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3-facial colouring of plane graphs

Freceric Havet  Jean-8bastien Serehi  Riste Skrekovsk§

Abstract

A plane graph ig-facially k-colourable if its vertices can be coloured whkitolours
such that any two distinct vertices on a facial segment of length at fhast coloured
differently. We prove that every plane grapiBi$acially 11-colourable. As a consequence,
we derive that everg-connected plane graph with maximum face-size at mstyclically
11-colourable. These two bounds are just one higher than those that are proposed by the
(3¢+ 1)-Conjecture and the Cyclic Conjecture.

1 Introduction

The concept of facial colorings, introduced byakr Madaras, an&krekovski [11, 12], extends
the well-known concept of cyclic colorings. facial segmenof a plane grapl@ is a sequence
of vertices in the order obtained when traversing a part of the boundary of a facéenbileof
a facial segment is the number of its edges. Two verticasdv of G are/-facially adjacentf
there exists a facial segment of length at mobetween them. Ar-facial coloringof G is a
function which assigns a color to each vertexa$uch that any two distinétfacially adjacent
vertices are assigned with distinct colors. Notice that a verte® tifat is /-facially adjacent
to itself does not prever® from being colored. A graph admitting &dfacial coloring withk
colors is called-facially k-colorable

The following conjecture is called tH&¢ + 1)-conjecture [11].

Conjecture 1 (Kral’, Madaras, and Skrekovski). Every plane graph ig-facially colorable
with 3¢+ 1 colors.

Observe that the bound offered by Conjecture 1 is tight: as shown by Figure 1, for every
¢ > 1, there exists a plane graph that is #idacially 3¢-colorable.
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Figure 1: The plane grapB, = (V,E): each thread represents a path of lengtfihe graphG,
is not/-facially 3¢-colorable: any two vertices afefacially adjacent, and therefore afyacial
coloring must usé¢V| = 3¢+ 1 colors.

Conjecture 1 can be considered as a counterpaftfiacial coloring of the following famous
conjecture by Ore and Plummer [13] concerning the cyclic coloring. A plane deapltycli-
cally k-colorableif it admits a vertex coloring witkk colors such that any two vertices incident
to the same face are assigned distinct colors.

Conjecture 2 (Ore and Plummer). Every plane graph is cyclically%*J-colorable, where\*
is the size of the largest face Gf

Note that Conjecture 1 implies Conjecture 2 for odd valueA’of The best known result
towards Conjecture 2 has been obtained by Sanders and Zhao [16], who proved thé%éhnd

Definef¢(x) to be the minimum number of colors needed to cyclically color every plane graph
of maximum face siz&. The value offc(x) is known forx € {3,4}: f.(3) = 4 (the problem
of finding f.(3) being equivalent to the four color theorem proved by Appel and Haken [1])
and f¢(4) = 6 (see [3, 5]). It is also known thafi;(5) € {7,8} and fc(6) < 10 [6], and that
fo(7) < 12[4].

Conjecture 1 is trivially true fof = 0, and is equivalent to the four color theorem fct 1. It
is open for all other values @f As noted by Kal’, Madaras, an&krekovski [11], if Conjecture 1
were true for = 2, it would have several interesting corollaries. Besides giving the exact value of
fe(5) (which would then b&), it would allow the upper bound on the number of colors needed to
1-diagonally color every plane quadrangulation to decrease i®ta 14 (by applying a method
from [11]). (For more details on this problem, consult [9, 14, 15, 11].) It would also imply
Wegner’s conjecture oB-distance colorings (i.e., colorings of squares of graphs) restricted to
plane cubic graphs since colorings of the square of a plane cubic graph are precizdhcits
colorings (refer to the book by Jensen and Toft [10, Problem 2.18] for more details on Wegner’s
conjecture).

Let f¢(¢) be the minimum number of colors needed(téacially color every plane graph.
Note thatfc(2¢ + 1) < f;(¢). So far, no value of is known for which this inequality is strict.
The following problem is offered by [11].

Problem 1. Is it true that, for every integef > 1, f¢(20+1) = f,(¢)?

Another conjecture that should maybe be mentioned is the so-G#Hednjecture proposed
by Dvorak, Skrekovski, and Tancer [7], stating that every plane triangle-free graffaisally



3¢-colorable. As for the3/ + 1)-conjecture, if this conjecture were true, then its bound would
be tight and it would have several interesting corollaries (see [7] for more details).

Kral', Madaras, andkrekovski [11] proved that every plane graph has-éacial coloring
using at most%% +2 L1—58€J + 2 colors (and this bound is decreasedlifpr ¢ € {2,4}). So, in
particular, every plane graph ha8-dacial 12-coloring. In this paper, we improve this last result
by proving the following theorem.

Theorem 1. Every plane graph i8-facially 11-colorable.

To prove this result, we suppose that it is false. In section 2, we exhibit some properties of a
minimal graph (regarding the number of vertices) that contradict Theorem 1. Relying on these
properties, we use the discharging method in section 3 to obtain a contradiction.

2 Properties of (3,11)-minimal graphs

Let us start this section by introducing some definitions. A vertex of datjatleastd, at most
d) is said to be al-vertex(a (> d)-vertex a (< d)-vertex respectively). The notion of @&face
(a(< d)-face a(> d)-face respectively) is defined analogously regarding the size of a face. An
(-pathis a path of lengtld.

Two faces aradjacent or neighboring if they share a common edge.5Aface isbadif it is
incident to at least fous-vertices. It is said to beery badif it is incident to five3-vertices.

If uandv are3-facially adjacent, them is a 3-facial neighbor ofv. The set of all3-facial
neighbors ofv is Az(v). The 3-facial degreeof v is deg(v) = |A3(V)|. A vertex isdangerous
if it has degree three and is incident to a face of size three or fodrvértex issafeif it is not
dangerous, i.e., is not incident td & 4)-face.

Let G = (V,E) be a plane graph, antl C V. Let G3[U] be the graph with vertex sefl
such thaiy is an edge irG3[ U] if and only if x andy are 3-facially adjacent vertices i®. If ¢
is a partial coloring ofc andu an uncolored vertex dB, we letLc(u) (or justL(u)) be the set
{xe{1,2,...,11} : forall ve Az(u),c(v) # x}. The graphGz[U] is L-colorableif there exists
a proper vertex coloring of the vertices®§[ U] such that for every € U we havec(u) € L(u).

The next two results are used bydr Madaras, an&krekovski [11].

Lemma 1. Letv be a vertex whose incident faces iB-aonnected plane grap@ are fy, fo, ..., fg.

Then ;
deg(v) < (_Zlmin(]fiyj)) —2d,

where|fj| is the size of the fac.

Suppose that Theorem 1 is false:(&11)-minimal graphG is a plane graph that is not
3-facially 11-colorable, with|V (G)| + |E(G)| as small as possible.

Lemma 2. LetG be a(3,11)-minimal graph. Then the following hold:

1. Gis 2-connected.



2. G has no separating cycle of length at m@st
3. G contains no adjacent;-face andf,-face withf; + f, < 9.

4. G has no vertex whos&facial degree is less thahl. In particular, the minimum degree
of Gis at least three.

5. G contains no edgav separating twq > 4)-faces withdeg;(u) < 11anddeg(v) < 12. In
particular, if two adjacent dangerous vertices do not lie on a s&md)-face, then none
of them is incident to &-face.

In the remainder of this section, we give additional local structural properti¢8, af)-
minimal graphs.

Lemma 3. LetG be a(3,11)-minimal graph. Suppose thatandw are two adjacenB-vertices
of G, both incident to a sam&-face and a samé-face. Then the size of the third face incident
towis at least7.

Proof. By contradiction, suppose that the size of the last face incidentisoat most6. Then,
according to Lemma 1, we infer thaleg(v) < 12 and deg(w) < 11, but this contradicts
Lemma 2v). O

A reducible configuratioris a (plane) graph that cannot be an induced subgrapti®fla)-
minimal graph. The usual method to prove that a configuration is reducible is the following: first,
we suppose that €, 11)-minimal graphG contains a prescribed induced subgr&hhThen we
contract some subgraph,Ho, ..., Hyx of H. In most of the case& < 2. This yields a proper
minor G’ of G, which by the minimality ofG admits a3-facial 11-coloringc’. The goal is to
derive fromc’ a 3-facial 11-coloring ¢ of G, which would give a contradiction. To do so, each
noncontracted vertex of G keeps its colorc/(v). Let h; be the vertex ofG’ created by the
contraction of the vertices df;: some vertices off; are assigned the colaf(h;) (in doing so,
we must take care that these vertices are3faicially adjacent inG). Last, we show that the
remaining uncolored vertices can also be colored.

In other words, we show that the gra@g| U] is L-colorable, where for eaahe U, L(u) is
the list of the colors that are assigned to no verte@u) \ U (defined in section 1) and! is
the set of uncolored vertices. In most of the cases, the verticébsvafl be greedily colored.

In all figures of the paper, the following conventions are used: a triangle repres8nts a
vertex, a square representd-gertex, and a circle may be any kind of vertex whose degree is at
least the maximum between three and the one it has in the figure. The edges of each subgraph
H; are drawn in bold, and the circled vertices are the vertice®l ef {u;,uy,...}. A dashed
edge between two vertices indicates a path of length at least one between those two vertices. An
(in)equality written in a bounded region indicates a face whose size achieves the (in)equality.
Last, vertices that are assigned the calh;) arev, w, andt if a unique subgraph is contracted
or X1, %2 for i = 1 andy,y» for i = 2 if two subgraphs are contracted.

Note that the grapls’ may contain loops and parallel edges. One way to consider them is
as follows. If there is a face of size at most two, then we can just remove the loop, or one of the
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parallel edges. Otherwise, there is a separating ¢ydélength at most two, and we can first
color the subgraph o’ induced byC and the vertices insid€, and then the subgraph &f
induced byC and the vertices outside

Lemma 4. Configurations in Figure, 3, and4 are reducible.

Proof. Let H be an induced subgraph &. We suppose thatl is isomorphic to one of the
configurations stated and derive a way to constrigfacial 11-coloring of G, a contradiction.

L1 Suppose thatl is isomorphic to the configuration (L1) of Figure 2. The edges; cannot be
incident to a3-face, since otherwise the edaggis would contradict Lemma 2.5. More precisely,
it would be incident to twa(> 7)-faces by Lemma 3, and the3-facial degree ofi; andus
would be at mosiL1. LetH; be the subgraph induced by the bold edges. Contract the vertices
of Hi, thereby creating a new vertdsg. By minimality of G, let ¢ be a3-facial 11-coloring

of the obtained graph. Assign to each veremot in H; the colorc(x), and to each of,w;t

the colorc/(h;). Observe that, since the edggus does not lie on 8-face, no two vertices
amongv,w,t are3-facially adjacent inG; otherwise there would be @& 7)-separating cycle in
G, thereby contradicting LemmaZ2. According to Lemma 1deg(u;) < 15, degs(u;) < 14 if

i € {2,3}, anddeg;(u;) < 11if i € {4,5}. Note that any two vertices &l = {uy,Up,...,Us} are
3-facially adjacent; that isG3[U] ~ Ks. Hence, the number of coloré&dfacial neighbors ofiy

is at mostll; i.e., |Az(u1) \ {u2,u3,us,Us}| < 11 Moreover, at least two of them are assigned
the same color, namelyandw. Therefore|L(u1)| > 1. Fori € {2,3}, the vertexy; has at most
10 colored3-facial neighbors. Furthermore, at least t@«acial neighbors oti, are identically
colored, namelyv andt. Thus,|L(uz)| > 2. Now, observe that at least thr@8dacial neighbors
of uz are colored the same, namely, andt. Hence,|L(uz)| > 3. Fori € {4,5}, the vertex

Ui has at most colored3-facial neighbors. Thusl(us)| > 4, and because at least t8efacial
neighbors ofus are identically coloredvwf andt), |L(us)| > 5. So, the graplGs[U] is greedily
L-colorable, according to the ordering, up, usz, us,Us. This allows us to extend to a 3-facial
11-coloring of G.

L2 Suppose thaH is isomorphic to the configuration (L2) of Figure 2. Assume first that
the edgeuous is not incident to &3-face. Letc’ be a3-facial 11-coloring of the minor ofG
obtained by contracting the bold edges into a single vértex.et c(x) = ¢/(x) for every vertex

x # hy. Definec(v) = c(w) = ¢(t) = ¢/(h1). The obtained coloring is stiB-facial since no two
vertices among, w,t are3-facially adjacent irG by Lemma 22, and because of our assumption.
Note thatG3[U| ~ Ks. In particular, each vertey; has four uncolore@-facial neighbors. By
Lemma 1deg(ur) < 15/deg(u) < 14if i € {2,3}, anddeg(u;) < 11if i € {4,5}. Moreover,
each ofu; andu; has at least tw@-facial neighbors colored the same; far, these vertices are
w,t, and foru, they arew,v. So, there exists at least one color which is assigned to no vertex of
A3(up) and at least two colors assigned to no verte®@fu,). Also, us has at least thre@facial
neighbors colored the same, namelyv, andt; hence at least three colors are assigned to no
vertex of Az(uz). Therefore|L(u1)| > 1,|L(up)| > 2, and|L(uz)| > 3. Furthermore|L(us)| > 4
and|L(us)| > 5 becausev andt are both3-facial neighbors ofis. SoGz[U] is L-colorable, and
henceG is 3-facially 11-colorable.



(L6)

(L7) (L8)

Figure 2: Reducible configurations (L1)—(L8).



(L13) (L14) (L15)

Figure 3: Reducible configurations (L9)—(L15).



(L16) (L17) (L18)

(L19) (L20) (L21)

(L22) (L23)

Figure 4. Reducible configurations (L16)—(L23).



If the edgeu,us is incident to éB-face, then the same proof works, except that at the beginning
the edgau,v is not contracted. Thus, only the verticgsindt have the same color, but the partial
coloring extends as previously ®@sinceu, andus both have novB-facial degreel 1.

L3 Suppose thatl is isomorphic to the configuration (L3) of Figure 2. Contract the bold edges
into a new vertey, and letc’ be a3-facial 11-coloring of the obtained graph. This coloring can
be extended to &facial 11-coloringc of G as follows: first, let(v) = c(w) =c(t) =c/(h;). Note

that no two of these vertices can Bdacially adjacent inG without contradicting Lemma 2.

By Lemma 1,degy(u;) < 14, degy(uz) < 13 and fori € {3,4}, anddeg(u;) < 12. Observe
that Gg[U] ~ K4. Moreover, each ofi1,up,uz has a set of twa-facial neighbors colored by
c/(hy). These sets arpw,t}, {w,v}, and{v,t} for us,u,, andus, respectively. ThugL (u1)| > 1,
IL(u2)| > 2, and|L(u3)| > 3. Also |L(us)| > 4 becausel, has at least three identically colored
3-facial neighbors, namely,w, andt. Hence,G3[U] is L-colorable, and s is 3-facially 11-
colorable.

L4 First, observe that ¥ € A5(t), thenV ¢ A5(t'), sinceG is a plane graph. So, by symmetry,
we may assume thatandt are not3-facially adjacent inG. Now, contract the bold edges into
a new vertexh;. Again, letc’ be a3-facial 11-coloring of the obtained graph, and definéo
be equal tac’ on all vertices oV (G) \ {v,w,t,us,Uz,u3,us}. Letc(v) =c(w) = c(t) = c/(hy).
Note that the partial coloringis still 3-facial due to the above assumption. The gr&ght/] is
isomorphic toK4, and according to Lemma @leg;(ui) < 12foralli € {1,2,3,4}. Moreover, for

i € {2,3}, the vertexu; has at least tw@-facial neighbors that are colored the same, namely,
andw. Last, the vertexiy has at least three su@dfacial neighbors, namely, w, t. Therefore,
IL(u1)| > 2, |L(w)| >3forie {2,3}, and|L(us)| > 4. So,Gz[U] is L-colorable, and hend® is
3-facially 11-colorable.

L5 The same remark as in the previous configuration allows us to assunhe thgtv). Again,
the graph obtained by contracting the bold edges into a new vhjteximits a3-facial 11-
coloringc’. As before, define &-facial 11-coloringc of the graph induced by (G) \ U. Then,
for everyi € {1,2,3,4},deg(ui) < 12andGsz[U| ~ Ka. Thus,|L(u1)| > 2and|L(uz)| > 2. Note
thatus has at least two identically coloré&dfacial neighbors, namely andw, so|L(uz)| > 3.
Last, the vertexus has at least three such neighbors, hejiges)| > 4. Therefore, the graph
G3[U] is L-colorable, and so the graghadmits a3-facial 11-coloring.

L6 LetH; be the pathususxy, Hy the pathy;usususys,, andc’ a3-facial coloring of the graph
obtained fromG by contracting each pathH; into a vertexh;. Notice thatc'(hy) # c/(hy). For
everyv ¢V (H1) UV (Hy), letc(v) = ¢/(v). Observe thax; andx, cannot be3-facially adjacent
in G, otherwiseG would have a separatingc 7)-cycle, contradicting Lemma 2. Note that the
same holds foy; andys; therefore defining(x1) = c(x2) = ¢/(hy) andc(y1) = c(y2) = c/(hy)
yields a partiaB-facial 11-coloring of G, sincec/(h;) # c/(hy). It remains to color the vertices
of U = {us,up,...,us}. Note thatGz|U] ~ Ks. According to Lemma 2, deg(u;) < 15and
deg(ui) < 12if i > 2. The number of colore8-facial neighbors ofly, i.e., its number o8-facial
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neighbors iV (G) \ {u, us, us, Us }, is at mostl1 because eaah with i > 2 is a3-facial neighbor
of u;. Furthermorep; has two3-facial neighbors colored with the same color, namahand
x2. Hence[L(u1)| > 1. The vertexup has four uncolore@-facial neighbors, sf_(uz)| > 3. For

i € {3,4}, the vertexy; has at least tw@&-facial neighbors colored the same, namelyx, for
uz, andy, > for ug, so|L(u;)| > 4. Finally, observe thats has two pairs of identically colored
3-facial neighbors; the first pair being, X, and the seconw,y,. Thus,|L(us)| > 5, and hence
the graphGz[U| is L-colorable, which yields a contradiction.

L7 We contract the bold edges into a new vertgxtake a3-facial 11-coloring of the graph
obtained, and define&facial 11-coloringc of V(G) \ U as usual. By Lemma Heg(u;) < 15if
i€{1,2}, deg(u) < 12if i € {3,4,5}, anddeg(us) < 11. Moreover,Gz[U] ~ Kg. AsV,w, and
t are colored the same, afidw} C Az(u2), {w,t} C Az(u) fori € {4,5}, and{v,t} C A5(us),
we obtain|L(uj)| > i for everyi € {1,2,3,/4,5,6}. Thus, the grapl@s[U] is L-colorable, and
henceG admits a3-facial 11-coloring.

L8 We contract the bold edges into a new vertex, tak&facial 11-coloring of the graph
obtained, and define&facial 11-coloring ofV(G) \ U as usual. TherG[U] ~ K,. Moreover,
deg(u1) < 12anddeg(uz) < 11. Furthermore{v,w} C Az(u;) fori € {1,2}. Thus, we infer
IL(ui)| >ifori e {1,2}. ThereforeG3| U] is L-colorable.

L9 We contract the bold edges into a new vertex, takgfacial 11-coloring of the graph
obtained, and define&facial 11-coloring ofV(G) \ U as usual. TherGz[U] ~ K4. Moreover,
degy(u1) < 13, degy(up) < 12, anddeg(u;) < 11fori € {3,4}. Furthermore{v,w} C Az(u;)
fori e {1,4}. Thus, we infefL(u;)| > 2fori € {1,2}, and|L(u;)| > i for i € {3,4}. Therefore,
G3[U] is L-colorable.

L10 We contract the bold edges into a new vertgxtake a3-facial 11-coloring of the graph
obtained, and define&facial 11-coloringc of V(G) \ U as usual. By Lemma Heg(u) < 15
anddegs(u) <11if i € {2,3,4,5}. Moreover,Gz[U] ~ Ks. Asvandw are colored the same, and
{vyw} C Az(u) fori € {1,4,5}, we obtain|L(u1)| > 1, |[L(u)| > 4if i € {2,3}, and|L(u;)| > 5

if i € {4,5}. Thus, the grapkss| U] is L-colorable, and heno® admits a3-facial 11-coloring.

L11 Letc be a3-facial 11-coloring of the grapl@’ obtained by contracting the bold edges into
a new vertexh;. Definec(x) = c/(x) for every vertexx € V(G) NV (G'), and letc(v) = c(w) =
c/(h1). By Lemma 1deg(u) < 15fori € {1,2} anddeg(u;) < 11fori € {3,4,5}. Moreover,
G3[U] ~ K. Hence,|L(u1)| > 1 and|L(u)| >i fori € {3,4,5}. Asv andw are colored the
same, andv,w} C Az(u;) for i € {2,6}, we infer that|L(up)| > 2 and|L(ug)| > 6. Thus, the
graphG is 3-facially 11-colorable.
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L12 Letus define the partid-facial 11-coloringc as always, regarding the bold edges and the
verticesv andw. From Lemma 1 we obtain thaeg(u;) < 15, degy(u) < 12for i € {2,3,4},
anddeg(us) < 11. Moreover, sinc&s3| U] ~ Ks and{v,w} C Az(u;) fori € {1,4,5}, we obtain
IL(up)| > 1, |L(u)| >3 fori e {2,3}, |[L(us)| > 4, and|L(us)| > 5. Therefore,G3[U] is L-
colorable.

L13 Define the partiaB-facial 11-coloringc as usual, regarding the bold edges and the vertices
vandw. By Lemma 1,deg(u;) < 15anddeg(u) < 11fori € {2,3,4,5}. Moreover, since
G3[U] ~Ks and{v,w} C Asz(u;) fori € {1,5}, we obtainL(up)| > 1, |L(u)| > 4fori € {2,3,4},
and|L(us)| > 5. ThereforeG3[U| is L-colorable.

L14 Let us define the partié8-facial 11-coloring ¢ as always, regarding the bold edges and
the verticesy andw. Again, G3[U] ~ Ks. From Lemma 1 we obtain thateg(u;) < 15 and
degy(ui) < 11if i € {2,3,4,5}. Moreover, since{v,w} C Az(u;) for i € {1,5}, we obtain
IL(ug)| > 1, |L(ui)| > 4fori € {2,3,4}, and|L(us)| > 5. ThereforeGs[U] is L-colorable.

L15 Define the partiaB-facial 11-coloringc as always, regarding the bold edges and the ver-
ticesv,w, andt. Then,G3[U| ~ Ks anddegs(u;) < 15fori € {1,2}, degy(ui) < 12fori € {3,4},

and deg(us) < 11. Moreover, notice thafv,t} C Az(ui) for i € {1,4}, {v,w,t} C Az(u2),
and{v,w} C Az(us). Thus, we obtairL(uz1)| > 1, |L(u2)| > 2, |L(uz)| > 3, |L(us)| > 4, and
|L(us)| > 5. ThereforeGg[U] is L-colorable.

L16 Define the partiaB-facial 11-coloringc as always, regarding the bold edges and the ver-
ticesv,w, andt. Then, G3[U| ~ Ks and deg(u;j) < 15 for i € {1,2}, deg(uz) < 12, and
deg(ui) < 11for i € {4,5}. Moreover, notice thafv,t} C Az(u;) for i € {1,5}, {v,wt} C
Az(uz), and{v,w} C Az(uz). Thus, we obtainlL(uy)| > 1, |L(u2)| > 2, |L(u;)| > 4fori € {3,4},
and|L(us)| > 5. ThereforeGz[U] is L-colorable.

L17 Letus define the parti@-facial 11-coloringc as always, regarding the bold edges and the
verticesv andw. Then,G3[U] ~ Kz, deg(u1) < 13, anddeg;(u;) < 11fori € {2,3}. Moreover,
{v,w} C Az(u) fori € {1,2,3}. Thus, we obtaifL(ui)| > 1 and|L(u;)| > 3 for i € {2,3}.
Therefore G3[U] is L-colorable.

L18 Again,G3[U] ~ Ks anddeg(ui) < 15fori € {1,2}, whiledeg(u;) < 11fori € {3,4,5}.
Furthermore{v,w} C Az(u;) fori € {1,3,4}, {v,t} C Az(us), and{v,w,t} C Az(uz). Thus, we
deducdL(uy)| > 1, |L(uz)| > 2, and|L(u;)| > 5fori € {3,4,5}. ThereforeGsz[U] is L-colorable.

L19 Here,G3[U| ~ K. Also,deg(ui) < 15fori € {1,2,3}, deg(us) < 13, anddegy(u;) <11
fori € {5,6}. Furthermore{w,t} C A5(u;) fori € {1,6}, {v,w,t} C A3(us), and{v,t} C Az(u;)
fori € {2,4}. Thus, we infefL(u;)| > 2fori € {1,2}, |L(u3)| > 3, |L(us)| > 4, |L(us)| > 5, and
IL(ug)| > 6. ThereforeGg[U] is L-colorable.
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L20 Again G3[U] ~ Ke. Also, deg(uj) < 15fori € {1,2,3}, deg(u;) < 12for i € {4,5},
anddeg(us) < 11 Furthermore{w,t} C Az(u;) fori e {1,5}, {v,w,t} C Az(uz), and{v,t} C
Az(ui) fori € {2,6}. Thus, we infefL(u;)| > 2fori e {1,2} and|L(u)| > i fori € {3,4,5,6}.
ThereforeGs| U] is L-colorable.

L21 In this caseG3|U| ~ Kg. Also, deg(ui) < 13fori € {1,2,3,4}, anddeg(u;) < 12 for
i € {5,6}. Furthermore{v,t} C Az(u;) fori € {4,5}, {v,w,t} C Az(ug), and{w,t} C Az(u;) for
i € {2,3}. Thus, we infelL(u1)| >3, [L(ui)| > 4fori € {2,3,4}, |[L(us)| > 5, and|L(ug)| > 6.
Therefore G3| U] is L-colorable.

L22 Inthis case3[U] ~ Ks. Also,deg(ui) < 12fori e {1,2,3}. Moreover{v,w,t} C A3(u;)
fori e {1,2,3}. Thus, we infefL(u;)| > 3fori € {1,2,3}. ThereforeG3| U] is L-colorable.

L23 Define the partial coloring as always, regarding the bold edges and the verteXote

that G3[U] is isomorphic to the complete graph on four vertices minus one &gjgesince

ur ¢ Az(uz) (because the face has size at leg)stBy Lemma 1,deg(u;) < 11 for everyi €
{1,2,3,4}. Thus,|L(u)| > 2 fori e {1,2}, and|L(u;)| > 3 for i € {3,4}. Hence, the graph
Gs3[U] is L-colorable. This assertion can be directly checked, or seen as a consequence of a
theorem independently proved by Borodin [2] and &dRubin, and Taylor [8] (see also [17]),
stating that a connected graph is degree-choosable unless@a#iaa tree, that is, each of its
blocks is either complete or an odd cycle. l

Corollary 1. Every(3,11)-minimal graphG has the following properties:
1. Let fq, fo be twob-faces ofG with a common edgey. Thenxandy are not botl3-vertices.

2. Let f be a7-face whose every incident vertex iSaertex. Iff is adjacent to &3-face,
then every other face adjacent tds a (> 7)-face.

Two dangerous vertices incident to a saédkace are not adjacent.

3.
4. There cannot be four consecutive dangerous vertices incident to a(saBjeface.
5. Avery bad face is adjacent to at least thige 7)-faces.

6.

A bad face is adjacent to at least two 7)-faces.

Proof. 1. By Lemma 2.5deg(x) + deg(y) > 23. By Lemma 1, the3-facial degree of a
3-vertex incident to twd-faces is at most1. Hence at least one afandy is a(> 4)-vertex.

2. First note that, according to Lemma 2.3, the faces adjacent tofbarid the3-face have
sizes at least. Hence,f is adjacent to at most foy< 6)-faces. Now, the assertion directly
follows from the reducibility of the configurations (L1) and (L2) of Figure 2.

3. Suppose on the contrary thaandy are two such vertices. By Lemma 2.36dace is
not adjacent to &-face; hence botl andy are incident to a&-face. Thendeg(x) < 11and
deg(y) < 11, which contradicts Lemma 2.5.
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4. Suppose that the assertion is false. Then, according to the third item of this corollary, the
graphG must contain the configuration (L4) or (L5) of Figure 2, which are both reducible.

5. Let f be a very bad face. By the first item of this corollary and Lemma 3, two adjacent
(< 6)-faces cannot be both adjacentftoHence,f is adjacent to at most two such faces.

6. Let f be a bad face, anfi1,02,03,04,05} its incident vertices in clockwise order. With-
out loss of generality, assume that, for eveey{1,2, 3,4}, a; is a3-vertex. Fori € {1,2,3,4},
let f; be the face adjacent tb and incident to botlu; andaj 1. According to the first item
of this corollary and Lemma 3, at most two faces amdnd>, f3, f4 can be(< 6)-faces. This
concludes the proof.

3 Proof of Theorem 1

Suppose that Theorem 1 is false, and3dde a(3,11)-minimal graph. We obtain a contradiction

by using the discharging method. Here is an overview of the proof: each vertex and face is
assigned an initial charge. The total sum of the initial charges is known to be negative by Euler’s
formula. Then, some redistribution rules are defined, and each vertex and face gives or receives
some charge according to these rules. The total sum of the charges is not changed during this
step, but at the end we show, by case analysis, that the charge of each vertex and each face is
nonnegative, a contradiction.

Initial charge  First, we assign a charge to each vertex and face. For eve¥/(G), we define
the initial charge
ch(v) =d(v) — 4,

whered(v) is the degree of the vertaxin G. Similarly, for everyf € F(G), whereF (G) is the
set of faces of5, we define the initial charge

ch(f)=r(f)—4,
with r(f) the size of the facé. By Euler’s formula the total sum is

ch(v)+ % ch(f)=-8.
veV(G) feF(G)

Rules We use the following discharging rules to redistribute the initial charge.

RULE R1. A (> 5)-face send4/3 to each of its incident safe vertices ah( to each of its
incident dangerous vertices.

RULE R2. A (> 7)-face sendd4/3 to each adjacens-face.

RULE R3. A (> 7)-face send4/6 to each adjacent bad face.

RULE R4. A 6-face send4/12to each adjacent very bad face.

RULE R5. A (> 5)-vertexv gives2/3 to an incident facef if and only if there exist two
3-faces both incident te and both adjacent td. (Note that the size of such a fa€es at least
7.)
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We now prove that the final chargé®(x) of everyx € V(G) UF (G) is non-negative. There-
fore, we obtain

-8= % chv)+ % ch(f)= % ch'(vy+ % ch'(f)>0,
veV(G) feF(G) veV(G) feF(G)

a contradiction.

Final charge of vertices First, as noticed in Lemma 2.6 has minimum degree at least three.
Let v be an arbitrary vertex db. We prove that its final chargeh®(v) is nonnegative. To this
end, we consider a few cases regarding its degree. So, suppose finsigteB-vertex. Ifv

is a safe vertex, then by Rule R1 its final chargehis(v) = —1+3-1 = 0. Similarly, if v is
dangerous, theoh*(v) = —1+2-1 = 0. If vis a4-vertex, then it neither receives nor sends any
charge. Thusgh®(v) = ch(v) = 0.

Finally, suppose that is of degreed > 5. Notice thatv may send charge only by Rule R5.
This may occur at mosi/2 times ifd is even, and at mosd/2| — 1 times ifd is odd (since
two 3-faces are not adjacent). Thus'(v) >d—4— ng % which is nonnegative ifl > 6. For
d=5,ch*(v)>5-4-2%>0.

Final charge of faces Let f be an arbitrary face db. We definef ce andbad to be the number

of 3-faces and the number of bad faces, respectively, adjacent Wée definesfe anddgs to

be the number of safe vertices and the number of dangerous vertices, respectively, incident to
We prove that the final chargd®(f) of f is nonnegative. To this end, we consider a few cases
regarding the size of.

f is a3-face Itis adjacent only tq> 7)-faces by Lemma 2.3. Thus, by Rule R2receives
1/3 from each of its three adjacent faces, so we ohthirif) = O.

f is a4-face It neither receives nor sends any charge. Tkbs,f) =ch(f) =0.

f isab-face Then,f is adjacent only tg> 5)-faces due to Lemma 2.3. Scbdace may send
charge only to its incider-vertices, which are all safe. Consider the following cases regarding
the numbesfe of such vertices:

sfe < 3: Then,ch*(v) >1-3-1 =0.

sfe = 4: In this casef is a bad face. According to Corollary6l at least two of the faces that
are adjacent td have size at least Thus, according to Rule R3,receivesl/6 from at
least two of its adjacent faces. Hence, we concludedhidt) > 1—4- % +2.1=0.

sfe=5: Then f is a very bad face, and so, according to Corollafy, &t least three faces
adjacent tof have size at least Moreover, all faces adjacent fohave size at lea$, by
Lemma 2.3 and Corollary 1.1. By Rules R3 and R4, it follows that the neighboring faces
of f send at least- 1/6 to f, which implies thath*(v) >1-5-2+4. % =0.
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f isa6-face By Lemma 2.3fce = 0. Letvbd be the number of very bad faces adjacent to
The final charge of is 2—dgs- 5 —sfe- 3 —vbd- 75 due to Rules R1 and R4.

According to Corollary 1.3, two dangerous verticesfooannot be adjacent, so there are at
most three dangerous vertices farObserve also thatbd < sfe/2 by Corollary 1.1 and because
a very bad face adjacent fas incident to two safe vertices df Let us consider the final charge
of f regarding its number of dangerous vertices.

dgs = 3. Since a safe vertex is not incident tq € 4)-face, there is at most one safe vertex

incident tof, i.e.,sfe < 1. Thus,vbd = 0, and henceh’(f) >2-3-1 -1 > 0.

dgs = 2: Then,sfe < 3. Let us distinguish two cases according to the valuefef

sfe = 3: Notice thatvbd = 0; otherwise it would contradict the reducibility of (L3).
Hencech'(f) >2-2-3-3.1=0.

sfe < 2: In this case, there is at most one very bad face adjaceft so ch*(f) >
2-2.1-2.1-%>0

dgs = 1: Then,sfe < 4andvbd < 1 because (L3) is reducible. Sth*(f) >2—3 -4 _ &>

2 3 0
dgs = 0: If sfe > 5 then, because (L3) is reduciblebd = O; thereforech*(f) > 28 =0.
And, if sfe <4, thenvbd < 2, soch*(f) >2—4-. % -2 %2 > 0.

fisa7-face The final charge of is atleasB —dgs - 3 — (fce +sfe)- 3 —bad - 1.

According to Corollary 1.4, four dangerous vertices cannot be consecutif/gh@mce there
cannot be more than five dangerous verticesforLet ay,02,...,07 be the vertices off in
clockwise order. LetD be the set of dangerous verticesfolsodgs = |D|. We look at the final
charge off, regarding its numbeigs of dangerous vertices.

dgs = 5. Up to symmetry,D = {aj,02,03,05,06}. Suppose first thatts and og are not
incident to a samé< 4)-face. Then, there can be neither a safe vertex incidehintor a
bad face adjacent tb, because a safe vertex is not incident {g<a4)-face, and also a bad
face is not adjacent to(@ 4)-face. Moreover, by Corollary 1.3, there is Bdace adjacent
to f. Thereforech(f) >3- 3 > 0. Now, if a5 andag are incident to a sames 4)-face,
thena, anda; must be(> 4)-vertices, by the reducibility of (L6) and because none of
them is a dangerous vertex. Hence, there is no safe vertex and no bad face adjacent to
so its charge ish*(f) >3- 3 -1 >0.

dgs = 4: We consider several subcases, according to the relative position of the dangerous ver-
tices onf. Recall that, by Corollary 1.4, there are at most three consecutive dangerous
vertices. Without loss of generality, we need only to consider the following three possibil-
ities:
D = {a1,02,03,0s}: The charge of isch*(f) =1—(fce+sfe) 5 —bad- z. Moreover,
sfe < 2,bad < 1, andfce + sfe < 3 by Corollary 1.3 and because a safe vertex is
not incident to g < 4)-face. Soch*(f) is negative if and only ikfe = 2,bad = 1,
andfce = 1. But in this case, the obtained configuration is (L7), which is reducible.
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D = {a1,02,04,05}: As a bad face is neither adjacent t¢a4)-face nor incident to a
dangerous vertex, we obtain thaid < 1. Observe also that, & is not dangerous, it
has degree at least four by the reducibility of (L6) and (L10). Thfis,< 2. Suppose
first thatbad = 1, thensfe is one or two. According to the reducibility of (L9), we
infer sfe + fce < 2. Hence,ch*(f) >3-4-3-2.1 1> 0. Suppose now that
bad = 0. We havefce < 3andsfe < 2. If fce = 3, thensfe =0, and iffce = 2,
thensfe < 1 according to the reducibility of (L11). Sdce + sfe < 3. Therefore,
ch*(f)>3-4. % — (fce+sfe) % > 0.

D = {a1,02,04,06}: In this case, there is no bad face adjacent .td=urthermore, by
Corollary 1.3,fce < 3andsfe < 2, as the dangerous verticag andag prevent at
least one nondangerous vertex from being safe. Observe ¢hat sfe # 5 since
otherwise it would contradict the reducibility of (L12). According to the reducibility
of (L12), if fce + sfe =4, thenfce = 3 and no two3-faces have a common vertex.
Hence, the obtained configuration is isomorphic to (L13) or (L14), which are both
reducible. Sofce +sfe < 3, and thush*(f) > 3—-2— (fce+sfe)- % > 0.

dgs = 3: Again, we consider several subcases according to the relative position of the dangerous
vertices onf:

D = {a1,02,03}: Thenfce+ sfe < 3 by Corollary 1.3, antbad < 2. Thus,ch*(f) >
3-3.3-3.1-2.1t>0

D = {aj,02,04}: Then,fce < 4. We now examine the situation according to each
possible value ofce.

fce = 4: Necessarilyssfe < 1 andbad = 0. Now, if sfe =0, thench*(f) >
3-3. % —4. % > 0. And, if sfe = 1, then the safe vertex must bg. Moreover,
05 must be &> 5)-vertex because (L8) is reducible. Henéds incident toos
between twB-faces, so by Rule R5 the vertex gives% to f. Thus,ch*(f) >
3-3.1-5.1+2>0

fce = 3: Suppose first that one of the dangerous vertices is incidenttfaee.
Necessarilysfe < 1andbad < 1. Thus,ch*(f) >3-3-3-4-3 -1 =0.
Suppose now that no dangerous vertex is incident #ieface. In particular,
sfe < 2. If sfe = 2, then the obtained configuration contradicts the reducibility
of (L18). Hencesfe < 1andbad < 1. Thereforech(f) >3-3-3-4.1 -1 =
0.

fce = 2. We prove thatsfe < 2. This is true ifa; anda, are not incident to
a same3-face. So, we may assume that the edga, lies on a3-face. But
then we obtain the inequality due to the reducibility of (L18) and (L19). Using
Corollary 1.1, the reducibility of (L17), andfe < 2, we infer thatbad < 1.
Hencech*(f) >3-3-3—-4.1 -1 =0.

fce = 1. Thensfe < 3 andbad < 2. If sfe = 3 andbad = 2, the obtained
configuration contradicts the reducibility of (L19) or of (L20). Sy'(f) >
3-3-31-4.1-%1=0.
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fce = 0: Again,sfe < 3andbad < 2, soch*(f) >3-3-3-3.2-2.2>0.

D ={01,0,0s5}: As in the previous caséce < 4, and we look at all the possible cases
according to the value dfce. Since a bad face is not incident to a dangerous vertex,
notice that only edgeasa4 andagay can be incident to a bad face. In particular,
bad < 2.

fce = 4: In this caseste = 0 andbad = 0. Thereforech(f)=3-3-3—-4-1>0.

fce = 3: If one of the dangerous vertices is incident #-face, thersfe = 0; hence
bad = 0. Thus,ch*(f) >3-3-3—3-1 > 0. So now we infer thasfe cannot
be2; otherwise it would contradict the reducibility of (L15). Therefasée is at
most one, and sbad < 1 by Corollary 1.1. Thush*(f) >3-3-3-4-1 -1 =
0.

fce = 2: According to the reducibility of (L15) and (L163fe < 2. Asch*(f) =
3-3-3—(fce+sfe)-1—bad- i, we deduceh’(f) < Oifand only if sfe =2
andbad = 2. In this case, the obtained configuration is (L17), which is reducible.

fce = 1: Because (L15) and (L16) are reducibdge < 2. So,ch*(f) > 3-3- % -
3-1-2.1>0

fce =0: Thensfe < 3, and scch*(f) >3-3-3-3.1-2.1>0.

D ={aj,03,0s}: In this casesfe < 2 since a safe vertex is not incident t¢<a 4)-face,
andbad < 1, since a bad face cannot be incident to a dangerous vertex. Moreover,
fce < 4. Let us examine the possible cases regarding the valfiesof

fce = 4. Observe thagtfe < 1 andbad = 0. Note also that one af,,04,06,07 IS
adjacent to a dangerous vertex, and inciderit beetween two triangles. Hence,
by the reducibility of (L8), it has degree at least five, and by Rule R5, it sénds
to f. Thus,ch*(f) >3-3.2-5.1+2>0.

fce = 3: If sfe < 1, thench*(f) >3-3-3 4.3 -1 =0. And, if sfe = 2, then,
up to symmetry, the two safe vertices are eitbgranda; or a, andag. In
the former case, one of,, 04 is incident tof at the intersection of tw8-faces.
Furthermore, it must be &> 5)-vertex due to the reducibility of (L8). In the
latter case, the same holds for due to the reducibility of (L8). Hence, in both
cases the facéreceive2/3 from one of its incident vertices by Rule R5. Recall
thatbad < 1, and thereforeh*(f) >3-3-3-5.1 - 14 2>0.

fce < 2: Assfe < 2andbad < 1, we infer thatch*(f) >3-3-2 4.1 -1 =0.

dgs = 2: Again, we consider several subcases, regarding the position of the dangerous vertices
onf.

D ={ay,a2}: Observe thabad < 3, and according to Corollary 1.8¢ce +sfe < 6. We
consider three cases, according to the valugcef+ sfe:
fce+sfe =6: All the vertices incident td have degree three, arids adjacentto a
3-face. Thus, by Corollary 1.7, is not adjacent to anf< 6)-face. In particular,
no bad face is adjacent fg i.e.,bad = 0. Hencech*(f) >3—-1—6- % =0.
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fce+sfe =5: If bad < 2, thench*(f) >3-1-5-1-2.1 =0. Otherwise,
bad = 3. Note that the edgea;1a, must be incident to &< 4)-face. If this face
is of size four, then we obtain configuration (L21). Suppose now that this face
is of size three. Since there are no three consecutive bad faces arpwed
can assume that each of the edges, andagay lies on a bad face. By the
reducibility of (L17), we conclude that; anda; have degree at least four. But
then,fce +sfe < 5.

fce+sfe <4 Inthis casech’(f) >3-1-4.-1-3.1>0

D ={aj,0a3} or D={0a1,04}: Againfce+sfe < 6, and we consider two cases regard-
ing the value oftce + sfe. Since a bad face is not incident to a dangerous vertex, we
infer thatbad < 3.

fce + sfe = 6: Suppose first thath = {ay,a3}. Let P, = a10003 and P, =
030405060701. In order to assurégce + sfe = 6, observe that all edges of
P, are incident ta3-faces, and all inner vertices & are safe, or vice versa.
Thus,a; or a4 is a(> 5)-vertex by the reducibility of (L8). Hence, it givéto
f by Rule R5. Thereforegh’(f) >3-2-3-6-3-3.1+2>0.
Suppose now thad = {a1,04}. Similarly as above, one can show tlator as

is a(> 5)-vertex that donate$to f. Hencegh'(f) >3-2-2-6-1-3+2>0.

fce+sfe < 5: Notice thatad < 2. Thereforech*(f) >3-2-2-5.2-2.1=0.

dgs = 1. Thenfce+ sfe < 6 and, by Corollary 1.1, we infer thatad < 3. So,ch*(f) >
3-1-6-1-3.1=0.
dgs = 0: By Corollary 1.1,fce + sfe < 7 andbad < 4. So,ch*(f) >3-7-

—4.5=0.

Wl
ol

fisan8-face BylLemma 25and because (L22) is reducible, there cannot be three consecutive
dangerous vertices oh Hencedgs <5. Leta;, i € {1,2,...,8}, be the vertices incident tb
in clockwise order, and leD be the set of dangerous vertices incident to

dgs = 5: Up to symmetry,D = {a1,02,04,05,07}. Since a bad face is not incident to a
dangerous vertex, necessaibyd = 0. Fori € {1,4}, let f; be the face adjacent tband
incident to botho; andaij, 1. Since (L23) is reducible, at most one fafand f4 is a3-face.
Furthermore, at most two of3, 0g, 0g can be safe vertices, since at least onegfig is a
(> 4)-vertex. Thereforefce < 2, sfe < 2, and sach*(f) >4-5-2-4.1>0.

dgs = 4: Up to symmetry the set of dangerous vertices compfiaesiz, 04,05}, {01,02,05,06},
{aq,02,04,06}, {01,02,04,07}, Or {a1,03,05,07}. In any casepad < 2 andfce +
sfe < 6. Moreover,fce + sfe +bad < 6. Indeed, ifbad = 0, then the inequality holds
by the prior remark. This solves the fifth case fbrsince a bad face is not incident to
a dangerous vertex. Had = 2, then we are in the first or second case for We infer
that fce + sfe < 4 by the reducibility of (L17) and (L23), and by Corollary 1.1. Fi-
nally, if bad = 1, then we deduce thdte + sfe < 5 by the reducibility of (L17). Hence,
ch'(f)>4-4-8=o.
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dgs = 1. Again,fce+sfe < 7 andbad < 4, soch*(f) > 4— % —%—%’ > 0.

dgs = 0: By Corollary 1.1bad < 5. So,ch(f) <4-8 -2 >0.

fisa(>9)-face Letf be ak-face withk > 9. We use the following averaging scheme for the
rules followed byf: the facef sends the charge to incident vertices or adjacent fdreaghits
incident edges. More precisely, for Rules R2 and R3! it a bad face or a triangle incident to
f, then we say that sends the corresponding chatheoughthe edge that is incident to both
f and f’. As for Rule R1, letu be a vertex incident td, and letv andw be its two neighbors
on f. If uis a safe vertex, thef sends% to u through each of the two edges anduw. If u

is dangerous, latv be the edge incident with @ 4)-face: if v is dangerous, theh sends— to
throughuvand to u throughuw. Otherwise (i.e., whem is a (> 4)-vertex), f sendsg tou

throughuv and to u throughuw.

By Lemma 25 and the reducibility of (L22), there cannot be three consecutive dangerous
vertices onf. So, we deduce that all the vertices incident tceceive the same charge asfif
applied the original Rule R1. We prove now thasends at mosg to each of its edges, and

hencech*(f) > k(1—3) —4 > 0sincek > 9.
Let uvbe an edge incident tb. We consider three cases.

uv is incident to a bad facd’: Then,u andv are not dangerous. Sbsends throughuv%
tou plus L to v and% to f/. Thus, the charge sent bythrough the edgev is at most
3-1=1<
2 9

uvis incident to a trianglef’: In this case,f sends% to f’. If neither ofu or v is dangerous,
thenf sends nothing more througlv. If exactly one ofu andv is dangerous, say, then
f sendsZ to u throughuv. Thus, the charge sent dythroughuvis 1+ = 2. Finally,
assume that both andv are dangerous. Therﬁ,sends% to each ofu andv throughuv.

Hence,f sends} +2- § = 3 throughuv.

uvis incident to neither a bad face nor a trianglagain, if neither ofu or vis dangerous, then
f sends at mos2- 6 =3 L throughuv. Suppose that both andv are dangerous. Hivis

incident to a4-face, thenf send<?- 1 throughuv Otherwise, let be the neighbor o
on f different fromv, and letw be the nelghbor of on f different fromu. By Lemma 25,
each oftu andvw is incident to a4-face, and andw are not dangerous since (L22) is
reducible. Thereforef sendsl% to each ofu andv throughuv, and thusf send% through
uv. Finally, if exactly one ofu andv is dangerous, say, then f sends at mos%3 to u
throughuv, and at mos% to vthroughuv. In total, f sends at mos%3 +:—é = g throughuv.

The proof of Theorem 1 is now complete.
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