]Wb�f|j�b�d�z{h0jaz{\
2d © b�KNc,c#]oh��Nz{P0�WJLKNf{]~fg]>�;P�]`_Wq;c#]o]af|�Nz{PS]af{e�b�P

cch(K2) = 2
F"KNc���P�¢0P�j���_oKNP5P%r^�0P�fg]�P%]a]aP�e!_afgh�z{z{\)_aK�P5dNeNfg£!dNP��0j�h�qNK h�_`_oh0f|e�f|eN�x_oKNP5�;c0dNe�r��x¤¯P

e�P�¦,_>b�c#e�]`fgr^P�j
(2d − 1) © b�KNc,c#]oh���f|z{f�_m\#�#GP�_

G
�;PUh~�#joh0qNKh0e�r

v
h~¢0P�j`_oP�¦�� *

v $
(��0%0 .�� c0j�r^P�jof{eN�>c0�

G
fg]3h�eSc0j�r^P�jof|e��

(v1, v2, . . . , vn =
v)
c0�^_aKNP�¢0P�j`_of{b�P�]G]ad�b�K_oK�h�_��¨c0j�P�¢0P�ja\

i ∈ {1, 2, . . . , n−1} � vi
K�h0]�hne�P�f{�0K,��c#dNjGf{e {vi+1, . . . , vn}

�
� _�f{]3P%h0]a\�_oc�]`P�PL_aK�h�_kf��

v
f{]�h�¢#P�ja_aP�¦Sc���hb�c#eNeNP%b«_aP%rQ�0j�h�qNK

G
_aKNP�e�_aKNP�jaPUfg]�h

v © �#jaP�P�r^\Sc0j�r^P�jof|e��c0�
G
�

� � ¶(%k¶ ���Ä��� ¶ � 1 � � ��0��&�"�%��'1' 0%��� 0 .<(.��� 36� 8 ��� � n ≥ 3
��0��&�D�9�%0&� �,� ���������
	���&	+�

(2d−1) $
�%�6�7�3���.��	�04:
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� � ¶§¶��o� � _S]ad
E5b�P%]�_acªqNjoc�¢0PQf|_��¨c0jb�c0eNe�P�b«_oP�r¥�0j�h�q�K�]�� #§P�_
G
�;P5hªb�c0e�eNP�b�_aP�r¥�#joh0qNK h�e�r

v
h

¢#P�ja_aP�¦��Uf|_aK r^P��0joP�P
h�_�z|P%h0]`__m��c�� R�c#e�]`fgr^P�jQh
v © �0joP�P%r^\�c0j�r^P�jof{eN� (v1, v2, . . . , vn = v)

c0�
G
�


 c�_oP_aK�h�_
vn−1v

f{]~h�eªP%r^�0P#�~R�c0z{c0dNjn�#jaP�P�r^f{z{\5_aK�P�¢0P�j`_of{b�P�]
vi
�¨c0j

i ∈ {1, 2, . . . , n − 2} FN_oKNf{]~fg]q;c#]o]af|�Nz{P~]af{e�b�P#�,h�_�P%h0b�KB]`_aP�q§�
vi
K�h#]�h�_�z{P�h#]m_

(2d(vi)− 1)q − (d(vi)− 1)(2q− 1) = q + d(vi)− 1b�c0z{c0dNj�]�h�¢�h0f|zgh���z|P#��JLKNP�e§�^�,\ #§P�OQO�h��0�
vn−1

K�h0]Lh�_Uz{P�h#]m_
q + d(vn−1)− 1

P�¦,_aP�e�rNh0�Nz|P�b�c#z|c#dNj�]��
JLK�P�joP��¨c0joP0���,\ #GP�O�O�hª�0�

vn
K�h0]Wh�_~z|P%h0]`_>c0eNPSP�¦,_aP�e�rNh0�Nz|PSb�c0z{c0d�j���%>P�e�b�P0�;c0eNPb�h�e)P�¦,_aP�e�rx_aKNP

b�c0z{c0dNjof{eN�_oc���c0_aK
vn−1

h0e�r
v
�

�

i�joc0q;c#]af|_af{c0e¥��H�f{]L�;P�]`_nq;c#]o]`f{�Nz{P�]af{e�b�P�_oKNP�b�f{job�dNzgh�jUb�KNc0fgb�P�e,dNOS��P�jUc��
K3

f{]�_oKNjaP�P0�

� �
	 ��������������
(2d − 2) � �������,� � ���
��� � 0

JLK�PWO�h0f|exjoP�]adNz�_Uc0��_oKNf{]>]`P%b«_af{c0e�fg]Uh0]��¨c0z{z{c��n]�C
% � ²,¶ � ² 	 1 � ; 0��

G
�%0:� �%��'1' 0%��� 0 .�(.��� 36� ��'

n ≥ 3
��0��&�D�9�%0&�":

; f >
G

�,�����������
	���&	+�
(2d − 2) $

�%�6�7�3���.��	�0=� 6�C

(a)
��� �,�

2 $
�%��'1' 0%��� 0 ."��'/. ' ��� � ���.��	�04�76 	50�'2(� � .� $ 0���0�'1��6%���/ 6���
� F ���

(b)
��� �,�<' ��

2 $
�%��'1' 0%��� 0 .4��'�."�' 0I�<6 ����� ��	��7�����<�,� ' 0�������0�� ��' 0 .�(�0I' ��� �"���.��	�0=�76 	�0�')(.���

��-	50����&��� ��04:
; f|f >

G
�,� ' ���

(2d − 2) $
�����������.��	�0:� 6�C

(a)
��� �,���"�D��0%0 F ��

(b)
��� �,����' ��.5. ���.��	�04:

¤¥P�]m_�h�ja_U�!\B�0f{¢!f{eN��hQz|P�O�O�hQ�UKNfgb�Kªh�z{z|c��n]�d�]�_oc�P�¦,_aP�e�rB_aKNPqNjoc0q;P�ja_m\5c0��hQ�0j�h�qNK
H
��P�f|eN�

(2d − 2) © b�KNc,c#]oh���z|P~_ac��0j�h�q�K�]��UKNf{b�Kªb�c0e!_oh0f|e H
h#]Uh�e�f|e�r^d�b�P%rx]`dN���0j�h�qNK§�

0�² 	 	¬�21  ; 0��
G

�%0 ���%��'1' 0%��� 0 . (.���93�� : > 6 G
���3�<��' ��'�.����0 . �%��� (.���93��
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	����&	+�
(2dH − 2) $
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G
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(2dG − 2) $�%�6�7�3������	�04:

� � ¶§¶��o� #GP�_�d�]Bq�jac�¢#P)f�_��,\ f{e�r^d�b«_af{c0e c0e |V (G)| − |V (H)| �n_aK�P¯joP�]adNz|_BKNc0zgr^f{eN�¬_ojaf{¢,f{h0z|z{\ f��
|V (G)| − |V (H)| = 0

� Z,dNqNq;c#]aPBeNc�� _oK�h�_ |V (G)| > |V (H)| �¬Z,f|e�b�P G
fg]Qb�c0e�eNP�b�_aP�r§�"_aKNP�jaP

P�¦^f{]`_o]�h]aP�_Lc��Gr^fg]Älmc0f{e#_LeNc#e © _ojaf{¢,f{h0zN_ojaP�P�] Ti
�
1 ≤ i ≤ l

�,P�h#b�K5�Uf�_oK
hdNeNfg£#d�P~¢#P�ja_aP�¦
ri
f|e

H
]`d�b�K

_oK�h�_
V (H) ∪ ⋃l

i=1 V (Ti) = V (G)
� #GP�_

x
�;PBhxz{P�h���c0�

T1
r^f{]`_af{e�b�_�¨joc0O

r1
�xJLKNP�e

G − x
fg]

b�c0eNe�P�b«_oP�r�h�e�rxb�c0e!_oh0f|e�]
H
h0]Uh0e�f{e�r^d�b�P�rx]adN�N�#joh0qNK§�

#GP�_
L
��PQh

(2dG − 2) © (p, q) © z|fg]m_Wh0]o]`f{�0eNO�P�e#_nc0� G
� * ]o]`f{�0e)hBb�c0z{c0d�j

a
_ac

x
� #§P�_

L′ ��P_aKNPz{fg]m_ © h#]a]af|�#eNO�P�e!_Sr^P ��eNP%r¬�,\ L′(v) = L(v) \ [a]q
f|�

v
f{]Qh¯eNP�f{�0K,�;c0dNjSc��

x
h�e�r

L′(v) = L(v)c0_aKNP�ja�Ufg]aP0�nR�z|P%h�joz|\#�
L′ f{]~h (2dG−x − 2) © (p, q) © z{f{]`_>h0]o]af|�#eNO�P�e!_nc�� G − x

�>Z,c����,\
f{e�r^d�b«_af{c0eG��f|_
h#r^O�f�_�]Uh�b�f{job�dNzgh�j

(p, q) © L © b�c0z{c0d�jaf{eN� c
�UKNfgb�Kªb�h0eB_ojaf{¢,f{h0z|z{\5�;PP�¦,_aP�e�r^P�r
_oc

x
]`P�_`_af{eN�
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�

�
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(2d − 2) © b�KNc,c#]oh��Nf{z|f|_m\��¨c0j]ac0O�PQ]aO�h�z{z"f|O�q;c0ja_oh�e!_��0j�h�qNK�]���pUP ©b�h�z{z3�¨joc0O Z^dN��]aP�b«_of|c#e¬�N�{��_aKNP
r^P ��e�f�_of|c#e c��

θi,j,k
F�h0]��P��Uf{z|z�c0��]aP�jo¢0P�zgh�_aP�j���_aK�P�]aP5�0j�h�qNK�]h�joP

f{O�q�c#j`_�h�e!_L�¨c0j
2 © b�c0eNeNP%b«_oP�r5�#joh0qNK�]���¤¥P�Uf{z|zGh0z{]ac�b�c0e�]`fgr^P�j�_oKNP�� ��( �^_aKNP�#joh0qNKB�Uf|_aKx¢#P�ja_aP�¦B]aP�_
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f{]~eNc0_
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0 ∈ L(t)

��JLK�P�e§��_oKNP�joP�P�¦^f{]`_o]
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f{]Wh
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�^h0e�r

kv
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�
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��Z,c5h#]a]adNO�PW_aK�h�_

G
f{]Ue�P�f|_aKNP�j>h�b�z{f{£!dNPeNc#jnh

b�\^b�z{P0� � _>]`d6E�b�P�]�_oc5]`KNc�� _aK�h�_
G
K�h#]Uh�exf{e�r^d�b�P�r

θi,j,k
�¨c#jn]`c#OQP

i, j, k
�

#GP�_ªd�]���j�]m_x]`KNc�� _oK�h�_x_oKNP�joP¯P�¦^f{]`_
_oKNjoP�P°¢#P�ja_afgb�P%]
u
�

v
h�e�r

w
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L(v) = [s, s + tq − 1]
_oc

v
�Uf�_oK

r
h�e�r

s
b�K�c#]aP�e)]ac5_aK�h�_>_oKNPz{fg]m_�]

L(u)
h�e�r

L(v)
h0jaPh�_>z{P�h0]`_

b�f|j�b�d�z{h0j�rNf{]`_oh0e�b�P
2q

h���h�\x�¨joc0O P�h0b�K¥c�_oKNP�j%�5¡Nc#jP�h#b�K
(a, b) ∈ L(u) × L(v)

����P�]aK�h0z|z�h#]a]af|�#e

ë¨î�Ì§ëÖÕ



���������
	��������������������	������ }N�

z{fg]m_�]>_oc�_aKNP�¢0P�j`_of{b�P�]Wc��k_aKNP5b�c0q,\
Ha,b

c��
H ′

m

f{e¥]ad�b�K¥h
�Lh�\�_aK�h�_f��
u
f{]�b�c#z|c#dNjoP�r

a
h0e�r

v
fg]

b�c0z{c0dNjoP�r
b
�,_aK�P�e�_aKNP�]adN�N�#joh0qNK

Ha,b
b�h�e�eNc�_n�;P
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i,j ∪ Jv

i,j

�UKNP�jaP

Ju
i,j = [cu

i,j , c
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; f|f > > 6 g ≥ 5
��'/.

α ≥ 3
s+1

� � �60�' � 8 �=�
�9��0��&'��9�'6�=�%��'1' �� �%0=�5. � ����0�'�� :
; f{f|f > > 6 g ≥ 6

��'/.
α ≥ 4

3s+1

� � �60�' � �%�������&�9��' �,�=� . � ���%0�'1�-� � ��-/"�3�&� �' 0 �2�9�%0��&'��9��'/:
� � ¶§¶��o�NJ�h0®0P

ε, p, q, L
h�e�r

t
h#]Lf|e�_oKNPqNjoc!c0��c0��#GP�O�O�hQ���0�

; f > JLKNPq�jac,c���fg]~z{h0ja�#P�z{\
]af|O�f{z{h0jn_acB_aKNPQqNjoc,c��3c�� #GP�O�O�hB�N� ; f{f|f > �.]acB��P�c0O�f|_Wf|_~KNP�jaP#� 
 c�_aP
_oK�h�_L_oKNP�b�c#e�r^f|_af{c0e

g ≥ 3
P�e�]adNjoP�]�_oK�h�_L_aK�PeNP�f{�0K,�;c0dNj�]�c���hQ¢#P�ja_aP�¦�h�joP~q�h0f|jo�Ufg]`PWeNc0e © h#r�l`h0b�P�e!_��; f|f > Z,dNqNq;c#]aP

v
h�e�r

v′
h�joP�h0r�l`h#b�P�e!_KNf{��P�jae�f{h0e�]�� 	~P�eNc0_aPQ_aK�P

s
eNP�f{�0K,�;c0dNj�]Wc��

v
c���rNP��0joP�P

k + 1
�,\

Vv = {v1, . . . , vs}
��h�e�r
_aK�c#]aPWc0�

v′
�,\

Vv′ = {v′1, . . . , v′s}
��Z,f|e�b�P�_aK�P��0f{j`_oKxc��

G
fg]nh�_

z{P�h#]m_ ��¢#P0�
Vv

h�e�r
Vv′

h�joPQr^fg]Älmc0f{e#_7F§�¨dNja_aK�P�joOQc#jaP#�
Vv ∪ Vv′

f{e�r^d�b�P�]h0e°f{e�r^P�q�P�e�r^P�e!_]aP�_�f|e
G
�

JLK�f{]Lc#��]`P�ja¢�h�_af{c0eB�Uf{z{z§O�h�®0P�c#dNjn]`d���]`P%£!dNP�e!_nh�qNq�z|fgb�h�_af{c0e�]�c��A#§P�O�O�h�� ; f > ¢�h0z|fgr��
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R�c#e�]`fgr^P�j~h�e,\
(p, q) © L © b�c0z{c0d�jaf{eN��c�� G \ (Vv ∪ Vv′ ∪ {v, v′} �U¤¯PS�Uf{]aKx_ac�]`K�c�� _oK�h�_�]`d�b�K)h

b�c0z{c0dNjof{eN�Qb�h�e���PP�¦,_aP�e�r^P�r
_acQ_oKNPP�e!_af{joPW�#joh0qNK
G
�N�0f{¢,f|eN��h�b�c#e#_ojoh#r^fgb«_af{c0e
_ac

t © b�jof�_of{b�h�z{f�_m\#��#GP�_d�]�d�]`PW_aK�P~¢#P�ja_aP�¦5c#jorNP�jof|eN�Qh0]Glmd�]`_L�#f|¢#P�eGF^f|_Lf{]Ub�z|P%h�j�_aK�h�_�_oKNfg]Lc0j�r^P�jof|e��]ah�_afg] ��P�]�_aKNP�qNjoc0q;P�ja_af{P�]
�¨c#j #§P�OQO�h�� ; f > �

¡�f{jo]`_��^_oKNPe,dNO�;P�jUc0��P�¦,_aP�e�rNh��Nz{Pb�c#z|c#dNjo]��¨c#j
vi
c0j

v′i
�^�¨c0jnh0e!\

i
�^fg]Uh�_nz{P�h#]m_

x0 = tq − k(2q − 1) = αq + k + εq.

¤¥PUK�h�¢#P
x0 ≥ 1

�0]`f{e�b�P
k ≥ 1

h�e�r
α, ε ≥ 0

� 
 c���0]af|e�b�P
v
fg]3h0r�l`h#b�P�e!_"_ac

v1, . . . , vs
h0e�r

k+1−sq�jaP%b�c0z{c0d�jaP%r5¢0P�j`_of{b�P�]��!_aKNPe,dNOS��P�jUc��"P�¦,_aP�e�rNh���z|Pb�c#z|c#dNj�]k�¨c#j
v
fg]Uh�_nz{P�h0]`_

x = tq − s(2q − x0) − (k + 1 − s)(2q − 1)

= ((s + 1)α − 2)q + k + εq + s(k + εq − 1) + 1.

¤¥P�K�h�¢#P
x ≥ 1

�G]af{e�b�P
αs ≥ 2

h0e�r
k ≥ 1

� * q�qNz|\,f{eN�x_aK�PQz{P�O�O�hªh��!h�f{e§�§]af|e�b�P
v′ fg]�h0r�l`h0b�P�e!__oc

v′1, . . . , v
′
s

�
k + 1− s

q�jaP%b�c0z{c0d�jaP%r5¢0P�j`_of{b�P�]Lh�e�r
v
�^f�_U�¨c#z|z{c��n]�_aK�h�_U_aKNP�e,dNO�;P�jUc0��P�¦!_oP�e�r�h��Nz{P

b�c0z{c0dNj�]��¨c0j
v′
fg]Uh�_nz{P�h0]`_

x′ = tq − s(2q − x0) − (k + 1 − s)(2q − 1) − (2q − x)

= ((s + 1)α − 3)2q + 2{k + εq + s(k + εq − 1) + 1}.
Z^f|e�b�P

α ≥ 3
s+1

_oKNP�e
x′ ≥ 0

� @�d^_L_oKNf{]nOQP%h�e�]�_oK�h�_
G
fg]

(p, q) © L © b�c0z{c0d�joh0�Nz|P#�!h�b�c0e!_aj�h0r^fgb«_of|c#e§�
; f|f{f > Z,dNqNq;c#]aPh���h�jo��h�jofgh�e

w
fg]Uh0r�l`h#b�P�e#_L_oc�_m��c�KNf{��P�jae�f{h0e�]

v
h�e�r

v′
�kZ,f|e�b�P�_aK�P�0f{j`_oK�fg]Uh�_

z{P�h#]m_G]af|¦>_aK�PkeNP�f|�#K!�;c0d�jaKNc,c^rN].c0�
w
�
v
h�e�r

v′
h0jaP"q�h0f|jo�Ufg]`P�r^fg]Älmc0f{e#_�h�e�r~_aK�P�f{jGdNeNf{c0efg]§h0ef|e�rNP�q;P�e ©rNP�e!_k]`P�_���R�c0e�]afgr^P�j3h�e,\

(p, q) © L © b�c0z{c0dNjof|e��>c�� G\({v1, . . . , vs, v
′
1, . . . , v

′
s, w1, . . . , ws−1, v, v′, w}h0e�rxP�¦,_oP�e�r�_oKNPSb�c0z{c0dNjof|e���d�]`f{eN��_oKNPc#jorNP�jof|eN��h0��c�¢#P¢!fgh #GP�O�O�hª� ; f > � * ]~f|e ; f|f > P�¢0P�jo\�eNP�f{�0K ©�;c0d�j~c0�

v
�
v′
c0j

w
K�h#]�h�_~z{P�h#]m_

x0 = αq + k + εq
P�¦,_aP�e�rNh���z|PQb�c0z{c0d�jo]��;h0e�r

v
h�e�r

v′ K�h�¢#Ph�_z{P�h#]m_

x = ((s + 1)α − 2)q + k + εq + s(k + εq − 1) + 1

P�¦,_aP�e�rNh��Nz{Pb�c#z|c#dNjo]��

 c�� _aK�Pe!d�O�;P�jnc0��P�¦,_oP�e�rNh0�Nz{P�b�c0z{c0dNj�]Lh�_

w
fg]nh�_Uz{P�h0]`_

tq − (s − 1)(2q − x0) − (k + 1 − s)(2q − 1) − 2(2q − x) ≥ ((3s + 1)α − 4)q + 1.

Z^f|e�b�P
α ≥ 4

3s+1

_aKNP�e
G
fg]

(p, q) © L © b�c0z{c0d�joh0�Nz|P#�!h�b�c0e!_aj�h0r^fgb«_of|c#e§� �

JLKNPqNjac,c0��c0��q�h0j`_ ; f|f > c0��ikjac#q�c!]`f|_af{c0eª�#}S�¨c#z|z{c��n]��¨joc0O _oKNP�q�h0j`_ ; f > c��"_aKNPqNjaP�¢,f|c#d�]Lz|P�O�O�h
h0e�r
f{]U¢#P�jo\5]`f{O�f|zgh�jL_ocQ_aK�h�_nc��"q�h�ja_ ; f{¢ > c0��i�joc0q;c#]af|_af{c0eª}��N�N]ac���P�c#OQf|_nf|_nKNP�joP0�

� � ¶§¶��¶�� % �^��� ; f{f{f > ¶ � � � ¶(%k¶ ���Ä��� ¶ � ��" � Z,dNq�q�c!]`PQ_aK�h�_
G
fg] (

2k + 4
s+2

)

© b�jof�_of{b�h�z"h�e�r¯K�h0]�#f|ja_aK�h�_Gz{P�h0]`_
6
��JLKNP�e§���!\ #§P�O�O�h#]�}0vUh�e�r��.H��

G
K�h0]�O�f{eNf{OdNO r^P��0joP�P�h�_Gz|P%h0]`_

k+1
��h�e,\W¢0P�ja_aP�¦
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c0�;r^P��0joP�P
k+1

f{]3h#r�l`h0b�P�e!_"_ach�_3O�c#]`_
r
¢0P�j`_of{b�P�]"c0�;r^P��0joP�P

k+1
��h0e�r�h�e,\¢0P�j`_oP�¦�c���r^P��0joP�P

k+2fg]Uh0r�l`h0b�P�e!_�_oc�h�_UOQc!]m_
s
¢#P�ja_afgb�P%]�c0��r^P��0joP�P

k + 1
F!�¨dNj`_oKNP�joO�c0joP0�Nh#]

s ≥ 2
� 4

s+2 ≥ 4
3s+1

�^eNcQ_m��c
K�f|�;P�joeNfgh�e�]Lh�joP~h#r�l`h0b�P�e!_Uh�e�r
P�¢#P�jo\Q��h�jo��h�jof{h0e�f{]Uh#r�l`h0b�P�e!_�_ac�h�_UO�c#]`_�c#eNP~K�f|�;P�joeNfgh�e§�"¤¥P�]aK�h0z|z
d�]`PS_aKNPS�¨c0z{z{c��Uf|eN��¢0P�j`_oP�¦)r^fg]ab�K�h�jo�0f{eN�5qNjoc^b�P�rNdNjaP�C ��j�]m_%��P�¢#P�jo\�K�h0]Wb�K�h�jo�0PSP�£!d�h�z�_oc
f|_o]�r^P��0joP�P.F
_oKNP�eG�!P�¢0P�ja\Q¢0P�j`_oP�¦�c��Gr^P��0joP�P

k + 1
joP�b�P�f{¢0P%]kb�K�h0ja�#P

η = 1
k+s−r+ 1

k+3−s

�¨joc0O P�¢#P�jo\Qe�P�f{�0K,��c#dNjkc0�
rNP��0joP�PQh�_Wz|P%h0]`_

k + 2
�§h�e�rªP�¢0P�ja\xKNf{��P�jae�f{h0e°joP�b�P�f|¢#P�]~b�K�h�jo�0P

η1 = η
k+3−s = 1

(k+s−r)(k+3−s)+1�¨joc0O P�¢0P�ja\�e�c0e © KNf{��P�jaeNfgh�e�eNP�f|�#K!�;c0d�jUc���rNP��0joP�Ph�_Lz{P�h#]m_ k + 2
�

¤¥P>�Lh�e!_�_oc]`K�c�� e�c�� _oK�h�_�_aKNP~eNP�� b�K�h0ja�#PUc��§P�¢0P�jo\¢#P�ja_aP�¦Sfg]�h�_kz|P%h0]`_
k +1+(k +1− r)η

�
� �

v
K�h0]r^P��0joP�P

k + 1
�§_oKNP�e f|_o]e�P�� b�K�h�jo�0P�fg]�h�_�z{P�h#]m_

k + 1 + (k + 1 − r)η
]af{e�b�P�f|_K�h#]h�_

z{P�h#]m_
k + 1 − r

eNP�f|�#K,��c#dNjo]W_oK�h�_��!h�¢0PQf�_b�K�h�jo�0P
η
� � �

v
fg]�h�KNf{��P�jae�f{h0e§�§_oKNP�e f|_o]e�P�� b�K�h�jo�0P

fg]Wh�_~z{P�h#]m_
k + 2 − sη + (k + 2 − s)η1 = k + 1 +

(
1
η − s + k+2−s

k+3−s

)

η = k + 1 + (k + 1 − r)η]af{e�b�P¥f�_xK�h#]�h�_�O�c!]m_
s
eNP�f{�0K,�;c0dNj�]
c��Sr^P��0joP�P

k + 1
_ac �0f{¢0P¥b�K�h�jo�0P)_ac h�e�r f�_ªjoP�b�P�f|¢#P�]

η1b�K�h�jo�0PQ�¨jac#O h0z|z�c0�L_aKNP5c0_aKNP�j�h0r�l`h#b�P�e#_�¢#P�ja_afgb�P%]�� � �
v
f{]Shx��h�jo��h0jafgh�e§�§_aKNP�e f�_�]�eNP�� b�K�h0ja�#P�f{]

h�_Qz{P�h#]m_
k + 2 − (s − 1)η − η1 = k + 1 +

(
1
η − s + 1 − 1

k+3−s

)

η = k + 1 + (k + 1 − r)η]af{e�b�Pªf|_BK�h#]
s − 1

eNP�f{�0K,�;c0dNj�]�c0��r^P��0joP�P
k + 1

h0e�r h�_BO�c!]m_5c#eNP)KNf{��P�jae�f{h0e e�P�f{�0K,��c#dNj%� � �
v
fg]�h5eNc#e © K�f|�;P�joeNfgh�e§�.eNc#e © ��h�jo��h�jof{h0eª¢0P�j`_oP�¦ªc��kr^P��0joP�P k + 2

�;_aKNP�e¯f|_o]WeNP���b�K�h0ja�#P�f{]�h�_~z{P�h0]`_
k+2−(s−2)η−(k+2−(s−2))η1 = k+1+

(
1
η − s + 2 − k+4−s

k+3−s

)

η = k+1+(k+1−r)η
]af{e�b�P�f�_

K�h0]�h�_�O�c!]m_
s−2

e�P�f{�0K,��c#dNj�]Gc0��r^P��#jaP�P
k+1

; h0e�r_oKNP�joP�]`_�b�c0dNzgr�;P�K�f|�;P�joeNfgh�e�] > � � �
v
f{]"hn¢#P�ja_aP�¦

c0�§r^P��#jaP�Pnh�_kz{P�h#]m_
k +3

�0_aKNP�e5f|_o]�e�P�� b�K�h0ja�#P�fg]kh�_kz{P�h0]`_
k +3− (k+3)η ≥ k +1+(k+1− r)η

F
_oKNfg]�K�c0zgrN]�f��"h�e�rBc0eNz{\�f��

k + s− r + 1
k+3−s ≥ k + 2− r

2 ⇐⇒ s− r
2 − 2 + 1

k+3−s ≥ 0
h�e�r5_aKNfg]

fg]�_ajodNP�UKNP�e
s ≥ 2

�
� _��¨c#z|z{c��n]eNc�� _aK�h�__aK�PBh�¢0P�joh0�0P�r^P��#jaP�P0��h0e�r¥KNP�e�b�P�_oKNP5O�h�¦^f{OdNO h�¢0P�j�h��#PQrNP��0joP�P#�Gfg]�h�_

z{P�h#]m_
k + 1 + (k + 1 − r)η

�WJLK�f{]W]`K�c��n]U_aK�h�_~P�¢0P�ja\
�0j�h�qNKª�Uf|_aK¥b�f{job�dNz{h0j>b�KNc#f{b�P�e,dNO�;P�jWO�c0joP
_oK�h�e

2k + 4
s+2

h�e�r��#f|ja_aK5h�_kz|P%h0]`_
6
K�h#]�O�h�¦^f{OdNO h�¢0P�joh0�0PLr^P��#jaP�Pnh�_�z|P%h0]`_

k +1+(k +1− r)η
�

h#]LjaP%£!dNf|joP�r§�
�

��� � � # # �'� � �,��-�� � � � � #���� - � � � -�� �/� � �,� � ��� ! � � # � � � � # ����� � ��� � � �
! ����� �

¤ f|_aKxi�joc0q;c#]af|_af{c0e�]n}0�Sh0e�rx�#}f|exK�h0e�r��Nf|_nf{]U]`_aj�h�f{�0K!_a�¨c0jo��h0jor�_oc��0f{¢0P�dNqNq;P�jn�;c0d�e�rN]��¨c0j
τ(k)

�
% � ²,¶ � ² 	 � � � �60?6���	�	�� 8 ��')( ����	B.���C

(i) τ(4) ≤ 6 F τ(5) ≤ 4 + 1
2 F τ(6) ≤ 4 F τ(8) ≤ 3 + 1

3 F τ(9) ≤ 3 F �'�.

(ii) τ(4l + 2) ≤ 2 + 2
l

6������'1�
l ≥ 1

:
� � ¶§¶��o��@�\ ��d�z|P�j�� ]L�¨c0joOd�z{h��^P�¢0P�ja\BqNz{h0e�h�jU�#joh0qNK��Uf�_oKª�0f{j`_oK�h�_>z|P%h0]`_

k
K�h#]UO�h�¦^f{OdNO h�¢0P�j�h��#P

rNP��0joP�PWz{P�]o]�_aK�h0e
Madk = 2 + 4

k−2

�

(i) Mad4 = 4
]ac��#�!\�q�h0j`_ ; f > c���i�joc0q;c#]af|_af{c0eB}����

τ(4) ≤ 6
�
Mad5 = 3+ 1

3

h�e�r��#]aP�_a_af{eN�
k = 2h�e�r

s = 6
�;q�h�ja_ ; f{f > c0�"ikjac#q�c!]`f|_af{c0e)�!}��0f{¢0P%]

τ(5) ≤ 4 + 1
2

�
Mad6 = 3

h�e�r§���,\�q�h�ja_ ; f >
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c��3i�joc0q;c#]af�_of|c#e)}��N�
τ(6) ≤ 4

�
Mad8 = 2 + 2

3

h0e�r���]aP�_a_af{eN�
k = 1

h�e�r
s = 1

��q�h�ja_ ; f{¢ > c��
i�joc0q;c#]af�_of|c#ex}0��#f|¢#P�]

τ(8) ≤ 3 1
3

�
Mad9 = 2 4

7

h�e�r��N]aP�_a_af{eN�
k = 1

h�e�r
s = 2

�^q�h�ja_ ; f{f|f > c��
i�joc0q;c#]af�_of|c#e��!}�#f|¢#P�]

τ(9) ≤ 3
�

(ii)
JLKNfg]Uf{]Uh�r^f{joP�b«_>b�c0e�]aP�£!dNP�e�b�PWc��"q�h0j`_ ; f > c��"i�joc0q;c#]af�_of|c#e��!}^�

�

pUP%]`d�z�_�]�c��W_aKNPªq�jaP�¢!f{c0d�]_m��c ]`d���]`P%b«_of|c#e�]�]`K�c0dNzgr h0z{]ac��0f{¢0Pªh�e�h�z{c0�0c#d�]SdNqNq;P�j5�;c0dNe�rN]Q�¨c0j
�#joh0qNK�]S�Uf�_oK qNjoP�]ob�jof{��P%r¬�0f{ja_aK P�O�;P�rNr�h��Nz{P
d�q�c#e KNf{�0K�P�j�]`dNja�Äh0b�P�]��¬¡Nc#jQP�¦Nh�O�qNz{P0�kh¯�0j�h�qNK f{]
� �������*..�	 f���f|_�b�h�e ��PªP�O�;P�rNrNP�r �Uf�_oKNc0dN_Bb�joc#]o]`f{eN�°P%r^�0P%]�c0e _aKNP�_oc0jod�]�� � _��¨c0z{z{c��n]Q�¨jac#O _aKNP
�kdNz|P�j © i"c0f{e�b�h0j����¨c#jaOSdNzghx_aK�h�__oKNPBO�h�¦^f{OdNO h�¢0P�joh0�0P�r^P��0joP�P5c0�>hx_ac#jac#f{rNh0z��0j�h�q�K c��n�0f{ja_aK¬h�_
z{P�h#]m_

k
f{] ��� /4���%�
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5 , τt(5) ≤ 4 + 4

5 , τt(6) ≤ 4 1
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3 , τt(10) ≤ 3
��h0e�r

τt(6l + 1) ≤ 2 + 2
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P�OS��P%rNrNh0�Nz|P�dNq;c0e S �Uf�_oKx�0f{j`_oKxh�_Uz|P%h0]`_

kK�h0]UO�h�¦^f{OdNO h�¢0P�joh0�0P�r^P��#jaP�P�h�_>O�c#]`_
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It = [ct−1 + 4nt − 2(n + t)(k − 2) + 1, ct−1 + 2(k − 2)n − 1]
�¨c0j

i ∈ {1, . . . , k − 2}.
#GP�_

L(xi) = Ii ∪ Ji
�¨c0j
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h�e�r
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0,�UK�P�joP

J ′
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