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{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b�gj]
^`n�~\Qa]h��fhg�©}Q(^`NdQ&]`N)yp{LQ|¨/nkf�^`NdQ&]`N)yp{LQ(PRn\~\g�»}��yp^`g�n|b¾¨/©K[�yº]_Q�^+np±){)y|fhy|PRQ�^`Qafh]
ª&Ndgj��Nty|f`Q���n|b}]_gj~\Q�fhQa~
yk](~\Q�]_g��|b*°½y|f`gjyp©)��Q�] ~\cdfhg�bd��^`N)Q�nk{\^`g�PRg���y/^`g�n|b*{df`n\��Qa~\cdfhQ|¥�l+ypf�ypPRQ�^hQ�fhg���y/^hg�nkbt^hQa��Ndb)g�i>cdQ�] g�b�]`N)yp{LQUnk{\^`g�PRg���y/^hg�nkb1N)y½°|Q
^hnR±¶cd�¢»}���F]`Q�°kQ�f�yp�@{df�y|��^`gj��yp� ��f`g�^`Qaf`gjy�


� ^`NdQ {)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb�]`Ndn|cd�j~º©}Q(yp©d��Q%^`n�^�y�H|Q+g�b>^`nzyk����nkcdb>^F��nkP�{)��Q�¼U�|Qan|PRQ�^hf`g�Qa]a¨�{Lnk]h]_g�©d��[Ug�b)����c)~\g�bd�U��n|b)]_^`f�ypg�b>^h]
ypb)~�]`g�bd�kcd�jypfhg¢^hg�Q�]�

� ^`NdQ�bKcdP�©LQ�f�np±z{)y|fhy|PRQ�^`Qafh]�]_Ndnkcd�j~¬©}Q�y|]t]_P1yp����y|]�{Lnk]h]`g�©d��Q|¨m]`g�b)��Q1^hNdQ�]q^hg !@bdQa]h]tnp±&^`N)Q�]`N)yp{LQ*nk{\^`g�PRg���y/^`g�n|b
bKcdPRQ�fhg��ayp�@±¶n|fhP�c)��yp^`g�n|b*g�b)��f`Q�y|]`Qa]�yp©dfhcd{\^h��[*ª&g¢^hN�^hNdQ�bKcdP�©LQ�f&n|±�{}ypf�ypPRQ�^hQ�f�]�

� ^`NdQ�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�]_Ndnkcd�j~�y|����n/ª ^hnR��n|b>^`fhn|�@^hNdQ�]`P�nKn|^`NdbdQ�]`]�n|±
^hNdQ�f`Q�]_c)�¢^hg�bd�1]`N)yp{LQa]�

� ^`NdQ*{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb7]`Ndn|c)��~7©LQ*��nkb)]_gj]_^`Q�b>^�ª&g�^`N¬�kf`gj~7cd{@~dy/^hQ*yp{d{)f`n>y|��NdQ�]�ypb)~7ª&g�^`N�~\nkP1ypg�b7{}ypf`^`g�^`g�n|bdbdg�bd�
PRQ�^`N)nK~)]�¥

¦�]_cdfh°|Qa[Un|±\]`N)y|{}Qm{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�^`Q���Ndbdgji>cdQa]a¨½ª&Ndg���N�y|f`Q(ypb)y|��[K��Q�~�y|����n|f�~\g�bd��^`nz^hNdQm{dfhQ�°Kg�n|c)]F��fhg¢^hQ�fhg�y)¨agj]¾{dfhn|{Lnk]`Qa~
©K[7YdypP1ypfhQ�N���G��\¨PG G��G¥��³b¬y|����n|f�~dypb}��Q�ª&g¢^hN¬Ndg�]���n|b)��c)]`g�n|b)]a¨¾^hNdQ$²dfhQ�Q�£¤²)n|fhP-´UQ�±¶n|fhP1y/^`g�n|b�·¸²%²%´�¹�^`Q���Ndbdgji>cdQ���G½��� gj]
yk~\n|{\^hQa~*g�b�^`NdQ�{dfhQa]`Q�b>^�]q^hc)~\[|¨d]`g�b)��Qºg¢^&{dfhn/°Kg�~dQa]�ypb*Q�y|]`[1ypb)~*{}n/ª�Q�f`±¶cd�L±¶fhy|PRQ�ª�n|fIH�±¶nkf(^hNdQ�~\Q�±¶nkf`P1yp^`g�n|b$n|±���nkPR{d��Q�¼
]`N)yp{LQa]a¨dy|]�^hNdnk]`Q�Q�b}��n|c)bk^hQ�fhQa~*g�b ypQaf`n\~\[Kb)y|PRg��a]�¥

� N)yp^`Qa°|Q�f�^hNdQ�{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb$PRQ�^hNdn\~���N)nk]`Q�b�©>[$^`NdQ�c)]`Q�f&gj]�¨d^`NdQ�P1ypg�b�g�]h]_c)Qºg�b�]_N)y|{}Q�{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b*±¶n|f
nk{\^`g�PRg���y/^`g�n|b�{dc)f`{Lnk]`Q�g�]&^`NdQ���f`g�^`gj��y|�¾~\Q�{LQ�b}~\Q�b)��[�n|±
^hNdQ�nk{\^`g�P�cdP0]_N}yp{LQ�±¶n|cdb)~�nkb�^`NdQ�{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b¾¥��³b}~\Q�Q�~ ¨
^hNdQ*��Ndnkg���Qtn|±(^hNdQ1{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb§~\Q�^`Qaf`PRg�bdQa]�^hNdQ$]`Q�^�np±�]_N}yp{LQa]�^hN)y/^��aypb7©}Q$fhQayk��NdQa~§~\cdfhg�b)��^hNdQ$nk{\^`g�PRg���y/^`g�n|b
{dfhn\��Q�~\cdfhQ|¥�YKg�b)��Q�^`N)Q�n|{d^`g�P�cdPµ]`N)yp{LQ�±¶nkcdb)~ ©LQ���n|bd�>]&^hn$^`N)g�]º]_Q�^a¨@g�^º~\Qa{}Qab)~d]�n|©K°Kg�nkc)]_��[*nkb ^`N)Q�{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b¾¥
¦�]�y7��nkb)]`Qai>cdQ�b}��Q|¨%^hNdQ���Ndn|gj��Q�np±z^hNdQ�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb¬g�b\À}cdQ�b)��Qa]t^`N)Q�fhQa]`cd��^h]tnp±z^hNdQ�n|{\^hg�PRg��ay/^hg�nkb¾¨+g�b�^hQ�fhPR]tnp±
yk����c)fhyk��[�n|± ^`NdQ�]_nk��c\^hg�nkb·¶gG¥ Qk¥%^`NdQº~\gj]q^�ypb)��Qz©}Q�^qª(QaQ�bR^hNdQUnk{\^`g�P�cdP�]`N)yp{LQ&±¶nkcdb)~$y|b)~�^`NdQº]_nk��cd^`g�n|b}¹+y|b)~$��n|bK°|Qaf`�kQ�b)��Q
f�y/^hQR·¸f`Qa��yp^`Q�~$^hnR^`NdQ�]_^`g !Lb)Qa]h]�np±�^`NdQ�{dfhn|©)��QaP1¹�¥

M�NdQ�{dfhQa]`Q�b>^�]_^`c)~d[�{)f`nk{}n>]_Q�] y�PRQ�^`Ndn\~1^hnty|c\^`nkPRyp^`gj��y|����[�yk~dyp{d^�ypb*g�bdg�^`gjyp�@ypb}~${LQ�fhN)yp{)] b)yp¯G°|QU{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb
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^hNdQ�±¶f�ypPRQaª(nkf�H�np± y|Q�fhnK~d[>b}ypPRg���]_N)y|{}Q�n|{d^`g�P�g��ayp^`g�n|b¾¥�¦&±Á^hQ�fº^`N)Qt©)yk]_Qa��g�bdQtnp±m^hNdQt{)f`n\��Q�~\cdfhQ�gj]�fhQ�PRg�b)~\Q�~¡·¶¿mc)��Qaf`gjypb
À)n/ª ]`n|��°|Q�f�¨K�|fhg�~�cd{@~dy/^hQ|¨dnk{\^`g�PRg��aQ�f�¹�¨\^hNdQ�y|~)yp{\^hg�nkb�PRQ�^hNdn\~�g�]&y|{d{d��g�Q�~�^`nR^`N)Q�ypQ�fhn\~\[Kb)ypPRgj��]`N)y|{}Q�nk{\^`g�PRg���y/^`g�n|b�np±
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M�NdQR²dfhQ�Q�£¤²)n|fhP�£¤´�Q�±¶nkf`P1y/^hg�nkb¬·¸²%²%´º¹U^`Q���Ndbdgji>cdQtnkf`g��|g�b)yp^`Qa]&±¶f`nkP ^hNdQ$Ê(n|PR{dc\^hQ�f��ºfhy|{dNdgj��]U»)Q��j~ � G����¤¥��¤^�y|����n/ªz]&^hNdQ
~\Q�±¶n|fhP1y/^`g�n|b n|±�ypb�nk©\oqQa��^*g�b y��|´-nkf 3 ´ ]`{)y|��Q|¨&fhQ��ky|fh~d��Q�]`]Rn|±�^`NdQ§f`Qa{df`Q�]_Qab>^hy/^hg�nkb�np±�^`N)g�]�n|©\oqQ���^�¥ �³b)]_^`Q�y|~�np±
P1ypb)g�{dc)��yp^`g�bd�*^hNdQ1]_c)f_±¸yk��Q�n|±m^`N)Qtnk©\oqQa��^�~\g�fhQa��^h��[k¨ ©K[ c)]_g�bd�����jy|]h]_gj��y|��&(£qYK{d��g�bdQ�]Unkf &(ea��g�Q�fº{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb np±m^hNdQ
]`cdf`±¸y|��Qk¨\²�²%´ ~dQ�»)bdQ�]�y�~dQ�±¶n|fhP1y/^hg�nkb$»)Qa��~*n/°|Q�f(^`N)Q�]`{)yk��QºQ�P�©LQa~)~\Qa~�g�b�yt��yp^_^`gj��Q�ª&Ndgj��N�g�]�©dcdg���^Uypfhn|cdb)~1^`NdQ�n|©doqQa��^�¥
&�[1^hfhy|b)]q±¶nkf`PRg�bd�t^`NdQ�]`{)y|��Q���nKn|f�~\g�b}y/^`Q�] g�b)]`g�~dQ�^`NdQ��jy/^_^hg���Q|¨)²%²%´ ~\Q�±¶n|fhP1] ^hNdQ�n|©doqQa��^�¨\f`Qa�ky|fh~\��Qa]h]mn|±�g�^h]��kQ�nkP�Q�^`fhg��ayp�
~\Q�]`��f`g�{\^hg�nkb¾¥

V nkf`Qt{dfhQa��gj]`Q���[|¨¾��nkb)]`g�~\Qaf�y$^hNdf`QaQ�£³~\g�P�Qab)]`g�nkb)yp��NdQ�¼dy|Qa~\f�yp����yp^_^hg���QtQaP�©LQa~d~\g�bd��^`N)Q�nk©\oqQa��^�^hn�©LQ1~\Q�±¶nkf`PRQ�~ ¥t²�g��p£
cdfhQ�· G�¹U]_Ndn/ªz]�ypb Q�¼\y|PR{d��Q�np± ]`c)��N�y1�jy/^`^`gj��Q�©)cdg���^�ypfhn|cdb)~ y$f`Q�yp��g�]_^`gj��ª&g�bd�)¥U¦ ��nK�ayp����nKn|f�~\g�b)y/^hQ�]_[\]_^`QaP

(ξ, η, ζ)
g�]

~\Q�»)bdQ�~$g�b$^`N)Q��jy/^`^`gj��Q|¨>ª&g�^`N
(ξ, η, ζ) ∈ [0, 1]× [0, 1]× [0, 1]

¥�´�cdfhg�bd��^`NdQ�~\Q�±¶n|fhPRyp^`g�n|b¾¨k^`N)Qº~\gj]`{d��yk��QaP�Qab>^
∆q

np±¾Q�y|��N
{Ln|g�b>^

q
g�b)]`g�~\Qº^hNdQ���yp^_^hg���Q�g�]�NdQaf`Q�~\Q�»)bdQ�~�©K[�y�^hNdg�fh~K£¤n|f�~\Qaf &�ea��g�Q�f�^`Qab)]_nkf&{dfhnK~dc)��^�


∆q =

ni
∑

i=0

nj
∑

j=0

nk
∑

k=0

Bni

i (sq)B
nj

j (tq)B
nk

k (uq)∆Pijk .
· G�¹

Bni

i

¨
B

nj

j

y|b)~
Bnk

k

ypfhQº^`NdQ�&�Q�fhb)]_^`Qag�b�{}nk��[KbdnkPRg�y|��]�n|±
n|f�~\Qaf
ni

¨
nj

ypb)~
nk

·¸]`Q�Qº±¶n|f&g�b)]_^hypb}��Q � K��Á¹ 


Bn
p (t) = Cp

n t
p (1− t)n−p.

·G�|¹
�³b�· G�¹�¨

(sq , tq, uq)
ypfhQ&^hNdQU²%²%´ ��n>nkfh~dg�b)yp^`Q�]+np± ^hNdQz{Ln|g�bk^

q
ª&N)g���N1fhQa]`cd��^m±¶f`nkPÉy�PRy|{d{dg�bd��n|± ^`NdQz�jy/^`^`gj��Qº��nKn|f�~\g�b)y/^hQa]

(ξq , ηq, ζq)
¥mTU]`c)yp����[R^hNdgj](P1y|{d{dg�bd�tgj]�]_g�PR{d��[$~\Q�»)b)Qa~*yk]m^hNdQ�g�~dQ�b>^`g�^q[|¥ &�c\^a¨dyk] ª&g����L©LQ�Q�¼\{d�jypg�bdQa~$��yp^_^`Qafa¨>^hNdQ�fhQ�PRg��|N>^

©LQ ]_nkP�Q�y|~d°½y|b>^hyp�kQa]�np±Uc)]`g�bd�7y|b�n|^`NdQaftP1yp{){dg�b)�)¥�²�g�b)yp����[k¨
∆Pijk

ypfhQ*ª�Q�g��|N>^`g�bd�7��nKQ��$��g�Q�b>^�]�¨mnkf���n|b>^`fhn|��{Ln|g�bk^�]
~\gj]`{d��yk��QaP�Qab>^h]a¨
ª&Ndgj��N¬ypfhQ1c)]`Qa~§^`nPRnkbdg¢^hn|f�^hNdQ$~\Q�±¶n|fhPRyp^`g�n|b¬ypb}~¬ypfhQR��n|b)]`gj~\Q�fhQa~«y|]�~dQa]`g��kb¬°½y|f`gjyp©)��Q�]�~\cdfhg�bd��^hNdQ
]`N)yp{LQ�n|{d^`g�P�g��ayp^`g�n|b�{dfhnK��Qa~\c)f`Qk¥

²�g��|cdfhQ$G 
 ¿+¼dypPR{d��Qºn|±%²%²%´��jy/^`^`gj��Q$·¶fhQa~}¹�ypfhn|cdb)~�y�ª&g�bd�}¥

M�NdQ$²%²%´®~\Q�±¶n|fhP1y/^`g�n|b§^`Q���Ndbdgji>cdQ$~\Qa]h��fhg�©}Q�~§y|©}n/°kQ�gj]�ª�Q���� ]_c)g¢^hQa~§^`n ��nkPR{d��Q�¼7]`N)yp{LQRn|{\^hg�PRg��ayp^`g�n|b¾¨F^`N)y|b.H\]º^`n
^hNdQ�±¶n|����n/ª&g�bd�R{dfhn|{LQ�f`^`g�Qa] 


� ^`NdQ�g�b)g¢^hg�y|�(]`N)yp{LQ*��y|b¬©}Q�Q�¼dy|��^`��[§fhQ�{)f`Q�]_Qabk^hQa~�·¶b)n�~\Q�±¶nkf`P1yp^`g�n|b¬n\����cdfh]�ª&NdQ�b�y|���(ª(Qag��kN>^`g�bd���nKQ��$��g�Qabk^�]�y|f`Q
��Qaf`nK¹ 

� ^`NdQ�~dQ�±¶n|fhP1y/^hg�nkb*gj]&{}Qaf_±¶nkf`PRQ�~*ª&N)yp^`Qa°|Q�f�^hNdQ���nkP�{)��Q�¼Kg�^q[$n|±
^hNdQ�]_N}yp{LQR·¶^`Ndgj]&gj]zyt±¶f`QaQ�£G±¶n|fhP:^`Q���Ndbdgjikc)Q�¹ 

� �|Qan|PRQ�^hf`gj�(]`g�bd�|cd�jypfhg�^`g�Qa]���ypb�©LQ(^�y�HkQ�b�g�b>^`n�y|�a��nkcdb>^�·¶^`NdQ�g�bdg¢^hg�y|�d]_N}yp{LQ�g�b)����c)~dg�bd��g�^h]+]`g�b)�|cd�jypfhg¢^hg�Q�]Fgj]+~\Q�±¶n|fhP�Q�~)¹ 

� ^`NdQ�]`PRnKnp^`N)bdQa]h]�np±
^`NdQ�~\Q�±¶n|fhP1y/^`g�n|b�gj]&��n|b>^hf`nk��Q�~�·Á^hNdQ�~\Q�±¶n|fhP1y/^`g�n|b�g�]zf`cd��Qa~�©K[ &�Q�fhb)]_^`Q�g�b�{}nk��[KbdnkP�gjyp�j]�¹ 
� ^`NdQºbKcdP�©LQ�f�n|±
~\Qa]`g��|b*°/y|f`gjyp©d��Qa]�~\Qa{}Qab)~d]�n|b*^`NdQºc)]`Q�f�� ]���Ndnkg���Qt·Á^hNdQ�~\Q�±¶nkf`P1yp^`g�n|b$gj]�g�b)~dQ�{LQ�b)~\Qab>^�n|±¾^`N)Qº]`N)yp{LQ
g¢^�]_Qa�¢±�¹�

� g¢^zb)g���Q���[*~\Qay|��]�ª&g�^`N�Ptcd�¢^hg¢£¤��Q�°|Qa� f`Qa{dfhQa]`Q�b>^hyp^`g�n|b§·¶^`N)y|b.H\]�^`n�^hNdQ�&�e���g�Q�fz~dQ��|fhQ�QºQ���Q�°/yp^`g�n|b�{df`nk{}Qaf_^q[d¹�¥
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¦ bdQaª bdn|^hyp^`g�n|b�g�]&g�b>^`fhn\~\c)��Q�~$^hnR±¸y|��g���g¢^�y/^hQ�±¶c)f_^hNdQ�fU~dQ�°|Qa��nk{}QaPRQ�b>^h]a¥ Ê(n|b)]`g�~dQ�f�^`NdQ�°kQa��^`n|f�] 


BT =[Bni

i (sq)B
nj

j (tq)B
nk

k (uq)]i=1,...,ni ; j=1,...,nj ; k=1,...,nk
∈ <(ni+1)×(nj+1)×(nk+1)

=[Bni

0 (sq)B
nj

0 (tq)B
nk

0 (uq), B
ni

0 (sq)B
nj

0 (tq)B
nk

1 , . . . , Bni

ni
(sq)B

nj

nj
(tq)B

nk
nk

(uq)],

· 3 ¹

∆P T =[∆Pijk ]i=1,...,ni ; j=1,...,nj ; k=1,...,nk
∈ <(ni+1)×(nj+1)×(nk+1)

=[∆P000,∆P001,∆P002, . . . ,∆Pninjnk
].

·¸�>¹

M�NdQab¾¨>^`NdQ�^`N)g�f�~K£¤n|f�~\Q�f ^`Q�b}]_nkf {dfhn\~\c)��^�· G½¹ �aypb1©LQ�Q�¼K{)f`Q�]`]`Qa~1yk](yt]_g�PR{d��Q�g�b)bdQ�f�{dfhnK~dc)��^�n|b
<(ni+1)×(nj+1)×(nk+1) 


∆q = BT ∆P.
·G�|¹

M�NdQ�]_Q�b)np^hyp^`g�n|b)]�y|f`Q�c)]`Qa~�g�b�^hNdQ�bdQ�¼K^U]`Qa��^`g�n|b�^`n1g�P�{)f`n/°kQU^hNdQ���Qa�|g�©dg���g�^q[$np±
^`NdQ�±¶nkf`Ptcd�jy|]a¥
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M�NdQ�²%²%´ {}ypf�ypPRQ�^hQ�fhg���y/^`g�n|bR{dfhQa]`Q�b>^hQa~$y|©}n/°kQUyp����n/ªz](ypb$Q�y|]`[RP�n\~\g�»}�ay/^`g�n|b*np± ^`N)Qº]`N)yp{LQUn|±
ypb*n|©\oqQ���^(©K[RPRn\~\g¢±¶[Kg�bd�
^hNdQRª(Qag��kNk^hg�b)����n>Q �$��g�Q�b>^h]

∆Pijk

~\cdfhg�b)��^hNdQRn|{\^hg�PRg��ayp^`g�n|b�{)f`n\��Q�~\cdfhQ|¥��Un/ª(Qa°|Qafa¨L^`N)g�]ºfhQ�{dfhQa]`Q�b>^hyp^`g�n|bgj]�bdn|^��_cdbdg�£
°kQ�f�]`y|����¨)gG¥ Qk¥U^hNdQ�f`Q�y|��N)y|©d��Q�]`N)y|{}Q�]�~\Qa{}Qab)~ nkb�]_nkPRQt��Ndnkg���Qa]zn|±+^`NdQ�c)]`Q�f�¥�²)n|fUg�b)]_^hy|b)��Qk¨Lg�±+^`N)QtP1yp{){dg�b)�*{dfhn\~\c)��g�bd�
^hNdQ�²%²%´ ��nKn|f�~\g�b)y/^hQa]

(s, t, u)
g�](PRn\~\g¢»}Qa~ ¨Kn|f g¢± &(£qYK{d��g�bdQ�] ©}y|]`g�]%±¶c)b)��^hg�nkb)](y|f`QUQ�PR{d��n/[|Qa~Rg�b)]_^`Q�y|~Rnp± &�Qaf`b)]_^`Qag�b1{Ln|��[>£

bdnkPRg�y|��]a¨ n|f�g�±(©)yk]_gj]�±¶cdb)��^hg�nkb)]ºnp±�Ndg��kNdQ�f�~\Qa�|fhQ�Q�ypfhQtc)]`Qa~¾¨@^`NdQab�^hNdQRf`Q�y|��N)y|©d��Q�]_N}yp{LQa]ºª&g����+bdn|^º©LQ�^`NdQ1]hypPRQtnkbdQa]a¥
¦&��^`c)y|����[|¨@^hNdQ���N)n|gj��Q�n|±m^`NdQ�{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b ~\Q�»}bdQa]�^`N)QtP1y/^hNdQ�P1yp^`gj��yp�%]`cd©)]`{)y|��Q�·¶n|±m»)bdg�^`QR~\g�PRQ�b)]`g�nkb}¹&g�b�ª&N)g���N
nk{\^`g�PRg���y/^`g�n|b*nK�a��cdf�]a¥ �¤±Fy�{LnKn|f���Ndn|gj��Qzgj]mP1yk~\QU©K[t^`NdQ�c)]_Qafa¨k^`N)QU©LQa]_^(fhQay|��N}yp©d��Qz]_N}yp{LQzª&g����L©}QU±¸ypfm±¶fhn|PÉ^hNdQ�]`n|��c\^`g�n|b
·¸np±¾g�b\»)bdg�^`Qº~\g�PRQab)]_g�n|bL¹mypb}~R^`NdQº��n>]q^m±¶c)b)��^hg�nkb$ª&g����L©}Q���n|PRQzPRnkf`QU��n|PR{d��Q�¼ ¨|[Kg�Q��j~\g�bd�ty�]_^`g !@Q�f nk{\^`g�PRg���y/^hg�nkb${dfhn|©d��Q�P�¥
M�NdQ�ypg�P�np±F^`NdQ�{dfhQa]`Q�b>^�ª(nkf�H�g�]�^hn�~dQ�°|Qa��nk{*ytP�Q�^`Ndn\~\nk��nk�|[�^`nRy|~)yp{\^&ypb�g�bdg�^`gjyp� y|b)~${LQ�fhN)yp{}](b}yp¯G°|QU{}ypf�ypPRQ�^hQ�fhg¢£

��y/^`g�n|b�^hn�^hNdQ&{)y|f_^hg���cd��y|f+{dfhn|©d��Q�P ]_^`c}~\g�Q�~ ¨|fhQa~dc)��g�bd��]_nº^hNdQ&g�bdÀ)cdQ�b}��Q&np±L^`N)Q&g�bdg�^`gjyp�}��Ndn|gj��Q�np±L^`N)Q&c)]_Qafmypb)~ 	�"�)��������	�" �
� ,.0�� �� � ����"( �!� np±�^`NdQ1n/°kQ�f�yp���
{dfhn\��Q�~\cdfhQ|¥ �³b§^hNdQR±¶f�ypPRQ�ª�n|fIH�np±&ypQ�fhn\~\[Kb)ypPRgj�t]`N)y|{}QRn|{d^`g�P�g��ayp^`g�n|b¾¨¾^qª(n�n|cd^h��nkPRQa]
y|f`Q�Q�¼\{LQa��^`Qa~ 


� f`Q�y|��N�y7]`N)yp{LQ�np±U©LQ�^`^`Q�fR»)^`bdQ�]`] ·¸gB¥ Q|¥ ~\Qa��f`Q�y|]`Q$^`N)Q�~dg�]_^hy|b)��Q�©}Q�^qª(QaQ�b�^`NdQ�n|{d^`g�P�cdP ]`N)y|{}Q�±¶n|c)b)~�y|b)~¡^hNdQ
]_nk��cd^`g�n|b}¹�

� g�b}��fhQay|]`Q�^`NdQ���n|bK°|Qaf`�kQ�b)��QUf�y/^`Q1·¸gB¥ Q|¥+g�PR{df`n/°kQU^hNdQ���nkb)~\g�^`g�n|bdg�bd�Rnp±�^`N)Q�n|{\^hg�PRg��ay/^hg�nkb�{)f`nk©d��QaP$¹�¥

���"� #$��%'&)(*%,+.-,0/
¦®~dg�fhQa��^typ{d{)f`n>y|��N^hnPRn|bdg�^`nkf�y|~)yp{\^hg�nkb«y|b)~7PRnK~dg¢±¶[§^`NdQ�²�²%´ {)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb�{dfhQa]`Q�b>^hQa~«yp©Ln/°|QRgj]�^`n c}]_Q1^hNdQ
P1yp{){dg�b)�{dfhnK~dc)��g�bd� ^hNdQ�²%²%´ ��nKn|f�~\g�b}y/^`Q�]

(s, t, u)
±¶f`nkP-^hNdQ*�jy/^`^`gj��Q*��n>nkfh~dg�b)yp^`Q�]

(ξ, η, ζ)
¥ �³b}~\Q�Q�~ ¨ ��,-	1�0� �����(	�" �

)� �"=���I 324�%��,U52� &)����
	! �"  #�� ,. �. �	�"U�6��� ,.��� �������,U �  3���62 ' 	�"87 � �"�)���9��' � ,. �  ��	���" ������	!���:2�;� g�b*^`NdQ�²%²%´ ±¶nkf`Ptcd�jy/^`g�n|b
· G�¹�¥ &�[�P�n\~\g�±¶[Kg�b)�z^`N)g�]�P1yp{d{)g�bd�}¨½n|bdQ���ypbt��n|b>^hf`nk�/^`NdQ���nK�ay/^hg�nkb�np±d^hNdQ(~\Q�±¶n|fhP1y/^`g�n|b�^hN)y/^%gj]Fnk©\^hy|g�bdQ�~�©K[�{}Qaf_^hcdf`©}y/^`g�bd�
Q�y|��N$ª�Q�g��|N>^`g�bd����nKQ��$��g�Q�b>^a¥+M�NdQaf`Q�±¶n|fhQ|¨k^`NdQºPRn\~\g¢»L��y/^hg�nkb$np± ^hNdQºPRy|{d{dg�bd�t]`Q�QaP1]m^hn�©LQºy��|nKn\~1PRQaypb}]+^`nR��nkb>^`fhn|�d^hNdQ
{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b¾¥

M�NdQ$yk~dyp{d^`g�n|b7{df`n\��Qa~\cdfhQ1n\����cdfh]�yp^�]_nkPRQR]_^`Qa{)]�n|±(^hNdQ*]`N)yp{LQ1n|{\^hg�PRg��ayp^`g�n|b«{dfhnK��Qa~\c)f`Qk¥ �¤^�g�]�bdnp^�����Q�ypf�y/^�^hNdQ
{dfhQa]`Q�b>^�^`g�PRQ�ª&NdQab¡^hNdQ�yk~dyp{d^`g�n|b�]`Ndnkcd��~¡©}Q ��y|f`fhg�Qa~«n|cd^�nk{\^`g�P1yp����[k¥¡M�NdQ�]`N)y|{}Q�N)y|]t^`n§©}Q ����n>]_Q�Q�bdnkcd�|N¬^hn�^hNdQ
nk{\^`g�P�cdP ]`N)yp{LQ�g�b nkfh~dQ�f�^`n${)f`n/°Kgj~\Q�]_cdg�^hy|©d��Q�yRg�b\±¶nkf`P1yp^`g�n|b�^`n*yk~dyp{\^&^hNdQ�{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b¾¥��Un/ª(Qa°|Q�f�¨\n|b)Q�ª(nkcd��~
��g�HkQy|~dy|{\^`g�n|b ^hn¬nK�a��cdf*©}Q�±¶n|fhQ�^`NdQ ±¶c)���º��n|bK°kQ�fh�|Q�b}��Q�np±º^`NdQnk{\^`g�PRg���y/^hg�nkb gj]$yk��Ndg�Qa°|Q�~ ¨(g�b n|f�~\QafR^`n¬g�P�{)f`n/°kQ�^hNdQ
��n|bK°|Qaf`�kQ�b)��Qºf�y/^hQ|¥&M�NdQaf`Q�±¶n|fhQ|¨d±¶c)f_^hNdQ�f�Q�¼\{}Qaf`g�PRQ�b>^h]Uª&g����F©LQ�fhQai>cdg�fhQa~�^`n*~dQ�^`Qaf`PRg�bdQ�y$]`cdg�^hy|©d��Qt��fhg¢^hQ�fhg�nkb�^`n${LQ�f`±¶n|fhP
yk~dyp{\^hg�nkb¾¥

M�NdQ�y|~dy|{\^`g�n|b�{)f`n\��Q�~\cdfhQm��nkb)]_gj]_^h]¾g�b�PRg�bdg�PRg���g�bd��y|b�y|~)yp{\^hg�nkb���nk]_^¾±¶cdb}��^`g�n|b�·¶ª&Ndgj��N�PRQayk]_cdfhQa] ^`NdQ�cdbdQ !LQ���^`g�°|QabdQa]h]
n|±¾^`NdQ���cdf`fhQ�b>^�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb}¹%©K[1PRnK~dg¢±¶[Kg�bd��]`n|PRQºy|~dy|{\^`g�n|b${}ypf�ypPRQ�^hQ�f�]�¨>ª&Ndgj��N�~\Q�»)bdQ�^`NdQºP1yp{d{dg�bd�}¥<�Un/ª(Qa°|Qafa¨
^hNdQ�yk~dyp{\^hg�nkb1{dfhnK��Qa]h] ]`Ndn|c)��~R��Q�^(^`NdQº��cdfhf`Qab>^(]_N}yp{LQUcdb)y|�¢^hQ�fhQa~ ¨>y/^���Q�y|]_^ g�b�y���Qay|]_^_£³]hikc}ypfhQa]+]`Q�b)]`Q|¨>g�b*n|f�~\Q�f+^hn�©LQ�bdQ�»d^
±¶fhn|Pµ^hNdQ1n|{d^`g�P�g��ayp^`g�n|b7{)y/^hN7y|��fhQayk~\[ {LQ�f`±¶n|fhP�Q�~ ¥RM�NdQ�b¾¨F^`NdQRPRg�bdg�PRg��ayp^`g�n|b«np±(^`NdQ1y|~)yp{\^hg�nkb7��nk]_^º±¶c)b)��^hg�nkb7]`Ndn|c)��~
©LQ�]`cd©\oqQ���^º^`n�^`NdQR��nkb)]_^`f�ypg�bk^U^`N)yp^�^hNdQtfhQa]`cd��^`g�bd��]`N)y|{}Q�»d^h]�^`N)Q���cdf`fhQ�b>^�]_N)y|{}Qtg�b7y$��Qayk]q^`£¤]hi>c)ypfhQ�]`Q�b)]`Q|¥ � N)y/^hQ�°kQ�f
^hNdQ�b)yp^`cdfhQ�n|±�^hNdQtyk~dyp{d^`g�n|b ��n>]q^z±¶c)b)��^hg�nkb�ypb)~�{}ypf�ypPRQ�^hQ�f�]�¨\^hNdQtyk~dyp{d^`g�°|Q�]`N)yp{LQ�n|{d^`g�P�g��ayp^`g�n|b {dfhn\��Q�~\cdfhQ�g�]z»)b)yp����[
nkf`�>ypbdg���Q�~*y|]�±¶nk����n/ªz]�
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G|¥ �³bdg�^`gjyp��g���y/^`g�n|b
Ê(NdnKnk]`Q�ypb g�bdg�^`gjyp��]_N}yp{LQ

S
(0)
M0

��nkf`fhQa]`{Ln|b)~\g�bd�«^hn¬^`NdQ7g�bdg¢^hg�y|�º~dQa]`g��kb °½y|f`gjyp©)��Q�]
∆P

(0)
M0

= 0
±¶n|f*^`NdQ§g�b)g¢^hg�y|�

P1yp{d{dg�bd�
M0

·¶gj~\Qabk^hg¢^q[*±¶n|f&g�b)]_^hypb}��Q�¹�¥
�\¥ &�Q��|g�bdbdg�bd�Rnp±
^`NdQ���nKn|{�n/°|Qaf�yk~dyp{d^`g�n|b�]q^hQ�{)]
]_Q�^

l ← 0
3 ¥zYKN)y|{}Q�nk{\^`g�PRg���y/^`g�n|b
l%Q�f`±¶n|fhP

kopt

nk{\^`g�PRg���y/^`g�n|b�]_^`Q�{}]�[>g�Q��j~\g�bd�R^`N)Q�]_N)y|{}Q
S

(kopt)
Ml

~\Q�»)b)Qa~�©K[1^`NdQ�~dQa]`g��kb�°/ypfhgjyp©d��Qa]
∆P

(kopt)
Ml

¥
�)¥�l+ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�y|~dy|{\^`g�n|b
Tz{@~dy/^hQ�^`NdQRP1yp{d{)g�bd��^hn

Ml+1
©K[PRg�bdg�P�g���g�bd��^`N)QRyk~dyp{d^`g�n|b§��nk]_^�±¶c)b)��^hg�nkb¾¨F]`cd©\oqQa��^�^`n�^`NdQ1��nkb)]_^`f�ypg�bk^º^`N}y/^

^`NdQ�]_N}yp{LQ
S

(0)
Ml+1

f`Q�]_cd��^`g�bd�1±¶fhn|P0^hNdQ�P1yp{){dg�b)����N)y|bd�|Q�y|b)~ ~\Q�»)bdQa~�©K[*^hNdQ�~dQa]`g��kb °½y|f`gjyp©)��Q�]
∆P

(0)
Ml+1

gj]z^hNdQ
��Q�y|]_^_£³]`i>c)y|f`Q�](y|{d{dfhn½¼\g�P1y/^hg�nkb*n|±

S
(kopt)
Ml

¥
�\¥�¿mb)~�np±�^`N)Q���nKn|{
]_Q�^

l ← l + 1�¤±%]_^`nk{d{dg�bd�1��fhg¢^hQ�fhg�nkb*fhQayk��NdQa~*^`N)y|b�]_^`nk{¾¥
¿m�j]_Q �ºn|^`n$�\¥

&�Q�±¶nkf`Q�^hNdQUyk~dyp{\^hg�nkb$��n>]q^+±¶cdb}��^`g�n|b$y|b)~R{)y|fhy|P�Q�^`Qafh]+y|f`Qz~\Q�»)bdQ�~ ¨>^`NdQz��Qayk]q^`£¤]hi>c)ypfhQa]%y|{d{dfhn½¼Kg�P1y/^hg�nkbtg�b1^`N)Q&±¶fhy|PRQ�£
ª�n|fIH1np±�^`NdQ�²%²%´ ~\Q�±¶n|fhP1y/^`g�n|b�gj]&~\Qa]h��fhg�©LQa~�g�b�^`NdQ�bdQ�¼K^&]`Qa��^`g�n|b¾¥

����� ���	�/����3/��	� 	<�
0/ 	 +)+ �
��
�%'� 	��
%,� &

� NdQab«^`NdQ$��cdfhf`Qabk^�P1yp{){dg�b)�
Ml

gj]�cd{@~dy/^hQa~7^`n y��kg�°kQ�b7PRy|{d{dg�bd�
Ml+1

¨¾^hNdQ$]_N}yp{LQ$]_Ndnkcd�j~�fhQ�P1ypg�b«y|]�cdb}yp��^`Q�fhQa~
yk]�{}n>]`]`g�©)��Qº^`n1©LQ�b)Q�»d^&±¶fhn|P�^hNdQ�n|{d^`g�P�g��ayp^`g�n|b�{)y/^hN�y|��fhQayk~\[1{LQ�f`±¶n|fhP�Q�~ ¥ YKcd{){}n>]_Qº^`N}y/^&^`N)Q���cdfhf`Qab>^�]`N)yp{LQ

S
(kopt)
Ml

gj]
~\Q�»)bdQ�~*©K[R^`N)Q�~dQa]`g��kb*°/ypfhg�y|©d��Qa]

∆P
(kopt)
Ml

¥mM�NdQab¾¨K^`N)Qº]`N)yp{LQ
S

(0)
Ml+1

f`Q�]_cd��^`g�bd�t±¶f`nkP:^`NdQ�P1yp{){dg�b)����N)y|bd�|Q�]`Ndn|cd�j~$©LQ
^hNdQz��Qay|]_^_£³]hikc}ypfhQa]%yp{d{)f`n½¼\g�PRyp^`g�n|btnp±

S
(kopt)
Ml

¥�M�Ndgj]my|{d{dfhn½¼Kg�P1y/^hg�nkbtgj]+n|©d^hypg�bdQ�~t©K[���n|b}]_gj~\Q�fhg�bd�U^hNdQU²%²%´ ~\Q�±¶n|fhP1y/^`g�n|b
~\Q�»)bdQ�~¡©K[«^`NdQ�~\Q�]_g��|b¡°/y|f`gjyp©d��Qa]

∆P
(0)
Ml+1

ª&Ndgj��N�PRg�bdg�PRg���Q�]�^hNdQ��kyp{�©}Q�^qª(QaQ�b¡^hNdQ���cdfhf`Qab>^�]`N)yp{LQ
S

(kopt)
Ml

±¶nkf�^hNdQ
P1yp{){dg�b)�

Ml

ypb}~*^hNdQ�bdQaª ]`N)yp{LQ
S

(0)
Ml+1

±¶n|f&^hNdQ�P1yp{d{dg�bd�
Ml+1
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S
(0)
M0

1

2
[∆q

(0)
Ml+1

−∆q
(kopt)
Ml

]2dS,
·¸�>¹

ª&NdQaf`Q
∆q

(0)
Ml

y|b)~
∆q

(kopt)
Ml+1

ypfhQ�^`NdQ�~\gj]_{d�jy|��Q�PRQ�b>^�]Un|± y1{}nkg�b>^
q
±¶f`nkP ^hNdQ�g�bdg�^`gjyp�%]_c)f_±¸yk��Q

S
(0)
M0

¨L±¶nkfz^`N)Qt²%²%´É~dQ�±¶n|f`£
P1y/^hg�nkb)]�{dfhn\~\c)��g�bd��f`Q�]_{LQa��^`g�°|Qa��[�^hNdQ1��cdfhf`Qab>^�]`N)yp{LQ�·¶P1yp{d{)g�bd�

Ml

¹�y|b)~ ^hNdQ1bdQ�ª yp{d{dfhn½¼\g�P1yp^`Qa~§]_N}yp{LQ�·¸PRy|{d{dg�bd�
Ml+1

¹�¥��zn/ª�Q�°kQ�f�¨)^hNdg�]�g�b>^`Qa�|f�yp�%��ypb)bdnp^�©}QRQa°½y|��c}y/^`Q�~g�b^hNdQ1²�²%´É±¶f�ypPRQ�ª�n|fIH�]_g�b)��QRbdn���c)f`°Kg���g�bdQay|fº~dQa]h��fhg�{\^hg�nkbnp±
S

(0)
M0

g�]�y½°/ypg���y|©d��Q|¥%M�NdQ�fhQ�±¶nkf`Qk¨|^hNdQ�~\g�]h��fhQ�^hQz±¶nkf`P�n|±¾^`NdQ���Qayk]q^`£¤]hi>c)ypfhQa]my|{d{dfhn½¼\g�P1y/^hg�nkb1g�]�{dfhQ�±¶Qaf`fhQa~¾¨>©K[RPRg�b)g�PRg���g�bd� 
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N
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n=1

1

2
[∆nq

(0)
Ml+1

−∆nq
(kopt)
Ml

]2δSn,
· Jp¹

ª&NdQaf`Q
∆nq

(0)
Ml+1

ypb}~
∆nq

(kopt)
Ml

fhQ�{dfhQa]`Q�b>^�^`NdQ�~\gj]_{d�jy|��Q�PRQ�b>^�]�np±�^`N)Q$PRQa]`N¬bdn\~\Q
qn
±¶f`nkP�^hNdQ$g�bdg¢^hg�y|�(]`cdf`±¸y|��Q

S
(0)
0±¶nkf�^hNdQ�²%²%´ ~\Q�±¶nkf`P1y/^hg�nkb)]�{)f`n\~\c)��g�b)�f`Q�]_{LQa��^`g�°|Qa��[7^`N)Q*bdQaª®]_N)y|{}Q�ypb)~¬^`NdQ���cdfhf`Qab>^t]_N}yp{LQ|¥

δSn g�]�y ª�Q�g��|N>^`g�bd�
��n>Q �$��g�Q�b>^zQ�¼\{dfhQa]h]_g�bd�t^`NdQ�~dg�]h��fhQ�^hQºg�b>^`Qa�|f�y/^`g�n|b�np±
^`NdQ�{dfhQ�°Kg�n|c)]�g�b>^`Qa�|f�yp�G¥

T�]_g�bd� ·B�k¹�¨\^hNdQ�±¶n|����n/ª&g�bd��Q�¼\{dfhQa]h]_g�n|b�g�]U~\Q�fhg�°kQa~ 


JLS =

N
∑

n=1

1

2
[Bn

Ml+1

T ∆P
(0)
Ml+1

−∆nq
(kopt)
Ml

]2δSn.
·�Kk¹

M�NdQ�]`n|��c\^hg�nkb�n|±F^hNdg�]z{df`nk©d��Q�P �aypb�©}Q�Q�y|]`g���[$nk©\^hy|g�bdQ�~�©>[�Q�¼\{dfhQa]h]_g�bd�t^`N)yp^&^`NdQ��kfhyk~\g�Q�b>^&np±�^`NdQ�±¶cdb}��^`g�n|b}yp�¾°/ypb)g�]`NdQa]a¨
ª&Ndgj��N�[Kg�Qa��~d]�^hNdQ�±¶n|����n/ª&g�bd�R��g�b)Qaypf&]`[\]q^hQ�P n|±
bdnkf`P1y|� Qai>c)y/^hg�nkb)] 


{

N
∑

n=1

Bn
Ml+1

Bn
Ml+1

T
δSn

}

∆P
(0)
Ml+1

=

[

N
∑

n=1

Bn
Ml+1

∆nq
(kopt)
Ml

δSn

]

.
·B�k¹

W1WYX�ZU[�\�]�\



K ������� ��	���"��� �

²�g�b)yp����[k¨F±¶nkf�y��|g�°|Qab§P1y|{d{dg�bd�
Ml+1

y|b)~«y ��cdfhfhQ�b>^�]_N)y|{}Q
S

(kopt)
Ml

¨F^`NdQ�²�²%´ ~\Q�±¶nkf`P1y/^hg�nkb«ª&Ndg���N7»d^�]
S

(kopt)
Ml

g�b¡y
��Qayk]q^`£¤]hi>c)ypfhQa]�]_Qab)]`Q�±¶nkf&^`N)QºP1y|{d{dg�bd�

Ml+1
gj]�{dfhn/°>gj~\Q�~*©K[*]`n|��°Kg�bd�t^`N)Q�{df`Qa°Kg�nkc)]���g�bdQ�ypf&]_[\]_^`QaP®±¶n|f

∆P
(0)
Ml+1

¥

����� � 	 +)+)%�&�� + 	<�
	��  � ���/

M�NdQRP1yp{){dg�b)��{dfhn\~\c)��g�bd��^`N)QR²%²%´®��n>nkfh~dg�b)yp^`Q�]
(s, t, u)

±¶fhn|Pµ^hNdQR��yp^_^hg���Q���n>nkfh~dg�b)yp^`Q�]
(ξ, η, ζ)

gj]�c)]`Qa~ ^hn�P�nkbdg�^`n|f
^hNdQ�yk~dyp{\^hg�nkb1{dfhnK��Qa]h]�¥%M�NdQaf`Q�±¶n|fhQ|¨p^hNdgj] P1yp{){dg�b)��N)y|]m^`n�©LQU{)f`Q���gj]_Qa��[R~\Qa]h��fhg�©}Q�~1ypb)~R^hNdQ�yk~dyp{d^`g�n|b1°/ypfhg�y|©d��Qa]m~\Q�»)bdQ�~ ¥
M
n$]_g�PR{d��g¢±¶[*^`NdQ�{dfhn|©)��QaP�¨K^hNdQ�±¶n|����n/ª&g�bd�Ry|]h]`cdPR{\^`g�n|b)]&y|f`QºP1y|~\Q 


s = φ(ξ) t = ψ(η) u = θ(ζ).
· G��k¹

M�Ndgj]���Ndn|gj��QU��n|fhf`Q�]_{Ln|b}~d]%^`ntypb1cdb)��n|cd{)��Q�~1f`Qa��yp^`g�n|b)]`Ndg�{1©}Q�^qª(QaQ�bR^hNdQ��jy/^`^`gj��QU��nKn|f�~\g�b}y/^`Q�]mypb}~R^`NdQº²%²�´ ��n>nkfh~dg�b)yp^`Q�]�¥
M�NdQ�]_Q�yk]`]`cdPR{\^hg�nkb)]&ypfhQ�f`Q�y|]`n|bdb)y|©d��Qºyk]���nkbd�1y|]�^`N)Q�PRy|g�b ~\g�fhQa��^hg�nkb)]�np±�^`N)Q���yp^_^`gj��Q�y|f`Q�ª�Q����F]`cdg¢^hQa~�^`n�^hNdQ�]`N)yp{LQº^`n
nk{\^`g�PRg��aQ|¥

M�NdQab¾¨}±¶cdb)��^hg�nkb)]
φ
¨
ψ
y|b)~

θ
ypfhQ�]_c){d{}n>]_Q�~�^`n$©LQ�{Ln|��[Kbdn|PRgjyp�j]znp±m~\Qa�|fhQ�Q�]

n′
i

¨
n′

j

ypb)~
n′

k

¨Ly|b)~ ypfhQ�Q�¼\{dfhQa]h]_Q�~�g�b
^hNdQ�&�Q�fhb)]q^hQ�g�b�{Ln|��[Kbdn|PRgjyp�j]�©)y|]`gj]�


φ(ξ) =

n′

i
∑

i=0

B
n′

i

i (ξ)φi ψ(η) =

n′

j
∑

j=0

B
n′

j

j (η)ψj θ(ζ) =

n′

k
∑

k=0

B
n′

k

k (ζ)θk.
· G G�¹

²�g�b)yp����[k¨dª�Q�g��|N>^`g�bd�R��nKQ��$��g�Q�b>^�]
(φi)i=0,...,n′

i

¨
(ψj)j=0,...,n′

j

ypb}~
(θk)k=0,...,n′

k

ypfhQº��n|b)]`gj~\Q�fhQa~�y|]&yk~dyp{\^hg�nkb�°/y|f`gjyp©d��Qa]a¥
�³bdg�^`gjyp����[|¨@ª(Qag��kN>^`g�bd�*��nKQ �1��g�Qab>^h]

(φi)i=0,...,n′
i

¨
(ψj)j=0,...,n′

j

ypb)~
(θk)k=0,...,n′

k

ypfhQ�]`Q�^U^hn*��g�b)Qaypfº°/yp��cdQa]a¨Lg�b§n|f�~\Q�f
^hn$~\Q�»)b)Q�^`NdQ�gj~\Q�b>^hg¢^q[$P1y|{d{dg�bd� 


φi =
i

n′
i

i = 0, n′
i,

ψj =
j

n′
j

j = 0, n′
j ,

θk =
k

n′
k

k = 0, n′
k.

· G½�|¹

M�NdQab¾¨�^hNdQ�y|~)yp{\^hg�nkb {)f`n\��Q�~\cdfhQ¡��nkb)]_gj]_^h] g�b�PRnK~dg¢±¶[Kg�bd� ^`N)Q�y|~dy|{\^`g�n|b °/ypfhgjyp©d��Qa]
(φi)i=0,...,n′

i

¨
(ψj)j=0,...,n′

j

ypb)~
(θk)k=0,...,n′

k

^`n1PRg�bdg�PRg���Q�^hNdQ�y|~dy|{\^`g�n|b���n>]q^�±¶cdb}��^`g�n|bF¥
�³b�n|f�~\Q�f�^hn�~dQ�»)bdQ&yºn|b)Q�£G^`np£¤n|b)Q P1yp{d{)g�bd�}¨/±¶cdb)��^`g�n|b)]

φ
¨
ψ
ypb)~

θ
]`Ndn|c)��~t©}Q�NdnkPRQ�n|PRnkf`{dN)g�]`P1]F±¶fhn|P

[0, 1]
^`n

[0, 1]
¥

YKc �1��g�Qab>^+��n|b)~dg¢^hg�nkb)]�^`n�y|��Ndg�Q�°kQ ^hNdgj]+��fhg¢^hQ�fhg�nkb���y|bt©LQ&~\Q�fhg�°kQa~�±¶f`nkP ^`NdQ�^`Qaf`PRg�b)y/^hg�nkb�{dfhn|{LQ�f`^`g�Qa]%y|b)~t~dQ�fhg�°/y/^hg�nkb�fhcd��Qa]
n|± &�Q�fhb)]_^`Qag�b�{}nk��[KbdnkPRg�y|��] � K �¤¥ YKc �$��g�Q�b>^U��nkb)~\g�^`g�n|b)]&�aypb�©}Q�Q�¼\{df`Q�]`]`Qa~�y|] 


φ0 = ψ0 = θ0 = 0,

φn′
i
= ψn′

j
= θn′

k
= 1,

φi < φi+1 i = 0, n′
i − 1,

ψj < ψj+1 j = 0, n′
j − 1,

θk < θk+1 k = 0, n′
k − 1.

· G 3 ¹

M�NdQ�]_Q ��n|b)~\g�^`g�n|b}]1ypfhQ�^�y�HkQ�b g�b>^`n¬yk����nkcdb>^Ryk]R��g�bdQ�ypf$��nkb)]_^`f�ypg�bk^�]R~\cdfhg�bd�7^hNdQ�P�g�bdg�PRg���y/^`g�n|b�n|±U^`N)Qy|~dy|{\^`g�n|b���n>]q^
±¶cdb}��^`g�n|bF¥

M�NdQ&~\Qa�|fhQ�Q�]
n′

i

¨
n′

j

ypb)~
n′

k

f`cd��Q�^`NdQz��n|PR{d��Q�¼\g�^q[�np±}^`NdQ&fhQa]`cd��^`g�bd��PRy|{d{dg�bd�)¥ �¤^ ]_QaQ�P1]%c)]`Q���Qa]h]�^`n�~\Q�»)bdQzyºP1yp{d{dg�bd�
ª&Ndn>]_Q���n|PR{d��Q�¼\g�^q[*gj]&Ndg��|NdQaf&^`N)y|b�^`N)yp^Unp±�^`N)Q�~\Q�±¶nkf`P1yp^`g�n|b¾¥�M�NdQ�b¾¨)^`NdQt~\Q��kf`QaQa]�np±%^hNdQ�P1yp{d{dg�bd�

n′
i

¨
n′

j

ypb}~
n′

k

y|f`Q
]`g�PR{d��[�]`Q�^zQ�i>c)yp�@^hnt^hNdnk]`Q�np±�^`NdQ�~dQ�±¶n|fhP1y/^hg�nkb

ni

¨
nj

y|b)~
nk

¥
(�bdQ&�aypb�b)np^`gj��Q�^hN)y/^%^`N)Q&PRy|{d{dg�bd��~\Q�»)b)Qa~t©>[�· Ga�k¹%ypb)~�· G Ga¹���n|PR{Lnk]`Qa~tª&g¢^hN�^hNdQ&²%²�´ ~\Q�±¶nkf`P1y/^hg�nkb�· G�¹�fhQa]`cd�¢^�]�g�b

���� 2 ��)�	�" � � ,.+	�"U	��
	!�32O� !#� ���� ����	! �" �I�3��	1� # � "()��
	! �"����������"
��� �	�"��U 32 '�"� ��$	!�32��
	 ��'0 ���,U��!�2� !#� ���� ����	! �" ���3��	1�P# � "()��
	! �"��
 #�,:	���,.��2�� ����� � ª&g¢^hN�f`Q�]_{LQa��^&^`n�^`NdQ��jy/^`^`gj��Q���n>nkfh~dg�b)yp^`Q�]

(ξ, η, ζ)
¥

���1W �"!
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M�NdQtyp{d{dfhnkyk��N�c}]_Q�~*^hn*~\Q�»)bdQ�^`N)Q�y|~dy|{\^`g�n|b�±¶cdb}��^`g�n|b}yp�Fgj]&g�b)]`{dg�fhQa~�±¶fhn|P yRPRQ�^`N)nK~ ~dQ�°|Qa��nk{}Q�~�±¶n|f&^qª�np£³~\g�P�Qab)]`g�nkb)yp�
{dfhn|©)��QaPR]a¨ ©)yk]_Q�~�nkb§y�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb©K[ &�e���g�Q�f���cdf`°kQa] � �d¨¾�\¨¾� �¤¥ �³b§^`N}y/^�]_g�PR{d��Q�f���yk]_Qk¨ g¢^�ª�y|]º]_N)n/ª&b^`N}y/^�ypb
yk~dyp{\^hg�nkb¬{dfhnK��Qa]h]�f`Qa��[Kg�bd� n|b«^hNdQ*fhQ��kcd�jypfhg���y/^`g�n|b§np±�^`N)Q���nkb>^`fhn|�+{Ln|��[>�kn|b«gj]�{)y|f_^hg���cd��y|f`��[�Q �$��g�Q�b>^a¥ �³b)~\QaQa~ ¨%g�^�ª�y|]
nk©)]_Qaf`°kQa~�^`N}y/^z^hNdQ�]`N)yp{LQ�n|{d^`g�P�g��ayp^`g�n|b {dfhn\��Q�]`]�[Kg�Q��j~d]Uy1N)g��kNd��[�g�fhfhQ��|c)��y|fz��n|b>^hf`nk�¾{}nk��[K�kn|b¾¥�M�Ndgj]z{dNdQabdn|PRQabdn|b�ª�y|]
y|��]`n ~\Q�PRn|b}]q^hfhyp^`Qa~§©K[§y�]`{}Q���^`f�yp�my|b)yp��[\]_gj]�np±�^`N)Q$yp���|Q�©)fhy|g���]_[\]_^`QaP�g�b � ���¤¥ (�b7^`NdQ1n|^`NdQaf�N)ypb}~ ¨Fg�^�gj]�ª(Qa���PHKbdn/ª&b
^hN)y/^Ug�±%^`NdQtbKcdP�©LQ�fzn|±m��n|b>^hf`nk� {}nkg�b>^h]&^`Q�b}~d]&^hn$g�bd»)bdg�^q[|¨d^hNdQ���n|b>^`fhn|�¾{Ln|��[K�|nkb*^hQ�b)~d]z^`n1^hNdQ���cdf`°kQ|¨dª&N)g���N�gj]zfhQ��|c)��y|fa¥
M�NdQaf`Q�±¶n|fhQ|¨@ypb g�f`fhQ��kcd�jypfU��n|b>^`fhn|�¾{Ln|��[K�|nkb��ypb�©}Q���n|b}]_gj~\Q�fhQa~ yk]Uy|b g�b)~dg��ay/^`nkfUn|± y$��n/ª P1yp^`cdfhg¢^q[�{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b¾¥
M�NdQab¾¨Fy|b§Q �1��g�Qab>^�yk~dyp{d^`g�n|b§y|���kn|fhg¢^hNdP ª�yk]º©dcdg��¢^�¨ ^`N)yp^�f`Qa�|cd�jypfhg��aQa]U^`NdQ1��n|b>^`fhn|��{}nk��[K�kn|b�©K[ PRg�bdg�PRg���g�bd��^`NdQ�^hnp^hy|�
°/ypfhgjy/^`g�n|b�np±
^`NdQ���n|b>^`fhn|�@{Ln|g�b>^h]z��n>nkfh~dg�b)yp^`Q�]

{yi}i=0,...,ni




TV ({yi}) =

ni
∑

i=1

|yi − yi−1| ≈

∫ 1

0

|y′(t)|dt,
· Ga�>¹

ª&NdQaf`Q
y(t)

gj]zy�f`Qa�|cd�jypf�±¶cdb}��^`g�n|b�g�b>^`Q�fh{Ln|�jy/^`g�bd�t^`NdQ���n|b>^`fhn|� {Ln|g�b>^h]
{yi}i=0,...,ni

¥
M�Ndgj]�yp{){df`n>y|��Ngj]�Q�¼>^hQ�b)~dQa~�^`n ²%²�´ ©K[g�b>^hf`n\~\c)��g�b)��y�PRQayk]_cdfhQ�np±�^`NdQR°/ypfhg�yp^`g�n|b)]ºn|± ^`N)Q$~\Q�±¶nkf`P1y/^hg�nkb�g�b«Qay|��N

~\g�fhQa��^hg�nkb 

∫ 1

0

∫ 1

0

∫ 1

0

∥

∥

∥∇δP (ξ, η, ζ)
∥

∥

∥ dξ dη dζ,
· G��k¹

ª&NdQaf`Q
δP (ξ, η, ζ)

gj]ºy$fhQ��|c)��y|f&±¶cdb)��^`g�n|b±¶fhn|P
[0, 1]3

^hn
<3 g�b>^`Qaf`{Ln|�jy/^hg�bd�$^`NdQR��nkbk^hf`nk�F{Ln|g�b>^h]º~\g�]`{d�jy|��Q�PRQ�b>^h]�ypb)~ ∇gj]&g�^h]&�kfhyk~\g�Qab>^(^hQ�b)]`n|f�¥+M�NdQº±¶n|fhP�cd�jy�· G��|¹�g�]�^hNdQ�P�c)�¢^hg�~\g�PRQ�b)]`g�n|b)y|� Q�¼K^`Qab)]_g�n|b�np±�^`N)Q�g�b>^`Qa�|f�yp�+· Ga�k¹�¥

YKg�b)��Q
δP (ξ, η, ζ)

gj]�n|bd��[ HKbdn/ª&b�yp^
(ni + 1) × (nj + 1) × (nk + 1)

{}nkg�b>^�]�¨¾y�~\gj]`��f`Q�^`Qt±¶n|fhP�np±�· G��|¹Ugj]ºc)]`Qa~§g�b
{df�y|��^`gj��Qº^`n1Qa°/yp��c)y/^hQ�^hNdQ�y|~)yp{\^hg�nkb���n>]q^&±¶c)b)��^hg�nkb 


JAD =
1

ninjnk

ni
∑

i=1

nj
∑

j=1

nk
∑

k=1

∥

∥

∥∇δPijk

∥

∥

∥ .
· G��k¹

‖.‖
g�]�y�PRyp^`fhg¢¼ bdnkf`P�y|b)~

∇δPijk

y|b�Q�]q^hg�P1y/^hQtn|±
∇δP (ξ, η, ζ)

n/°|Q�f�^`N)QtQa��QaP�Qab>^hypfh[�°|nk��cdPRQ�np± g�b)~\gj��Q�]
ijk
¥�M�NdQ

c)]`Q�np±�^`N)Q�²dfhn|©LQ�bdg�c)]�bdnkf`P0ypb)~�yt»)bdg�^`Q�£¤~dg !@Q�fhQ�b)��Q�yp{d{)f`n½¼\g�PRyp^`g�n|b�np±�^`NdQ��kfhyk~\g�Q�b>^�n/°kQ�f�^hNdQ�Q���Q�PRQ�b>^�ypfh[$°|nk��cdPRQ�np±
g�b)~\gj��Q�]

ijk
[Kg�Qa��~d]�


∥

∥

∥
∇δPijk

∥

∥

∥
=

[ 3
∑

l=1

n2
i

4

{

(∆P l
ijk −∆P l

i−1jk)2 + (∆P l
ij−1k −∆P l

i−1j−1k)2

+ (∆P l
ijk−1 −∆P l

i−1jk−1)
2 + (∆P l

ij−1k−1 −∆P l
i−1j−1k−1)

2

}

+
n2

j

4

{

(∆P l
ijk −∆P l

ij−1k)2 + (∆P l
i−1jk −∆P l

i−1j−1k)2

+ (∆P l
ijk−1 −∆P l

ij−1k−1)
2 + (∆P l

i−1jk−1 −∆P l
i−1j−1k−1)

2

}

+
n2

k

4

{

(∆P l
ijk −∆P l

ijk−1)2 + (∆P l
ij−1k −∆P l

ij−1k−1)2

+ (∆P l
i−1jk −∆P l

i−1jk−1)
2 + (∆P l

i−1j−1k −∆P l
i−1j−1k−1)

2

}]
1
2

,

· G�Jp¹

ª&NdQaf`Q
∆P l

ijk

gj]�^`N)Q���n|PR{Ln|bdQab>^
l
n|±
^hNdQ�~\gj]_{d�jy|��Q�PRQ�b>^&np±�^`N)Q���n|b>^hf`nk�L{Ln|g�b>^

∆Pijk

¥
²�g�b)yp����[k¨>^`NdQ�y|~dy|{\^`g�n|b*{df`n\��Qa~\cdfhQU��n|b)]`g�]_^h](g�b*PRg�b)g�PRg���g�bd��^hNdQºyk~dyp{d^`g�n|b*��nk]_^ ±¶cdb)��^`g�n|b

JAD

Q�°/y|��c)yp^`Q�~1c)]`g�bd��· G��|¹
y|b)~«· G�Jp¹�¨dª&g�^`N�^`N)Q���n|b}]q^hfhy|g�b>^�^`N)yp^&^`NdQ���cdf`fhQ�b>^z]`N)yp{LQ�f`QaPRy|g�b}]�cdb)yp��^`Qaf`Q�~ ¨\g�b�y���Qayk]q^`£¤]hi>c)ypfhQ�]`Q�b)]`Q|¥
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²)f`nkPµ^`NdQ$~dQ�°|Qa��nk{dPRQ�b>^h]�~\Q�]`��f`g�©LQa~7yp©Ln/°|Q|¨@^hNdQ1y|~dy|{\^`g�n|b«yp���|nkf`g�^`N)P���ypb7bdn/ª ©LQ$~\Q�»)bdQa~§g�b«~dQ�^hy|g��G¥1²dnkf�y���cdf`fhQ�b>^
P1yp{){dg�b)��~\Q�»)bdQ�~*©K[R^`N)Q�yk~dyp{d^`g�n|b*{}ypf�ypPRQ�^hQ�f�]

(φi)i=0,...,n′
i

¨
(ψj)j=0,...,n′

j

ypb)~
(θk)k=0,...,n′

k

¨dypb}~*ypb���cdfhfhQ�b>^�]`N)yp{LQ

S
(kopt)
Ml

~\Q�»}bdQa~R©K[t^`NdQz~\Q�]_g��|bR°/ypfhgjyp©d��Qa]
∆P

(kopt)
Ml

¨|^hNdQUyk~dyp{\^hg�nkbR{df`n\��Qa~\cdfhQ�g�](~\Qa]h��fhg�©}Q�~t©K[�^`NdQ&±¶nk����n/ª&g�bd��yp���|n|fhg�^`NdP 

G|¥�¿ ]_^`g�PRyp^`Q�^hNdQ�»d^`b)Qa]h]

JAD

np±F^hNdQ���c)f`fhQ�b>^&P1yp{d{dg�bd�Rc)]`g�b)��· G��p¹ 
�\¥ &�Q��|g�b�^`NdQ�nk{\^`g�PRg���y/^`g�n|b���n>nk{ 
3 ¥�¿m°/yp��c)y/^hQ�^`NdQ �kfhyk~\g�Q�b>^1np±

JAD

ª&g¢^hN fhQa]`{LQa��^1^hn«^`NdQyk~dyp{d^`g�n|b�{)ypf�ypPRQ�^`Q�f�]
(φi)i=0,...,n′

i

¨
(ψj)j=0,...,n′

j

ypb)~
(θk)k=0,...,n′

k


�)¥&Tz{@~dy/^hQ

(φi)i=0,...,n′
i

¨
(ψj)j=0,...,n′

j

y|b)~
(θk)k=0,...,n′

k

c)]`g�bd�§^`N)Q~\Q�fhg�°/yp^`g�°|Qa]�·¶�kfhyk~\g�Q�b>^_£¤©)y|]`Qa~¡n|{\^hg�PRg��ay/^hg�nkb}¹
[Kg�Qa��~\g�bd�1y�bdQ�ª P1yp{d{)g�bd� 

�\¥UÊ(n|PR{dc\^hQ�^`NdQ�b)Q�ª ²%²%´ ��nKn|f�~\g�b}y/^`Q�](±¶n|fzyp��� bdn\~\Q�]�n|b
S

(0)
0

c)]`g�bd� · G 3 ¹�¨F· G�Ga¹�y|b)~7· Ga�k¹ 
�d¥UÊ(n|PR{dc\^hQ�^`NdQ�b)Q�ª °kQa��^`n|f�]

B
~\Q�»}bdQa~�©K[�· 3 ¹(±¶n|f�^hNdQ�^`Qab)]_nkf`gjyp�@{dfhn\~\c)��^�

JK¥�¿m°/yp��c)y/^hQz^hNdQ���Qayk]q^`£¤]hi>c)ypfhQa] yp{d{dfhn½¼\g�P1yp^`g�n|b1np±
S

(kopt)
Ml

±¶nkf ^hNdQºbdQ�ª P1yp{){dg�b)��©K[1]_nk��°Kg�bd��^`N)Q���g�b)Qaypf�]`[K]_^`QaPµ·¸�k¹�¨
[Kg�Qa��~\g�bd��^`N)Q�bdQ�ª ��nkbk^hf`nk�@{}nkg�b>^h]&~dg�]`{d�jy|��QaPRQ�b>^h]

∆P
(0)
Ml+1
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�d¥�¿mb)~�np±�^`N)Q�n|{\^hg�PRg��ay/^hg�nkb���nKn|{ 

�¤±%]_^`nk{d{dg�bd�1��fhg¢^hQ�fhg�nkb*fhQayk��NdQa~*^`NdQab ]q^hn|{ 
¿m�j]_Q��knp^`n 3 ¥
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M�NdQ&�kfhyk~\g�Q�b>^�n|±}^hNdQzy|~)yp{\^hg�nkbt��n>]q^%±¶cdb}��^`g�n|b
JAD

ª&g�^`NRf`Q�]_{LQa��^+^`nº^`N)Qzy|~dy|{\^`g�n|b�°/ypfhg�y|©d��Q�]
(φi)i=0,...,n′

i

¨
(ψj)j=0,...,n′

jy|b)~
(θk)k=0,...,n′

k

N)y|]�^hn$©LQ�Q�°/yp��c)yp^`Qa~ yp^UQayk��N ]q^hQ�{ np±%^hNdQ�PRg�b)g�PRg��ay/^hg�nkb np±
JAD

¥&²dnkf&^`N)Q�]`y�H|Q�n|±+]`g�P�{)��gj��g�^q[|¨)^`Ndgj]
�kfhyk~\g�Qab>^�gj]&��nkPR{dc\^`Q�~�c)]_g�bd�1yt»)bdg�^`Q�~\g !@Q�fhQ�b)��Q�yp{d{dfhn½¼\g�P1yp^`g�n|b¾¥

M�NdQUcd{L~)y/^`QUnp±@^`NdQ�y|~dy|{\^`g�n|bR{)y|fhy|P�Q�^`Qaf
(φi)i=0,...,n′

i

¨
(ψj)j=0,...,n′

j

ypb)~
(θk)k=0,...,n′

k

^`n�PRg�bdg�P�g���Q
JAD

g�] ©)y|]`Qa~
nkb*y�]_^`QaQ�{LQa]_^�~\Q�]`��Q�b>^(PRQ�^hNdn\~1g�b)����c)~\g�bd�ty���g�bdQº]_Q�ypf���NR^`nt~dQ�^`Qaf`PRg�bdQ�y�]_cdg�^hy|©d��Q�]_^`Q�{*��Qabd�p^hN¾¥ � g�bdQay|f(��n|b)]_^`f�ypg�b>^h]my|f`Q
^�y�H|Qab�g�b>^`n$yk����nkcdb>^�c}]_g�bd�R{dfhnpoqQa��^`g�n|b)]�g�b>^`n�^`N)Q�±¶Qay|]`g�©d��Q�]`cd©)]`{)y|��Q|¥

M�NdQ���g�b)Qaypfz]`[\]q^hQ�P ·¸�|¹�gj]z]`n|��°|Qa~*c)]`g�bd��^hNdQ � T�~\Q���nkP�{Lnk]`g�^`g�n|b¾¥
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n g�����c)]q^hfhyp^`QR^hNdQ*y|~)yp{\^hg�nkb§{dfhn\��Q�~\cdfhQR~dQa]h��fhg�©LQa~«yp©Ln/°|Qk¨Fy�^qª�np£³~\g�PRQab)]_g�n|b}yp�%Q�¼dypPR{d��Q$]`Ndn/ª&b«g�b7»)�kcdf`Q ·G�|¹�gj]���nkb\£
]`g�~dQ�fhQa~ ¥¬YKcd{d{Lnk]`Q$^hN)y/^t^`NdQ�SU¦UÊ�¦0�|�UG���y|g�f`±¶n|g�� gj]�nk{\^`g�PRg��aQa~�©>[¬y§]_N)y|{}Q�n|{\^hg�PRg��ayp^`g�n|b¬{dfhn\��Qa~dcdf`Q�c)]`g�bd�§y�²%²%´
{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b ·

ni = 6
ypb}~

nj = 1
¹�¥%M�N)g�] {)ypf�ypPRQ�^hQ�fhg���y/^hg�nkbtfhQ���g�Q�]mnkbR^`NdQ�·¶g�bdg¢^hg�y|�Ly|b)~Rb)y|¯B°kQ�¹%gj~\Q�b>^hg¢^q[�P1yp{d{dg�bd�}¥

´�cdfhg�bd��^hNdQ�n|{\^hg�PRg��ay/^hg�nkb¾¨\ª�Q�g��|N>^`g�bd�R��nKQ��$��g�Q�b>^�] ±¶nkf&yt°kQ�f`^`gj��y|�L~\Q�±¶n|fhP1y/^`g�n|b�ypfhQ�PRn/°kQa~1±¶fhn|P��aQ�fhn�^hn�^`NdQag�f�n|{d^`g�PRy|�
°/yp��cdQ�]�¥%²dnkf+^`NdQz²%²%´ ~dQ�±¶n|fhP1y/^hg�nkbt^hQa��Ndb)g�i>cdQ�]�¨pª�Q�g��|N>^hg�bd����nKQ��$��g�Q�b>^h]+�aypbR©LQU��nkb)]_gj~\Qaf`Q�~tyk]+��n|b>^hf`nk�\{}nkg�b>^h] ~\g�]`{d�jy|��Q�£
PRQ�b>^�]Uypb}~�bdnp^���n|b>^`fhn|� {Ln|g�b>^h]���nKn|f�~\g�b)y/^hQa]a¨)]_g�b)��Q�^`NdQt]_N)y|{}Qt~\Q�±¶nkf`P1y/^hg�nkb�g�]&fhQ�{)f`Q�]_Qabk^hQa~�ypb}~�bdnp^z^hNdQ�]`N)yp{LQ�g�^h]`Q���±q¥
M�NdQaf`Q�±¶n|fhQ|¨k^`NdQ���n|b>^`fhn|�}{}nkg�b>^h]���n\��y/^hg�nkb$gj](b)np^&]q^hf`gj��^h��[1~\Q�^`Q�fhPRg�b)Qa~ ¥��Un/ª(Qa°|Q�f�¨|g�^&g�]���nkbK°|Q�b)g�Qabk^(^`n���n\�ay/^`QU^`NdQ���n|b>^`fhn|�
{Ln|g�b>^h]z]`n|PRQ�ª&N)Q�fhQ|¨\g�b�nkfh~dQ�f�^`n1{dfhn/°Kg�~dQ�y�°Kg���c)y|��g��ayp^`g�n|b�np±�^`NdQag�fz~\gj]`{d��yk��QaP�Qab>^h]a¥mM�NdQ�fhQ�±¶nkf`Qk¨\n|b�»)�|c)f`Q1·B�|¹�¨d^hNdQ���nkb\£
^hf`nk�}{Ln|g�b>^h]�ypfhQz��n\�ay/^`Q�~1y/^(^`NdQº{dNK[\]_gj��y|�){Ln|g�bk^�]mª&NdQaf`QU^`NdQ�g�bdÀ)cdQ�b}��Qºnp±Fy�~\gj]`{d��yk��QaP�Qab>^(gj] P1y/¼\g�P�cdP�¨Kyp��^`Ndnkcd�|NR^hNdQa]`Q
��n\��y/^hg�nkb)]�ypfhQR]_nkP�Qaª&N)y/^�ypfh©dg�^`f�ypfh[�g�b7^`N)g�]�°Kg���c)y|��g��ayp^`g�n|b¾¥ �³b�»}�|cdfhQ ·B�d·Byk¹q¹�¨¾^hNdQ1g�b)g¢^hg�y|�m²�²%´��jy/^`^`gj��QRgj]�f`Qa{df`Q�]_Qab>^`Qa~
©K[�y�©d�jy|��H*��g�bdQ|¨}ª&NdQ�fhQayk](^`NdQ�nk{\^`g�PRg��aQa~ ²%²%´���yp^_^hg���Q�©>[�y�f`Q�~���g�bdQ|¥ M�N)Qa]`Qº�jy/^`^`gj��Q�]z��nkf`fhQa]`{}nkb)~$fhQa]`{LQa��^hg�°kQ���[1^`nR^hNdQ
g�bdg�^`gjyp�FS�¦UÊ�¦��|�.G½��y|g�f`±¶n|g��¾]`N)yp{LQ1·¶©d�jy|��H*~)y|]`NdQa~���cdfh°|Q½¹�ypb)~*^`NdQ�nk{\^`g�PRg��aQa~�ypg�f`±¶n|g��¾]_N)y|{}Q1·¸f`Q�~���cdf`°kQ�¹�¥

M�NdQab¾¨½^`N)Q�yk~dyp{d^`g�n|b�{dfhn\��Q�~\cdfhQmg�]�c)]`Qa~�^`n�»)b)~tyUbdQaª¬P1yp{d{dg�bd�}¨/ª&Ndg���NtPRg�bdg�PRg��aQa]
^`N)Q���nk]_^F±¶cdb}��^`g�n|b
JAD

¨p]`cd©\oqQ���^
^hn*^hNdQ���n|b)]_^`f�ypg�b>^z^`N}y/^º^`NdQtf`Q�]_cd��^`g�bd��]_N)y|{}Qt»d^�]z^hNdQtnk{\^`g�PRg��aQa~§]_N)y|{}Qtg�b7y$��Qayk]q^`£¤]hi>c)ypfhQ�]_Qab)]`Q|¥�M�NdQtN)g�]_^`nkf`[�np±m^hNdQ
PRg�bdg�PRg��ayp^`g�n|b1np±

JAD

��y|bR©}QU]`Q�QabRg�bR»)�kcdfhQ 3 ¥+¦U]m�aypbR©}Q�]_QaQ�b¾¨>y|~dy|{\^`g�n|bR[Kg�Qa��~)]my�]q^hf`nkbd��f`Qa�|cd�jypfhg��ay/^hg�nkb�n|±L^hNdQz²%²%´
�jy/^`^`gj��Q|¥mM�N)QºfhQa]`cd��^`g�bd�t²%²%´��jy/^`^`gj��Q�ypb)~�]_N}yp{LQºy|f`Q�]_N)n/ª&b*g�b*»)�kcdfhQt·B�)·¶©}¹h¹º·¶©d��cdQ���g�bdQ�y|b)~*��cdf`°kQ�¹�¥%¦�]�Q�¼\{LQa��^hQa~ ¨K^hNdQ
��n|b>^`fhn|�+{Ln|g�b>^h]��jy/^`^`gj��Q$c)]`g�bd��^`Ndgj]�bdQaª P1y|{d{dg�bd� g�]�]_PRnKnp^hNdQ�f�^hN)ypb7^hN)y/^�c)]`g�bd��^`NdQ*g�~\Qab>^`g�^q[�P1yp{d{)g�bd�}¥�M�NdQ$y|g�f`±¶n|g��
]`N)yp{LQ�gj]U]`��g��kNk^h��[�PRn\~\g¢»}Qa~ ¨LP1ypg�bd��[�g�b ^`NdQt°Kg���g�bdg�^q[�np±%^`NdQ�^`f�ypg���g�bd�$Q�~\�|Qk¥�(�bdQ��aypb n|©}]_Qaf`°kQ�^`N)yp^z^`NdQ���nkbk^hf`nk�¾{Ln|g�bk^�]
N)y½°kQ�PRn/°|Q�~�Ndn|fhg��an|b>^hy|����[*]`g�b}��Q�^hNdQ���n\��yp^`g�n|b np±+^hNdQ�PRn>]q^Ug�b\À)c)Q�b)��Qa~ {Ln|g�b>^h]�N)y|]U©}QaQ�bPRn\~\g�»)Qa~ ª&g�^`N^`NdQ�P1yp{d{dg�bd�
��N)y|bd�|Qk¥��zn/ª�Q�°|Qafa¨>^hNdQ�f`Qa�|cd�jypfhg�^q[�n|±
^hNdQ�~\gj]_{)��yk��Q�PRQabk^�]�np±�^`NdQ���n|b>^`fhn|�@{Ln|g�bk^�]&gj]�g�b)��f`Q�y|]`Qa~ ¥

²�g��|cdfhQ�·¶�K¹ ]`Ndn/ªz]m^`NdQU±¶cdb)��^hg�nkb
φ(ξ)

¨\ª&Ndg���N�~\Q�»)b)Qa] ^`NdQ�PRy|{d{dg�bd�)¥+M�NdQU±¶cdb)��^`g�n|b)]
ψ(η)

ypb}~
θ(ζ)

fhQ�P1ypg�b*~\Q�»)bdQ�~
yk]zgj~\Q�b>^`g�^q[ ]_g�b)��Q

nj = nk = 1
¥�¦U]º��ypb ©LQ�nk©)]`Q�fh°|Qa~¾¨}y|~)yp{\^hg�nkb {df`n\~\c}��Qa]�y1P1yp{d{)g�bd�*±¶n|f�ª&Ndg���N

s ≥ ξ
¥�²�g��kcdfhQ*·G�|¹

]`Ndn/ªz]zN)n/ª ^`NdQtPRy|{d{dg�bd�*��nKn�H\]z��g H|Q|¨@©K[�f`Qa{dfhQa]`Q�b>^`g�bd�$]`n|PRQ�{)y|f_^hg���cd�jypfUgj]`n/°½y|��c)Q���nkbk^hn|cdf�]&n|±
s
ypb)~

t
g�b ^`N)Q��ay|]`Q�np±

^hNdQ�g�b)g¢^hg�y|� g�~\Qab>^`g�^q[1PRy|{d{dg�bd� ·¶��Q�±Á^�¹�ypb)~*^`NdQ�yk~dyp{\^hQa~*PRy|{d{dg�bd� ·¶fhg��kN>^�¹�¥+²)n|f&]_P1y|���
ξ
°½y|��c)Qa]a¨

s
gj]`n/°½y|��c)Qº��n|b>^`nkcdfh]�ypfhQ

��n|b>^`f�y|��^`Qa~¾¨\ª&NdQ�fhQayk] ±¶nkf&��y|f`�kQ
ξ
°/yp��cdQa]a¨K^`N)Q�[*Q�¼\{)ypb)~¾¥

²�g��|cdfhQ�·¸�k¹�]`Ndn/ªz]�^`N)Q�~\Q�±¶n|fhPRyp^`g�n|b«©)yk]_gj]�±¶cdb}��^`g�n|b}]�c)]`Qa~«±¶nkf�^`N)Q�²%²%´ g�b¬^`Qaf`P1]�np±�^`NdQ
ξ
��nKn|f�~\g�b)y/^hQ|¨
±¶n|f�^hNdQ

g�bdg�^`gjyp��·B~dy|]`NdQ�~§��cdf`°kQa]�¹ºypb)~«y|~)yp{\^hQa~�·¶{d�jypg�b¬��cdfh°|Q�]h¹�P1yp{){dg�b)�)¥*M�NdQ &�Qaf`b)]_^`Qag�b«{Ln|��[Kbdn|PRgjyp�j]�ypfhQ�PRn\~\g�»)Qa~7©K[^hNdQ
yk~dyp{\^hg�nkb�{)f`n\��Q�]`]a¥%¿ ]`{}Q���gjyp����[k¨\^`NdQag�f&P1yp¼Kg�P1yRypfhQ�PRn/°|Qº^hn/ª�y|fh~d]�]`P1yp����Qaf

ξ
°/yp��cdQa]a¥

M�NdQ�{dfhn|{Lnk]`Qa~y|{d{dfhnkyk��N]_Ndnkcd�j~ bdn/ª ©LQ�±¸yk��Q�~ ^`n�y1±¶c)���m]`N)yp{LQ�nk{\^`g�PRg���y/^hg�nkb�Q�¼\Qafh��g�]`Q�^hn�i>c)y|bk^hg¢±¶[�^hNdQR©}QabdQ�»d^�]
nk©\^hy|g�bdQ�~ ¥
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 xzQ�{dfhQa]`Q�b>^hyp^`g�n|b�np±%^`N)Q�P1yp{d{dg�bd�R±¶nkfU]_nkPRQ�g�]`n/°/yp��cdQa]
(s = φ(ξ); t = η))

¨}±¶n|fz^`NdQ�gj~\Qabk^hg¢^q[�P1yp{d{)g�bd�·¸��Q�±Á^�¹
y|b)~�^`NdQ�yk~dyp{\^hQa~�P1yp{d{dg�bd� ·¶fhg��|N>^�¹�¥
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i)

²�g��|cdfhQº� 
�´�Q�±¶n|fhP1y/^hg�nkb*©)yk]_gj](±¶cdb)��^hg�nkb)]�g�b*^hQ�fhPR]�n|±F^`N)Q
ξ
��nKn|f�~\g�b)y/^hQU±¶nkf�g�bdg�^`gjyp�m·B~dy|]`NdQa~*��g�bdQ½¹(y|b)~�y|~dy|{\^`Q�~�·¶{)��y|g�b

��g�b)Q�¹�P1yp{d{)g�bd�}¥
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¦Ub ypQaf`n\~\[Kb)y|P�gj�]`N)yp{LQnk{\^`g�PRg���y/^`g�n|b {)f`nk©d��QaP ��n|b)]`gj]q^�]$g�b�PRg�bdg�PRg��ag�b)��y¡��nk]_^$±¶cdb)��^`g�n|b

JOPT

¨zª&Ndgj��N ~\Q�{LQ�b}~d]
nkb¡~\Qa]`g��kb«°½y|f`gjyp©)��Q�]

xc

ypb)~¬]_^hyp^`Q1°/ypfhg�y|©d��Qa]
W
¥�´UQ�]_g��|b¬°/y|f`gjyp©d��Qa]���n|b)]_^`g�^`cd^`Q*y ��N)y|fhyk��^hQ�fhg���y/^`g�n|b§np±�^`N)Q*]_N}yp{LQR^`n

nk{\^`g�PRg��aQ|¥��³b�^`NdQ�²%²%´�±¶f�ypPRQ�ª�n|fIH@¨>~dQa]`g��kb�°/ypfhgjyp©d��Qa]�ypfhQ�]_nkP�Q�n|±F^`N)Q
3× (ni + 1)× (nj + 1)× (nk + 1)

ª�Q�g��|N>^`g�bd�
��n>Q �$��g�Q�b>^h]

∆Pijk

np±F^`NdQ�²%²%´ ~\Q�±¶nkf`P1yp^`g�n|b�· G�¹�¥ YK^hy/^hQ�°½y|f`gjyp©)��Q�]�·¸gB¥ Q|¥%À)n/ª�»)Q��j~d]�¹(~dQ�{LQ�b)~�g�PR{d��gj��g�^`��[$n|b�^`NdQ�~\Q�]_g��|b
°/ypfhgjyp©d��Qa]º^hNdf`nkcd�|N�^`NdQ$]_^hyp^`Q1Q�ikc}y/^`g�n|b}]

E
¨�ª&Ndgj��N7y|f`Q1��n|b)]`g�~dQ�fhQa~�yk]���nkb)]q^hfhy|g�b>^�]�¥1²�g�b}yp����[k¨Fy��|QabdQ�f�yp�+ypQaf`n\~\[Kb)y|PRg��

]`N)yp{LQ�n|{d^`g�P�g��ayp^`g�n|b�{dfhn|©d��Q�P �aypb�©}Q�Q�¼\{df`Q�]`]`Qa~�y|]�

V g�bdg�PRg��aQ

JOPT (xc,W (xc)),YKcd©\oqQ���^z^hn
E(xc,W (xc)) = 0,

C(xc,W (xc)) ≤ 0,

· G&Kk¹

ª&NdQaf`Q
C
f`Qa{dfhQa]`Q�b>^h]%y|~)~\g¢^hg�nkb)yp�F·¸{dNK[\]_gj��y|�\n|fm�kQ�n|PRQ�^`fhg��ayp�Á¹F��n|b)]_^`f�ypg�b>^h]a¥
¦�^q[K{dgj��y|�dyp���|n|fhg�^`NdP�^hn�]_nk��°kQ&]_c)��N1y�{dfhn|©)��QaP

gj] 

G|¥&��NdnKnk]`Q�g�bdg�^`gjyp�F~dQa]`g��kb�°/ypfhgjyp©d��Qa]

x
(0)
c


k ← 0


�\¥�©}Qa�|g�b�g¢^hQ�f�y/^`g�n|b

k
np±F^hNdQ�n|{d^`g�P�g��ayp^`g�n|b���n>nk{ 

3 ¥�cd{@~dy/^hQ�^`NdQ�PRQa]`N�y|����n|f�~\g�bd��^hn
x

(k)
c


�)¥&]_nk��°kQU^hNdQ�]_^hy/^hQ�Qai>c)yp^`g�n|b)]

E(x
(k)
c ,W (x

(k)
c )) = 0

[Kg�Q��j~\g�bd��^`NdQ�]_^hyp^`Q�°/ypfhg�y|©d��Q�]
W (x

(k)
c )



�\¥�Qa]_^`g�P1y/^`Qº^hNdQ���n>]q^�±¶cdb)��^`g�n|b
JOPT (x

(k)
c ,W (x

(k)
c ))



�d¥�cd{@~dy/^hQ�^`NdQ�~\Q�]_g��|b�°/ypfhg�y|©d��Qa](^`n
x

(k+1)
c

yk����n|f�~\g�b)��^hnR^`NdQ�nk{\^`g�PRg���y/^`g�n|b�yp���|nkf`g�^`N)P�
JK¥�»)bdgj]_N�g�^`Qafhyp^`g�n|b

k
n|±
^hNdQ�n|{\^hg�PRg��ayp^`g�n|b���nKn|{ 

g¢±+yR]q^hn|{d{)g�bd�1��f`g�^`Qaf`g�n|b�g�]�fhQayk��NdQa~$^`NdQabY\M (�l 
Q��j]_Q

k ← k + 1
��(ºM ( ]_^`Qa{¬·B�|¹�¥

¦�©)f`g�Q�±+~\Qa]h��fhg�{\^`g�n|b�np±%^hNdQ�À)n/ª ]_nk��°kQ�f�¨K^`NdQ�PRQ�]_N�cd{@~dy/^hQ�ypb}~*^hNdQ�nk{\^`g�PRg���y/^`g�n|b y|���kn|fhg¢^hNdP®gj]&{dfhn/°>gj~\Q�~�g�b�^`NdQ�bdQ�¼K^
]`Qa��^`g�n|b)]a¥

���"� � -'�0� / � -�� 0�

Q�� B	�!5 # Ç È Ã $�; <�

M�Ndgj]m]_^`c)~d[�gj]+f`Q�]q^hf`gj��^hQa~�^`n�^hNdf`QaQ�£³~\g�P�Qab)]`g�nkb)yp�Kg�b>°Kgj]`��g�~R��n|PR{dfhQa]h]_g�©d��Q À)n/ªz]%�kn/°|Qaf`bdQ�~�©K[�^hNdQz¿mcd��Q�f Qai>c)y/^hg�nkb)]a¥
M�NdQab¾¨
^hNdQ�]q^�y/^hQ�Qai>c)y/^hg�nkb)]���y|b�©LQ�ª&f`g�^_^hQ�b�g�b�^hNdQ���nkb)]`Q�fh°½yp^`g�°|Q�±¶n|fhP 


∂W

∂t
+
∂F1(W )

∂x
+
∂F2(W )

∂y
+
∂F3(W )

∂z
= 0,

· G��k¹

ª&NdQaf`Q
W

ypfhQ�^`NdQ���n|b}]_Qaf`°/y/^hg�°kQ�À}n/ª °/ypfhg�y|©d��Qa]
(ρ, ρu, ρv, ρw,E)

¨
ª&g�^`N
ρ
^hNdQ$~\Qab)]_g�^q[|¨ −→

U = (u, v, w)
^`NdQ1°kQ���nK��g¢^q[

°kQa��^hn|f&ypb}~
E
^`NdQ�^hnp^�yp�@Q�bdQaf`�k[1{}Qaf&cdbdg�^znp±�°|n|��cdPRQ|¥ −→

F = (F1(W ), F2(W ), F3(W ))
g�]�^hNdQ�°|Q���^hn|f�np±F^hNdQ���nkbK°|Qa��^`g�°|Q

À)cd¼KQ�]�¨)ª&Ndnk]`Q���n|PR{Ln|bdQab>^h]&ypfhQº�|g�°|Q�b�©K[ 


F1(W ) =













ρu

ρu2 + p

ρuv

ρuw

u(E + p)













F2(W ) =













ρv

ρuv

ρv2 + p

ρvw

v(E + p)













F3(W ) =













ρw

ρuw

ρvw

ρw2 + p

w(E + p)













.
·B�|�k¹

M�NdQ�{)f`Q�]`]`cdfhQ
p
gj]�n|©\^�ypg�bdQa~*±¶fhn|P�^hNdQ�{}Qaf_±¶Q���^z�>y|]&]_^hy/^hQ�Qai>c)y/^hg�nkb 


p = (γ − 1)(E −
1

2
ρ‖
−→
U ‖2),

·B�.G�¹

ª&NdQaf`Q
γ = 1.4

gj]�^`N)Q�fhyp^`g�ntn|±
^hNdQ�]_{LQa��g¢»L��N)Qay/^U��nKQ��$��g�Q�b>^h]a¥
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Q�� B	� B � > �\��;B� $�È1;B�a�|� Ã �&;!@k�\��; Ç=<
lmfhn/°Kg�~dQa~�^`N}y/^�^`NdQUÀ)n/ª ~\n|P1ypg�b

Ω
gj](~\gj]h��fhQ�^`g���Q�~R©K[Ry�^`Q�^hfhy|NdQa~df`g��ayp^`g�n|b

Th

¨>yt~\g�]h��fhQ�^hg���y/^hg�nkb1np± Qai>c)yp^`g�n|b�· Ga�|¹ y/^ ^hNdQ
PRQa]`N7bdn\~\Q

si

gj]�n|©\^�ypg�bdQa~�©K[g�b>^hQ��|f�y/^hg�b)�§· G��|¹�n/°|QafU^hNdQR°|n|��cdPRQ
Ci

¨ ^hN)y/^�gj]�©dcdg��¢^�ypfhn|c)b)~ ^hNdQRbdn\~\Q
si

©K[Roqn|g�bdg�bd�
©)y|f`[\��Q�b>^`Qafh]�np±
^`NdQ�^hQ�^hfhy|NdQa~\f�yRypb)~*^`fhgjypbd�k��Q�]���n|b>^hy|g�b)g�bd�

si

ypb}~*PRgj~\{}nkg�b>^�]&np±�^`NdQ�Q�~\�|Q�]&y|~½o_yk��Qabk^�^hn
si




V oli
∂Wi

∂t
+
∑

j∈N(i)

Φ(Wi,Wj ,
−→σ ij) = 0,

·B�k�|¹

ª&NdQaf`Q
Wi

f`Qa{dfhQa]`Q�b>^h]
^`N)Q���Q����dy½°|Qafhy|�|Qa~�]q^�y/^`Q&y|b)~
V oli

^`NdQ&°kn|��cdPRQ(n|±)^`N)Qz��Q����
Ci

¥
N(i)

gj]�^`NdQz]`Q�^+np±}^`NdQ&b)Q�g��|NK©}nkf`g�bd�
bdn\~\Q�]�¥

Φ(Wi,Wj ,
−→σ ij)

g�]�ypb�y|{d{dfhn½¼\g�P1y/^hg�nkb�np±+^`N)Qtg�b>^`Q��kfhy|�¾np±+^hNdQtÀ)c\¼\Qa]t·B�p�>¹&n/°kQ�f&^hNdQt©Ln|c)b)~dypfh[
∂Cij

©}Q�^qª(QaQ�b
Ci

ypb}~
Cj

¨Kª&Ndgj��N�~\Qa{}Qab)~d]�nkb
Wi

¨
Wj

y|b)~ −→σ ij

^`NdQ�g�b>^`Q��kfhy|�@np±
ytcdbdg�^&bdn|fhP1yp�@°|Q���^`nkf(n/°kQ�f
∂Cij

¥mM�NdQ�]_QºbKcdPRQ�fhg��ayp�
À)cd¼KQ�]zypfhQºQ�°/yp��c)y/^hQa~�c)]`g�bd�1c){>ª&g�b)~\g�bd�}¨dy|����n|f�~\g�bd��^hn�^`NdQ�y|{d{dfhn½¼Kg�P1y/^hQºx&g�Q�P1y|bdb ]_nk��°kQ�f�np±%x&nKQ 


Φ(Wi,Wj ,
−→σ ij) =

−→
F (Wi) +

−→
F (Wj)

2
· −→σ ij − |AR(Wi,Wj ,

−→σ ij)|
Wj −Wi

2
.

·B� 3 ¹

AR

gj]�^`NdQ�o_yk��nk©dg�y|b�P1yp^`fhg¢¼*n|±F^hNdQ�À)c\¼\Qa]&±¶n|f�^`N)Q�x&nKQ�y½°kQ�f�yp�kQ�]_^hy/^hQ�ypb)~�°|Qaf`g�»)Qa] 


AR(Wi,Wj ,
−→σ ij)(Wj −Wi) = (

−→
F (Wj)−

−→
F (Wi)) ·

−→σ ij .
·B�p�>¹

¦0Ndg��|N�n|f�~\Q�fR]`��N)Q�PRQ*gj]�n|©\^�ypg�bdQa~�©>[¬g�b>^`Qaf`{Ln|�jy/^hg�bd�§��g�bdQ�ypfh��[«^hNdQ�{)N>[\]`g��ayp��°/ypfhg�y|©d��Q�]�±¶fhn|P
si

^`n§^`N)Q�PRgj~\{Ln|g�bk^Rnp±
[sisj ]

¨}©LQ�±¶nkf`Q�Q�i>c)y/^hg�nkb¡·B�|�k¹&gj]zQaP�{)��n/[kQa~�^`n*Q�°/yp��c)y/^hQ�^`N)Q�À)c\¼\Q�]�¥USUn\~dyp�
�|f�y|~\g�Q�b>^h]UypfhQ�n|©\^�ypg�bdQa~�±¶fhn|P y1ª�Q�g��|N>^`g�bd�
y½°kQ�f�yp�|Q�n|±+^`NdQtl G ��yp��Q�fIH>g�b �|f�y|~dg�Qabk^�]U��n|PR{dc\^hQa~ nkbQayk��N ^`Q�^`f�ypNdQ�~\f`nkb��nkbk^�ypg�bdg�bd�

si

¥ �³b�nkfh~\Qaf&^`n�y½°|nkg�~�]`{dcdfhg�nkc)]
n>]`��g�����yp^`g�n|b)]Rn|±�^hNdQ�]`n|��c\^`g�n|b�g�b ^`NdQ°Kgj��g�bdg�^q[�np±º^`N)Q�]_N)nK��H@¨�y¬]_��n|{LQ ��g�PRg�^hy/^hg�nkb�{df`n\��Qa~\cdfhQ�c)]`g�bd�«^hNdQ��my|b\£¤¦U��©}y|~dy
��g�PRg�^`QafUgj]zg�bk^hf`n\~\c}��Qa~¾¥�M�N)Q�f`Q�]_c)�¢^hg�bd��~\g�]h��fhQ�^hg���y/^hg�nkb�]h��NdQ�PRQ�Q�¼\Ndg�©)g¢^�]UyR^hNdg�f�~�n|f�~\QafUy|�a��cdf�y|��[$g�b�^hNdQ�fhQ��kg�nkb)]&ª&NdQaf`Q
^hNdQ�]_nk��cd^`g�n|b�g�]&fhQ��kcd�jypf�¥

Q�� B	� N � ; � Ã ; < � Ã 
 �/�\�&; Ç�<
¦ »)f�]_^zn|f�~\Q�f�g�P�{)��gj��g�^z©)y|��HKª�ypf�~*]h��NdQ�PRQ�gj]�Q�PR{d��n/[|Qa~*±¶n|f�^hNdQ�^`g�PRQ�g�b>^hQ��|f�y/^hg�nkb*n|±�·B�k�|¹�¨dª&Ndgj��N�[Kg�Q��j~d]�


V oli

∆t
δWi +

∑

j∈N(i)

Φ(Wn+1
i ,Wn+1

j ,−→σ ij) = 0,
·B�k�|¹

ª&g�^`N
δWi = Wn+1

i −Wn
i

¥M�N)Q�b¾¨�^`N)Q*��g�bdQ�ypfhg���y/^hg�nkb7n|±�^`NdQ�b>c)P�Qaf`gj��y|�mÀ)cd¼KQ�]�{dfhn/°Kg�~dQa]�^hNdQ1±¶n|����n/ª&g�bd��g�b>^`Qa�|f�y/^hg�nkb
]h��NdQ�PRQ 


(

V oli

∆t
+ Jn

i

)

δWi = −
∑

j∈N(i)

Φ(Wn
i ,W

n
j ,
−→σ ij).

·B�|�k¹

�UQ�fhQ|¨
Jn

i

g�]$^`NdQ1o_yk��nk©dg�y|b P1y/^`fhg�¼�np±�^hNdQ »)f�]q^�n|f�~\Q�f$bKcdPRQaf`gj��y|�&À)c\¼\Qa]a¨&ª&NdQaf`Q�y|]�^`N)Q�fhg��kNk^$N}ypb)~ ]`g�~dQnp±$·B�|�|¹Rgj]
Qa°½y|��c}y/^`Q�~�c)]_g�bd�1Ndg��|N�nkfh~\Qafzyp{d{)f`n½¼\g�PRyp^`g�n|b)]a¥+M�NdQ�fhQa]`cd�¢^hg�b)��g�b>^`Qa�|f�y/^`g�n|b�]h��NdQ�PRQ�{dfhn/°Kg�~\Q�]�yRNdg��kN�n|f�~\Q�fz]`n|��c\^`g�n|b�np±
^hNdQ�{dfhn|©d��Q�P�¥mV nkf`Q�~\Q�^�ypg���]U��ypb�©LQ�±¶n|cdb)~�g�b � ���¤¥

����� � 0/ � ��+ ��	�� 
²)n|f1Qayk��N�]_^`Qa{�n|±U^`N)Q]_N)y|{}Q�n|{d^`g�P�g��ayp^`g�n|b {dfhnK��Qa~\c)f`Qk¨+^`NdQ�À}n/ª ~\n|P1y|g�b N)y|]t^hn7©LQ PRn\~\g¢»}Qa~ ]_g�b)��Q�g�^h]R©Ln|cdb}~dypfh[
��n|fhf`Q�]_{Ln|b)~dg�bd�t^`n�^hNdQ�]_N}yp{LQ�^`nRn|{\^hg�PRg���Q�gj]&~\Q�±¶nkf`PRQ�~ ¥mM�NdQ�bF¨)y�bdQ�ª �|fhg�~�]`Ndn|cd�j~�©}Q��kQ�bdQafhyp^`Qa~*g�b yk����nkfh~)ypb)��Q�ª&g�^`N
^hNdQ�©}nkcdb)~dy|f`[�~\g�]`{d�jy|��Q�PRQ�b>^a¥

YKc){d{}n>]_Q�^hN)y/^U^`NdQ�²%²%´�^hQa��Ndb)g�i>cdQ�gj]zc)]`Qa~�^hn1{)ypf�ypPRQ�^hQ�fhg��aQº^`NdQ�]`N)y|{}Q�~\Q�±¶n|fhP1y/^`g�n|bF¥(YKg�b)��Q�²%²%´ gj]zy�^hQa��Ndbdgji>cdQ
^hN)y/^+~\Q�±¶nkf`P1]F^`NdQ�]`{)y|��Q|¨���� � )I��" �� � ��I�%�� ����#� ���� � ,. �� ��,���"��%� ,.�� ,U�I�U���	�� � 2 � ��"�� � � 2 ' ¥ �zn/ª�Q�°kQ�f�¨ankbdQ(]`Ndn|c)��~
{dfhn\��QaQa~*�aypfhQ�±¶cd����[|¨Kg�b�n|f�~\Q�f(^`n�Q�b}]_cdfhQ�^`N)yp^�y�]_PRnKnp^hN�~\Q�±¶n|fhP1y/^`g�n|b*g�]�g�PR{}n>]_Q�~ ¨>^`N)yp^&~dn>Q�] b)np^&�|QabdQ�f�y/^hQUn/°|Qaf`�jyp{){dg�b)�
Q !LQ���^h]�g�b�^`NdQ�PRQa]`N¾¥mM�NdQ�]`P�nKn|^`NdbdQ�]`]�n|±F^`N)Q�~dQ�±¶n|fhP1y/^hg�nkb*gj](Qab)]`cdf`Q�~$g�b)]`g�~\Qº^hNdQ���yp^_^`gj��Qk¨d]_g�b)��Q�~dQ�±¶n|fhP1y/^hg�nkb*gj](fhcd��Qa~
©K[ &�Q�fhb)]_^`Qag�b${Ln|��[Kbdn|PRgjyp�j]�¥+¦ ]`{}Q���gjyp�@Q�PR{dN)yk]_gj]�]_N)n|cd�j~$©LQ��|g�°|Q�b$^`n�^`NdQ�~\Q�±¶n|fhP1y/^`g�n|b�]_PRnKnp^hNdbdQa]h]�y/^�^`NdQ�©Ln|cdb}~dypfh[
n|±
^hNdQ���yp^_^hg���Q|¨d]`g�b)��Q�bdn1~\Q�±¶nkf`P1yp^`g�n|b�nK�a��cdf�]�n|c\^�]_gj~\Q�^hNdQ���yp^_^hg���Q|¥

¦ ±¶Q�y|]`g�©d��Q�yp{){df`n>y|��N���n|b}]_gj]q^�]�g�b�g�b>^`fhnK~dc)��g�bd�1y�©d��Qab)~\g�bd�R±¶cdb)��^`g�n|b
ω
¨dª&N)nk]`Qºfhn|��Q�g�]�^hn$]_PRnKnp^hN�^`NdQ�~\Q�±¶n|fhP1y/^`g�n|b

yp^&^`NdQ�©Ln|cdb}~dypfh[1np±�^`NdQ�²%²%´��jy/^`^`gj��Q|¥mM�N)Q�©d��Qab)~\Q�~�²%²%´ ~\Q�±¶n|fhP1y/^`g�n|b�gj]&~\Q�»)b)Qa~�y|]�
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ª&NdQaf`Qt]_nkP�Qt~\g�]h��fhQ�{}ypb)��g�Q�]zypfhQ�n|©}]_Qaf`°kQa~ ¥��zn/ª�Q�°kQ�f�¨K^`Ndgj]º~\g !@Q�fhQ�b}��Q�gj]z�jypfh�|Q�Qabdn|c)�|N�^`n*[>g�Q��j~y1°Kg�n|�jy/^hg�nkb�n|±%^`NdQt��g�±Á^
��n|b)]_^`f�ypg�b>^a¥
SUQ�°kQ�f`^`NdQa��Q�]`]a¨/yU±¶Q�y|]`g�©)��Q�~\Qa]`g��|b�gj]�n|©\^�ypg�bdQa~ty/±Á^hQ�f+]_nkPRQ(nk{\^`g�PRg���y/^`g�n|b�]q^hQ�{)]%y|b)~�^hNdQ�{df`n\��Qa~\cdfhQ���n|bK°kQ�fh�|Qa]
»)b}yp����[R^hn�y�±¸ypf�©LQ�^_^hQ�f&~\Q�]_g��|b¾¥ (�bdQ���y|b*bdn|^`gj��QU^`N)yp^�^hNdQ�]_Q���n|b}~*y|~)yp{\^hg�nkb*]q^hQ�{�~\nKQa](bdnp^�[Kg�Qa��~�y���n|b>^`f�ypg�b>^(°Kg�n|�jy/^`g�n|b
©dcd^�yp�>ypg�b*g�P�{)f`n/°kQa]�]_��g��|N>^`��[1^`N)Q�f`Q�]_cd��^h]a¥

²�g��|cdfhQ G�� 
 Ê(nkPR{)ypfhg�]`n|b�np±&^`N)Q�^�ypfh�|Q�^�]`N)yp{LQ
S

(kopt)
l

·¸f`Q�~)¹typb)~�g¢^�]t��Qayk]q^`£¤]hi>c)ypfhQa]�yp{d{dfhn½¼\g�P1yp^`g�n|b¬ª&g�^`N�^`NdQ�bdQ�ª
P1yp{){dg�b)�

S
(0)
l+1

·¸©d��c)Q�¹�¥

²�g��|cdfhQ�· G�Jp¹${df`Q�]_Qab>^h]*y���nkP�{}ypfhg�]`n|b�np±�^hNdQ7f`Q�]_cd��^h]*n|©\^�ypg�bdQa~�c)]_g�bd��^`NdQ7��nky|fh]`Q{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b ·¶ª&g�^`N ypb)~
ª&g�^`Ndnkc\^�yk~dyp{d^`g�n|b}¹ y|b)~ºc)]`g�bd�z^`NdQ(P�Q�~\g�cdP {}ypf�ypPRQ�^hQ�fhg���y/^`g�n|bR·¶ª&g�^`N)n|c\^%y|~dy|{\^`g�n|b}¹ g�b�^hQ�fhPR]Fnp±\bKcdP�©LQ�f
np±\Q�°/y|��c)yp^`g�n|b)]a¥
(�©K°Kg�nkc)]`��[k¨\g¢^zgj]&y|~\°/y|bk^�yp�kQ�n|c}]m^hn$��NdnKnk]`QºyR��n>ypf�]_Qaf(©)c\^�y|~)yp{\^hQa~�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb¾¥
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²�g��|cdfhQ0G�J 
��Ug�]_^`nkf`[�n|±m^`NdQR��n>]q^�±¶cdb)��^`g�n|b7ª�¥ f�¥ ^�¥º^`NdQ�bKcdP�©LQ�f�np±mQa°/yp��c)y/^hg�nkb)]�
º��n>ypf�]_Q�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�c)]`g�bd�*^hNdQ
V�Yd¦ P�Q�^`Ndn\~ ¨}ª&g¢^hN ypb)~�ª&g¢^hNdn|cd^Uy|~dy|{\^`g�n|b¾¥

A � N � B # Ã È1; � � > �\�/� � Ã � Ã ��;!@k�\��; Ç=<
M�NdQ�f`Q�]_c)�¢^�]�nk©\^hy|g�bdQ�~«c)]`g�bd��^`NdQ�PRQa~\g�cdP5{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b�·B�p�§~\Qa]`g��|b¬°/ypfhg�y|©d��Qa]�¹�ypfhQ*]`g�PRg���y|f�^`n�^`Ndn>]_Q�n|©\^�ypg�bdQa~
c)]`g�bd�^hNdQ���nky|fh]`Q1n|bdQk¥7M�N)Q*Ndgj]q^hn|fh[«np±&^`N)Q���nk]_^�±¶cdb)��^`g�n|b ·¶»)�|c)f`Q7· G�Kk¹_¹t]_Ndn/ªz]�^`N)yp^t^hNdQ�^qª(n�]`c)�a��Qa]h]`g�°kQ*y|~dy|{\^`g�n|b
{dfhn\��Q�~\cdfhQa]R[Kg�Qa��~�]`g��kbdg�»}��y|bk^$��nk]_^1±¶cdb)��^hg�nkb�~\Qa��f`Q�]`yk]_Q�]�¥ ¦�]1{dfhQ�°Kg�nkc)]`��[k¨ ^hNdQ ��Q�y|]_^_£³]`i>c)y|f`Q�]Ryp{d{dfhn½¼\g�P1yp^`g�n|b�n|±�^hNdQ

W1WYX�ZU[�\�]�\
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nk{\^`g�P1yp� ]`N)yp{LQR±¶n|c)b)~7c)]_g�bd��^`N)Q$g�b)g¢^hg�y|�m{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb°Kg�nk��yp^`Q�]º^`NdQ$��g�±Á^���n|b}]q^hfhy|g�b>^a¥ �Un/ª(Qa°|Qafa¨@^hNdQ$~\gj]`��f`Qa{)ypb)��[
©LQ�^qª�Q�QabR^`NdQ�n|{\^hg�P1yp�L]_N}yp{LQzypb)~Rg�^h](yp{d{dfhn½¼\g�P1yp^`g�n|b�g�] ��n/ª�Q�f+^hN)ypbR^hN)y/^(c)]_g�bd��^hNdQU��nkypf�]`Qa]_^%{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|bF¥
M�NdQab¾¨
nkbd��[$^qª(nRg�^`Q�f�y/^hg�nkb)]&ypfhQºf`Q�ikc)g�fhQa~*^`nRPRn/°|Q�©)yk��H$g�b>^hnt^hNdQ�±¶Qayk]_g�©d��Q�]_{)yk��Qk¥
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²�g��|cdfhQ�G�K 
 �zgj]_^`n|fh[$n|±
^hNdQ���n>]q^�±¶cdb)��^`g�n|b 
+PRQa~dg�cdP0{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b$c)]`g�bd�R^`NdQ�V§Y\¦ PRQ�^`N)nK~¾¨)ª&g�^`N ypb)~�ª&g�^`Ndnkc\^
yk~dyp{\^hg�nkb¾¥

²�g��|cdfhQ�· G��k¹�{df`Q�]_Qab>^h]�y��nkP�{}ypfhg�]`n|b¬n|±&^`NdQ�f`Q�]_c)�¢^�]�n|©d^hypg�bdQ�~¬c)]`g�bd��^`NdQ�PRQa~\g�cdP5{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b ·¶ª&g�^`N ypb)~
ª&g�^`Ndnkc\^�y|~dy|{\^`g�n|b}¹�ypb}~ c)]`g�bd�*^`NdQt»)bdQ�{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b¡·¶ª&g�^`N)n|c\^�y|~dy|{\^`g�n|bL¹&g�b^`Qaf`P1]ºnp±mbKcdPt©}Qaf�n|± Q�°/y|��c)yp^`g�n|b)]a¥
Ê(nkbk^hfhy|f`[*^`n*^`NdQ�{dfhQ�°Kg�nkc)]U�ay|]`Q|¨}^`NdQRy|~d°½y|b>^hyp�kQ�np± ��NdnKn>]_g�bd�1^hNdQ�PRQa~dg�cdPµ©)c\^�yk~dyp{d^`Qa~{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb�gj]�bdnp^�]_n
����Q�ypf�¥ �³b}~\Q�Q�~ ¨)y�©}Q�^_^hQ�f&»d^hbdQa]h]&gj]�f`Q�y|��NdQ�~$c)]`g�bd��^`NdQ�»)b)Q�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb¾¨\yp��^`Ndnkcd�|N�^`NdQ���n|bK°|Qaf`�kQ�b)��Q�gj]&]_��n/ª�Q�f�¥

A � N � N 6 ; <�Ã > �\�/� � Ã � Ã ��;�@|�\�&; Ç�<
T�]_g�bd��^`NdQ�»)bdQ�{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b¡· 3 �$~\Q�]_g��|b§°/ypfhg�y|©d��Q�]h¹�¨L^`NdQ�©}QabdQ�»)^�n|± c)]`g�b)��yk~dyp{\^hg�nkbgj]�PRn\~\Qafhyp^`Q�·Á»)�kcdf`Q�·B�|�|¹_¹�¥
�Un/ª(Qa°|Q�f�¨}^`NdQR��n>]q^�±¶cdb)��^hg�nkb§~\Q���fhQayk]_Q�^hN)ypbUHK]�^hn�y|~)yp{\^hg�nkbg�]ºbdn|^�bdQa�|��g��kg�©)��Qk¨L{)f`n/°Kgj~\g�b)�1^`N)yp^�^hNdQ�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb
gj]�»)bdQk¥
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²�g��|cdfhQ Ga� 
 �zgj]q^hn|fh[$np±
^`NdQ���nk]_^�±¶cdb)��^hg�nkb�ª�¥ f�¥ ^�¥%^`NdQ�bKcdPt©}Qaf&np±%Q�°/yp��c)yp^`g�n|b)] 
+PRQa~\g�cdP {)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb*c)]`g�b)�t^hNdQ
V�Yd¦ P�Q�^`Ndn\~ ¨}ª&g¢^hN ypb)~�ª&g¢^hNdn|cd^Uy|~dy|{\^`g�n|b¾¥
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²�g��|cdfhQ��|� 
 �zgj]q^hn|fh[¬np±z^hNdQ ��nk]_^�±¶c)b)��^hg�nkb 
*»)bdQ�{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb¬c)]`g�bd�§^`N)Q�V�Yd¦ PRQ�^`Ndn\~ ¨(ª&g¢^hN y|b)~¡ª&g�^`Ndnkc\^
yk~dyp{\^hg�nkb¾¥
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M�NdQ�{dfhQ�°Kg�n|c)]
f`Q�]_c)�¢^�]�yk]`]`Qa]h]F^`NdQ�Q��$��g�Q�b}��[�np±)^`NdQ�{dfhn|{Lnk]`Qa~�yk~dyp{\^hg�nkb�{dfhn\��Q�~\cdfhQ|¨/]_g�b)��Q(g�^+[>g�Q��j~d]%yU]`g��|bdg�»}��y|b>^
g�b)��fhQayk]_Q
n|±L^hNdQz»)^`bdQ�]`] np±@^`NdQUn|{\^hg�P1yp�L~\Qa]`g��|b�±¶n|cdb}~ ¥��zn/ª�Q�°|Qafa¨p^`NdQUyk~\°/ypb>^hy|�|Q&n|± ��N)n>n>]_g�bd��]`c)��N$y�]q^hfhyp^`Qa�|[�gj]mb)np^(]`n�����Qay|fa¨>y|]
]`Q�Qabg�b»)�|cdfhQa]Uf`Qa{dfhQa]`Q�b>^`g�bd�R^`N)Q���nk]_^z±¶cdb)��^`g�n|b§~dQa��fhQayk]_Q�ª&g�^`N§f`Q�]_{LQa��^z^`n*^`NdQtbKcdP�©LQ�fºnp±mQa°½y|��c}y/^`g�n|b}]�·Á±¶nkf�g�b)]_^hy|b)��Q
»)�kcdfhQ*· G��|¹_¹�¥��Un/ª(Qa°|Qafa¨\^hNdgj]zP1y½[*©LQt~\c)Q�^`n1^hNdQ�±¸yk��^z^hN)y/^�yk~dyp{d^`g�n|b gj]&{}Qaf_±¶nkf`PRQ�~�ª&NdQ�b�^hNdQ�n|{d^`g�P�gj]hy/^`g�n|b {)f`nk©d��QaP
gj]zyp��PRnk]_^U��nkb>°kQ�fh�|Q�~ ¨kª&N)g���N�gj]�^`g�PRQ���nkb)]_c)P�g�bd�}¥mM�NdQ�{}n>]`]`g�©dg���g�^q[$^`nR{LQ�f`±¶n|fhP yk~dyp{\^hg�nkb�©LQ�±¶nkf`Q�^hNdQ�±¶cd���
��n|bK°|Qaf`�kQ�b)��Q
n|±
^hNdQ�n|{\^hg�PRg��ayp^`g�n|b�g�]&]_^`c)~dg�Q�~�g�b�^`NdQ�b)Q�¼K^U]_Q���^hg�nkb)]�¥

A ��Q��!5 � Ç �\�/� Ã > �d�½� � Ã � Ã ��;!@|�d��; Ç�<
M�NdQ���n>ypf�]_Q&{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|bRgj]�c)]_Q�~R^`n�]q^hc)~\[�^`n�ª&N)yp^(Q�¼K^hQ�b>^(g�^�gj]({}n>]`]`g�©)��QU^`nt�aypfhf`[�n|cd^�y|~)yp{\^hg�nkb*y/^�y�{dfhQa]h��fhg�©LQa~
±¶fhQai>cdQab)��[k¥ �³b¬^hN)y/^1��yk]_Qk¨+y|~dy|{\^`g�n|b¡gj]tc)]_Q�~¡y|]�ypb�cd{L~)y/^`Q�np±&^hNdQ*{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b«^hN)y/^�g�]t{LQ�f`±¶n|fhP�Q�~¬fhQ��|c)��y|f`��[|¥
¦&��^`c)y|����[|¨)y�]`g�Ptcd�¢^�ypbdQan|c)]&��n|bK°|Qaf`�kQ�b)��Qznp±�^`N)Q�]`N)y|{}Q�n|{d^`g�P�g��ayp^`g�n|b�{dfhnK��Qa~\c)f`Q�ypb)~�^hNdQ�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb${dfhnK��Qa~\c)f`Q
gj]zypg�PRQa~�y/^�¥

�³b�^`NdQ�{dfhQ�°Kg�n|c)]���yk]_Qk¨>^qª(nRy|~dy|{\^`g�n|b}]�y|f`Qº{LQ�f`±¶n|fhP�Q�~*yk] ^hNdQ�n|{\^hg�PRg��ayp^`g�n|b�g�]�yp��PRnk]_^���n|bK°|Qaf`�kQa~ ¥�M�NdfhQ�Q���yk]_Q�](y|f`Q
bdn/ª ]_^`c}~\g�Q�~ ¨@±¶n|fºª&Ndgj��N�y|~)yp{\^hg�nkbg�]�fhQa]`{}Q���^`g�°|Qa��[�{LQ�f`±¶n|fhPRQa~ Qa°|Q�fh[��k�$g�^`Qafhyp^`g�n|b)]a¨ �p�$g�^`Qafhyp^`g�n|b)]�ypb)~ Ga�1g�^`Qafhyp^`g�n|b)]a¥
M�NdQ���n|bK°kQ�fh�|Q�b}��Q�Ndgj]q^hn|fhg�Q�]%±¶n|f ^`NdQ�]_Q&^hNdfhQ�QU�ay|]`Qa]my|f`Qz~\Qa{dgj��^`Q�~Rg�b$»)�|cdfhQa]U·B�-G�¹%^`n�·B�|�|¹�¥+¦U](��ypb1©LQU]`Q�Qab¾¨kfhQa]`cd��^h] c)]_g�bd�
yk~dyp{\^hg�nkb1Q�°kQ�fh[��k��g�^`Qafhyp^`g�n|b)] ypfhQ&°|Q�fh[t����n>]_Qz^`n�^hNdnk]`Qzc)]`g�b)��y|~dy|{\^`g�n|b$yp^(��nkb>°kQ�fh�|Qab)��Q�·Á»}�|cdfhQ�·B�.G�¹_¹�¥+SzQ�°kQ�f`^`NdQa��Q�]`]a¨|g�^
{dfhn/°|Q�]@^`N}y/^�yk~dyp{d^`g�n|b���y|b�©}Q���y|f`fhg�Q�~ºn|c\^F©LQ�±¶nkf`Q ^`NdQ ±¶cd���>��n|bK°|Qaf`�kQ�b)��Q�gj]¾fhQayk��NdQa~¾¥ � NdQ�bty|~dy|{\^`g�n|b�gj]¾{LQ�f`±¶n|fhPRQa~�Q�°kQ�fh[
�|��g¢^hQ�f�y/^`g�n|b}]1·Á»)�kcdf`Q ·G�|�|¹`¹ºn|f�Qa°|Qaf`[?G���g¢^hQ�f�y/^`g�n|b}]1·Á»)�kcdf`Q·G� 3 ¹`¹�¨�f`Q�]_c)�¢^�]�~\g !LQaf�]_g��|b)g¢»}�aypb>^`��[|¥$¦&~)yp{\^hg�nkb7{LQ�fhPRg¢^�]�y
±¸yk]q^hQ�fm~\Q���fhQay|]`Q�np±L^`NdQ&��n>]q^%±¶cdb}��^`g�n|b�^hn�yº]`N)y|{}Q�np±L©}Q�^_^hQ�f+»d^hbdQa]h]a¥ (�bdQz�aypbR��nkb/oqQa��^`cdfhQ�^`N)yp^+y|bRQaypfh��[�ypb)~t{dfhn|�|fhQa]h]`g�°kQ
yk~dyp{\^hg�nkb�{)f`Qa°|Q�b>^�]�±¶f`nkP ��nkb>°kQ�fh�|g�bd��^hn1yt��n\��y|� n|{\^hg�PtcdP�¥

²�g��|cdfhQ�·B�|�k¹${df`Q�]_Qab>^h]*y���nkP�{}ypfhg�]`n|b�np±�^hNdQ7f`Q�]_cd��^h]*n|©\^�ypg�bdQa~�c)]_g�bd��^`NdQ7��nky|fh]`Q{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b ·¶ª&g�^`N ypb)~
ª&g�^`Ndnkc\^U{dfhn|�kf`Q�]`]`g�°|Q�yk~dyp{d^`g�n|b}¹�ypb}~�c}]_g�bd�R^`N)Q�P�Q�~\g�cdP {}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b§·¶ª&g�^`Ndnkc\^�y|~)yp{\^hg�nkb}¹�g�b�^hQ�fhPR]znp±
bKcdPt©}Qaf
n|±�Qa°½y|��c}y/^`g�n|b}]�¥+M�NdQ�©LQ�bdQ�»d^Unp±�c)]`g�bd�1]`c)��N ypb�y|~dy|{\^`g�n|b�]_^`f�y/^`Qa�|[1gj]�n|©K°Kg�nkc)]a¥
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²�g��|cdfhQR�.G 
 �zgj]q^hn|fh[ np±m^hNdQ1��n>]q^º±¶cdb)��^`g�n|b�
���n>ypf�]_Qt{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb c)]`g�bd��^`N)QRV§Y\¦ÉP�Q�^`Ndn\~ ¨Fª&g¢^hN7y|b)~ª&g�^`Ndnkc\^
{dfhn|�kf`Q�]`]`g�°|Q�yk~dyp{d^`g�n|b«·¶Q�°kQ�fh[1�k��g�^`Q�f�y/^hg�nkb)]�¹�¥

A ��Q�� B # Ã È1; � � > �\�/� � Ã � Ã ��;!@k�\��; Ç=<
M�NdQ�]hypPRQ�]_^`f�y/^hQ��|[Rgj](^`Qa]_^`Q�~1±¶nkf ^hNdQ�PRQ�~\g�c)P®{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb¾¨|c}]_g�bd�tyk~dyp{d^`g�n|b$Qa°|Q�fh[�^`Qab*g�^`Q�f�y/^hg�nkb)]º·Á»)�kcdf`Q�·B�k�p¹_¹�¥
M�NdQ�]hy/^hg�]_±¸y|��^`nkf`[1fhQa]`cd��^h]�n|©d^hypg�bdQ�~�ª&g�^`N�^hNdQ���n>ypf�]_Qº{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb*ypfhQ���nkb\»)fhP�Q�~*ª&g�^`N�^hNdQ�PRQa~\g�cdP0n|bdQk¥%Vn|fhQ�£
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²�g��|cdfhQR�k� 
 �zgj]q^hn|fh[ np±m^hNdQ1��n>]q^º±¶cdb)��^`g�n|b�
���n>ypf�]_Qt{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb c)]`g�bd��^`N)QRV§Y\¦ÉP�Q�^`Ndn\~ ¨Fª&g¢^hN7y|b)~ª&g�^`Ndnkc\^
{dfhn|�kf`Q�]`]`g�°|Q�yk~dyp{d^`g�n|b«·¶Q�°kQ�fh[*�p��g�^`Q�f�y/^hg�nkb)]�¹�¥
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²�g��|cdfhQR� 3 
 �zgj]q^hn|fh[ np±m^hNdQ1��n>]q^º±¶cdb)��^`g�n|b�
���n>ypf�]_Qt{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb c)]`g�bd��^`N)QRV§Y\¦ÉP�Q�^`Ndn\~ ¨Fª&g¢^hN7y|b)~ª&g�^`Ndnkc\^
{dfhn|�kf`Q�]`]`g�°|Q�yk~dyp{d^`g�n|b«·¶Q�°kQ�fh[ Ga��g�^`Q�f�y/^hg�nkb)]�¹�¥

n/°kQ�f�¨¾ª&NdQ�b7^hNdQa]`Q1f`Q�]_c)�¢^�]�ypfhQR��n|PR{)y|f`Q�~ ^`n�^hNdnk]`Q1c)]`g�b)��y�»}bdQ1{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkbª&g�^`Ndnkc\^ty|~)yp{\^hg�nkb ·¶»)�|cdfhQ ·B�|�|¹_¹�¨
nkbdQ$��nkb)����c)~\Q�]º^`N)yp^�^`NdQ$yk~dyp{d^`Qa~7PRQa~dg�cdPX{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb�{LQ�fhPRg¢^�]�^`n fhQayk��N§y ]`N)yp{LQ1np±�»d^hbdQa]h]�]`g�PRg���y|f�^`n�^`N}y/^
nk©\^hy|g�bdQ�~�ª&g¢^hN�^hNdQ�»)bdQ�{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b¾¨>±¶nkf&N)yp��±�n|±F^hNdQ���nkP�{)c\^hyp^`g�n|b)y|�¾��nk]_^a¥
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²�g��|cdfhQ��p� 
��Ug�]_^`nkf`[�n|±m^`NdQR��n>]q^�±¶cdb)��^`g�n|b7ª�¥ f�¥ ^�¥º^`NdQ�bKcdP�©LQ�f�np±mQa°/yp��c)y/^hg�nkb)]�
º��n>ypf�]_Q�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�c)]`g�bd�*^hNdQ
V�Yd¦ P�Q�^`Ndn\~ ¨}ª&g¢^hN ypb)~�ª&g¢^hNdn|cd^z{df`nk�|fhQa]h]_g�°|Qºy|~dy|{\^`g�n|b7·¶Qa°|Q�fh[ G��tg�^`Qafhyp^`g�n|b)]�¹�¥
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²�g��|cdfhQ��|� 
 �zgj]_^`n|fh[$n|±
^hNdQ���n>]q^�±¶cdb)��^`g�n|b 
+PRQa~dg�cdP0{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b$c)]`g�bd�R^`NdQ�V§Y\¦ PRQ�^`N)nK~¾¨)ª&g�^`N ypb)~�ª&g�^`Ndnkc\^
{dfhn|�kf`Q�]`]`g�°|Q�yk~dyp{d^`g�n|b«·¶Q�°kQ�fh[ Ga��g�^`Q�f�y/^hg�nkb)]�¹�¥

A ��Q�� N 6 ; <�Ã > �\�/� � Ã � Ã ��;�@|�\�&; Ç�<
²�g�b)yp����[k¨/^`N)g�]%y|~)yp{\^hg�nkb�]q^hfhyp^`Qa�|[ºg�]
^`Q�]q^hQa~�±¶n|f�^`NdQ(»)bdQ�{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b¾¥¾²)n|f+ypb�yk~dyp{d^`g�n|b�cd{@~dyp^`Q�Q�°kQ�fh[2G��zg�^`Q�f�y/^hg�nkb)]
·¶»)�|cdfhQ�·G� J/¹`¹�¨@{Ln>nkfUfhQa]`cd��^h]Uy|f`Q�±¶n|cdb)~¾¥ (�bdQ��aypb�]`cd{d{Lnk]`Q�^hN)y/^�y|~dy|{\^`g�n|b gj]U{LQ�f`±¶n|fhPRQa~�^hn*Qay|f`��[�g�bnkfh~dQ�f&^hNdQt]`N)yp{LQ

���1W �"!



���������
	��������������������	�������	! �"$#� ��%����� &��'�"(���$	!)+*-,.���.0/1���
	��2	��&����	! �" �p�

0 1000 2000 3000 4000
evaluations

0.45

0.5

0.55

0.6

0.65

co
st

 f
un

ct
io

n

medium
fine
medium + adaption ( 10 it )

²�g��|cdfhQ��p� 
 �zgj]q^hn|fh[$np±
^`NdQ���nk]_^�±¶cdb)��^hg�nkb�ª�¥ f�¥ ^�¥%^`NdQ�bKcdPt©}Qaf&np±%Q�°/yp��c)yp^`g�n|b)] 
+PRQa~\g�cdP {)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb*c)]`g�b)�t^hNdQ
V�Yd¦ P�Q�^`Ndn\~ ¨}ª&g¢^hN ypb)~�ª&g¢^hNdn|cd^z{df`nk�|fhQa]h]_g�°|Qºy|~dy|{\^`g�n|b7·¶Qa°|Q�fh[ G��tg�^`Qafhyp^`g�n|b)]�¹�¥

^hn�{dfhn/°Kg�~dQ�]_c)g¢^�yp©d��Qtg�b\±¶nkf`P1y/^hg�nkb ±¶n|fº{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b�cd{@~dy/^hQ|¥5�zn/ª�Q�°kQ�f�¨}ª&NdQab§yk~dyp{\^hg�nkbgj]��aypfhf`g�Qa~�nkc\^ºQa°|Qaf`[ �p�
g�^`Qafhyp^`g�n|b)]�·¶»)�|cdfhQ1·B��K|¹_¹�¨}]hy/^`gj]_±¸y|��^hn|fh[Rf`Q�]_cd��^h]&y|f`Q�nk©\^hy|g�bdQ�~ ¥

M�NdQ�©LQa]_^&»d^`b)Qa]h]&n|©\^�ypg�bdQa~*±¶n|fzy|���¾^`NdQ���n|PR{dc\^�y/^`g�n|b}]�y|f`Q�]`cdPRP1ypfhg��aQa~�g�b�^hy|©d��QR· G�¹�¥
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²�g��|cdfhQ�� J 
 �zgj]q^hn|fh[¬np±z^hNdQ ��nk]_^�±¶c)b)��^hg�nkb 
*»)bdQ�{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb¬c)]`g�bd�§^`N)Q�V�Yd¦ PRQ�^`Ndn\~ ¨(ª&g¢^hN y|b)~¡ª&g�^`Ndnkc\^
{dfhn|�kf`Q�]`]`g�°|Q�yk~dyp{d^`g�n|b«·¶Q�°kQ�fh[ Ga��g�^`Q�f�y/^hg�nkb)]�¹�¥
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²�g��|cdfhQ���K 
 �zgj]q^hn|fh[¬np±z^hNdQ ��nk]_^�±¶c)b)��^hg�nkb 
*»)bdQ�{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb¬c)]`g�bd�§^`N)Q�V�Yd¦ PRQ�^`Ndn\~ ¨(ª&g¢^hN y|b)~¡ª&g�^`Ndnkc\^
{dfhn|�kf`Q�]`]`g�°|Q�yk~dyp{d^`g�n|b«·¶Q�°kQ�fh[*�p��g�^`Q�f�y/^hg�nkb)]�¹�¥

{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb y|~dy|{\^`g�n|b�^q[K{}Q ��nk]_^�±¶cdb)��^hg�nkb
��nky|fh]`Q bdn1y|~)yp{\^hg�nkb �)¥ �|�p�
��nky|fh]`Q y/^U��n|bK°|Qaf`�kQ�b)��Q �)¥ � K 3
��nky|fh]`Q Qa°|Q�fh[1�k��g�^`Qafhyp^`g�n|b)] �)¥ � Kp�
��nky|fh]`Q Qa°|Q�fh[*�p��g�^`Qafhyp^`g�n|b)] �)¥ �>�|�
��nky|fh]`Q Qa°|Q�fh[ Ga��g�^`Qafhyp^`g�n|b)] �)¥ �K�|�
PRQa~\g�cdP bdn1y|~)yp{\^hg�nkb �)¥ �>�.G
PRQa~\g�cdP y/^U��n|bK°|Qaf`�kQ�b)��Q �)¥ �k�k�
PRQa~\g�cdP Qa°|Q�fh[ Ga��g�^`Qafhyp^`g�n|b)] �)¥ �k�k�
»)bdQ bdn1y|~)yp{\^hg�nkb �)¥ �k�k�
»)bdQ y/^U��n|bK°|Qaf`�kQ�b)��Q �)¥ �K�|�
»)bdQ Qa°|Q�fh[*�p��g�^`Qafhyp^`g�n|b)] �)¥ �>�.G
»)bdQ Qa°|Q�fh[ Ga��g�^`Qafhyp^`g�n|b)] �)¥ �K� J

M�yp©d��Q G 
�Ê(nk]_^�±¶cdb)��^hg�nkb�°½y|��c)Qa]�fhQay|��N)Qa~1±¶nkf�^`NdQ�~dg !@Q�fhQ�b>^U��nkPR{dc\^hyp^`g�n|b)]a¥
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�³b ^hNdQ{dfhQ�°Kg�n|c)]*]_Q���^`g�n|b}]�¨&g�^�ª�y|]$]`Ndn/ª&b ^`N}y/^�yk~dyp{d^`g�n|b ��y|b g�PR{dfhn/°|Q�^hNdQ�Q �1��g�Qab)��[ np±�^hNdQ§]`N)yp{LQnk{\^`g�PRg���y/^`g�n|b
{dfhn\��Q�~\cdfhQ|¥%Szn/ª�¨Kª(QU^`fh[�^`n�c)b)~\Q�f�]_^hypb}~R^`NdQ�f`Q�y|]`n|b)] np± ^hNdQa]`QUfhQa]`cd��^h](©>[1y|b)yp��[K��g�bd��PRn|fhQ�]`{}Q���g�»}��y|����[t^`NdQ���yk]_Q�c)]_g�bd�
^hNdQ�PRQa~\g�cdP {}ypf�ypPRQ�^hQ�fhg���y/^`g�n|bF¥

A � A �!5 � Ç � > �\��;¸� Ç=< Ç�9 ��T Ã �¡� >O> ; <�
 9 � < �p�&; Ç�< �
M�NdQ�N)g�]_^`nkf`[1n|±
^hNdQ�y|~dy|{\^`g�n|b���n>]q^�±¶cdb)��^`g�n|b�gj]&~\Q�{dgj��^hQa~�g�b�»}�|cdfhQ1·B�p�k¹�¨\±¶nkf�^`NdQ�^qª�n�yk~dyp{d^`g�n|b)]�^hN)y/^zypfhQ�]_c}����Q�]`]`g�°|Q���[
{LQ�f`±¶n|fhPRQa~ y/^*��n|bK°|Qaf`�kQ�b)��Q�n|±�^`NdQnk{\^`g�PRg���y/^hg�nkb {)f`n\��Q�~\cdfhQ¡·Á»)f�]_^*n|bdQ g�b ©d��cdQ|¨z]`Qa��n|b)~ nkbdQ g�b fhQa~}¹�¥ (�©K°>g�n|c}]_��[|¨
^hNdQ y|~dy|{\^`g�n|b���nk]_^�±¶cdb}��^`g�n|b °/yp��cdQ�g�]t��Qaf`n�±¶n|f�^`NdQ�g�bdg¢^hg�y|�&]_N)y|{}Qk¥¡M�NdQ�bF¨+^`Ndgj]t»)�|c)f`Q�]_N)n/ªz]�^`N}y/^1Qayk��N¡np±z^hNdQ�^qª(n
nk{\^`g�PRg���y/^`g�n|b*{df`n\��Qa]h]_Q�]%g�b)��f`Q�y|]`Qa]%^hNdQUg�fhf`Qa�|cd�jypfhg¢^q[tnp±@^`N)Q�~\Q�±¶n|fhPRyp^`g�n|bR»)Qa��~¾¨>]`g�b}��Qz^hNdQzg�bdg�^`gjyp�L°½y|��c)Qa]mn|± ^`NdQºy|~dy|{\^`g�n|b
��nk]_^U±¶cdb)��^`g�n|b�y|f`Q�f`Q�]_{LQa��^`g�°|Q���[ ��K�K*ypb)~ 3 J:Gk¥zM�NdQ�»)f�]_^ºy|~)yp{\^hg�nkb g�]�{)ypf`^`gj��c)��y|f`��[�Q �$��g�Q�b>^a¨@]_g�b)��Q�^`N)Qty|~)yp{\^hg�nkb���n>]q^
±¶cdb}��^`g�n|b�°/yp��cdQ�g�]
f`Q�~\c)��Qa~�©K[�yp��PRnk]_^
^qª�n)¥ �zn/ª�Q�°kQ�f�¨�^hNdQ(�>ypg�b�np±}f`Qa�|cd�jypfhg¢^q[�~\cdfhg�bd�z^hNdQ&]_Q���n|b}~�y|~dy|{\^`g�n|b�g�]�PRn\~\Q�f�y/^hQ|¥

M�NdQ�±¶c)b)��^hg�nkb
s = φ(ξ)

ª&Ndgj��N ~\Q�»)b)Qa]�^hNdQ�P1yp{d{)g�bd�Rgj]z~\Qa{dg���^`Q�~�g�b�»)�kcdf`Q$· 3 �|¹�¨}ª&NdQ�b y|~)yp{\^hg�nkb�gj]&{LQ�f`±¶n|fhPRQa~�y/^
��n|bK°|Qaf`�kQ�b)��Q|¥$M�NdQR±¶cdb}��^`g�n|b}]�n|©\^�ypg�bdQa~«yp±Á^`Q�f�^`NdQ1»}fh]_^�ypb)~§^hNdQ*]`Qa��nkb)~7y|~dy|{\^`g�n|b¬ypfhQ1��nkP�{}ypfhQa~ ¥*¦�]���y|b«©}Q$]`Q�Qab¾¨
^hNdQ�P1yp{){dg�b)�$��N)ypbd�kQ�~\cdfhg�b)�R^`NdQ�]`Qa��n|b)~�yk~dyp{\^hg�nkb g�]z°|Q�fh[�]`P1yp���B¥��zn/ª�Q�°kQ�f�¨\n|bdQt��ypb�bdn|^`gj��Q�^hN)y/^U^`NdQ���nk]_^z±¶cdb)��^`g�n|b
~\Q���fhQayk]_Q�f`Q�]_c)�¢^hg�bd�7±¶fhn|P ^hNdQ]_Q���nkb)~�yk~dyp{d^`g�n|b�gj]Rbdn|^Rb)Q��|��g��|g�©d��Q¬·¶»)�|cdfhQ¬· G&K|¹_¹�¥�M�N)Q�fhQ�±¶n|fhQ|¨(g¢^1g�b)~\gj��yp^`Qa]�^hN)y/^1^hNdQ
fhQa]`cd��^h]&ypfhQ�Ndg��|Nd��[*]`Q�b)]`g¢^hg�°kQº^`nR^`N)Q�PRy|{d{dg�bd�1��N)ypb)�|Qa]a¥

M�NdQ$»)fh]_^ty|b)~7^`NdQ���yk]q^tPRy|{d{dg�bd��±¶cdb)��^`g�n|b)]tª&NdQab¡y|~dy|{\^`g�n|b¬gj]�{LQ�f`±¶n|fhPRQa~«Q�°kQ�fh[ G���g¢^hQ�f�y/^`g�n|b}]�ypfhQ$~\Q�{)g���^`Qa~¡g�b
»)�kcdfhQ§· 3 Ga¹�¥ �¤^1]_N)n/ªz]�^hN)y/^t^`NdQ�»)f�]q^Ry|~dy|{\^`g�n|b¾¨+ª&N)g���N�nK�a��cdf�]�yp^t^hNdQ�^`Q�b>^hN�g�^`Q�f�y/^hg�nkb¾¨%{dfhnK~dc)��Q�]ty�PRy|{d{dg�bd��°kQ�fh[
����n>]_Q�^`n$^hNdQ�»}b)yp��n|bdQk¥ �¤^(oqc)]q^hg¢»}Qa]�^`NdQtc)]`Q�np± y|bQay|f`��[�y|~dy|{\^`g�n|by|b)~ Q�¼\{d�jypg�b)]Uª&N>[�^hNdg�]�]_^`f�y/^hQ��|[�g�]�°|Qaf`[�Q��$��g�Qabk^�¥
�³b)~dQ�Qa~¾¨
^hNdQ�fhQ1gj]�bdn bdQaQa~7^`nyk��Ndg�Q�°|Q�^hNdQ1±¶cd���(��n|bK°|Qaf`�kQ�b)��Qtn|±�^hNdQ1n|{d^`g�P�g��ayp^`g�n|b7^`n§~\Q�^hQ�fhP�g�bdQ$y ]`cdg�^hyp©)��Q*yk~dyp{d^`Qa~
{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b¾¥

M�NdQRP1yp{){dg�b)��±¶cdb)��^hg�nkb)]�nk©\^hy|g�bdQ�~±¶fhn|P�^`NdQR^qª�n ]q^hfhyp^`Q��kg�Q�]R·¸y|~)yp{\^hg�nkb7yp^���n|bK°|Qaf`�kQ�b)��Q�nkf�Q�°|Qaf`[?G���g¢^hQ�f�y/^`g�n|b}]h¹
��nKn�H*]`g�PRg���y|f&©dc\^zQ�¼KN)g�©dg�^U]`n|PRQ�~\g�]h��fhQ�{}ypb)��g�Q�]º·¶»)�|c)f`Q1· 3 �|¹`¹(^`N)yp^zQ�¼\{d�jypg�b*^hNdQ�~\g !LQaf`Qab)��Q�©LQ�^qª�Q�Q�b�^hNdQ�f`Q�]_c)�¢^�]�¥

M�NdQtQ�°kn|��c\^`g�n|b n|±+^`NdQ���nk]_^U±¶c)b)��^hg�nkbf`Qa��yp^`Q�~�^`n1^hN)y/^�np±+^hNdQtyk~dyp{d^`g�n|b��n>]q^�±¶cdb)��^`g�n|b��aypb©LQt]`Q�Qabg�b»)�|cdfhQ*· 3�3 ¹�¨
±¶nkf�yk~dyp{\^hg�nkb*y/^&��nkbK°|Q�fh�|Qab)��Qzy|b)~$yk~dyp{\^hg�nkb$Q�°kQ�fh[ G���g�^`Qafhyp^`g�n|b)]a¥ (�b*^`Ndgj](»)�|c)f`Qk¨kNdnkf`g���nkb>^hyp�}��g�bdQ�](��n|fhf`Q�]_{Ln|b)~�^hn�^hNdQ
yk~dyp{\^hg�nkb�{dfhn\��Q�~\cdfhQ�·Á^hNdQ&��n>]q^�±¶cdb)��^`g�n|b�f`QaPRy|g�b}]Fcdb}yp��^`Q�fhQa~}¹�¨/ª&NdQaf`Q�y|]�~\g�y|�|nkb)yp�>��g�bdQ�]���n|fhf`Q�]_{Ln|b}~�^`n�^`NdQ�nk{\^`g�PRg���y/^`g�n|b
{dfhn\��Q�~\cdfhQ�·¸©}n|^`NR±¶cdb}��^`g�n|b}]+°/ypfh[\¹�¥�M�N)Q&b>c)P�©LQ�f�]+©}Q�]_gj~\Q�^hNdQ&��g�bdQ�]+{dfhQa��gj]`Q(^hNdQzg�^`Qafhyp^`g�n|b�b>c)P�©LQ�f�]�±¶n|fmª&Ndgj��N1y|~dy|{\^`g�n|b
gj] �aypfhf`g�Qa~tn|c\^�¥ (�b)Qz��ypbRbdn|^`gj��Q�^hN)y/^m^hNdQz��nk]h]%np±@f`Qa�|cd�jypfhg�^q[�~\cdfhg�b)��^`NdQ�»)f�]_^ n|{\^hg�PRg��ayp^`g�n|b ·¶fhQa~R~dyk]_NdQ�~���g�bdQ�¹+g�]my|��PRn>]q^
nk©\^hy|g�bdQ�~ ~\cdfhg�b)�R^`NdQ�»}fh]_^&^`Qab g¢^hQ�f�y/^`g�n|b}]�·¶©d��cdQ�{d�jypg�b ��g�bdQ½¹�¥�V n|fhQ�n/°kQ�f�¨>^`NdQ�f�y/^hg�n1n|±
^hNdQ���nk]_^&±¶cdb)��^hg�nkb~\Qa��f`Q�y|]`Q�ypb)~
^hNdQ y|~dy|{\^`g�n|b���nk]_^t±¶c)b)��^hg�nkb�g�b)��fhQayk]_Q�g�]�P1ypg�b>^hypg�bdQ�~¡cdb>^`g��&��nkb>°kQ�fh�|Qab)��Qk¥7M�NdQ�y|~)yp{\^hg�nkb���n>]q^t±¶cdb)��^`g�n|b f`Q�~\c)��^hg�nkb)]
~\c)f`g�bd�^hNdQ�»)fh]_^�yk~dyp{d^`g�n|b�y|f`Q*]`g�P�g��jypft±¶n|f�©}n|^`N�]_^`fhQ�^hQ��|g�Qa]a¥ �zn/ª�Q�°|Qafa¨
^`N)Q���nk]h]�n|±Uf`Qa�|cd�jypfhg�^q[�gj]�^hNdQ�b���n/ª�Q�ftª&NdQ�b
yk~dyp{\^hg�nkb¬g�]t{LQ�f`±¶n|fhP�Q�~«{dfhn|�|fhQa]h]`g�°kQ���[¡·¶©d��cdQ*��g�bdQ�¹�¥ (�b¬^`N)Q*��nkbk^hfhy|f`[k¨�~dcdf`g�bd� ^hNdQ�]`Qa��n|b)~«nk{\^`g�PRg���y/^hg�nkb¬{}Qaf_±¶nkf`PRQa~
cdb>^hg��&��nkbK°|Q�fh�|Qab)��Q ·¸f`Q�~¡~dy|]`NdQ�~«��g�bdQ�¹�¨+^`N)Q*f�y/^`g�nn|±zQ�°|nk��cd^`g�n|b¬gj]�^hNdQ�]hypPRQ�yk]�^hN)y/^R~\cdfhg�bd��^`NdQ*»)f�]q^�n|{\^hg�PRg��ay/^hg�nkb¾¥
²�g�b)yp����[k¨¾^hNdQR©}Q�]q^�]_^`f�y/^hQ��|[ gj]º^`N)Q�nkbdQ�^`N)yp^�P1ypg�bk^�ypg�b)]�^`NdQ$yk~dyp{d^`g�n|b§��nk]_^�±¶cdb)��^hg�nkb7yp^�^`NdQ1��n/ª(Q�]q^�°/yp��cdQ|¥ �¤^�gj]�yp�j]_n
g�b>^`Q�fhQa]_^`g�bd�*^`n*nk©)]`Q�fh°|Q�^`N}y/^U^hNdQ�P�nkf`Qty|~dy|{\^`g�n|b]_^`Qa{)]�y|f`Q�{}Qaf_±¶nkf`PRQa~¾¨)^hNdQt��Qa]h]Uyk~dyp{d^`g�n|b��n>]q^�±¶cdb)��^`g�n|b�gj]�f`Q�~\c)��Q�~ ¥
&�c\^�y/^z^hNdQ�]hypPRQ�^`g�PRQ|¨}^`NdQt��nk]_^z±¶cdb}��^`g�n|b fhQa~dc)��^hg�nkb �|nKQa]&nkb¾¥&¦U]ºyp��f`Q�y|~\[*P�Qab>^`g�n|bdQ�~ ¨)^hNdgj]zg�b)~\gj��y/^hQa]z^`N)yp^z^`NdQ���n>]q^
±¶cdb}��^`g�n|b�g�] Ndg��|Nd��[1]_Qab)]_g�^`g�°|Qk¨k{LQ�fhN)y|{)]mPRn|fhQUy|b)~RPRn|fhQU]_Qab)]`g¢^hg�°kQ|¨k^`n�^hNdQ�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|bF¥FM�NdQ�bF¨>nkbdQU�aypb*yk] H�g¢± ^hNdQ
gj~\Qay|�
{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b���nkf`fhQa]`{Ln|b)~d]&^`n1^hNdQ�P1y/¼\g�P�cdP0np±+^hNdQt]`Q�b}]_g�^`g�°Kg¢^q[�np±+^hNdQt��nk]_^z±¶cdb)��^`g�n|bª&g�^`NfhQa]`{LQa��^U^`n$^hNdQ
P1yp{){dg�b)�)¨)yp^�^hNdQ�n|{d^`g�P�cdP0~\Qa]`g��kb*±¶nkcdb)~ ¥
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s = φ(ξ)
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 Vyp{){dg�b)�t±¶c)b)��^hg�nkb)]
s = φ(ξ)

±¶n|fzyk~dyp{\^hg�nkb�yp^U��nkb>°kQ�fh�|Qab)��Qºypb)~�y|~dy|{\^`g�n|b�Q�°kQ�fh[ Ga��g�^`Q�f�y/^hg�nkb)]a¥
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�¿m°|nk��c\^hg�nkb�n|±
^hNdQ���n>]q^�±¶cdb}��^`g�n|b y|b)~$^hNdQ�y|~)yp{\^hg�nkb���nk]_^�±¶c)b)��^hg�nkb¾¥
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A � A � B � Ç � > �\��;¸� Ç=< Ç�9 ��T Ã ��T�� > Ã �
M�NdQUn|{\^hg�P1yp�}]_N)y|{}Q�]%±¶n|c)b)~Rc)]`g�bd��^hNdQzg�bdg�^`gjyp�){}ypf�ypPRQ�^hQ�fhg���y/^`g�n|bF¨½^`NdQz{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b}]�yk~dyp{d^`Qa~Ryp^ ��n|bK°kQ�fh�|Q�b}��Q�ypb)~
yk~dyp{\^hQa~«Qa°|Q�fh[ G�� g�^`Q�f�y/^hg�nkb)]�y|f`Q$~\Qa{dgj��^`Q�~«±¶n|f�]_nkPRQ*]_Q���^hg�nkb)]�g�b¬»)�|c)f`Q· 3 �>¹�¥��¤^tgj]�]`Ndn/ª&b7^`N)yp^�^hNdQ�~\gj]h��fhQ�{)y|b)��g�Qa]
©LQ�^qª�Q�Qab�^hNdQ]`N)yp{LQa]$y|f`Q�]`PRy|���G¨�ª&Ndg���N�PRQay|b)]R^hN)y/^*yk~dyp{\^hg�nkb�gj]Rc)]`Qa~ ©K[¡^hNdQ n|{\^hg�PRg���QafR^`n¬{LQ�f`±¶n|fhP ]_nkPRQ]_P1yp���
��n|fhf`Q���^`g�n|b}]&n|b�^`N)Qt]`N)yp{LQ|¥��Un/ª(Qa°|Q�f�¨K^`N)Qa]`Qt��nkf`fhQa��^`g�n|b)]�N}y½°|Q�y$]`g��kbdg�»}��y|bk^zg�b\À)c)Q�b)��Q�n|b�^hNdQ�»d^hbdQa]h]a¨Lyk]&n|©)]`Q�fh°|Q�~�g�b
^hNdQ���n>]q^�±¶cdb)��^`g�n|b ~\Q���fhQay|]`Q1·Á^�yp©d��Q1· G�¹`¹�¥

²�g��|cdfhQ 3 � 
�Ê(n|PR{)y|f`gj]_nkb1np± ^hNdQº]`N)y|{}Q�]�·¸°|Q�f`^`gj��y|�L]h��y|��Q��|¹+±¶n|f�]_nkP�Qº]_Q���^hg�nkb)]�¨>±¶nkf ^hNdQ�g�bdg�^`gjyp�@{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b ·¶fhQa~)¹�¨
^hNdQ�{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb�yk~dyp{\^hQa~�y/^z��nkbK°|Q�fh�|Qab)��Q�·¶©d��cdQ½¹&ypb)~*^`N)Q�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb�y|~)yp{\^hQa~�{df`nk�|fhQa]h]_g�°|Qa��[�·¶�kf`QaQ�b}¹�¥

A � A � N � Ç � > �\��;¸� Ç=< Ç�9 ��T Ã���ÇKÆ �
¦�]�Q�¼\{LQa��^`Qa~¾¨
^hNdQ1À)n/ª:��N)y|fhyk��^`Qaf`gj]_^`gj��]�ypfhQ1Ndg��|Nd��[§]`Q�b}]_g�^`g�°|QR^hn ^`NdQ�]_N)y|{}Q���N)ypbd�kQa]a¥�M�NdQ�Vy|��N«bKcdP�©LQ�f�»)Q��j~d]�±¶n|f
^hNdQ�nk{\^`g�P1yp� ]`N)yp{LQa] ±¶n|cdb}~$c)]`g�b)��^`N)Q�g�bdg�^`gjyp�@{)ypf�ypPRQ�^`Q�fhg��ay/^hg�nkb¾¨p^hNdQº{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb)]my|~)yp{\^hQa~*yp^���n|bK°|Qaf`�kQ�b)��Qzypb)~
yk~dyp{\^hQa~§Q�°kQ�fh[?Ga��g¢^hQ�f�y/^`g�n|b}]ºy|f`QR��nkPR{)ypfhQa~ g�b7»)�|c)f`Q�]�· 3 �p¹U^hn«· 3 J/¹�±¶nkfº^`NdQ1fhnKnp^�]_Q���^`g�n|b7ypb)~ · 3 K|¹�^`n¬·¸�k�|¹U±¶n|f�^hNdQ
^hg�{ ]`Qa��^hg�nkb¾¥m²�g��kcdfhQa]�·¶�=Ga¹�ypb)~7·¶�K�|¹(fhQ�{dfhQa]`Q�b>^�^`NdQ�{dfhQa]h]`cdf`Q���nKQ �1��g�Qab>^h]�±¶n|f�^hNdQ�]hypPRQ���n|bd»)�|cdf�y/^hg�nkb)]a¥
¦z��^`N)n|cd�kN�^hNdQ
]`N)yp{LQ*��N)y|bd�|Q�]�ypfhQ$]`PRy|���G¨%n|bdQ$�aypb¡]`Q�Q1^hN)y/^t{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb7yk~dyp{\^hg�nkb¬[Kg�Qa��~d]t]_N}yp{LQa]���N)y|fhyk��^hQ�fhg��aQa~§©>[«y]`Ndn\��H
ª�y½°|Qºnp±%��n/ª�Q�f�g�b>^`Q�b}]_g�^q[*ypb}~*n|±%~\g !@Q�fhQ�b>^z��n\�ay/^`g�n|bF¨\f`Q�]_cd��^`g�bd��g�b y�©LQ�^_^hQ�f&»)^`bdQ�]`]a¥
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²
g��|c)f`Q 3 � 
�Ê(nkP�{}ypfhg�]`n|b�np±F^hNdQ�Vyk��N�bKcdPt©}Qaf�»)Q��j~d]zyp^&^`NdQ�fhn>n|^z]_Q���^`g�n|bF¨K±¶n|f�^`N)Q�g�bdg�^`gjyp�F{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb¾¥

²�g��|cdfhQ 3 � 
 Ê(n|PR{)y|f`gj]`n|b7np±�^`NdQ�Vy|��N¬bKcdPt©}Qaf�»)Q��j~d]ty/^�^hNdQ*fhnKnp^�]`Qa��^hg�nkb¾¨
±¶n|f�^hNdQ*{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b«y|~dy|{\^`Q�~«y/^
��n|bK°|Qaf`�kQ�b)��Q|¥

²�g��|cdfhQ 3 J 
 Ê(n|PR{)y|f`gj]`n|b�np±�^hNdQ7V�y|��N�bKcdPt©}Qaf*»)Qa��~)]�yp^*^`N)Q§fhnKnp^�]`Qa��^`g�n|b¾¨&±¶nkf*^hNdQ�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�yk~dyp{d^`Qa~
{dfhn|�kf`Q�]`]`g�°|Q���[|¥
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²�g��|cdfhQ 3 K 
¡Ê(n|PR{)ypfhgj]_nkb�n|± ^`NdQºVy|��N*b>c)P�©LQ�fm»}Q��j~d](yp^�yt]_Q���^`g�n|b$����n>]_QU^`n�^`NdQU^`g�{¾¨>±¶n|f(^`NdQ�g�bdg�^`gjyp�L{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b¾¥

²�g��|cdfhQ 3 � 
Ê(n|PR{)y|f`gj]`n|b�n|±)^`N)QzVy|��Ntb>c)P�©LQ�f%»)Qa��~d]+yp^my�]`Qa��^`g�n|bR����nk]`Q ^hn�^hNdQ�^`g�{¾¨p±¶nkf�^`NdQ&{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b�yk~dyp{d^`Qa~
yp^U��n|bK°kQ�fh�|Q�b}��Q|¥

²�g��|cdfhQ��k� 
Ê(n|PR{)y|f`gj]`n|b�n|±)^`N)QzVy|��Ntb>c)P�©LQ�f%»)Qa��~d]+yp^my�]`Qa��^`g�n|bR����nk]`Q ^hn�^hNdQ�^`g�{¾¨p±¶nkf�^`NdQ&{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b�yk~dyp{d^`Qa~
{dfhn|�kf`Q�]`]`g�°|Q���[|¥
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²�g��|cdfhQ(�=G 
Ê(n|PR{)y|f`gj]_nkb�np±}^`NdQ�{dfhQa]h]`cdf`Q���nKQ �1��g�Qab>^h]%y/^�^`NdQ&fhnKnp^+]_Q���^hg�nkb¾¨½±¶n|f�^`N)Q�g�bdg�^`gjyp�\{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b*·¸©d�jy|��H@¨/bdn
P1ypfIH|Qafh]�¹�¨k^`N)Qº{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b$yk~dyp{d^`Qa~�y/^&��nkb>°kQ�fh�|Qab)��Q�·¸f`Q�~ ¨d��g�fh����Q�P1ypfIH|Q�f�]�¹mypb}~1^`N)Qº{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b$yk~dyp{d^`Qa~
{dfhn|�kf`Q�]`]`g�°|Q���[ ·¶©d��cdQk¨ ��f`n>]`]�P1ypfIH|Qafh]�¹�¥
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²�g��|cdfhQ��K� 
�Ê(n|PR{)y|f`gj]`n|b1np±F^`NdQ�{dfhQa]h]_c)f`QU��nKQ��$��g�Q�b>^h]�yp^�yt]_Q���^`g�n|b�����nk]`Qz^hn�^hNdQU^hg�{F¨K±¶n|f�^`NdQºg�bdg¢^hg�y|�@{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb
·¸©d��yk��H@¨/bdnUP1ypfIH|Qafh]�¹�¨�^hNdQ({}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�yk~dyp{\^hQa~ty/^���n|bK°|Qaf`�kQ�b)��QU·¶fhQa~¾¨p��g�fh����Q(PRy|f�HkQ�f�]h¹¾ypb)~�^hNdQ�{)ypf�ypPRQ�^hQ�fhg���y/^hg�nkb
yk~dyp{\^hQa~�{dfhn|�kf`Q�]`]`g�°kQ���[�·¸©d��cdQ|¨ ��fhnk]h]�P1ypfIH|Q�f�]�¹�¥
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¦�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�y|~dy|{\^`g�n|b�{dfhn\��Qa~dcdf`Q�ª�y|]&~\Qa°|Qa��nk{}Q�~*g�b�^`NdQ�±¶f�ypPRQaª(nkf�H1n|±
^hNdQ�²dfhQ�Q�£¤²)n|fhP®´UQ�±¶n|fhP1y/^`g�n|b¬·B²�²%´�¹
y|{d{dfhnky|��NF¥ �¤^�gj]�©)yk]_Q�~�nkb7^`NdQ1nk{\^`g�PRg���y/^`g�n|b7np±�^`N)Q1PRy|{d{dg�bd��^`N}y/^�~\Q�»)bdQa]º^hNdQ*²%²%´®��nKnkfh~\g�b)yp^`Qa]º±¶fhn|P�^`NdQ1�jy/^`^`gj��Q
��n>nkfh~dg�b)yp^`Q�]�¨
g�b«n|f�~\Qaf�^`n fhQ��|c)��y|f`g���Qt^`NdQ�~\g�]`{d�jy|��Q�PRQ�b>^�np±�^`N)Q$��n|b>^hf`nk�+{}nkg�b>^h]a¨%y|����n|f�~\g�bd�*^hny�»)f�]q^�y|{d{dfhn½¼Kg�P1y/^hg�nkb
n|±m^`NdQRnk{\^`g�P1yp�%]_N)y|{}Qk¥�M�Ndgj]ºy|{d{dfhnkyk��N ª�yk]z^hQa]_^`Qa~§n|b^`NdQRn|{d^`g�P�g��ayp^`g�n|bn|±m^`N)Q�ª&g�bd��]_N)y|{}Q�np±�y*©dc}]_g�bdQa]h]ºypg�fh��fhyp±Á^a¥
�¤^�ª�y|]�]`Ndn/ª&b�^hN)y/^�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b§y|~dy|{\^`g�n|b7{}Qaf`PRg�^h]º^hn f`Q�y|��N§]`N)y|{}Q�]�n|±�©LQ�^`^`Qaf�»d^`b)Qa]h]�ypb)~7yp�j]_n�^hn�yk����Q���Q�f�y/^`Q
^hNdQ���n|bK°kQ�fh�|Q�b}��Q|¥
¿ ]`{}Q���gjyp����[k¨\g¢^�ª�yk](±¶n|cdb)~$^`N)yp^�^`NdQºc)]`Q�n|±�y�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b*np±F��n/ª(Qaf�~dQ��|fhQ�Q�©dc\^zy|~)yp{\^hQa~1[Kg�Q��j~d]
©LQ�^`^`Q�fUf`Q�]_cd��^h]�^hN)ypb�^hNdQ�c)]`Qºn|±%y�{)y|fhy|PRQ�^`Qaf`g��ayp^`g�n|b$n|±�N)g��kNdQ�fz~\Qa�|fhQ�Qº©dc\^zb)y|¯B°kQ|¥

M�Ndgj]%]q^hc)~\[�{)c\^h]%g�bt��g��|N>^
^hNdQ&��fhg¢^hg��ayp�Kg�b\À)cdQab)��Q�np±)^`NdQ�{)y|fhy|P�Q�^`Qaf`g��ayp^`g�n|b�n|b�^`NdQ�fhQa]`cd��^h]
±¶n|f%{df�y|��^`gj��yp�\y|Q�fhnK~d[>b}ypPRg��
]`N)yp{LQ&n|{d^`g�P�g��ayp^`g�n|b�{dfhn|©d��Q�P1]a¥
¦z��^`N)n|cd�kN�{}ypf�ypPRQ�^hf`gj�(]`N)y|{}Q�n|{d^`g�P�g��ayp^`g�n|b�g�]�^hn\~dy½[�y���nkP�PRnkbtQ�¼KQafh��g�]`Q|¨p^`NdQ&~\Qa��gj��yp^`Q
gj]`]`cdQ�n|±�^hNdQ���Ndnkg���Q�np±�^`NdQ�{}ypf�ypPRQ�^hQ�fhg���y/^`g�n|b�ypb)~�g�^h]Ug�b\À}cdQ�b)��Q�n|b�^`N)Q�f`Q�]_c)�¢^�]&g�]znp±Á^`Qab n/°|Qaf`��nKn�H|Q�~ ¥+M�Ndgj]z��Ndn|gj��Q�N}y|]
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