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We prove that every plane graph is 3-facially 11-colourabls a consequence, we derive that
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Coloration 3-faciale des graphes planaires

Résumé :Un graphe planaire eétfacialemenk-colorable s'il existe une coloration de ses sommets
aveck couleurs telle que les sommets reliés par un chemin facialrdgrieur au plug soient colorés
differemment. Nous démontrons que tout graphe planaire-€stialement 11-colorable. Par
conséquent, tout graphe planaire 2-connexe dont toutéckes ont taille au plus 7 est cycliquement
11-colorable. Ces deux bornes sont a une couleur prés petipesées par la conjecturé-81 et la
conjecture cyclique.

Mots-clés : coloration faciale, coloration cyclique, graphes plagsir



3-facial colouring of plane graphs 3

1 Introduction

The concept of facial colourings, introduced [nl[11], exterthe well-known concept of cyclic
colourings. Afacial segmenbf a plane graplG is a sequence of vertices in the order obtained
when traversing a part of the boundary of a face. TEmgthof a facial segment is its number of
edges. Two vertices andv of G are/-facially adjacentif there exists a facial segment of length at
most/ between them. Aid-facial colouringof G is a function which assigns a colour to each vertex
of G such that any two distindt-facially adjacent vertices are assigned distinct colodgraph
admitting an?-facial colouring withk colours is called-facially k-colourable

The following conjecture, calle(B/ + 1)-Conjecture, is proposed in11]:

Conjecture 1 (Kral’, Madaras and Skrekovski) Every plane graph ig-facially colourable with
3¢+ 1colours.

Observe that the bound offered by Conjecfdre 1 is tight: asstby FigurdlL, for every > 1, there
exists a plane graph which is néfacially 3¢-colourable.

Figure 1: The plane grapB, = (V,E): each thread represents a path of lerfgthhe graptG, is not
(-facially 3¢-colourable: every two vertices afefacially adjacent, therefore arfyfacial colouring
must usgV| = 3¢+ 1 colours.

Conjecturddl can be considered as a counterpaftfacial colouring of the following famous
conjecture by Ore and Plummér]12] concerning the cycliogohg. A plane grapks is said to be
cyclically k-colourableif it admits a vertex colouring witlk colours such that any pair of vertices
incident to a same face are assigned distinct colours.

Conjecture 2 (Ore and Plummer) Every plane graphis cyclicallf‘%J -colourable, wheré\* de-
notes the size of a biggest face of G.

Note that ConjecturEl 1 implies Conjectlile 2 for odd valueA*of The best known result towards
ConjecturéR has been obtained by Sanders and Zhao [15], mkedthe boun(ﬁ%ﬂ .

Denote byf:(x) the minimum number of colours needed to cyclically colowerg\plane graph
of maximum face size. The value off.(x) is known forx € {3,4}: f(3) = 4 (the problem of
finding f¢(3) being equivalent to the Four Colour Theorem provedlin [1} &t4) = 6 (seelB[5)).
It is also known thaf¢(5) € {7,8} andf.(6) < 10 [€], and thatfc(7) < 12 [4].

RR n° 5943



4 Havet, Sereni & Skrekovski

ConjecturddL is trivially true fof = 0, and is equivalent to the Four Colour Theorem#et 1.
It is open for all other values df. As noted in[[IL], if ConjecturEl1 were true fée= 2, it would
have several interesting corollaries. Besides giving #taeevalue off:(5) (which would then be
7), it would allow to decrease from 16 to 14 (by applying a roetfrom [11]) the upper bound on
the number of colours needed to 1-diagonally colour eveap@luadrangulation (for more details
on this problem, consulf[9. 18, 14,111]). It would also implegner’s conjecture on 2-distance
colourings (i.e. colourings of squares of graphs) restd¢b plane cubic graphs since colourings of
the square of a plane cubic graph are precisely its 2-faglalicings (refer to[[10, Problem 2.18] for
more details on Wegner's conjecture).

Let f¢(¢) be the minimum number of colours needed(¢ttacially colour every plane graph.
Clearly, fc(2¢+ 1) < f¢(¢). So far, no value of is known for which this inequality is strict. The
following problem is offered in[[1/1].

Problem 1 Is it true that, for every integef > 1, fc(20+1) = 1 (£)?

Another conjecture that should be maybe mentioned is theaed J-Conjecture proposed
in [[7], stating that every plane triangle-free graplé-facially 3¢-colourable. Similarly as the3¢ +
1)-Conjecture, if this conjecture were true, then its boundbdde tight and it would have several
interesting corollaries (segl[7] for more details).

It is proved in [11] that every plane graph has @facial colouring using at mos{tl—féj +2
colours (and this bound is decreased by Lffaer{2,4}). So, in particular, every plane graph has a
3-facial 12-colouring. In this paper, we improve this lasult by proving the following theorem.

Theorem 1 Every plane graph i8-facially 11-colourable.

To prove this result, we shall suppose that itis false. IriSef, we will exhibit some properties
of a minimal graph (regarding the number of vertices) whiohtradicts Theorerfll 1. Relying on
these properties, we will use the Discharging Method iniSed to obtain a contradiction.

2 Properties of (3,11)-minimal graphs

Let us start this section by introducing some definitions.eftex of degree (respectively at least
d, respectively at most) is said to be al-vertex(respectively 4> d)-vertex respectively 4< d)-
vertey. The notion of ad-face(respectively & < d)-face respectively a> d)-face is defined
analogously regarding the size of a face. Apathis a path of lengtd.

Two faces aradjacent or neighbouring if they share a common edge. A 5-facdedif it is
incident to at least four 3-vertices. It is said tovmy-badif it is incident to five 3-vertices.

If uandv are 3-facially adjacent, thanis called a 3facial neighbour of vThe set of all 3-facial
neighbours of’ is denoted by (v). The 3facial degreeof v, denoted by degv), is the cardinality
of the setaiz(v). A vertex isdangerousf it has degree 3 and it is incident to a face of size three or
four. A 3-vertex issafeif it is not dangerous, i.e. itis not incident to & 4)-face.

Let G = (V,E) be a plane graph, and CV. Denote byGs[«] the graph with vertex set:
such thaixy is an edge irGz[«| if and only if x andy are 3-facially adjacent vertices @. If cis

INRIA



3-facial colouring of plane graphs 5

a partial colouring of5 andu an uncoloured vertex db, we denote by (u) (or justL(u)) the set
{xe{1,2,...,11}: forall ve ax(u),c(v) # x}. The graphG3[u] is L-colourableif there exists a
proper vertex colouring of the vertices @[« ] such that for every € « holdsc(u) € L(u).

The next two results are used by Kral’, Madaras and Skrek¢ugk

Lemma 1 Letv be a vertex whose incident faces in a plane graph G arg.f .., fg. Then

degy(v) < (_immum,n) —2d,

where|f;| denotes the size of the fage f

Suppose that Theord 1 is false{311)-minimalgraphG is a plane graph which is not 3-facially
11-colourable, withV (G)| + |E(G)| as small as possible.

Lemma 2 Let G be a(3,11)-minimal graph. Then,
(i) Gis2-connected,;
(i) G has no separating cycle of length at m@st
(iii) G contains no adjacent;fface and $-face with § + f, <9;

(iv) G has no vertex whos®facial degree is less thahl. In particular, the minimum degree of G
is at least three; and

(v) G contains no edge uv separating t{# 4)-faces withdeg;(u) < 11anddeg(v) < 12.

In the remaining of this section, we give additional localistural properties of3, 11)-minimal
graphs.

Lemma 3 Let G be a(3,11)-minimal graph. Suppose that v and w are two adjacemertices of
G, both incident to a sam&face and a samé-face. Then the size of the third face incident to w is
at least?.

Proof. By contradiction, suppose that the size of the last facelémt tow is at most 6. Then, ac-
cording to Lemm@ll, we infer that dgfg) < 12 and deg(w) < 11, but this contradicts Lemr#\.
O

A reducible configurations a (plane) graph that cannot be an induced subgraph(8fid)-
minimal graph. The usual method to prove that a configurasoeducible is the following: first,
we suppose that &,11)-minimal graphG contains a prescribed induced subgr&ph Then we
contract some subgraphis, Ho, ..., Hy of H. Mostly, we havek < 2. This yields a proper minds’
of G, which by the minimality ofG admits a 3-facial 11-colouring. The goal is to derive from a
3-facial 11-colouring of G, which would give a contradiction. To do so, each non-canté@vertex
v of G keeps its colouc’(v). Let h; be the vertex of5’ created by the contraction of the vertices
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6 Havet, Sereni & Skrekovski

of Hi: some vertices off; are assigned the colodfi(h;) (in doing so, we must take care that these
vertices are not 3-facially adjacent®). Last, we show that the remaining uncoloured vertices can
also be coloured.

In other words, we show that the gra@h|« ] is L-colourable, where for eaaghe @, L(u) is the
list of the colours which are assigned to no vertex@(u) \ ¢ (defined in SectioBl1) and is the
set of uncoloured vertices. In most of the cases, the vertite will be greedily coloured.

In all figures of the paper, the following conventions areduasetriangle represents a 3-vertex,
a square represents a 4-vertex and a circle may be any kinerawhose degree is at least the
maximum between three and the one it has in the figure. Theseafggach subgraph; are drawn
in bold, and the circled vertices are the verticegf {uj,uy,...}. A dashed edge between two
vertices indicates a path of length at least one betweer thras vertices. An (in)equality written
in a bounded region denotes a face whose size achieves Jbguality. Last, vertices which are
assigned the colowf (h;) are denoted by, w, t if a unique subgraph is contracted or iy x, for
i =1 andy,y» fori = 2 if two subgraphs are contracted.

Lemma 4 Configurations in FigureBIZ]3 arid 4 are reducible.

Proof. Let H be an induced subgraph & We shall suppose th&t is isomorphic to one of the
configurations stated and derive a way to construct a 3ifati@olouring ofG, a contradiction.

L1. Suppose thdt isisomorphic to the configuration (L1) of Figule 2. DenoteHyythe subgraph
induced by the bold edges. Contract the vertice$igf thereby creating a new vertdyx. By
minimality of G, letc’ be a 3-facial 11-colouring of the obtained graph. Assignatthevertexx not

in Hy the colourc’(x), and to each of, w,t the colourc’(h;). Observe that no two vertices among
v,w,t are 3-facially adjacent i, otherwise there would be (& 7)-separating cycle i, thereby
contradicting Lemma&]@). According to Lemmdll, degui) < 15, deg(u) < 14 if i € {2,3}

and deg(uj) < 11 if i € {4,5}. Note that any two vertices ofi = {uy,uy,...,us} are 3-facially
adjacent, that i§&3[u] ~ Ks. Hence, the number of coloured 3-facial neighbours;ofs at most
11,i.e.|AG(u1) \ {uz,us,us,us} > 11. Moreover, at least two of them are assigned the samercolou
namelyv andw. Therefore,|L(u1)| > 1. Fori € {2,3}, the vertexu; has at most 10 coloured
3-facial neighbours. Furthermore, at least two 3-faciajinieours ofu, are identically coloured,
namelyw andt. Thus,|L(uz)| > 2. Now, observe that at least three 3-facial neighbounsgafre
coloured the same, namelyw andt. Hence/|L(us)| > 3. Fori € {4,5}, the vertexy; has at most

7 coloured 3-facial neighbours. Thyk(us)| > 4, and because at least two 3-facial neighbours of
us are identically colouredw andt), |L(us)| > 5. So, the graplts[u] is greedilyL-colourable,
according to the orderingy, U, us, Us, Us. This allows us to extendto a 3-facial 11-colouring oB.

L2. Suppose that is isomorphic to the configuration (L2) of Figurk 2. Leétbe a 3-facial 11-
colouring of the minor ofG obtained by contracting the bold edges into a single venjexLet
c(x) = c(x) for every vertexx # h;. Definec(v) = c(w) = c¢(t) = ¢/(h;). The obtained colouring
is still 3-facial since no two vertices amongw,t are 3-facially adjacent i by LemmalRii).
Note thatGs[u] ~ Ks. In particular, each vertey has four uncoloured 3-facial neighbours. By
Lemmall, deg(u1) < 15,degy(ui) < 14 if i € {2,3} and deg(u;) < 11 if i € {4,5}. Moreover,

INRIA



3-facial colouring of plane graphs

(L1) (L2) (L3)

(L8) (L9)

Figure 2: Reducible configurations (L1)—(L9).
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8 Havet, Sereni & Skrekovski

each ofu; anduy has at least two 3-facial neighbours coloured the samaj;fahese vertices are
w,t and foru, they arew,v. So, there exists at least one colour which is assigned tcertex of
A3(u1) and at least two colours assigned to no vertex(gfuz). Also, us has at least three 3-facial
neighbours coloured the same, namelyv andt, hence at least three colours are assigned to no
vertex ofaiz(uz). Therefore|L(uz)| > 1, |L(u2)| > 2 and|L(uz)| > 3. Furthermore|L(us)| > 4 and
|L(us)| > 5 becausev andt are both 3-facial neighbours a§. SoG3|«| is L-colourable, and hence

G is 3-facially 11-colourable.

L3. Suppose thatl is isomorphic to the configuration (L3) of Figurk 2. Contrde bold edges
into a new vertexy, and letc’ be a 3-facial 11-colouring of the obtained graph. This catmican
be extended to a 3-facial 11-colouriogf G as follows: first, lec(v) = c(w) = c(t) = ¢/(h1). Note
that no two of these vertices can be 3-facially adjacef® imithout contradicting Lemmi@(#). By
Lemmdl, deg(u1) < 14, deg(uz) < 13 and foii € {3,4}, deg(ui) < 12. Observe thabs|[u] ~ K.
Moreover, each ofi;, Uz, Uz has a set of two 3-facial neighbours colouredchiyn; ). These sets are
{w;t}, {w,v} and{v,t} for us, u andus, respectively. Thugl(us)| > 1,|L(uz)| > 2 and|L(uz)| > 3.
Also |L(ug)| > 4 becausey has at least three identically coloured 3-facial neighbpaamely, w
andt. HenceGg[u] is L-colourable, s&s is 3-facially 11-colourable.

L4. Letc be a3-facial 11-colouring of the graph obtained by coningahe bold edges into a new
vertexh;. Definec(x) = ¢/(x) if x ¢ {v,w,uz,u>} andc(v) = c(w) = c/(hy). Observe that andw
cannot be 3-facially adjacent (@ sinceG has no small separating cycle according to Lerfifig.2
By Lemmall, deg(u1) < 12 and deg(uz) < 11. Furthermore, both; andu, have two 3-facial
neighbours identically coloured, namelgndw. Moreoveru; andu; are 3-facially adjacent, hence
|L(u1)| > 1 and|L(uz)| > 2. Thereforeg can be extended to a 3-facial 11-colouring®f

L5. First, observe that sind@is a plane graph, i € a3(t) thenV' ¢ ai(t'). So, by symmetry, we
may assume thatandt are not 3-facially adjacent i®. Now, contract the bold edges into a new
vertexh;. Again, denote by’ a 3-facial 11-colouring of the obtained graph, and degitebe equal
to ¢ on all vertices o/ (G) \ {v,w,t,us,Up,u3,Us}. Letc(v) = c(w) = c(t) = c/(hy). Note that the
partial colouring is still 3-facial due to the above assumption. The gr@plti | is isomorphic tKy,
and according to Lemnfd 1, dgg;) < 12 for alli € {1,2,3,4}. Moreover, fori € {2,3}, the vertex

u; has at least two 3-facial neigbhours that are coloured thie saamely andw. Last, the vertex
us has at least three such 3-facial neighbours, namelyt. Therefore|L(up)| > 2, [L(u;)| > 3 for

i € {2,3} and|L(us)| > 4. So0,Gg[u] is L-colourable, and hend@ is 3-facially 11-colourable.

L6. The same remark as in the previous configuration allows usdorae that ¢ A(3(v). Again,
the graph obtained by contracting the bold edges into a nei&x® admits a 3-facial 11-colouring
c. As before, define a 3-facial 11-colouringf the graph induced by (G) \ u. Then, for every
i €{1,2,3,4},deg(ui) <12 andGz[u] ~ Ks. Thus,|L(u1)| > 2 and|L(uz)| > 2. Remark that
uz has at least two identically coloured 3-facial neighbonesnelyv andw, so|L(us)| > 3. Last,
the vertexus has at least three such neighbours, hdh¢es)| > 4. Therefore, the grapBs[u] is
L-colourable, and so the gra@admits a 3-facial 11-colouring.

INRIA



3-facial colouring of plane graphs 9

L7. LetH; be the pathususxe, Hy the pathyiususupy. andc’ a 3-facial colouring of the graph
obtained fromG by contracting each patH; into a vertexh;. Notice thatc’(hy) # ¢/(hz). For
everyv ¢ V(H1) UV(Hz), let c(v) = ¢/(v). Observe thak; andx, cannot be 3-facially adjacent
in G, otherwiseG would have a separating< 7)-cycle, contradicting Lemmil#i). Note that
the same holds foy; andys,; therefore defining(x;) = c(x2) = ¢/(h;) andc(y1) = c(y2) = ¢/(hy)
yields a partial 3-facial 11-colouring @, sincec/(h;) # ¢/(hy). It remains to colour the vertices
of u = {ug,up,...,us}. Note thatGz[u] ~ Ks. According to Lemmdlgi), deg;(u1) < 15 and
degy(u) < 12ifi > 2. The number of coloured 3-facial neighboursigfi.e. its number of 3-facial
neighbours it/ (G) \ {uz,us, us, us}, is at most 11 because eagtwith i > 2 is a 3-facial neighbour
of u;. Furthermorey; has two 3-facial neighbours coloured with the same coloamelyx; and
x2. Hence|L(u1)| > 1. The vertexu; has four uncoloured 3-facial neighbours,|E¢u;)| > 3. For

i € {3,4}, the vertexu; has at least two 3-facial neighbours coloured the same, Iyamex, for
uz, andyi, Y. for us, so|L(u;)| > 4. Finally, observe thats has two pairs of identically coloured
3-facial neighbours; the first pair being, x2 and the secongy,y,. Thus,|L(us)| > 5, hence the
graphGs|u] is L-colourable, which yields a contradiction.

L8. We contract the bold edges into a new vertgx take a 3-facial 11-colouring of the graph
obtained, and define a 3-facial 11-colourmgf V(G) \ @« as usual. By Lemmid 1, dg@i) < 15 if

i €{1,2}, deg(ui) <12ifi e {3,4,5} and deg(us) < 11. MoreoverGsz[u] ~ Kg. AsVv,w andt
are coloured the same, afidw} C aia(u;i) fori € {2,5}, {w,t} C Az(us) and{v,t} C AG(us), we
obtain|L(u;)| > i for everyi € {1,2,3,4,5,6}. Thus, the graples[¢ ] is L-colourable, and hend@
admits a 3-facial 11-colouring.

L9. We contract the bold edges into a new vertex, take a 3-fadialalouring of the graph ob-
tained, and define a 3-facial 11-colouring\6fG) \ @ as usual. ThenGz[u] ~ Ky. Moreover,

deg(u1) < 12 and deg(uz) < 11. Furthermore{v,w} C AG(u;) for i € {1,2}. Thus, we infer

[L(ui)| >ifori e {1,2}. ThereforeGz[u] is L-colourable.

L10. We contract the bold edges into a new vertex, take a 3-fagialouring of the graph ob-
tained, and define a 3-facial 11-colouring\6fG) \ @ as usual. ThenGz[u] ~ K4. Moreover,
deg(u) <13, deg(uz) < 12 and deg(uj) < 11 fori € {3,4}. Furthermore{v,w} C aiz(u;) for

i € {1,4}. Thus, we infeiL(u;)| > 2 fori € {1,2}, and|L(u;)| > i fori € {3,4}. ThereforeGz[u]
is L-colourable.

L11. We contract the bold edges into a new vertgxtake a 3-facial 11-colouring of the graph
obtained, and define a 3-facial 11-colourimgf V(G) \ u as usual. By Lemm@ 1, de@) < 15
and deg(u;) < 11ifi € {2,3,4,5}. MoreoverGz[u] ~ Ks. Asv andw are coloured the same, and
{v,w} C aa(u) fori € {1,4,5}, we obtain|L(uq)| > 1, |L(u)| >4 if i € {2,3} and|L(u;)| > 5 if

i € {4,5}. Thus, the graplss[u] is L-colourable, and hend®d admits a 3-facial 11-colouring.
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(L14) (L15) (L16)

INRIA
Figure 3: Reducible configurations (L10)—(L16).
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L12. Letc be a 3-facial 11-colouring of the graj@i obtained by contracting the bold edges into
a new vertexh;. Definec(x) = ¢/(x) for every vertexx € V(G) NV (G'), and letc(v) = c(w) =
c(h1). By Lemma[l, deg(uj) < 15 fori € {1,2} and deg(u;) < 11 fori € {3,4,5}. Moreover,
Gs[u] ~ K. Hence|L(up)| > 1 and|L(u;)| > i fori € {3,4,5}. Asvandw are coloured the same,
and{v,w} C Aa(u;) fori € {2,6}, we infer that|L(uz)| > 2 and|L(ue)| > 6. Thus, the grapk is
3-facially 11-colourable.

L13. Let us define the partial 3-facial 11-colouriegas always, regarding the bold edges and
the verticesy andw. From LemmdIl we get dgfu1) < 15, deg(u;) < 12 fori € {2,3,4} and
deg(us) < 11. Moreover, sincész[u] ~ Ks and {v,w} C Az(u;) for i € {1,4,5}, we obtain
[L(u1)| > 1, |L(u)| >3 fori € {2,3},|L(us)| >4 and|L(us)| > 5. Thereforez|u| is L-colourable.

L14. Define the partial 3-facial 11-colourirggas usual, regarding the bold edges and the vertices
v andw. By Lemmall, deg(u;) < 15 and deg(u;) < 11 fori € {2,3,4,5}. Moreover, since
Gsz[u] ~ Ks and{v,w} C a@(u;) fori € {1,5}, we obtain|L(u1)| > 1, |L(w)| > 4 fori € {2,3,4}
and|L(us)| > 5. ThereforeGs[«] is L-colourable.

L15. Let us define the partial 3-facial 11-colourings always, regarding the bold edges and the
verticesv andw. Again, Gz[u] ~ Ks. From Lemmdll we get de@);) < 15 and deg(u;) < 11 if

i € {2,3,4,5}. Moreover, sincdv,w} C ai3(u;) fori € {1,5}, we obtainL(up)| > 1, |L(u;)| > 4 for

i €{2,3,4} and|L(us)| > 5. Thereforez[u] is L-colourable.

L16. Define the partial 3-facial 11-colouringas always, regarding the bold edges and the ver-
ticesv,w andt. Then,Gz[u]| ~ Ks and deg(u;) < 15 fori € {1,2}, deg(uj) <12 fori € {3,4}

and deg(us) < 11. Moreover, notice thafv,t} C ai(u;) for i € {1,4}, {vwt} C aiE(uz) and
{v,w} C A(Us). Thus, we obtaiL(u1)| > 1, |L(uz)| > 2, |L(uz)| > 3, |L(usa)| > 4 and|L(us)| > 5.
ThereforeGs[u] is L-colourable.

L17. Define the partial 3-facial 11-colourirmps always, regarding the bold edges and the vertices
v,w andt. Then,Gz[u] ~ Ks and deg(u;) < 15 fori € {1,2}, deg(uz) < 12 and deg(u;) < 11

fori € {4,5}. Moreover, notice thafv,t} C ai(u;) fori € {1,5}, {v,w,t} C AG(u2) and{v,w} C
Az(u3). Thus, we obtaiflL(uy)| > 1, |L(u2)| > 2, |L(ui)| > 4 fori € {3,4} and|L(us)| > 5. There-
fore, Gs[u] is L-colourable.

L18. Let us define the partial 3-facial 11-colourings always, regarding the bold edges and the
verticesv andw. Then,Gz[u] ~ Kz, deg(u1) < 13 and deg(u;) < 11 fori € {2,3}. Moreover,
{v,w} C AG(u) fori € {1,2,3}. Thus, we obtaifL(us)| > 1 and|L(u;)| > 3 fori € {2,3}. There-
fore, Gg[u] is L-colourable.
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12 Havet, Sereni & Skrekovski

L19. Again, G3[u] ~ Ks and deg(ui) < 15 fori € {1,2} while deg(u;) < 11 fori € {3,4,5}.
Furthermore{v,w} C A&(u;) for i € {1,3,4}, {v,t} C Az(us) and{v,w,t} C A3(u2). Thus, we
deducdL(up)| > 1,|L(up)| > 2 and|L(u;)| > 5 fori € {3,4,5}. ThereforeGs[u] is L-colourable.

L20. Here,G3[u] ~ Kg. Also, deg(u;) < 15 fori € {1,2,3}, deg(us) < 13 and deg(u;) < 11
fori € {5,6}. Furthermore{w,t} C Aa(u) fori € {1,6}, {v,wt} C A&z(uz) and{v,t} C AG(U)
fori € {2,4}. Thus, we inferL(u;)| > 2 fori € {1,2}, |L(u3)| > 3, |L(us)| > 4, |L(us)| > 5 and
|L(us)| > 6. ThereforeGs[u] is L-colourable.

L21. Again Gslu] ~ Kg. Also, deg(u;) < 15 fori € {1,2,3}, deg(uj) < 12 fori € {4,5} and
deg(us) < 11. Furthermore{w,t} C ai(ui) fori € {1,5}, {v,w,t} C Az(uz) and{v,t} C A&(u)

fori e {2,6}. Thus, we infelL(u;)| > 2 fori € {1,2} and|L(u;)| > i fori € {3,4,5,6}. Therefore,
Gs[u] is L-colourable.

L22. In this caseGz[u] ~ Kg. Also, deg(u;) < 13 fori € {1,2,3,4} and deg(u;) < 12 for
i € {5,6}. Furthermore{v,t} C aAi(u) fori € {4,5}, {v,w,t} C Ai(us) and{w,t} C AG(u;) for
i € {2,3}. Thus, we inferlL(u1)| > 3, |L(u)| > 4 fori € {2,3,4}, |L(us)| > 5 and|L(ug)| > 6.
ThereforeGs[u] is L-colourable.

L23. Inthis caseG3[u] ~ Ks. Also, deg(ui) < 12 fori € {1,2,3}. Moreover,{v,w,t} C A&(U;)
fori € {1,2,3}. Thus, we infefL(u;)| > 3 fori € {1,2,3}. ThereforeGs|u] is L-colourable.

L24. Define the partial colouring as always, regarding the bold edges and the vert&emark
that Gs[u] is isomorphic to the complete graph on four vertices minus edgeK, , sinceu; ¢
A3(u2) (because the face has size at least 8). By Lefdma %(deg< 11 for everyi € {1,2,3,4}.
Thus,|L(u)| >2fori € {1,2} and|L(u;)| > 3fori € {3,4}. Hence, the grapBs[« | is L-colourable.
This assertion can be directly checked, or seen as a conssgjata theorem independently proved
by Borodin [2] and Erds, Rubin and Tayloi[[8] (see also[16]), stating that a cotegkgraph is
degree-choosable unless it iszallai tree, that is each of its blocks is either complete or an odd
cycle. O

Corollary 1 Every(3,11)-minimal graph G has the following properties:
(i) Let fy, f2 be two5-faces of G with a common edge xy. Then, x and y are notduértices.

(i) Let f be a7-face whose every incident vertex iSaertex. If f is adjacent to &-face, then
every other face adjacentto f is(& 7)-face.

(i) If two adjacent dangerous vertices do not lie on a safre4)-face, then none of them is
incident to a3-face.

(iv) Two dangerous vertices incident to a saéaface are not adjacent.

INRIA



3-facial colouring of plane graphs 13

(L17) (L18) (L19)

(L20) (L21) (L22)

(L23) (L24)

Figure 4: Reducible configurations (L17)—(L24).
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14 Havet, Sereni & Skrekovski

(v) There cannot be four consecutive dangerous verticedentto a samé> 6)-face.
(vi) A very-bad face is adjacent to at least thifge 7)-faces.

(vii) A bad face is adjacent to at least two 7)-faces.
Proof.

(i) By LemmalXv), deg(x) + deg(y) > 23. By LemmdlL, the 3-facial degree of a 3-vertex
incident to two 5-faces is at most 11. Hence at least onesoly is a(> 4)-vertex.

(i) First note that, according to LemriikiR), the faces adjacent to bothand the 3-face has size
at least 7. Hencd, is adjacent to at most foyx 6)-faces. Now, the assertion directly follows
from the reducibility of the configurations (L1) and (L2) ofbErel2.

(iii) This follows from the reducibility of the configuratio(L4) of Figure2.

(iv) Suppose the contrary, and beindy be two such vertices. By Lemrii{i), a 6-face is not
adjacent to a 3-face, hence botfandy are incident to a 4-face. Then, d¢g) < 11 and
deg(y) < 11, which contradicts Lemnfid().

(v) Suppose that the assertion is false. Then, accordingetahird item of this corollary, the
graphG must contain the configuration (L5) or (L6) of Figdile 2, white both reducible.

(vi) Let f be a very-bad face. By the first item of this corollary and Lemfliy two adjacent
(< 6)-faces cannot be both adjacentftoHence,f is adjacent to at most two such faces.

(vii) Let f be abad face, and denotednyi € {1,2,3,4,5} its incident vertices in clockwise order.
Without loss of generality, assume that, for eveey{1,2, 3,4}, a; is a dangerous vertex. For
i € {1,2,3,4}, denote byf; the face adjacent tb and incident to botlx; anda; 1. According
to the first item of this corollary and Lemnh 3, at most two faaeongfs, f, f3, f4 can be
(< 6)-faces. This concludes the proof.

O

3  Proof of Theorem[1

Suppose that Theorelh 1 is false, andGebe a(3,11)-minimal graph. We shall get a contradic-
tion by using the Discharging Method. Here is an overviewhaf proof: each vertex and face is
assigned an initial charge. The total sum of the chargesawhrio be negative by Euler’'s Formula.
Then, some redistribution rules are defined, and each van@ésface gives or receives some charge
according to these rules. The total sum of the charges ishariged during this step, but at the
end we shall show, by case analysis, that the charge of eatx@nd each face is non-negative, a
contradiction.
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3-facial colouring of plane graphs 15

Initial charge. First, we assign a charge to each vertex and face. For evely(G), we define
the initial charge

ch(v) =d(v) — 4,
whered(v) is the degree of the vertaxin G. Similarly, for everyf € F(G), whereF(G) is the set
of faces ofG, we define the initial charge

ch(f)=r(f)—4,
with r(f) the length of the facé. By Euler’s formula the total sum is

ch(v) + z ch(f)=-8.
veV(G) feF(G)

Rules. We use the following discharging rules to redistribute thigdl charge.

Rule R1. A (> 5)-face send4/3to each of its incident safe vertices ah? to each of its incident
dangerous vertices.

Rule R2. A (> 7)-face send4/3to each adjacer-face.
Rule R3. A (> 7)-face send4/6 to each adjacent bad face.
Rule R4. A 6-face send4/12to each adjacent very-bad face.

Rule R5. A (> 5)-vertex v give®/3to an incident face f if and only if there exist t8efaces both
incident to v and both adjacentto f. (Note that the size ohsuface f is at least.)

We shall prove now that the final charge ¢k) of everyx € V(G) UF (G) is non-negative. There-
fore, we obtain

—-8= Z ch(v) + ch(f) = Z ch'(v) + ch'(f) >0,
veV(G) feF(G) veV(G) feF(G)

a contradiction.

Final charge of vertices. First, as noticed in Lemn{d®), G has minimum degree at least three.
Letv be an arbitrary vertex db. We will prove that its final charge ¢fv) is non-negative. In order
to do so, we consider a few cases regarding its degree. Smoselfirst thav is a 3-vertex. livis a
safe vertex, then by Rule R1 its final charge i§@h= —1+ 3- 1 = 0. Similarly, if vis dangerous,
then ch(v) = —1+42-1 = 0. If vis a 4-vertex then it neither receives nor sends any charges,T
ch*(v) =ch(v) =0.

Finally, suppose that is of degreed > 5. Notice thatv may send charge only by Rule R5.
This may occur at most/2 times ifd is even, and at mosd/2| — 1 times ifd is odd (since two
3-faces are not adjacent). Thus;eh >d—4— {%J . % which is non-negative il > 6. Ford =5,
ch*(v) >5-4-3>0.
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16 Havet, Sereni & Skrekovski

Final charge of faces. Let f be an arbitrary face o6. Denote byfce andbad the number of
3-faces and the number of bad faces adjaceffit tespectively. Denote byfe anddgs the number
of safe vertices and the number of dangerous vertices intidd, respectively. We will prove that
the final charge chi{f) of f is non-negative. In order to do so, we consider a few casesdeg the

size of f.

f isa3-face. lItis adjacentonly td> 7)-faces by LemmBl@i ). Thus, by Rule R2f receives 13
from each of its three adjacent faces, so we obtalffoh= 0.

f is a4-face. It neither receives nor sends any charge. Thu§,foh= ch(f) = 0.

f isa5-face. Then,f is adjacent only td> 5)-faces due to Lemn{gd( ). So a 5-face may send
charge only to its incident 3-vertices, which are all safen§ider the following cases regarding the
numberste of such vertices.

sfe < 3: Then, ch(v) >1-3-3=0.

sfe = 4: In this casef is a bad face. According to Corolldivi), at least two of the faces that
are adjacent td have size at least 7. Thus, according to Rule R&ceives 16 from at least
two of its adjacent faces. Hence, we conclude thatgh>1-4-1+2-1 =0.

sfe =5: Thenf is a very-bad face, and so, according to Corol@fyi)l at least three faces
adjacent tof have size at least 7. Moreover, all faces adjacertt tave size at least 6 by
LemmeélZiii ) and Corollanflli). By Rules R3 and R4, it follows that the neighbouring faces
of f send at least 41/6 to f, which implies that ch(v) > 1-5-1+ 4.2 =0.

f is a6-face. By LemmdXiii), fce = 0. Denote bywbd number of very-bad faces adjacentfto
The final charge of is 2—dgs-  —sfe-1 — vbd- 4 due to Rules R1 and R4.

According to Corollanfiliv), two dangerous vertices ohcannot be adjacent so there are at
most three dangerous vertices firObserve also thatd < sfe/2 by Corollary[Xi) and because a
very-bad face adjacent tbis incident to two safe vertices df Let us consider the final charge of
f regarding its number of dangerous vertices.

dgs = 3: Since a safe vertex is notincident t¢<a4)-face, there is at most one safe vertex incident
to f,i.e.sfe < 1. Thusybd =0, and hence, clif) >2—-3-3 -1 > 0.
dgs = 2: Then,sfe < 3. Let us distinguish two cases according to the valuefef
sfe = 3: Notice thatvbd = 0, otherwise it would contradict the reducibility of (L3)eHce,
chi(f)>2-2.3-3-1=0.

sfe < 2: In this case, there is at most one very-bad face adjacehtdo cli(f) >2—2-
1 11
5—2-z—>0.
2 3712
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dgs = 1: Then,sfe < 4 andvbd < 1 because (L3) is reducible. So,"¢h) >2-3 -2 - L > 0.
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dgs = 0: If sfe > 5 then, because (L3) is reducibleyd = 0, therefore ch( f)
if sfe <4, thenvbd < 2,soch(f) >2-4.1-2.L5>0.

f isa7-face. The final charge of is at least 3- dgs - 3 — (fce+sfe)- 5 —bad- 1.

According to Corollanfllv), four dangerous vertices cannot be consecutivé dmence there
cannot be more than five dangerous verticesforDenote byas,ds,...,07 the vertices off in
clockwise order. Letb be the set of dangerous verticesfofsodgs = | |. We shall look at the
final charge off, regarding its numbetgs of dangerous vertices.

dgs = 5: Up to symmetryp = {a1,02,03,05,06}. Suppose first thats andag are not incident
to a samg < 4)-face. Then, there can be neither a safe vertex incideftrior a bad face
adjacent tof, because a safe vertex is not incident tp<a4)-face, and also a bad face is
not adjacent to 4< 4)-face. Moreover, by Corollardy(ii ), there is no 3-face adjacent to
f. Therefore, ch(f) > ng > 0. Now, if as andag are incident to a samé< 4)-face,
then the vertexxs must be a> 4)-vertex by the reducibility of (L7), and because it is not a
dangerous vertex. Hence, there is no safe vertex and no baddgacent td, so its charge is
ch*(f)>3-3-3%>0.

dgs = 4: We consider several subcases, according to the relaisitign of the dangerous vertices
on f. Recall that, by Corollarfd), there are at most three consecutive dangerous vertices.
Without loss of generality, we only need to consider thedfwlhg three possibilities:

D = {a1,02,03,05}: The charge of is ci(f) =1— (fce+sfe)- 3 —bad- . Moreover,
sfe < 2,bad < 1 andfce + sfe < 3 by Corollary[Xiii ) and because a safe vertex is
not incident to &< 4)-face. So, ch(f) is negative if and only ikfe = 2,bad = 1 and
fce = 1. Butin this case, the obtained configuration is (L8), whecteducible.

» = {a1,02,04,05}: As a bad face is neither adjacent td < 4)-face nor incident to a
dangerous vertex, we getd < 1. Observe also that, as is not dangerous, it has
degree at least four by the reducibility of (L7) and (L11). uShsfe < 2. Suppose
first thatbad = 1, thensfe is one or two. According to the reducibility of (L10), we
infer sfe +fce < 2. Hence, ch(f) >3-4-1-2.1-1>0. Suppose now that
bad = 0. We havefce < 3 andsfe < 2. If fce = 3 thensfe =0, and iffce = 2,
thensfe < 1 according to the reducibility of (L12). Sdce + sfe < 3. Therefore,
ch*(f) >3—4-3 — (fce+sfe) 3 >0.

» = {01,02,04,06}: In this case, there is no bad face adjacenf toFurthermore, by
Corollary[Xiii ), fce < 3 andsfe < 2, as the dangerous verticag and og prevent
at least one non-dangerous vertex from being safe. Obdeatéde + sfe # 5 since
otherwise it would contradict the reducibility of (L13). éarding to the reducibility of
(L13), if fce+ sfe =4 thenfce = 3 and no two 3-faces have a common vertex. Hence,
the obtained configuration is isomorphic to (L14) or (L15high are both reducible.
So,fce+sfe <3andthusch(f) >3—2— (fce+sfe)- % > 0.
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dgs = 3: Again, we consider several subcases according to thiveefgosition of the dangerous
vertices onf.

D = {01,02,03}: Thenfce + sfe < 3 by Corollary[iii ), andbad < 2. Thus, ch(f) >
3-3.3-31-2.1>0

D ={01,02,04}: Then,fce < 4. We shall now examine the situation according to each
possible value of ce.

fce =4: Necessarilysfe <1 andbad = 0. Now, if sfe =0, then ch(f) >3- 3- % —
4. % > 0. And, if sfe = 1, then the safe vertex must tig. Moreover,as must be a

(> 5)-vertex because (L9) is reducible. Hendsas incident toas between two 3-
faces, so by Rule R5 the vertex gives to f. Thus, cfi(f) >3-3-3-5.2+2>

0.
fce = 3: Suppose first that one of the dangerous vertices is int:tdem4 face. Nec-
essarilysfe < 1andbad < 1. Thus, ch(f) >3-3-3-4-1 - L =0.

Suppose now that no dangerous vertex is incident to a 4-I‘aq:mrt|cular sfe <2.
If sfe = 2 then the obtained configuration contradicts the redljt;ikljalf (L19).
Hencesfe <1 andbad < 1. Therefore, ch(f) > 3— 3- —4. 1 e =0.
fce = 2: We shall prove thatfe < 2. This is clear ifog andorg are not incident to a
same 3-face. So, we may assume that the edge lies on a 3-face. But then we
obtain the inequality due to the reducibility of (L19) andZO) Using CorollaerlQJ)
andsfe < 2, we infer thabad < 1. Hence, ch(f) >3-3-3-4.1 -1 =o0.
fce=1: Thensfe <3 andbad < 2. If sfe =3 andbad =2, the obtalned conflguration
contradicts the reducibility (L20) or (L21). So, @) >3—3- 1 -4.1 3— 6 =0.

fce = 0: Again,sfe < 3 andbad < 2, so cH(f) 23—3-5—3-%— -3 >0.

D = {01,02,05}: As in the previous caséce < 4 and we look at all the possible cases
according to the value afce. Since a bad face is not incident to a dangerous vertex,
notice that only edgessa 4 andaga; can be incident to a bad face. In particutsad <
2.

fce = 4: In this casesfe = 0 andbad = 0. Therefore, ch(f) =3—-3-3 -4.1>0.

fce = 3: If one of the dangerous vertices is incident to a 4-face #fe = 0, hence
bad = 0. Thus, ch(f) >3-3-3—3-1 > 0. So now, we infer thatfe cannot be
2, otherwise it would contradict the reducibility of (LlGI)hereforesfe is at most
one, and swad < 1 by Corollan[Xi). Thus, cfi(f) >3-3-3-4.2 -1 =0.

fce =2: According to the reducibility of (L16) and (L17fe < 2. As ch(f) =
3—3-3—(fce+sfe)- 3 —bad- %, we deduce ct(f) < 0 if and only if sfe = 2
andbad 2. In this case, the obtained configuration is (L18), whicteducible.

fce = 1: Because (L16) and (L17) are reducibdége < 2. So, cfi(f) >3-3- % —
3-1-2.1>0.

fce =0: Thensfe < 3,andsoch(f) >3-3-3-3.2-2.1>0.
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» ={a1,03,05}: Inthis casesfe < 2 since a safe vertex is not incident t6<a4)-face, and
bad < 1, since a bad face cannot be incident to a dangerous vermedverfce < 4.
Let us examine the possible cases regarding the valfieeof

fce =4: Observe thaife < 1 andbad = 0. Note also one dfip, 03, dg,07 is adjacent
to a dangerous vertex, and incidentftdetween two triangles. Hence, by the re-
ducibility of (L9), it has degree at least five, and by Rule RSends% to f. Thus,
chi(f)>3-3.1-5.14 250,

fce=3: If sfe<1lthench(f)>3-3-1-4.1-1=0. And, if sfe = 2 then, up
to symmetry, the two safe vertices are eitigranda, or a, andag. In the former
case, one ofi, a4 is incident tof at the intersection of two 3-faces. Furthermore,
it must be a> 5)-vertex due to the reducibility of (L9). In the latter cades same
holds fora4 due to the reducibility of (L9). Hence, in both cases the faceceives
2/3from one of its incident vertices by Rule R5. Recall thad < 1, and therefore,
ch*(f)>3-3.3-5.2-2.1+2>0.

fce < 2: Assfe < 2 andbad < 1, we infer that ch(f) >3-3-3-4.1 -1 =o0.

dgs = 2: Again, we consider several subcases, regarding théqrositthe dangerous vertices on
f.

D ={aj,0,}: Observe thabad < 3, and according to Corollafy(ili ), fce + sfe < 6. We
consider three cases, according to the valugcef+ sfe.

fce+sfe = 6: All the vertices incident td have degree three, arfds adjacent to a
3-face. Thus, by Corollafy(ii), f is not adjacent to any< 6)-face. In particular,
no bad face is adjacent fg i.e. bad = 0. Hence, ch(f) >3- 1— 6% =0.

fce+sfe="5: If bad <2, thench(f) >3-1-5.12 2.1 =0. Otherwisepad = 3.
Note that the edge10, must be incident to &< 4)-face. If this face is of size four,
then we obtain configuration (L22). Suppose now that thig fiacof size three.
Since there is no three consecutive bad faces ardumee can assume that each
of the edgesi304 andogay lies on a bad face. By the reducibility of (L18), we
conclude thatiz anday have degree at least four. But thére + sfe < 5.

fce+sfe <4:Inthiscase, ch{f) >3-1-4.1-3.1>0.

» ={a1,a3} or © ={ay,04}: Againfce+ sfe < 6, and we consider two cases regarding
the value offce + sfe. Since a bad face is not incident to a dangerous vertex, vee inf
thatbad < 3.

fce+sfe==6: Suppose firstthar = {a1,03}. LetP; = aj0203 andP, = 030405060707.
In order to assuréce + sfe = 6, observe that all edges Bf are incident to 3-faces
and all inner vertices oP, are safe, or vice-versa. Thusp or a4 is a (> 5)-
vertex by the reducibility of (L9). Hence, it givéto f by Rule R5. Therefore,
ch’(f)>3-2.1-6.1-3.1+2>0.

Suppose now thab = {a1,04}. Similarly as above, one can show tlator as is
a (> 5)-vertex that donate$ to f. Hence, ch(f) >3-2.3-6-1 -2+ 2>0.
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fce +sfe < 5: Notice thabad < 2. Therefore, ch(f) >3-2.2-5.1-2.1=0.

dgs = 1: Thenfce + sfe < 6 and, by Corollar{}li), we infer thabad < 3. So, chi(f) > 3— % -
6.1_3.1_0.
3 6

dgs = 0: By Corollary[X(i), fce + sfe < 7 andbad < 4. So, chi(f) >3-7-1 4.1 =0.

f isan8-face. Because (L4) and (L23) are reducible, there cannot be tlmesecutive dangerous
vertices onf. Hencedgs < 5. Denote by, i € {1,2,...,8}, the vertices incident td in clockwise
order, and letp be the set of dangerous vertices incident to

dgs =5: Up to symmetryp = {a1,02,04,05,07}. Since a bad face is not incident to a dangerous
vertex, necessarilyad = 0. Fori € {1,4}, denote byf; the face adjacent tb and incident to
botha; andaj, 1. Since (L24) is reducible, at most one fafand f4 is a 3-face. Furthermore,
at most two ofos, 0, 0g can be safe vertices, since at least onegbig is a (> 4)-vertex.
Thereforefce < 2,sfe <2 andso, ch(f) >4-5-3—-4.1>0.

dgs = 4: Up to symmetry, the set of dangerous verticedds,az,04,05}, {01,02,05,06},
{01,02,04,06}, {01,02,04,07} Or {01,03,05,07}. In any casebad < 2 andfce+sfe <5.

Hence, ch(f) >4—-4 -2 - 2=

dgs = 3: Then,fce+ sfe < 6 andbad < 3. So, chi(f) >4-3 —§—%:O.
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dgs = 2: Then,fce+sfe <7, and by Corollar{lli), bad < 4. Thus, cA(f)
dgs = 1: Again,fce+sfe < 7 andbad < 4,soch(f) >4—-1 -1 _4 >0,
dgs = 0: By Corollary[Xi), bad < 5. So, cfi(f) <4-§ -2 > 0.
f is a (> 9)-face. Let f be ak-face withk > 9, and denote by, uy,...,Uss the dangerous
vertices onf in clockwise order. Denote by the (< 4)-face incident tay;. The facial segment

P = uwiws...wjuiyq of f betweeru; anduiy 1 (in clockwise order) is of one of the five following
types:

(a) if j > 1,wy is notincident tof; andw; is not incident tofi 1;
(b) if j > 1,w is incident tof; andw; is incident tofi1;

(c) if j > 1 and not of typda) or (b);

(d) if j =0 and bothf; and fi;1 are the same 3-face; and

(e) if j =0and not of typdd).

We denote byr the number of paths of typ@), B the number of paths of typ#), y the number
of paths of typg(c), & the number of paths of typ@l) ande the number of paths of type). Note
that a path of typéd) or (e) is of length one. Observe that the following holds:
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Claim1 a+B+y+0+&=dgs.
We now bound the number of safe vertices and 3-faces.
Clam?2 fce+sfe<k—a—-y—c¢.

For each/-pathP of type (a), (c) or (e) the number of safe vertices éhplus the number of 3-faces
which share an edge withis at most/ — 1. Indeed, for any path of one of these types, there are at
most/ faces different fromf and incident to an edge of the path, but at least one of theratia n

(< 4)-face. There aré — 1 vertices on the path, so at mdst 1 safe vertices. Furthermore, every
(< 4)-face prevents at least one vertex from being safe. Obséswelet ar/-path of type(b) or

(d) contributes for at mogt, which thus yields Clairil2.

We distinguish two kinds of paths of tyge): a path of type(e) is of type (ep) if its edge is
not incident to a 4-face. Otherwise, it is Bfpe(e1). Lete be the number of paths of tyfde),
ie{0,1}.

Claim 3 bad < k—2dgs + 0+ €.

First, remark that each dangerous vertex prevents its teidént edges ori from belonging to a
bad face, since no bad face is incident to a dangerous veBgthe reducibility of (L23), there
cannot be three consecutive dangerous verticefs sa it only remains to consider two consecutive
dangerous vertices, i.e. paths of ty@h or (e). A path of type(d) or (e1) prevents exactly three
edges off from being incident to a bad face. Every 1-path of typg prevents at least four edges
of f from being incident to a bad face. To see this, consider a yathusususus, whereupus is a
1-path of typg(ep). Clearly, none ofi;uy, usus, Usuy is incident to a bad face. We claim that at least
one ofuaUs, UsUg is not incident to a bad face. Otherwiseuifus is incident to a bad face, then by
LemmalXiii ), us must be &> 4)-vertex. Hence, by Corollaik(Il), usug is not incident to a bad
face. As no three dangerous vertices are consecutifetbfs proves Clairfil3.

Clam4 a—pB+¢ =0+¢;.

Associate each dangerous vertexwith its incident(< 4)-face fi. Each path of typéa) contains
no facef;, so does each path of tyfep); each path of typéc) contains exactly one fack, and
each path of typgb), (d) or (e1) contains exactly two facef (where a face is counted with its
multiplicity, i.e. once for each dangerous vertexfahcident to it). Sodgs =y+2(B+9+¢1), and
henceo + B+ y+0+€=y+2(B+d+¢1), which gives Claini}d.
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So, by Claim§1lH4, we get

ch*(f) = k—4—dgs-%—(fce+sfe).%_bad.%
> k74fﬁfk*a*V*SikudgswLéstl
2 3 6
_ 'g, ,d%s+u+\é+so+slga
= g—4+(°‘_3%)+y_g
> 2—472.

According to Corollarfltiii ) and the reducibility of (L24), there are at least two veribetween
any two paths of typéd). So0,0 < ';‘1. Therefore, one can conclude that

k Kk 11 99
F(F)> 2 — —4=""K-4>— — .
e (f) > 5 — 5, —4=53k—4> =2 —4>0
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