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Choisissabilité irulaireRésumé : Nous étudions la notion de hoisissabilité irulaire, réemment introduite parMohar [8℄ et Zhu [15℄. En premier lieu, nous répondons négativement à une question deZhu à propos des liques irulaires. Ensuite, nous démontrons que, pour tout graphe G,
cch(G) = O (ch(G) + ln |V (G)|). Puis, nous étudions une généralisation de la hoisissabilitéirulaire, lorsque la taille de la liste d'un sommet est fontion de son degré. Nous onsidéronségalement le nombre de hoix irulaire des graphes planaires. Mohar a demandé la valeurde τ := sup{cch(G) : G est planaire}. Nous prouvons que 6 ≤ τ ≤ 8, e qui fournit uneréponse négative à une autre question de Mohar. En�n, nous étudions le nombre de hoixirulaire des graphes planaires et planaires extérieurs de maille donnée, et elui des graphesde densité bornée.Mots-lés : hoisissabilité irulaire, nombre de hoix irulaire, oloration, graphesplanaires, graphes planaires extérieurs, densité bornée



Cirular hoosability 31 IntrodutionLet G = (V, E) be a graph. If p and q are two integers, a (p, q)-olouring of G is a funtion
c from V to {0, . . . , p − 1} suh that q ≤ |c(u) − c(v)| ≤ p − q for any edge uv ∈ E. Theirular hromati number of the graph G is

χc(G) = inf

{
p

q
: G admits a (p, q)-olouring} .For any integer a, we denote by [a]q the interval [a− q +1, a+ q−1]. Remark that if uv ∈ Ethen c(u) = a ⇒ c(v) /∈ [a]q, where the omputations are modulo p.A list assignment L of G is a mapping that assigns to every vertex of v a set of integers,alled olours. An L-olouring of G is a mapping c that assigns to every vertex v ∈ V aolour c(v) ∈ L(v). A t-(p, q)-list-assignment L is a list assignment suh that, for any vertex

v ∈ V , L(v) ⊆ {0, . . . , p − 1} and |L(v)| ≥ tq.The graph G is said to be (p, q)-L-olourable if there exists a (p, q)-L-olouring c, i.e. c isboth a (p, q)-olouring and an L-olouring. For any real number t ≥ 1, it is t-(p, q)-hoosableif it is (p, q)-L-olourable for any t-(p, q)-list-assignment L. Last, G is irularly t-hoosableif it is t-(p, q)-hoosable for any p, q. The irular list hromati number (or irular hoienumber) of G is
cch(G) = inf{t ≥ 1 : G is irularly t-hoosable}.As shown in [15℄, cch(G) ≥ ch(G)−1 for any graph G. By onvention, we denote (ordinary)list hromati number by ch(G).Note that this de�nition of irular hoosability di�ers slightly from the one introduedin [15℄, in whih p is required to be at least 2q. We have opted for another de�nition, beausethe requirement does not seem to make sense. In partiular, it ontradits Lemma 7 of [15℄:under the de�nition given in [15℄, the irular hoosability of the single edge K2 would beone. To see this, suppose that L1, L2 ⊆ {0, . . . , p − 1} are given with |L1|, |L2| ≥ (1 + ǫ)qand p ≥ 2q. It is not di�ult to see that there must exist c1 ∈ L1, c2 ∈ L2 suh that q ≤

|c1− c2| ≤ p− q, so that K2 would indeed have irular hoosability one under the de�nitionfrom [15℄. On the other hand, Lemma 7 of [15℄ implies that cch(K2) ≥ χc(K2) = 2.Moreover, for some graphs G, for t slightly less that the irular hoie number, the
t-(p, q)-list-assignments L for whih G is not (p, q)-L-olourable satis�es that p is not toolarge ompared to q. For example, as in the proof of Proposition 17(ii), one an show thatif t ≥ 2 then a t-(p, q)-list-assignment L for whih K3 is not (p, q)-L-olourable satis�es that
p ≤ 4q2, whereas cch(K3) = 3.We also remark that there is an alternative, ontinuous de�nition for irular hoosability.Consult [8℄ or [15℄ for this de�nition; however, in the rest of the paper, we will restritourselves entirely to list (p, q)-olouring, the onept we have just outlined here.The paper is organised as follows: in the �rst setion, we deal with irular liques(Proposition 2) and even yles (Corollary 4, Proposition 5 and Conjeture 6). Then, in theseond setion, we onsider the question, given a graph G, of whether cch(G) is boundedwithin a onstant fator of ch(G); we answer in the positive when restrited to 2-hoosableRR n° 0123456789



4 Havet, Kang, Müller & Serenigraphs (Corollary 11), and then use a probabilisti thinning argument to bound the irularhoie number of a graph by a onstant fator of (ch(G) + lnn) where n is the numberof verties (Theorem 12). In the third setion, we investigate a generalisation of irularhoosability, irular f -hoosability, when f is a funtion of the degrees and attempt toestablish an analogue for the result of, independently, Borodin [4℄ and Erd®s, Rubin andTaylor [5℄ (Theorem 15). The fourth setion begins with a question of Mohar [8℄, who askedfor the value of
τ := sup{cch(G) : G is planar}.We shall prove that 6 ≤ τ ≤ 8 (Theorem 24 and Proposition 26). We then give bounds(Proposition 27 and Theorem 35) for the parameter

τ(k) := sup{cch(G) : G is planar and has girth ≥ k},and, more generally, the irular hoie number of graphs with bounded density (Proposi-tions 28 and 32). For the analogous parameter
τo(k) := sup{cch(G) : G is outerplanar and has girth ≥ k},we an prove an exat result (Theorem 37).The four main setions are relatively self-ontained and may, with few exeptions, beread independently of eah other.2 Cirular liques and even ylesWe �rst wish to present a basi tool whih will be ruial to several of our results. Inthe following lemma, G is given, integers p ≥ q are given, t ≥ 1 is also given, as is a t-

(p, q)-list assignment L. Furthermore, some verties u1, u2, . . . , uk are (p, q)-L-preolouredand we are trying to extend the olouring aording to some ordering of the verties
(v1 = u1, . . . , vk = uk, vk+1, . . . , v|V (G)|). Furthermore, we require that the order-ing satis�es that every non-preoloured vertex has at most one neighbour withhigher index in the order. We say a olour a in L(vj) is extendable if there exists some
(p, q)-L-olouring c of the subgraph indued by {v1, v2, . . . , vj} suh that c(vj) = a and crespets the preolouring.Lemma 1 Suppose F = {w1, . . . , wk} is the set of neighbours of vj with smaller index inthe ordering. Let Ei denote the set of extendable olours for wi, 1 ≤ i ≤ k.

(i) If wi has at least xi ≥ 1 extendable olours for eah i, then vj has at least |L(vj)| −∑

i:xi<2q(2q − xi) extendable olours.
(ii) If wi has at most xi ∈ {1, . . . , 2q − 1} extendable olours for eah i, then vj has atmost |L(vj)| −

∑

i(2q − xi) extendable olours if the following holds:� for eah i, Ei is ontained in some interval [ai, . . . , ai + xi − 1]; INRIA



Cirular hoosability 5� the sets [ai]q ∩ [ai + xi − 1]q are mutually disjoint; and� [ai]q ∩ [ai + xi − 1]q ⊆ L(vj) for eah i.Furthermore, the set of extendable olours for vj is a subset of L(vj) \
⋃

i[ai]q ∩ [ai +
xi − 1]q.Proof. To determine whih olours of vj are extendable, it su�es to onsider all possibleolourings of the verties of F with olours hosen from their respetive extendable lists Ei.(i): By the ondition on the ordering of the verties, a olour of vj is not extendablefor vj if and only if it is in the intersetion ⋂

a∈Ei
[a]q for some i. These intersetion setsare maximised when the Ei are intervals, giving |⋂a∈Ei

[a]q| = 2q − xi, if xi < 2q, and
|⋂a∈Ei

[a]q| = 0, otherwise.(ii): Sine xi < 2q, it follows from the �rst ondition that [ai]q∩[ai+xi−1]q ⊆ ⋂

a∈Ei
[a]q.Thus, due to the observation made in the proof of (i) together with the last two onditions,the proof holds. �2.1 Cirular liquesFor any two positive integers a ≥ 2b, the graph Ka/b, alled the irular lique, has vertexset {0, . . . , a − 1} and ij is an edge if and only if b ≤ |i − j| ≤ a − b. Remark that, for any

k ≥ 1, K(2k+1)/k ≃ C2k+1. In [15℄, Zhu proved that cch(C2k+1) = 2 + 1
k for any k ≥ 1 andasked whether the irular list hromati number of Ka/b is a

b . This is not the ase, sinethe irular liques ontain large omplete bipartite subgraphs. More preisely,Proposition 2 For any positive integer N , there exist positive integers a, b, with a ≥ 2b,suh that the di�erene between cch(Ka/b) and a
b is more than N .Proof. Let m ≥

(
2(N+3)−1

N+3

). As is well known, ch(Km,m) ≥ N+4 � see [5℄. Let a = 2k+2mand b = k, for some positive integer k > 2m. The graph Ka/b ontains Km,m as a subgraph:take the verties {0, 1, . . . , m − 1} ∪ {k + m − 1, k + m, . . . , k + 2m}. Hene, we have
cch(Ka/b) ≥ ch(Ka/b)−1 ≥ ch(Km,m)−1 ≥ N+3. However, if k > 2m, then a

b = 2k+2m
k < 3;therefore, cch(Ka/b) − a

b > N . �2.2 Even ylesAs mentioned above, Zhu [15℄ proved that the irular hoie number of the odd yle C2k+1is 2 + 1
k . The fat that cch(C2k+1) ≥ 2 + 1

k is trivial sine the irular hromati number of
C2k+1 is 2 + 1

k .We shall use the following lemma later on.Given a graph G, a handle of G is an indued path, with possibly the two endvertiesbeing the same vertex, whose interior verties all have degree two in G.
RR n° 0123456789



6 Havet, Kang, Müller & SereniLemma 3 Fix a positive integer n. Let L be a (
2 + 2

n

)-(p, q)-list-assignment of the graph
G. Suppose v0v1v2 · · · vnvn+1 is a handle H of G. Then any (p, q)-L-preolouring of G \
{v1, . . . , vn} an be extended to the entire graph.Proof. Let t = 2 + 2

n . Sine v0 has one extendable olour, v1 has, by Lemma 1(i), atleast tq − 2q + 1 = 2q
n + 1 extendable olours. Indutively, we an thus show that vi hasat least i 2q

n + 1 extendable olours, for i < n. Now, vn+1 has one extendable olour and
vn−1 has at least (n − 1)2q

n + 1 extendable olours; thus, by Lemma 1(i), vn has at least
tq − (2q − 1) −

(
2q − (n − 1)2q

n − 1
)

= 2 extendable olours, so that the required olouringindeed exists. �As a diret orollary of the above lemma, we get:Corollary 4 For every integer n ≥ 3, the yle Cn has irular hoie number at most
2 + 2

n−1 .The upper bound given by Corollary 4 is optimal for odd yles. But the situation foreven yles seems more omplex. Here is a onstrutive proof of the irular hoie numberfor the smallest even yle.Proposition 5 cch(C4) = 2.Proof. Surely cch(C4) ≥ 2. Let v1, v2, v3 and v4 denote the verties of C4, the vertex v1being adjaent to v2 and v3. Fix two integers p and q and a 2-(p, q)-list-assignment L. Weshall prove that C4 is (p, q)-L-olourable.First, remark that if L(v1) ∩ L(v4) 6= ∅ or L(v2) ∩ L(v3) 6= ∅ then the desired olouringexists: just assign the same olour to, say, v1 and v4. Now v2 and v3 eah have at least
2q − (2q − 1) = 1 olour available with distane > q to the olour hosen for v1 and v4.So we suppose now that both intersetions are empty.Let us preolour v1 with a olour a ∈ L(v1). Let x̄ be the number olours of L(v2) thatare not extendable, i.e. the number of olours in L(v2) ∩ [a]q. As L(v2) ∩ L(v3) = ∅, thenumber of olours of L(v3) that are not extendable is at most 2q − 1 − x̄.Now we an apply the lemma one again. Denote by xi the number of extendable oloursof vi in L(vi) for i ∈ {2, 3, 4}. The vertex v4 is adjaent to v2 and v3 and sine x2 = 2q − x̄and x3 ≥ 2q−(2q− x̄−1) = x̄+1, we infer that x4 ≥ 2q−(2q−(2q− x̄))−(2q−(x̄+1)) = 1.
�Conjeture 6 The irular hoie number of every even yle is two.

INRIA



Cirular hoosability 73 Bounds in terms of hoosability (and number of ver-ties)Reall that the degeneray δ∗(G) of a graph G is the maximum over all subgraphs of G ofthe minimum degree. We say that G is k-degenerate if δ∗(G) ≤ k. The following result wasshown in [15℄:Lemma 7 (Zhu, 2005) cch(G) ≤ 2δ∗(G).This result was also shown by Zhu [15℄ to be asymptotially tight by (essentially) showingthat the omplete bipartite graph Kk,mk , whih has degeneray k, satis�es cch(Kk,mk) ≥
(
2 − 2k

m

)
k. This led Zhu to pose the following problem:Problem 8 Is there a onstant α suh that, for every graph G, cch(G) ≤ α ch(G)?Note that if α exists it is at least two, as ch(Kk,mk) ≤ δ∗(Kk,mk) + 1 = k + 1.In this setion, we �rst answer in the a�rmative to Problem 8 for 2-hoosable graphs. Inthis ase, we show that the orresponding onstant α is at most 5/2. Then, more generally,we show that cch(G) = O(ch(G) + ln(|V (G)|)), for any graph G.3.1 2-hoosable graphsThe aim of this subsetion is to show that every 2-hoosable graph has irular hoie numberat most 5/2. Therefore, we use the haraterisation the 2-hoosable graphs by Erd®s, Rubinand Taylor [5℄.The heart of a graph G is the maximal subgraph in whih there is no vertex of degreeone. Also, the graph onsisting of two verties onneted with three independent paths oflength i, j and k is denoted by θi,j,k.Theorem 9 (Erd®s, Rubin and Taylor [5℄) A onneted graph is 2-hoosable if and onlyif its heart is either a single vertex, an even yle or a θ2m,2,2 for some integer m ≥ 1.Proposition 10 For any m ≥ 1, cch(θ2m,2,2) ≤ 5/2.Proof. Let xu1 . . . u2m−1y, xvy and xwy be the three paths forming θ2m,2,2. Let L be a

5/2-(p, q)-list-assignment of θ2m,2,2. We prove that θ2m,2,2 admits (p, q)-L-olouring, whihis stronger than the desired onlusion.Assume �rst that m = 1. If L(u1) ∩ L(v) ∩ L(w) 6= ∅, then assign to u1, v and w thesame olour α. Next, assign to x and y a olour in L(x) \ [α]q and a olour in L(y) \ [α]q,respetively. This yields the desired olouring. If not, assign to x a olour α in L(x). Let
iu = |L(u1)∩ [α]q|, iv = |L(v)∩ [α]q| and iw = |L(w)∩ [α]q|. Sine L(u1)∩L(v)∩L(w) 6= ∅,we have iu+iv+iw ≤ 4q−2. Thus, u1, v and w have at least 5q/2−iu, 5q/2−iv and 5q/2−iwextendable olours, respetively. Hene, by Lemma 1, y has at least 4q − iu − iv − iw ≥ 2extendable olours. This proves that θ2,2,2 is (p, q)-L-olourable.RR n° 0123456789



8 Havet, Kang, Müller & SereniAssume now that m ≥ 2. If L(v) ∩ L(w) 6= ∅, then assign to v and w the same olour
α. Next, assign to x a olour of L(x) \ [α]q. By Lemma 1, the vertex u1 has at least q/2extendable olours, u2 at least q extendable olours and one an show by indution that uihas at least 3q/2 extendable olours, for every i ∈ {3, 4, . . . , 2m − 1}. Therefore, again byLemma 1, y has at least one extendable olour. If L(v)∩L(w) = ∅, then assign to x a olour
α of its list. Let iv = |L(v)∩ [α]q | and iw = |L(w)∩ [α]q |. Observe that iv + iw ≤ 2q−1, and
v and w have at least 5q/2 − iv and 5q/2 − iw extendable olours, respetively. As above,
u1 has at least q/2 extendable olours, u2 at least q, and for every i ∈ {3, 4, . . . , 2m − 1},
ui has at least 3q/2 extendable olours. Consequently, again by Lemma 1, y has at least
5q/2 − (2(2q − 5q/2) + iv + iw) − (2q − 3q/2) ≥ 1 extendable olours. Hene, θ2m,2,2 is
(p, q)-L-olourable. �Corollary 11 Every 2-hoosable graph has irular hoie number at most 5/2.Proof. Obviously, it su�es to prove the result for onneted graphs. Let L be a 5/2-
(p, q)-list-assignment of G. We prove that every 2-hoosable onneted graph G admits a
(p, q)-L-olouring by indution on x, the di�erene between the number of verties of G andthe number of verties of its heart.Clearly, if x = 0, we have the result by Corollary 4 and Proposition 10. Suppose nowthat x ≥ 1. Then by the de�nition of the heart, G has a vertex v of degree one. By indutionhypothesis, G − v admits a (p, q)-L-olouring whih an be extended to v by Lemma 1. �3.2 General upper boundProblem 8 asks whether cch(G) = O(ch(G)). We are not able to settle the question here, butTheorem 12 below does show that cch(G) = O(ch(G) + ln(|V (G)|)). We make no attemptto optimise onstants.Theorem 12 For any graph G with n verties, it holds that

cch(G) ≤ 36 ch(G) + 54 lnn + 3.Proof. Fix p, q and set t = 36 ch(G) + 54 lnn + 3. Suppose that lists L(v) ⊆ Zp of size atleast tq + 1 are given. If q = 1, then we an ertainly (p, q)-L-olour G, as t + 1 > ch(G).So we may assume that q ≥ 2, without loss of generality.Let us partition {

0, . . . ,
⌊

p−1
q−1

⌋} into groups gi = {3i, 3i+ 1, 3i + 2} of three onseutivenumbers, where the last group may possibly ontain less than three numbers. Out of eahgroup of three, exept the very last one, we will pik one element at random, but in suh away that we never pik two onseutive numbers. To be more preise, for i = 0 we simplypik one of 0, 1, 2 uniformly at random. One a hoie has been made for gi−1, we pik oneof 3i, 3i + 1, 3i + 2 uniformly at random provided we did not hoose 3(i − 1) + 2 from gi−1.Otherwise, we hoose one of 3i+ 1, 3i+2 at random eah with probability 1
2 . Let us denoteINRIA



Cirular hoosability 9the set of seleted indies by K = {k : k was hosen}. With eah index k ∈
{

0, . . . ,
⌊

p−1
q−1

⌋},we assoiate an interval Ik = {k(q − 1), . . . , (k + 1)(q − 1)− 1} of Zp. Notie that the Ik aredisjoint intervals of length q − 1. A ruial observation for the sequel is that, if k, l ∈ K aredistint and a ∈ Ik, b ∈ Il, then |a − b|p ≥ q. See Figure 1.
. . .

3(q − 1) 6(q − 1) 9(q − 1)

I

p − 1

j

p−1
3(q−1)

k

(q − 1)

0

· · ·Figure 1: An illustration of the �thinning� proedure for Theorem 12.Let us set I =
⋃

k∈K Ik. For eah v ∈ V , let us de�ne
S(v) = {k ∈ K : Ik ∩ L(v) 6= ∅}.The idea for the rest of the proof is to show that t was hosen in suh a way that P(|S(v)| <

ch(G)) < 1
n for all v. It will then follow that

P(|S(v)| < ch(G) for some v ∈ V ) < n · 1

n
= 1.In other words, there must exist a hoie of non-adjaent intervals, one from eah groupof three, for whih |S(v)| ≥ ch(G) for all v ∈ V . By the de�nition of ch(G), there mustexist a olouring c of G with c(v) ∈ S(v). Let us de�ne a new olouring f by hoosing

f(v) ∈ Ik ∩ L(v) if c(v) = k. This an be done for eah v, by the de�nition of S(v). Now
f is a (p, q)-L-olouring, beause if vw ∈ E(G) then c(v), c(w) are distint elements of K� onsequently, f(v) and f(w) have been hosen from non-adjaent intervals Ic(v), Ic(w), sothat |f(v) − f(w)|p ≥ q.It remains to show that t is hosen suh that P(S(v) < ch(G)) < 1

n holds. We �rst laimthat the probability that |S(v)| < ch(G) is bounded above by
P

(

Bi

(

s,
1

6

)

≤ ch(G)

)

,where s =
⌈

t
3

⌉
− 1. In order to prove the laim, �rst note that we an �thin� the lists L(v)to get sublists L′(v) ⊆ L(v) with

|L′(v)| ≥
⌈ |L(v)|

3(q − 1)

⌉

− 1 >
t

3
− 1,

RR n° 0123456789



10 Havet, Kang, Müller & Sereniand a distane of at least 3(q − 1) between elements of L′(v). We an onstrut L′(v) bytaking the �rst, the (3(q − 1) + 1)-th, the (6(q − 1) + 1)-th, and so on up to and inludingthe ((M − 1)(q − 1) + 1)-th element of L(v), where M =
⌈

tq
3(q−1)

⌉, and we disard the
(M(q − 1) + 1)-th element, to avoid possible wrap-around e�ets. Let us write L′(v) =
{a1, . . . , al} with ai ≤ ai+1. For J ⊆ {1, . . . , i − 1}, let A(i, J) denote the event that aj ∈ Ifor j ∈ J and aj 6∈ I for all j ∈ {1, . . . , i− 1} \ J . We laim that for every J ⊆ {1, . . . , i− 1}we have

P(ai ∈ I|A(i, J)) ≥ 1

6
. (1)To this end, note that a1, . . . , ai−1 eah give information about the hoie made for somegroup gl. Also observe that, if ai ∈ I3k+1 or ai ∈ I3k+2 for some k, then the probabilitythat ai is overed by I, given that A(i, J) holds, is at least 1

3 , beause, regardless of whihelement of gk−1 was seleted, the probability that 3k + 1 (respetively 3k + 2) is seletedis at least 1
3 . Now, supposing that ai ∈ I3k for some k, then ai−1 6∈ I3(k−1)+1 ∪ I3(k−1)+2.Therefore, the probability that ai is overed given that A(i, J) holds is at least the minimumof two probabilities: the probability that 3k is hosen given that 3(k − 1) was hosen from

gk−1; and the probability that 3k is hosen given that 3(k − 1) was not hosen from gk−1.It is not hard to see that this minimum is 1
6 , whih proves the laim.A well known bound on the binomial, see for instane [7℄, states that

P(Bi(k, p) ≤ kp − r) ≤ e−2 r2

k .This allows us to write
P(S(v) < ch(G)) ≤ exp

[

−2
(

ch(G) − s

6

)2

/s

]

.So, we would like to have
2

(

ch(G) − s

6

)2

> s lnn,or in other words
s2

36
−

(
ch(G)

3
+

lnn

2

)

s + ch2(G) > 0.This is ertainly true if
s >

ch(G)
3 + ln n

2 +

√
(

ch(G)
3 + ln n

2

)2

− 4 ch(G)2 1
36

2
36

,and this in turn is ertainly true if
t

3
− 1 ≥ 12 ch(G) + 18 lnn,i.e. if t ≥ 36 ch(G) + 54 lnn + 3. �INRIA



Cirular hoosability 11Reall that Alon [1℄ has shown that ch(G) = Ω(ln d), where d denotes the average degreeof G. Theorem 12 thus shows that the existene of suh a onstant α for Problem 8 anonly be disproved by onsidering sparse graphs; there is a hoie of α = α(ǫ) that works forall graphs with average degree at least ǫn.We also remark that it is straightforward to give an upper bound for cch in terms of chthat is exponential in ch: the mentioned result of Alon also shows that ch(G) = Ω(ln(δ∗(G)))� as there is some subgraph of G with minimum degree δ∗(G), this subgraph ertainly hasaverage degree at least δ∗(G). On the other hand, cch(G) ≤ 2δ∗(G), so that
cch(G) ≤ eβ ch(G),for some β > 0.3.3 Complete multipartite graphsComplete bipartite graphs are a natural lass to onsider, being the anonial examples ofgraphs with low hromati number, yet high hoosability. The following adaptation of ourargument sharpens the general upper bound given by Theorem 12 in the speial ase when

G = Kr∗m = Km,...,m
︸ ︷︷ ︸

r

is the balaned, omplete r-partite graph, with eah part of size m.Reent work of Gazit and Krivelevih [6℄ shows that ch(Kr∗m) = (1+o(1)) ln m

ln(1+ 1
r−1 )

, so thatthe bound on cch(Kr∗m) given by Proposition 13 is indeed sharper than the general upperbound given by Theorem 12. The work of Gazit and Krivelevih also onsiders ompletemultipartite graphs with not all parts of equal size, but with not too muh di�erene insize between the smallest and the largest parts. In priniple, our result and proof an beadapted to also over this additional lass of omplete multipartite graphs, but we havehosen to omit this here. It should be noted that Alon and Zaks [3℄ prove a very similarresult to Proposition 13 below for T -hoosability of omplete bipartite graphs (and in fatgive a similar proof).Proposition 13 cch(Kr∗m) ≤ 3(ln m+ln r)

ln(1+ 1
6r−1 )

+ 1.Proof. We proeed as in the proof of Theorem 12, seleting a subset K ⊆
{

0, . . . ,
⌊

p−1
q−1

⌋} ofindies, no two onseutive, at random in the same way as in the proof of Theorem 12. Weshall now partition the indies that have been seleted into r sets K1, . . . ,Kr, by assigningeah index k ∈ K uniformly at random to one of K1, . . . ,Kr, independently from all otherelements in K. Let us write I1 =
⋃

k∈K1
Ik, . . . , Ir =

⋃

k∈Kr
Ik.If the partition of the vertex-set is V = V1 ⊎ · · · ⊎ Vr, then we will attempt to olour

Kr∗m using only the olours from I1 for the verties of V1, only the olours from I2 for theverties of V2, and so on. This an be done provided that, for eah i ∈ {1, 2, . . . , r} and eah
v ∈ Vi, we have

L′(v) = L(v) ∩ Ii 6= ∅. (2)RR n° 0123456789



12 Havet, Kang, Müller & SereniTo see this, notie that if (2) holds then we an de�ne a olouring by piking an arbitrary
f(v) ∈ L′(v) for eah v ∈ V . We get a proper (p, q)-L-olouring in this way, beause if
vw ∈ E(Kr∗m) then f(v) and f(w) will have been hosen from distint � and thus alsonon-adjaent � intervals as it must be the ase that (v, w) ∈ Vi × Vj for some i 6= j and
Ki,Kj are disjoint. Beause f(v), f(w) have been hosen from non-adjaent intervals, theirdistane is at least q in Zp.So we see that it su�es to show that P(L′(v) = ∅) < 1

rm . We an again take a1 ≤ · · · ≤
al in L(v) with a distane of at least 3(q − 1) between them and l > t

3 − 1. The probabilitythat aj ∈ Ii given that a1, . . . , aj−1 6∈ Ii is at least 1
6r (by an argument analogous to theargument used the proof of Theorem 12), so that

P(L′(v) = ∅) <

(

1 − 1

6r

) t
3−1and it is lear that t ≥ 3(ln m+ln r)

ln(1+ 1
6r−1 )

+ 1 will give that P(L′(v) = ∅) < 1
rm , whih onludesthe proof. �4 Cirular f -hoosabilityA graph G is degree-hoosable if, given any list-assignment L suh that every has a list ofsize at least its degree, there exists a proper L-olouring of G. A theorem independentlyproved by Borodin [4℄ and Erd®s, Rubin and Taylor [5℄ � see also [12℄ � states that aonneted graph is degree-hoosable, unless it is a Gallai tree, i.e. unless eah of its bloksis omplete or an odd yle. In this setion, we study the analogous problem for irularhoosability. This result is interesting in itself but an also be used as a tool to extend listirular olouring from a graph to larger graphs. See Lemma 31 for an example.Let G be a graph and f a weight funtion on the verties, i.e. f : V (G) → IR+. An

f -(p, q)-list-assignment L is a list assignment suh that for any vertex v ∈ V , L(v) ⊆
{0, . . . , p − 1} and |L(v)| ≥ max{1, f(v)q}. For any real number t ≥ 1, G is f -(p, q)-hoosable if it is (p, q)-L-olourable for any f -(p, q)-list-assignment L. Last, G is irularly
f -hoosable if it is f -(p, q)-hoosable for any p, q. The ondition |L(v)| ≥ max{1, f(v)q} mayseem unnatural but is just here to allow some verties v to have f(v) = 0.It is easy to see that every graph is irularly 2d-hoosable. This is best possible sine
cch(K2) = 2; however, the edge is essentially the unique graph attaining the bound. Wenext onsider (2d − 1)-hoosability.Let G be a graph and v a vertex. A v-greedy ordering of G is an ordering (v1, v2, . . . , vn =
v) of the verties suh that for every i ∈ {1, 2, . . . , n−1}, vi has a neighbour in {vi+1, . . . , vn}.It is easy to see that if v is a vertex of a onneted graph G then there is a v-greedy orderingof G.Proposition 14 Every onneted graph with n ≥ 3 verties is irularly (2d−1)-hoosable.INRIA



Cirular hoosability 13Proof. It su�es to prove it for onneted graphs. Let G be a onneted graph and v avertex with degree at least two. Consider a v-greedy ordering (v1, v2, . . . , vn = v) of G.Note that vn−1v is an edge. Colour greedily the verties vi for i ∈ {1, 2, . . . , n − 2}; this ispossible sine, at eah step, vi has at least (2d(vi)− 1)q − (d(vi)− 1)(2q− 1) = q + d(vi)− 1olours available. Then, by Lemma 1, vn−1 has at least q + d(vn−1)− 1 extendable olours.Therefore, by Lemma 1, vn has at least one extendable olour. Hene, one an extend theolouring to both vn−1 and v. �Proposition 14 is best possible sine the irular hoie number of K3 is three.4.1 Cirular (2d − 2)-hoosabilityThe main result of this setion is as follows:Theorem 15 Let G be a onneted graph on n ≥ 3 verties.(i) G is irularly (2d − 2)-hoosable if:
(a) it is 2-onneted and not a yle of length di�erent from four; or
(b) it is not 2-onneted and one of its bloks is neither an edge nor a yle of lengthat least �ve.(ii) G is not (2d − 2)-hoosable if:
(a) it is a tree; or
(b) it is an odd yle.We start by giving a lemma whih allows us to extend the property of a graph H being

(2d − 2)-hoosable to graphs whih ontain H as an indued subgraph.Lemma 16 Let G be a onneted graph. If G has an indued subgraph H whih is irularly
(2dH − 2)-hoosable and ontains at least one edge, then G is also irularly (2dG − 2)-hoosable.Proof. Let us prove it by indution on |V (G)| − |V (H)|, the result holding trivially if
|V (G)| − |V (H)| = 0. Suppose now that |V (G)| > |V (H)|. Sine G is onneted, thereexists a set of disjoint non-trivial trees Ti, 1 ≤ i ≤ l, eah with a unique vertex ri in H suhthat V (H) ∪ ⋃l

i=1 V (Ti) = V (G). Let x be a leaf of T1 distint from r1. Then G − x isonneted and ontains H as an indued subgraph.Let L be a (2dG − 2)-(p, q)-list assignment of G. Assign a olour a to x. Let L′ be thelist-assignment de�ned by L′(v) = L(v) \ [a]q if v is a neighbour of x and L′(v) = L(v)otherwise. Clearly, L′ is a (2dG−x − 2)-(p, q)-list assignment of G − x. So, by indution, itadmits a irular (p, q)-L-olouring c whih an trivially be extended to x setting c(x) = a.
�
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14 Havet, Kang, Müller & SereniWe will now show irular (2d − 2)-hoosability for some small important graphs. Re-all from Subsetion 3.1 the de�nition of θi,j,k; as we will observe later, these graphs areimportant for 2-onneted graphs. We will also onsider the �ag, the graph with vertex set
{t, u, v, w} and edge set {tu, tv, uv, vw}.Proposition 17 The following graphs are irularly (2d − 2)-hoosable:(i) θi,j,k, and(ii) the �ag.Proof of part (i) of Proposition 17. Let xu1 . . . ui−1y, xv1 . . . vj−1y and xw1 . . . wk−1ybe the three paths forming θi,j,k. Sine there are no multiple edges, we may assume that
i, j ≥ 2.Let L be a (2d−2)-(p, q)-list assignment of θi,j,k. Every vertex has a list of size 2q exept
x and y whih have lists of size 4q.Suppose that L(u1)∩L(v1) 6= ∅, and olour u1 and v1 with the same olour. Then, extendgreedily this algorithm aording to the ordering (u1, . . . , ui−1, v1, . . . , vj−1, y, wk−1, . . . , w1, x).Hene, we now assume that L(u1) ∩ L(v1) = ∅ are disjoint. Assign to x a olour c in itslist. Let α and β be the number of extendable olours of u1 and v1, respetively. Observethat α + β ≥ 4q − (2q − 1) = 2q + 1. Now, by Lemma 1, one an extend the olouringto θi,j,k − y suh that ui−1, vj−1 and wk−1 have at least α, β and one extendable olours,respetively. Then, y has at least 4q − 6q + α + β + 1 ≥ 2 extendable olours. �Before the proof of the next part, we note the following easy onsequene of Lemma 1:Lemma 18 If L is a (p, q)-list assignment of K2 with p ≥ 2q suh that |L(x)| ≥ q and
|L(y)| ≥ q + 1, then K2 is (p, q)-L-olourable.Proof of part (ii) of Proposition 17. Suppose for a ontradition that there exists a
(2d − 2)-(p, q)-list assignment L suh that the �ag is not (p, q)-L-olourable. Without lossof generality, we may assume that L(w) = {0}, |L(v)| = 4q and |L(u)| = |L(t)| = 2q.Claim 1 0 /∈ L(t) ∪ L(u)Suppose not. By symmetry, we may assume that 0 ∈ L(t). Then, there exists ku ∈ L(u)\[0]qand kv ∈ L(v) \ ([0]q ∪ [ku]q). Hene, c(t) = 0, c(u) = ku, c(v) = kv, c(w) = 0 is a (p, q)-L-olouring of the �ag, a ontradition. This proves Claim 1.Claim 2 (L(t) ∪ L(u)) ∩ [0]q 6= ∅.Suppose for a ontradition that (L(t)∪L(u))∩ [0]q = ∅. Let kt, ku, and kv be the smallestintegers in L(t), L(u), and L(v) \ [0]q, respetively. By symmetry, we may assume that
kt ≤ ku. If kt ≤ kv, then |L(v) \ ([0]q ∪ [kt]q)| ≥ q + 1 and |L(u) \ [kt]q| ≥ q. So, byLemma 18, the olouring c(t) = kt, c(w) = 0 may be extended to a (p, q)-L-olouring of theINRIA



Cirular hoosability 15�ag, a ontradition. If kv < kt, then |L(t) \ [kv]q| ≥ q + 1 and |L(u) \ [kv]q| ≥ q + 1. So, byLemma 18, the olouring c(v) = kv, c(w) = 0 may be extended to a (p, q)-L-olouring of the�ag, a ontradition. This proves Claim 2.By symmetry, we may assume that (L(t)∪L(u))∩ [0, q − 1] 6= ∅. Let kt be the minimuminteger in this set. Without loss of generality, we may assume that kt ∈ L(t).Claim 3 |L(u) ∩ [kt]q| ≥ q + 1.Sine |L(v)\ ([0]q ∪ [kt]q)| ≥ q +2, it follows that |L(u)\ [kt]q| < q; otherwise, by Lemma 18,the olouring c(t) = kt, c(w) = 0 may be extended to a (p, q)-L-olouring of the �ag, aontradition. Thus, |L(u) ∩ [kt]q| ≥ q + 1. This proves Claim 3.Hene, there exist lu and ku ≥ lu + q both in L(u) ∩ [kt]q. By minimality of kt, lu ∈
[kt − q + 1, 0] ∩ L(u).Analogously to Claim 3, |L(t)∩[lu]q| ≥ q+1. Hene, there exists lt ∈ L(t)∩[lu−q+1, lu].Now, J = [lt]q ∪ [ku]q ∪ [0]q ⊂ [lt − q + 1, ku + q − 1]. But lt ≥ lu − q + 1 and ku − lu ≥ q,so |J | < 4q. It follows that there exists lv ∈ L(v) \ J . Then c(t) = lt, c(u) = ku, c(v) =
lv, c(w) = 0 is a (p, q)-L-olouring of the �ag, a ontradition. �Corollary 19 Let G be a 2-onneted graph whih is not a yle. Then G is irularly
(2d − 2)-hoosable.Proof. If G ontains a omplete graph Kn, n ≥ 4, then, by Lemma 16, G is irularly
(2d − 2)-hoosable sine cch(Kn) = n ≤ 2n − 2. So assume that G is neither a lique nor ayle. It su�es to show that G has an indued θi,j,k for some i, j, k.Let us �rst show that there exist three verties u, v and w suh that uv ∈ E(G),
vw ∈ E(G) and uw /∈ E(G). Sine G is not omplete, there exist two verties u and u′whih are not linked by an edge. Sine G is onneted, there is a path between u and u′.Let P be a shortest (u, u′)-path and let v and w be respetively the seond and third vertieson P . Then uv and vw are edges of the paths and uw is not an edge otherwise it wouldshortut P .Now, sine G is 2-onneted, there is a (u, w)-path in G − v. Let P = u0u1, . . . ul−1ulwith u0 = u and ul = w be a shortest suh path.Suppose �rst that there is an edge vui for some i ∈ {1, 2, . . . , l − 1}. Let i1 and i2 bethe smallest and seond smallest integers i > 0 suh that vui is an edge. Then the graphindued by {v, u0, . . . , ui2} is a θ1,i1+1,i2−i1+1.Suppose now that vui is not an edge for all i ∈ {1, 2, . . . , l − 1}. Then C = vu0 . . . ulv isan indued yle of length at least 4. Sine G is not a yle and G is onneted, there is a
C-path in G � that is, a path with both ends distint and in V (C), and the internal vertiesin V (G) \ V (C). Let P = x0 . . . xmxm+1 be suh a path with minimal length. Without lossof generality, we may assume that v = x0. By minimality of P , P is an indued path andthe sole internal verties that are adjaent to a vertex of C are x1 and xm.
RR n° 0123456789



16 Havet, Kang, Müller & SereniAssume �rst that x1 has at least three neighbours in C. Let j1 and j2 be the smallestand seond smallest integers j ≥ 0 suh that vuj is an edge. By rotation around C, we mayassume that j2 6= l. Then the graph indued by {x1, v, u0, . . . , uj2} is a θ1,j1+2,j2−j1+1.If x1 has exatly two neighbours in C, v and ui for some 1 ≤ i ≤ l, then the graphindued by {x1} ∪ V (C) is a θ1,i+2,l−i+2.Similarly, we get the result if xm has at least two neighbours in C.Hene, we may assume that x1 and xm have both a unique neighbour in C. It followsthat C + P indues a θi,j,k for some i, j, k. �Corollary 20 Let G be a onneted graph. If G ontains a �ag (not neessarily indued)then G is irularly (2d − 2)-hoosable.Proof. If G ontains a �ag, then it ontains as an indued subgraph either the �ag, L4� the graph obtained from K4 by deleting on edge � or K4 as an indued subgraph. ByLemma 16, it su�es to prove that these three graphs are irularly (2d − 2)-hoosable.Sine the irular hoie number of K4 is four, K4 is irularly (2d−2)-hoosable. Note that
L4 = θ1,2,2. Thus, L4 and the �ag are irularly (2d − 2)-hoosable by Proposition 17. �Proposition 21 No tree is irularly (2d − 2)-hoosableProof. We show the following by indution on the number of verties of a tree T : for anyinteger k, there exists qk(T ) suh that for any q ≥ qk(T ) and p ≥ ∆(T )q + 4kq, there existsa (p, q)-list-assignment L suh that (i) for any v ∈ V (T ), L(v) ≥ max{(2d(v) − 2)q, k} and(ii) T is not (p, q)-L-olourable.The results holds trivially for a tree with two verties. It su�es to take qk = k + 1,
L(a) = L(b) = {1, . . . , k} and p ≥ q + 4kq.Let T be a tree with n ≥ 2 verties and let k ≥ 1.Let u be vertex of T suh that at most one of its neighbour is not a leaf � suh a vertexexists: onsider the seond vertex of a longest path in T . Let u0, u1, . . . , ui be the neighboursof u with uj leaves for j ∈ {1, 2, . . . , k}. Then, T ′ = T − {u1, . . . , ui} is a tree.Let k′ = k × i. By indution hypothesis, there exists q′k(T ′) ful�lling the property of thetheorem.Let qk(T ) = max{k, q′k(T ′)}. Let q ≥ qk(T ) and p ≥ ∆(T )q + 4kq. By indution,there exists a (p, q)-list-assignment L′ of T ′ suh that (i) for any v ∈ V (T ′), L′(v) ≥
max{(2dT ′(v) − 2)q, k′} and (ii) T ′ is not (p, q)-L′-olourable.For any j ∈ {1, 2, . . . , i}, let Ij be a set of k onseutive integers suh that the sets Jjof 2q − k olours that Ij forbids are pairwise disjoint and do not interset L′(u). This ispossible sine p is large enough. Now, set L(uj) = Ij and L(u) ⊂ L′(u) ∪ ⋃i

j=1 Jj .One easily sees that L is the desired assignment. Indeed, if there were a (p, q)-L-olouringof T , then eah uj must be assigned a olour in Ij and so u annot reeive a olour in Jj .Thus it reeives a olour in L′(u). But then c is a (p, q)-L′-olouring of T ′, a ontradition.
� INRIA



Cirular hoosability 17We are now ready to prove the main theorem.Proof of Theorem 15. Part (ii) of the theorem follows from Proposition 21 and the fatthat cch (C2k+1) = 2 + 1
k > 2. Part (i)(a) is just Corollary 19. In part (i)(b), sine a blokis also an indued subgraph of G, we an just apply Lemma 16 and one of Proposition 5 orCorollary 20. �For a few graphs, we ould not determine whether they are irularly (2d− 2)-hoosableor not. We onjeture the following:Conjeture 22 A onneted graph is irularly (2d − 2)-hoosable unless it is a tree or anodd yle.This onjeture would be true if Conjeture 6 holds and every graph onsisting of a yleof length at least 5 and an edge with one endvertex in the yle is (2d − 2)-hoosable.Despite not ompletely haraterising the irularly (2d − 2)-hoosable graphs, we anharaterise suh graphs that have a universal vertex. This will be useful in the next setion.Reall that a vertex v of a graph G is said to be universal (in G) if it is adjaent to everyother vertex.Corollary 23 Let G be a graph with a universal vertex. Then G is (2d−2)-hoosable unlessit is K3 or a star.5 Planar graphs and graphs of bounded density5.1 Planar graphsMohar [8℄ asked for the value of τ := sup{cch(G) : G is planar}. We �rst show that everyplanar graph is irularly 8-hoosable, and so τ ≤ 8. Afterwards, we exhibit for eah n ≥ 2a planar graph whose irular hoie number is at least 6 − 1

n , implying τ ≥ 6.The proof of the following theorem is inspired by Thomassen's proof for 5-hoosabilityof planar graphs [11℄. Indeed, it an be onsidered to be a generalisation of his elebratedresult (if we let q = 1 in Proposition 25).Theorem 24 Every planar graph is irularly 8-hoosable.We atually establish the following stronger result:Proposition 25 Let G be a near triangulation, i.e. a simple planar graph whih onsistsof a yle C and verties and edges inside C suh that eah bounded fae is bounded bya triangle. Fix p ≥ q two integers, and let L be a (p, q)-list-assignment suh that ∀v ∈
V, L(v) ⊆ {0, . . . , p − 1} with |L(v)| ≥ 4q − 1 if v ∈ C and |L(v)| ≥ 8q − 3 otherwise. Thenany (p, q)-L-preolouring of two adjaent verties of C an be extended to a (p, q)-L-olouringof G.RR n° 0123456789



18 Havet, Kang, Müller & SereniProof. The proof is by indution on the number of verties n. The result holds if G is atriangle sine we have at least 4q−1−2(2q−1) = 1 hoie to olour the last vertex. Supposenow that the result is true for every near triangulation with at most n− 1 ≥ 3 verties, andlet G be a near triangulation with n verties. We denote by u1u2 . . . uk the outer yle of
G, and let u1 and u2 be the two preoloured verties.First Case: G has a hord uiuj, i < j. Then we use the indution hypothesis on the neartriangulation whose outer yle is u1u2 . . . uiujuj+1, . . . , uk, u1. Next we use the indutionhypothesis on the near triangulation whose outer yle is uiui+1 . . . ujui, the two preolouredverties being ui and uj .Seond Case: G has no hord. Let v1, . . . , vd be the neighbours of uk that do not belongto C. Without loss of generality, we an assume that uk−1v1v2 . . . vdu1 is a path. Let aand b be two olours of L(uk) \ [c(u1)]q suh that [a]q ∩ [b]q = ∅. Suh olours exist sine
|L(uk)| ≥ 4q − 1 ≥ 2q + 2q − 1. We onsider the graph G′ obtained from G by removingthe vertex uk. It is a near triangulation with outer yle u1u2 . . . uk−1v1v2 . . . vdu1. Wede�ne the list-assignment L′ of G′ by L′(v) = L(v) if v /∈ {v1, v2, . . . , vd} and L′(v) =
L(v) \ ([a]q ∪ [b]q) otherwise. We an then use the indution hypothesis on G′ and L′ (sine
∀i, |L′(vi)| ≥ 8q− 3− 2(2q− 1) = 4q− 1). Now we omplete the olouring of G by olouring
uk with a if c(uk−1) /∈ [a]q and with b otherwise. �Proposition 26 For any n ≥ 2, there exists a planar graph Gn with cch(Gn) ≥ 6 − 1

n .Proof. Let t = 6 − 1
n , n ≥ 2. Let p and q be two integers with q = 3n, and p muh largerthan tq = 18n−3. All the omputations and intervals are modulo p. We onsider the planargraph Hm of Figure 2, with m = 2q − 1. We onstrut the graph Gn by taking (tq)2 opiesof Hm and identifying the verties u of eah opy, and identifying the verties v of eahopy. Let us �rst assign the lists L(u) = [r, r + tq − 1] to u and L(v) = [s, s + tq − 1] to

v with r and s suh that [r − q + 1, r + tq + q − 1] ∩ [s − q + 1, s + tq + q − 1] = ∅. Now,for eah (a, b) ∈ L(u) × L(v), we shall assign lists to the verties of the opy Ha,b of Hm insuh a way that if u is oloured a and v is oloured b, then the subgraph Ha,b annot be
(p, q)-L-oloured. So �x a opy Ha,b of Hm. We de�ne the following list assignment: Forany i ∈ {0, 1, . . . , m}, L(xi) = [a]q ∪ [b]q ∪ Ii ∪ Ji where

Ji = [ci, ci + 2q − 2 − i]

Ii = [ci−1 + q − i, ci−1 + q − 1] = [ci−1]q ∩ [ci−1 + 2q − 1 − i]q(note that I0 = Jm = ∅) and the onstants ci, for i ∈ {0, 1, . . . , m}, are hosen in suh away that any two intervals are at least irular distane 2q apart from eah other (exeptif one is Ji and the other is Ii+1, 0 ≤ i ≤ m − 1). Therefore, eah list has size |L(xi)| =
2(2q − 1) + i + (2q − 1 − i) = 6q − 3 = 18n− 3 = tq.Let us try to (p, q)-L-olour Gn. We may assume without loss of generality that u ispreoloured a and v is preoloured b. Let us examine the subgraph Ha,b. Clearly, theset of extendable olours for x0 is a subset of the interval J0. By Lemma 1(ii), the setINRIA
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x0 x1 x2

· · ·
xm

v

u

Figure 2: The graph Hm.of extendable olours for x1 is a subset of the interval J1. We an now iteratively applyLemma 1(ii) to show that the set of extendable olours for xi is a subset of the interval Jifor all i ∈ {1, . . . , m}. However, Jm = ∅ and hene the graph is not (p, q)-L-olourable. �5.2 Lower bounds for planar graphs with presribed girthA natural question is to ask what happens when we restrit ourselves to planar graphs withhigh girth. The girth of a graph G is the size of a smallest yle of G. We study the irularhoie number of planar graphs with girth at least k. For any k ≥ 3, we de�ne
τ(k) := sup{cch(G) : G is planar and has girth ≥ k}.As τ = τ(3), 6 ≤ τ(3) ≤ 8. In this setion and the next, we will establish the followingbounds:� τ(k) ≥ 2 + 4

k−2 for any k ≥ 3;� τ(4) ≤ 6; τ(5) ≤ 4 + 1
2 ; τ(6) ≤ 4; τ(8) ≤ 3 + 1

3 ; τ(9) ≤ 3; and� τ(4l + 2) ≤ 2 + 2
l for any l ≥ 1.First, we wish to exhibit examples to bound τ(k) from below.
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20 Havet, Kang, Müller & SereniProposition 27 For any k ≥ 3 and n ≥ 2, there exists a planar graph Gk,n of girth k with
cch(Gk,n) ≥ 2 + 4

k−2 − 1
n .Proof. We may assume k ≥ 4 due to Proposition 26. Let t = 2 + 4

k−2 − 1
n , n ≥ 2. Let pand q be two integers with q = (k − 2)n, and p muh larger than tq = 2kn − (k − 2). Allthe omputations and intervals are modulo p.We will have to onsider separate ases for the parity of k. If k = 2l+1, we onstrut theplanar graph H ′

m from Hm of Figure 2 by subdividing eah of the edges uxi and vxi exatly
(l − 1) times; see Figure 3. Denote the verties on the indued path of length l between uand xi by u1

i , . . . , u
l−1
i , and the verties on the path between v and xi by v1

i , . . . , vl−1
i . If

k = 2l + 2, we will further subdivide the edge xixi+1 (one). The alulations for the twoases are similar, so from now on we will only onsider the ase k = 2l + 1.
x0 x1 x2

· · ·
xm

v

u

· ·
·

· · ·

v1
m

v2
m

vl−2
m

vl−1
m

ul−1
m

ul−2
m

u2
m

u1
m

u1
m

u2
m

ul−2
m

ul−1
m

vl−1
m

vl−2
m

v2
m

v1
m

· · ··
·
·

· · ·

·
·
·

· · ·

· ·
·

Figure 3: The graph H ′
m for the ase k = 2l + 1.Similarly to Proposition 26, the graph Gk,n is onstruted from (tq)2 opies of H ′

m byidentifying the verties u of eah opy, and identifying the verties v of eah opy. Clearly,suh a graph has girth exatly k. Again, we assign the lists L(u) = [r, r + tq − 1] to u and
L(v) = [s, s + tq − 1] to v with r and s hosen so that the lists L(u) and L(v) are at leastirular distane 2q away from eah other. For eah (a, b) ∈ L(u) × L(v), we shall assign
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Cirular hoosability 21lists to the verties of the opy Ha,b of H ′
m in suh a way that if u is oloured a and v isoloured b, then the subgraph Ha,b annot be (p, q)-L-oloured. We �x a opy Ha,b of H ′

m.We de�ne the following list assignment: For any 0 ≤ i ≤ m and 1 ≤ j ≤ l − 1,
L(uj

i ) = Iu
i,j ∪ Ju

i,j and L(vj
i ) = Iv

i,j ∪ Jv
i,j where

Ju
i,j = [cu

i,j , c
u
i,j + j(tq − 2q)] and

Iu
i,j = [cu

i,j−1 + (j − 1)(tq − 2q)− q + 1, cu
i,j−1 + q− 1] = [cu

i,j−1]q ∩ [cu
i,j−1 + (j − 1)(tq− 2q)]q,and the Jv

i,j , I
v
i,j are de�ned analogously in terms of the onstants cv

i,j . Here cu
i,0 = a, cv

i,0 = b,and the onstants cw
i,j , for w ∈ {u, v}, 0 ≤ i ≤ m and 0 ≤ j ≤ l − 1, are hosen su�ientlyfar apart from eah other. Now, eah of these lists has size |L(uj

i )| = |L(vj
i )| = (j(tq− 2q)+

1) + (2q − 1 − (j − 1)(tq − 2q)) = tq. We have yet to assign lists to the verties xi. For any
0 ≤ i ≤ m, L(xi) = Iu

i,l ∪ Iv
i,l ∪ Ii ∪ Ji where Iu

i,l and Iu
i,l as above and

Ji = [ci, ci + tq − 2(2q − (l − 1)(tq − 2q) − 1) − 1 − i(2(l − 1)(tq − 2q) + 2)]

= [ci, ci + (2l − 1)(tq − 2q) − 2q + 1 − i(2(l − 1)(tq − 2q) + 2)] and
Ii = [ci−1 + (2l − 1)(tq − 2q) − 3q + 2 − (i − 1)(2(l − 1)(tq − 2q) + 2), ci−1 + q − 1]

= [ci−1]q ∩ [ci−1 + (2l − 1)(tq − 2q) − 2q + 1 − i(2(l − 1)(tq − 2q) + 2) + 1]qand the onstants ci, for 0 ≤ i ≤ m, are hosen su�iently far apart from eah other, andfrom the c
[u,v]
i,j 's. These lists have size |L(xi)| = 2((l − 1)(tq − 2q) + 1) + ((2l− 1)(tq − 2q)−

2q + 2− i(2(l− 1)(tq − 2q) + 2)) + (q − (2l− 1)(tq − 2q) + 3q − 2 + i(2(l− 1)(tq − 2q) + 2)−
(2(l − 1)(tq − 2q) + 2)) = tq.Let us try to (p, q)-L-olour this graph. We may assume without loss of generality that
u is preoloured a and v is preoloured b. Let us examine the subgraph Ha,b. We anprove indutively, by applying Lemma 1(ii), that the set of extendable olours for uj

i is asubset of the interval Ju
i,j for all (i, j) ∈ {0, . . . , m} × {1, . . . , l − 1}. Similarly, the set ofextendable olours for vj
i is a subset of Jv

i,j . It follows that the set of extendable olours for
xi is ontained in Ii ∪ Ji. Again, we indutively apply Lemma 1(ii) to show that the set ofextendable olours for xi is a subset of the interval Ji, for all i ∈ {1, 2, . . . , m}. However,
Jm = ∅ and hene the graph is not (p, q)-L-olourable.For the ase k = 2l + 2, it is routine to verify that an analogous list assignment, toaount for the subdivisions, an be onstruted in a similar indutive fashion. �5.3 Upper bounds for graphs of bounded densityHere we shall study the link between the irular hoie number of a graph and its density.Reall that the maximum average degree Mad(G) of a graph G is de�ned as the maximumover all subgraphs of G of the average degree. The aim of this subsetion is to prove thefollowing proposition:Proposition 28 The following hold:RR n° 0123456789



22 Havet, Kang, Müller & Sereni(i) If Mad(G) < k + 1 then cch(G) ≤ 2k.(ii) If Mad(G) < 2 + 2
3n−1 then cch(G) ≤ 2 + 2

n .(iii) If k ≥ 2 and Mad(G) < k + 1 + k+1−r
2k+3−r with 0 ≤ r ≤ k then cch(G) ≤ 2k + 2

r+2 .(iv) If k ≥ 2 and Mad(G) < k + 1 + k+1
k+1+s with s ∈ {1, 2} then cch(G) ≤ 2k + 4

s+2 .Part (i) follows from the fat that if Mad(G) < k + 1, then δ∗(G) ≤ k and we applyLemma 7. The other two parts will follow from strutural properties of graphs that are�ritial� with respet to irular hoie number. We de�ne a graph G to be t-ritial if
cch(G) > t and cch(H) ≤ t for every proper subgraph H of G.Lemma 29 Let k be a positive integer k and G be a (2k + α)-ritial graph with α ≥ 0.Then G has minimum degree at least k + 1.Proof. As cch(G) > 2k + α, there exist ε > 0, two integers p, q and a (2k + α + ε)-list-assignment L suh that G annot be (p, q)-L-oloured. Observe that every proper subgraph
H of G an be (p, q)-L-oloured sine, by the de�nition of G, cch(H) ≤ 2k + α. Let
t = 2k + α + ε.Suppose v is a vertex of degree at most k. By minimality of G, one an (p, q)-L-olour
G− v. To apply Lemma 1(i), we an onsider the olouring of G− v as a preolouring and,hene, the number of extendable olours for v is at least tq − k(2q − 1) = αq + εq + k ≥ 1.This yields a (p, q)-L-olouring of G, a ontradition. �For part (ii) of Proposition 28, we use the following lemma whih is a diret onsequeneof Lemma 3.Lemma 30 Fix a positive integer n and let G be a (

2 + 2
n

)-ritial graph. The graph G hasminimum degree at least two and no handle of order more than n − 1.Proof. Clearly, there an be no verties with degree one or less. If there is a handle of orderat least n, then any preolouring of the graph less the handle an be extended, by Lemma 3,to the entire graph, ontraditing (
2 + 2

n

)-ritiality. �Proof of part (ii) of Proposition 28. We show that all graphs with irular hoienumber more than 2 + 2
n have maximum average degree at least 2 + 2

3n−1 . It su�es toprove this for (
2 + 2

n

)-ritial graphs. Let G be suh a graph. By Lemmas 29 and 30, G hasminimum degree at least two and there are no handles of order more than n − 1. We willuse the following disharging proedure. At the beginning of the proedure, as usual, theharge of eah vertex is equal to its degree. Then every vertex u of degree three or moregives harge η = 1
3n−1 to eah degree two vertex along the handles emanating from u. Afterthe proedure, eah degree two vertex has harge exatly 2+2η = 2+ 2

3n−1 . Sine the orderof every handle of G is at most n − 1, eah vertex with degree at least three will have newINRIA



Cirular hoosability 23harge at least 3 − 3(n − 1)η = 2 + 2
3n−1 . Therefore, the average degree of G is at least

2 + 2
3n−1 , as desired. �For parts (iii) and (iv) of Proposition 28, we need the following lemma.Lemma 31 Let k ≥ 2 be an integer, and G a (2k + α)-ritial graph with α ≥ 0. Then,

(i) the neighbours of a vertex of degree k+1 having degree k+1 are pairwise non-adjaent;
(ii) if α ≥ 2

r+2 , then a vertex of degree k + 1 is adjaent to at most r verties of degree
k + 1; and

(iii) for s ∈ {1, 2}, if α ≥ 4
s+2 , then a vertex of degree k+2 is adjaent to at most s vertiesof degree k + 1.Proof. As cch(G) > 2k + α, there exist ε > 0, two integers p, q and a (2k + α + ε)-list-assignment L suh that G annot be (p, q)-L-oloured. Let t = 2k + α + ε.

(i) Let v be a vertex of degree k + 1 in G. Let H be the graph indued by v and itsneighbours of degree k + 1 in G. If there is an edge between two of these neighboursof v, then H is not a star.By minimality, there exists a (p, q)-L-olouring c of G − H . Let us now onsiderthe list of extendable olours L′(u) for a vertex u of H . Formally, L′(u) = L(u) \
⋃

w∈N(u)\V (H)[c(w)]q . The vertex u has a list L(u) of size more than (2k + α)q andat most 2q − 1 olours are forbidden by eah of its k + 1 − dH(u) previously olouredneighbours. Hene |L′(u)| ≥ (2k + α)q − (2q − 1)(k + 1 − dH(u)) ≥ (2dH(u) − 2)q.If H is not K3 then, by Lemma 23, it admits a (p, q)-L′-olouring c′. By the de�nitionof L′, the union of c and c′ is a (p, q)-L-olouring of G.Suppose now that H is the omplete graph on three verties, and let x, y, z be theverties of H . Sine k ≥ 2, there is a vertex u not in H adjaent to z. Observe that, ifwe onsider the subgraph H ′ indued by {u, x, y, z}, then our goal is to (p, q)-L′-olourit, with L′(u) = {c(u)}, and L′(a) = L(a) \ ⋃

w∈N(a)\V (H′)[c(w)]q for a ∈ {x, y, z}.Note that, for a ∈ {x, y, z}, the list L′(a) has size at least 4q if au is an edge, andat least 2q otherwise � in partiular, |L′(z)| ≥ 4q. Hene, without loss of generality,we an assume that L′(x) has size 2q, and if xu is an edge, then these 2q olours arenot in [c(u)]q. The same holds for y. Therefore, the fat that c an be extended to Gdiretly follows from part (ii) of Proposition 17.
(ii) Let v a vertex of degree k+1 in G. Suppose that v has r+1 neighbours v1, . . . , vr+1 ofdegree k+1. By (i), the verties v1, . . . , vi+1 are pairwise non-adjaent; this observationis important for the valid appliation of Lemma 1. Consider any (p, q)-L-olouringof G − {v1, . . . , vr+1, v}. Using Lemma 1, the number of extendable olours for vi,for any i ∈ {1, 2, . . . , r + 1}, is at least tq − k(2q − 1) = αq + k + εq. Applying
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24 Havet, Kang, Müller & SereniLemma 1(i) one again, the number of extendable olours for v is at least tq − (k −
r)(2q − 1)− (r + 1)(2q − (αq + k + εq)) = 2(α− 1)q + 2(k + εq) + r(αq − 1 + k + εq) =

(α(r + 2) − 2)q + 2(k + εq) + r(k + εq − 1) ≥
(

2
r+2 (r + 2) − 2

)

q + 1 ≥ 1, sine
r ≥ min

{
0, s−2

2

} and k ≥ 1, a ontradition to t-ritiality.
(iii) Suppose v is a vertex of degree k + 2 with s + 1 neighbours v1, . . . , vs+1 of degree

k + 1. Consider any (p, q)-L-olouring of G − {v1, . . . , vs+1, v}. By (ii), the verties
v1, . . . , vs+1 are mutually non-adjaent, sine α ≥ 1. Hene, using Lemma 1(i), thenumber of extendable olours for vi, for any i ∈ {1, 2, . . . , s + 1}, is at least tq −
k(2q − 1) = αq + k + εq. Applying the lemma again, the number of extendableolours for v is at least tq − (k + 1 − s)(2q − 1) − (s + 1)(2q − (αq + k + εq)) =
2(α−2)q+2(k+εq)+1+s(αq−1+k+εq) = (α(s+2)−4)q+2(k+εq)+s(k+εq−1)+1 ≥ 1,sine α ≥ 4

s+2 and k ≥ 1, a ontradition to t-ritiality.
�Proof of part (iii) of Proposition 28. Suppose that G is (

2k + 2
r+2

)-ritial. Then,by Lemmas 29 and 31, G has minimum degree at least k + 1, and a vertex of degree k + 1is adjaent to at most r verties of degree k + 1. We use the following vertex dishargingproedure: �rst, every vertex has harge equal to its degree; then, every vertex of degree atleast k + 2 gives harge η = 1
2k+3−r to eah of its neighbours of degree k + 1.We want to show now that the new harge of every vertex v is at least k+1+(k+1−r)η.If v has degree k + 1, then its new harge is at least k + 1 + (k + 1 − r)η sine all of itsneighbours of degree more than k + 1 gave it harge. If v has degree at least k + 2, then itsnew harge is at least k + 2 − (k + 2)η = k + 1 + (k + 1 − r)η.It follows now that the average degree, and hene the maximum average degree, is atleast k + 1 + (k + 1 − r)η. This shows that every graph with irular hoie number morethan 2k + 2

r+2 has maximum average degree at least k + 1 + (k + 1 − r)η, as required.
�Proof of part (iv) of Proposition 28. Suppose that G is (

2k + 4
s+2

)-ritial. Then, byLemmas 29 and 31, G has minimum degree at least k + 1, no two verties of degree k + 1are adjaent, and any vertex of degree k +2 is adjaent to at most s verties of degree k +1.We use the following vertex disharging proedure: �rst, every vertex has harge equal toits degree; then, every vertex of degree at least k + 2 gives harge η = 1
k+1+s to eah of itsneighbours of degree k + 1.We want to show now that the new harge of every vertex v is at least k+1+(k+1)η. If

v has degree k + 1, then its new harge is at least k + 1 + (k + 1)η sine all of its neighboursgave it harge. If v has degree k+2, then its new harge is at least k+2−sη = k+1+(k+1)ηsine it has at most s neighbours of degree k + 1 to give harge to. If v has degree at least
k+3, then its new harge is at least k+3− (k+3)η = k+1+(k+2s−1)η ≥ k+1+(k+1)ηsine s ≥ 1.
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Cirular hoosability 25It follows now that the average degree, and hene the maximum average degree, is atleast k + 1 + (k + 1)η. This shows that every graph with irular hoie number more than
2k + 4

s+2 has maximum average degree at least k + 1 + (k + 1)η, as required. �5.4 Upper bounds for graphs of bounded density and presribedgirthOur eventual goal is to apply results of the previous subsetion to planar graphs of presribedgirth in Subsetion 5.5 (sine suh graphs have bounded maximum average degree); however,we an get improvements by taking advantage of the girth requirement. In this subsetion,we will prove the following three assertions. The �rst one is a strengthening of part (ii)of Proposition 28 when the girth is at least 2n + 2, and the last two are strengthenings ofparts (iii) and (iv) of Proposition 28 when the graph under onsideration has girth at least
4 and 6, respetively.Proposition 32 Let k, s be positive integers and set r =

⌈
s−2
2

⌉.(i) If G has girth at least 2n + 2 and Mad(G) ≤ 2 + 1
n , then cch(G) ≤ 2 + 2

n .(ii) If s ≤ 2k + 2, G has girth at least four and Mad(G) < k + 1 + k+1−r
k+1+s′−r , where

s′ = min{k + 2, s}, then cch(G) ≤ 2k + 4
s+2 .(iii) If 2 ≤ s ≤ k + 2, G has girth at least 6 and Mad(G) < k + 1 + k+1−r

k+s−r+ 1
k+3−s

, then
cch(G) ≤ 2k + 4

s+2 .Before giving the lemma that will be used to prove part (i) of Proposition 32, let usintrodue some notation. Let G be a graph. We de�ne a hain to be a maximal handlein G. Its order is the number of its verties. (A hain of order 0 is just an edge betweenverties of degree at least three.) We say that two verties of degree at least three in G arelinked with weight l if there is a hain of order l between them.Lemma 33 Fix a positive integer n and let G be a graph that has girth at least 2n + 2 andis (
2 + 2

n

)-ritial. Let v be a vertex of degree d ≥ 3. Denote by w1, w2, . . . , wd the weightsof the hains emanating from v. Then, ∑d
j=1 wj ≤ (d − 1)n − 2.Proof. Similarly to previous lemmas, we begin with a (t+ ε)-(p, q)-list-assignment L, where

t = 2 + 2
n and ε > 0, suh that G is not (p, q)-L-olourable. Notie that, aording toLemma 30, there are no handles of order at least n in G. Then we take a (p, q)-L-preolouringof the subgraph G less the vertex v, the hains inident to it. We moreover assume that

∑d
j=1 wj ≥ (d− 1)n− 1. Applying Lemma 1(i) repetitively for eah hain � whih is madepossible by the girth requirement � shows that, if uj is a neighbour of v belonging to a hainof order wj , then the number of extendable olours for uj is at least wj

2q
n + 1. Therefore,

RR n° 0123456789



26 Havet, Kang, Müller & Sereniby applying one again the lemma, we infer that the number of extendable olours for v isat least
2q +

2q

n
+ εq −

d∑

j=1

(

2q −
(

wj
2q

n
+ 1

))

≥ 4q

n
+ εq + d ≥ 1,sine ∑d

j=1 wj ≥ (d − 1)n − 1, a ontradition. �Proof of part (i) of Proposition 32. As usual, we perform a disharging proedure toshow that all graphs with irular hoie number more than 2 + 2
n and girth at least 2n + 2have maximum average degree at least 2 + 1

n . It su�es to prove this for (
2 + 2

n

)-ritialgraphs (of girth at least 2n + 2). Let G be suh a graph. By Lemma 30, G has minimumdegree at least two and there are no handles ontaining more than n − 1 verties. We usethe following disharging proedure. At the beginning of the proedure, as usual, the hargeof eah vertex is equal to its degree. Then, every vertex of degree at least three gives harge
η = 1

2n to eah degree two vertex along the handles emanating from it. At the end, eahdegree two vertex has harge exatly 2 + 2η = 2 + 1
n . Furthermore, by Lemma 33, the newharge of every vertex of degree d ≥ 3 is at least

d − ((d − 1)n − 2) · 1

2n
=

d + 1

2
+

1

n
≥ 2 +

1

n
,whih onludes the proof. �To prove parts (ii) and (iii) of Proposition 32, we require the following lemma.Lemma 34 Let G be a (2k + α)-ritial graph of girth g and s ∈ {0, 1, . . . , k + 1}.(i) If g ≥ 4 and α ≥ 4

s+2 , then a vertex of degree k + 2 is adjaent to at most s vertiesof degree k + 1.We de�ne a hibernian to be a vertex of degree k + 2 with s neighbours of degree k + 1.A barbarian is a vertex of degree k + 2 with exatly s − 1 neighbours of degree k + 1.(ii) If g ≥ 5 and α ≥ 3
s+1 , then two hibernians annot be adjaent.(iii) If g ≥ 6 and α ≥ 4
3s+1 , then a barbarian is adjaent to at most one hibernian.Proof. Take ε, p, q, L and t as in the proof of Lemma 31.(i) The proof is largely similar to the proof of Lemma 31(iii), so we omit it here. Notethat the ondition g ≥ 3 ensures that the neighbours of a vertex are pairwise non-adjaent.(ii) Suppose v and v′ are adjaent hibernians. Denote the s neighbours of v of degree

k + 1 by Vv = {v1, . . . , vs}, and those of v′ by Vv′ = {v′1, . . . , v′s}. Sine the girth of G is atleast �ve, Vv and Vv′ are disjoint; furthermore, Vv ∪ Vv′ indues an independent set in G.This observation will make our subsequent appliations of Lemma 1(i) valid.
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Cirular hoosability 27Consider any (p, q)-L-olouring of G \ (Vv ∪ Vv′ ∪ {v, v′}. We wish to show that suh aolouring an be extended to the entire graph G, giving a ontradition to t-ritiality. Letus use the vertex ordering as just given; it is lear that this ordering satis�es the propertiesfor Lemma 1(i).First, the number of extendable olours for vi or v′i, for any i, is at least
x0 = tq − k(2q − 1) = αq + k + εq.We have x0 ≥ 1, sine k ≥ 1 and α, ε ≥ 0. Now, sine v is adjaent to v1, . . . , vs and k+1−spreoloured verties, the number of extendable olours for v is at least

x = tq − s(2q − x0) − (k + 1 − s)(2q − 1)

= ((s + 1)α − 2)q + k + εq + s(k + εq − 1) + 1.We have x ≥ 1, sine αs ≥ 2 and k ≥ 1. Applying the lemma again, sine v′ is adjaentto v′1, . . . , v
′
s, k + 1 − s preoloured verties and v, it follows that the number of extendableolours for v′ is at least

x′ = tq − s(2q − x0) − (k + 1 − s)(2q − 1) − (2q − x)

= ((s + 1)α − 3)2q + 2{k + εq + s(k + εq − 1) + 1}.Sine α ≥ 3
s+1 then x′ ≥ 0. But this means that G is (p, q)-L-olourable, a ontradition.(iii) Suppose a barbarian w is adjaent to two hibernians v and v′. Sine the girth is atleast six the neighbourhoods of w, v and v′ are pairwise disjoint and their union is an indepen-dent set. Consider any (p, q)-L-olouring of G\({v1, . . . , vs, v

′
1, . . . , v

′
s, w1, . . . , ws−1, v, v′, w}and extend the olouring using the ordering above via Lemma 1(i). As in (ii) every neigh-bour of v, v′ or w has at least x0 = αq + k + εq extendable olours, and v and v′ have atleast

x = ((s + 1)α − 2)q + k + εq + s(k + εq − 1) + 1extendable olours.Now the number of extendable olours at w is at least
tq − (s − 1)(2q − x0) − (k + 1 − s)(2q − 1) − 2(2q − x) ≥ ((3s + 1)α − 4)q + 1.Sine α ≥ 4

3s+1 then G is (p, q)-L-olourable, a ontradition. �The proof of part (ii) of Proposition 32 follows from the part (i) of the previous lemmaand is very similar to that of part (iv) of Proposition 28, so we omit it here.Proof of part (iii) of Proposition 32. Suppose that G is (

2k + 4
s+2

)-ritial and hasgirth at least 6. Then, by Lemmas 29 and 34, G has minimum degree at least k+1, any vertexRR n° 0123456789



28 Havet, Kang, Müller & Sereniof degree k+1 is adjaent to at most r verties of degree k+1, and any vertex of degree k+2is adjaent to at most s verties of degree k + 1; furthermore, as s ≥ 2, 4
s+2 ≥ 4

3s+1 , no twohibernians are adjaent and every barbarian is adjaent to at most one hibernian. We shalluse the following vertex disharging proedure: �rst, every has harge equal to its degree;then, every vertex of degree k + 1 reeives harge η = 1
k+s−r+ 1

k+3−s

from every neighbour ofdegree at least k + 2, and every hibernian reeives harge η1 = η
k+3−s = 1

(k+s−r)(k+3−s)+1from every non-hibernian neighbour of degree at least k + 2.We want to show now that the new harge of every vertex is at least k +1+(k +1− r)η.If v has degree k + 1, then its new harge is at least k + 1 + (k + 1 − r)η sine it has atleast k + 1 − r neighbours that gave it harge η. If v is a hibernian, then its new hargeis at least k + 2 − sη + (k + 2 − s)η1 = k + 1 +
(

1
η − s + k+2−s

k+3−s

)

η = k + 1 + (k + 1 − r)ηsine it has at most s neighbours of degree k + 1 to give harge to and it reeives η1harge from all of the other adjaent verties. If v is a barbarian, then its new harge isat least k + 2 − (s − 1)η − η1 = k + 1 +
(

1
η − s + 1 − 1

k+3−s

)

η = k + 1 + (k + 1 − r)ηsine it has s − 1 neighbours of degree k + 1 and at most one hibernian neighbour. If
v is a non-hibernian, non-barbarian vertex of degree k + 2, then its new harge is at least
k+2−(s−2)η−(k+2−(s−2))η1 = k+1+

(
1
η − s + 2 − k+4−s

k+3−s

)

η = k+1+(k+1−r)η sine ithas at most s−2 neighbours of degree k+1 (and the rest ould be hibernians). If v is a vertexof degree at least k+3, then its new harge is at least k +3− (k+3)η ≥ k +1+(k+1− r)η;this holds if and only if k + s− r + 1
k+3−s ≥ k + 2− r

2 ⇐⇒ s− r
2 − 2 + 1

k+3−s ≥ 0 and thisis true when s ≥ 2.It follows now that the average degree, and hene the maximum average degree, is atleast k + 1 + (k + 1 − r)η. This shows that every graph with irular hoie number morethan 2k + 4
s+2 and girth at least 6 has maximum average degree at least k+1+(k+1− r)η,as required. �5.5 Upper bounds for planar and toroidal graphs of presribedgirthWith Propositions 28 and 32 in hand, it is straightforward to give upper bounds for τ(k).Theorem 35 The following holds:

(i) τ(4) ≤ 6; τ(5) ≤ 4 + 1
2 ; τ(6) ≤ 4; τ(8) ≤ 3 + 1

3 ; τ(9) ≤ 3; and
(ii) τ(4l + 2) ≤ 2 + 2

l for any l ≥ 1.Proof. By Euler's formula, every planar graph with girth at least k has maximum averagedegree less than Madk = 2 + 4
k−2 .

(i) Mad4 = 4 so, by part (i) of Proposition 28, τ(4) ≤ 6. Mad5 = 3+ 1
3 and, setting k = 2and s = 6, part (ii) of Proposition 32 gives τ(5) ≤ 4 + 1

2 . Mad6 = 3 and, by part (i)INRIA



Cirular hoosability 29of Proposition 28, τ(6) ≤ 4. Mad8 = 2 + 2
3 and, setting k = 1 and s = 1, part (iv) ofProposition 28 gives τ(8) ≤ 3 1

3 . Mad9 = 2 4
7 and, setting k = 1 and s = 2, part (iii) ofProposition 32 gives τ(9) ≤ 3.

(ii) This is a diret onsequene of part (i) of Proposition 32.
�Results of the previous two subsetions should also give analogous upper bounds forgraphs with presribed girth embeddable upon higher surfaes. For example, a graph istoroidal if it an be embedded without rossing edges on the torus. It follows from theEuler-Poinaré formula that the maximum average degree of a toroidal graph of girth atleast k is at most 2 + 4

k−2 . If we de�ne
τt(k) := sup{cch(G) : G is toroidal and has girth ≥ k},then it follows from similar alulations to those of Theorem 35 that τt(3) ≤ 11, τt(4) ≤

6 2
5 , τt(5) ≤ 4 + 4

5 , τt(6) ≤ 4 1
2 , τt(7) ≤ 4, τt(9) ≤ 3 1

3 , τt(10) ≤ 3, and τt(6l + 1) ≤ 2 + 2
lfor any l ≥ 1. More generally, if a surfae S has Euler harateristi ε, then, using theEuler-Poinaré formula, it follows that a graph G embeddable upon S with girth at least khas maximum average degree at most 2 + 2

k−2 − 2ε
|V (G)| . We then apply one of the parts ofPropositions 28 or 32, as appropriately. In partiular, the upper bounds for tt will indeedalso hold for graphs embeddable on any surfae with nonnegative Euler harateristi.As for graphs of genus r ≥ 2, let us de�ne f(Ad, k) = 2

∑s−1
i=0 (Ad − 1)i if k = 2s and

f(Ad, k) = 1 + Ad
∑s−1

i=0 (Ad− 1)i if k = 2s + 1. It has been proved in [2℄ that any graph Hof girth k satis�es |V (H)| ≥ f(Ad, k). Hene, we dedue that the maximum average degreeof any graph G of genus r and girth k satis�es
f(Mad(G), k)

(

Mad(G) − 2k

k − 2

)

− 4(r − 1)k

k − 2
≤ 0. (3)Thus, we an easily dedue onditions in terms of girth and genus that allow to use thetheorems of the previous two subsetions. For instane, we obtain orollaries of the followingtype.Corollary 36 Every triangle-free graph of genus three has irular hoie number at most

8 + 2
3 .Proof. We infer from (3) that the maximum average degree of suh a graph is at most

2+2
√

3. Therefore, applying part (ii) of Proposition 32 with k = s = 4 yields the onlusion.
� We do not yet see how to get better examples for analogous lower bounds for highersurfaes.
RR n° 0123456789



30 Havet, Kang, Müller & Sereni5.6 Outerplanar graphs of presribed girthAn outerplanar graph is a graph that an be drawn in the plane suh that the outer faeontains every vertex of the graph. For any k ≥ 3, we de�ne
τo(k) = sup{cch(G) : G is outerplanar and has girth ≥ k}We will show the following theorem:Theorem 37 τo(k) = 2 + 2

k−2 for all integers k ≥ 3.We start by exhibiting a lass of examples that show that τo(k) is at least the expressiongiven in the theorem.Proposition 38 Fix k ≥ 3. For any integer n ≥ 1, there exists an outerplanar graph Ok,nof girth k whose irular hoie number is at least 2 + 2
k−2 − 1

n .Proof outline. Let t = 2 + 2
k−2 − 1

n ; hoose q = 2(k − 2)n; and hoose p muh largerthan tq. We onsider the graph Pm of Figure 4, with m large enough. We onstrut the
· · ·

u

xm

· · ·· · ·

x0 xk−2x1 Figure 4: The graph Pm.graph Ok,n by taking tq opies of Pm and identifying the verties u of eah opy. For eah
a ∈ L(u), we an assoiate a opy Pa of Pm and a orresponding list assignment suh that,if u is oloured a, then the subgraph Pa annot be (p, q)-L-oloured. As the alulations arelargely similar to those of Propositions 26 and 27, and a bit tedious, we just give the preisede�nition of the lists for verties x0, x1, . . . , xk−2 of the subgraph Pa, and give an argumentto show that, provided that m is large enough and u is oloured a, the subgraph Pa annotbe (p, q)-L-oloured. Set

Jt = [ct, ct + (4n − 2(k − 2))(t + 1)] for i ∈ {0, . . . , k − 3}, and
INRIA



Cirular hoosability 31
It = [ct−1 + 4nt − 2(n + t)(k − 2) + 1, ct−1 + 2(k − 2)n − 1] for i ∈ {1, . . . , k − 2}.Let

L(xi) = Ii ∪ Ji for i ∈ {1, . . . , k − 3},
L(x0) = [a]q ∪ J0, and

L(xk−2) = [aq] ∪ Ik−2 ∪ J ′
0,where J ′

0 = [c0, c0 + 4n− 2(k − 2) − 2(k − 2)2 + 1]. Eah list has size tq. Suppose now that
u is oloured a, and let us try to de�ne a olouring c of the verties x0, . . . , xk−2. Clearly,
c(x0) ∈ J0 and thus, by applying Lemma 1, c(xi) ∈ Ji for every i ∈ {0, . . . , xk−3}. Therefore,
c(xk−2) ∈ J ′

0. Notie that |J ′
0| < |J0| (sine k ≥ 3). Hene, by de�ning analogously the listsfor xk−1, . . . , xm we get that xm annot be oloured, provided that m is large enough. �Next we will show that τo(k) is also at most the expression in the theorem. We note thatthe bound appears in [13℄ for even k. We give a more suint presentation of the proof andalso over the ase for odd k. The following lemma follows from Lemma 3.Lemma 39 Fix k ≥ 3. Let L be a (

2 + 2
k−2

)-(p, q)-list-assignment of the yle Ck. Everypreolouring of two adjaent verties on the yle an be extended to a (p, q)-L-olouring ofthe entire yle.Proposition 40 Every outerplanar graph of girth at least k ≥ 3 has irular hoie numberat most 2 + 2
k−2 .Proof. Suppose there exists an outerplanar graph G of girth at least k that is (

2 + 2
k−2

)-ritial. Let L be a (

2 + 2
k−2 + ε

)-(p, q)-list-assignment of G suh that G is not (p, q)-L-olourable. Clearly, G annot have any leaves (verties of degree one). We now note thatevery outerplanar graph of girth at least k with no leaves an be indutively built up froma olletion of yles of length at least k as follows. Initially, we start with a yle of lengthat least k; at eah step of the onstrution, we identify an edge of a new yle with an edgeof the outerplanar graph onstruted till that point. It is lear that we an also indutivelyapply Lemma 39 to produe a (p, q)-L-olouring of G, a ontradition. �6 Conluding remarksWe have made e�orts to takle some problems in this new line of researh. We showedthat the di�erene between the irular hoie number and irular hromati number of airular lique is unbounded. We provided some evidene in support of a positive answerto the question of Problem 8, by showing that cch(G) = O(ch(G) + ln |V (G)|). We showed,perhaps ounterintuitively, that the value of τ lies between 6 and 8, rather than between 4and 5 � as was suggested by Mohar [8℄.RR n° 0123456789



32 Havet, Kang, Müller & SereniMuh further work, however, remains. Problem 8 remains open as do other fundamentalquestions posed by Zhu:Problem 41 Is the irular hoie number of every graph a rational? Is it always attained?Also, with regard to toroidal and planar graphs (of presribed girth), most of the exat valuesof τt(k) and τ(k) are unknown. In Table 1, we summarise the bounds on these parametersthat we have obtained.
k (girth) 3 4 5 6 7 8 9 10 k ≥ 11

τt(k) upper 11 6 + 2
5 4 + 4

5 4 + 1
2 4 4 3 + 1

3 3 2 + 4
2⌊(k−3)/4⌋

τ(k) upper 8 6 4 + 1
2 4 4 3 + 1

3 3 3 2 + 4
2⌊(k−2)/4⌋

τ(k) lower 6 4 3 + 1
3 3 2 + 4

5 2 + 2
3 2 + 4

7 2 + 1
2 2 + 4

k−2Table 1: Bounds for toroidal and planar graphs of presribed girth k.It is unlear how the examples for the lower bounds an be generalised to give higherirular list hromati numbers for graphs on higher surfaes.It should also be mentioned, as has been hinted at several times in the paper, thatirular hoosability is losely related to the notion of T -hoosability, whih was introduedby Tesman [10℄ and further studied by, for instane, Alon and Zaks [3℄. Given a set T offorbidden di�erenes, a T -proper olouring of G is a olouring that satis�es |c(v)− c(u)| 6∈ Twhenever uv ∈ E(G). In T -hoosability T -ch(G) of G is the least number k suh thatany list assignment L with |L(v)| ≥ k for all v ∈ V (G) admits a T -proper olouring cwith c(v) ∈ L(v) for all v. An important speial ase that has reeived a lot of speialattention is the ase when T = Tr = {0, . . . , r}. By onsidering the proofs it should belear that many of the bounds on cch(G) given in this paper extend to Tr-ch(G) whenmultiplied by r+1. However, as might be expeted, the "irularity onstraint" is an essentialdi�erene between Tr-hoosability and irular hoosability. It is for instane known that
Tr-ch(C2n) =

⌊
4n−2
4n−1 (2r + 2)

⌋

+1, see [9℄, whereas we know that cch(C2n) ≥ cch(K2) = 2. Ithas reently ome to our attention that the Tr-analogue of Problem 8 has been investigatedby Waters [14℄, who has shown that Tr-ch(G) ≤ 2(r + 1) for all graphs with ch(G) ≤ 2.Referenes[1℄ N. Alon. Degrees and hoie numbers. Random Strutures Algorithms, 16(4):364�368,2000.[2℄ N. Alon, S. Hoory, and N. Linial. The Moore bound for irregular graphs. GraphsCombin., 18(1):53�57, 2002.
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