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Ω ⊂ R

d 'Tþ�çèó��
d = 2

ïyä
d = 3

,Xô�åGã¼ê ó��¼â�óAçèý�â�çèã�ó&â�äAílåGæ
(0, T )
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∂(ρu)

∂t
+ div(ρu ⊗ u) − div

(

η
(

∇u + ∇uT
))

= −∇p+ γHnΣδΣ + f ,

div(u) = 0,
∂ρ

∂t
+ div(ρu) = 0.
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� �¼â�â43�ð�åGóAç¿ïyãÎç¿õ �=ïlõ&âÑê.çèã3ó��¼â�ê6ç¿õAóAäAçèønðnóAç¿ïyã�åGæ�õ&â�ã¼õ&â � � �¼â�íqâ�æ¿ïsò�çèó±ñ\ç¿õ#ênâ�ã¼ïyó&âÑê�ø�ñ
u
ôló��¼â�ênâ�ã¼õAçèó±ñ

ø�ñ
ρ
ô-ó��¼â4ísç¿õ�òÑïlõAçèóÖñÔøsñ

η
åGã¼ê ó��¼â �nä&âÑõ&õAðnä&â4ø�ñ

p �"� �¼âÎíqâÑò�ó&ïyä
f
ênâ�ã¼ïyó&âÑõ3åGã�â *6ó&â�äAã�åGæ	ö£ïyä&òÑâ

'Tæèç�qâ ó��¼â û ä�åÑíLçèóÖñzö£ïyä&òÑâ�ö�ïyä3â *¼åGý8�næ¿â ,Xô�åGã¼ê�ó��¼â ó&â�äAý
γHnΣδΣ

ç¿õ3ó��¼âtõ&ðnä8ö£åyòÑâ�ó&â�ã¼õAç¿ïyã ó&â�äAý
ó���åGó]þ�â3þ�çèæèæhênâÑõ&ò�äAçèø�â3çèã ênâ�ó�åGçèæhø=â�æ¿ï|þ ��� �¼â4õAñ6õAó&â�ý ç¿õ]òÑïyý8�næ¿â�ý�â�ãsó&âÑê�øsñ�çèãnçèóAçjåGæhòÑïyã¼ê6çèóAç¿ïyã¼õ
(u(t = 0), ρ(t = 0)) � 5 â�õ&ð+�+�=ïlõ&â�ó���åGó ρ(t = 0)
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Ωi(t) =
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x ∈ R
d, ρ(t,x) = ρi
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η
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η = η(ρ)
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�nä&ïyønæ¿â�ý+ó&ï�ø�âhþhâ�æèæ��=ïlõ�âÑê
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t∂Σ = nΣ ×n∂Ω
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u − ub
)

· τ + σn∂Ω · τ + γ (m · t∂Ω − cos(θs)) t∂Ω · τ δ∂Σ = 0,
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ç¿õ2ó��¼â]õ&æèç(��òÑïLâ �Îò�ç¿â�ã�ó ô
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ó��¼â�óÖþ�ï3ÿ¼ðnç¿ênõ�åGã¼ê
θs
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ψ

〈δ∂Σ, ψ〉 =

∫

∂Σ

ψdl∂Σ

':� ,

þ��¼â�ä&â
l∂Σ
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(m · t∂Ω − cos(θs))
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5 âÎä&âXö£â�ä]ó&ï 7�� ;�ïyä]ó&ï � ��å0�nó&â�ä8:�çèã 7�� ;hö�ïyä.ý�ïyä&â�ênâ�ó�åGçèæ¿õ�åGø�ïyðnó]ó��¼â�÷BùDü ö�ïyäAý\ðnæjåGóAç¿ïyã �25 âåyõ&õAðný�â ó���åGó�ö£ïyäÎåGã�ñzóAçèý�â
t ≥ 0
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Ω
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Ât(Ω̂i) = Ωi(t)
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Ω̂1
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ŵ
ç¿õ�ênâ )¼ã¼âÑê�ø�ñ �

ŵ(t, x̂) =
∂

∂t
Ât(x̂).
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� ïyätåGã�ñìö�ðnã¼ò�óAç¿ïyã ψ(t, .)
ênâ )¼ã¼âÑê ïyã

Ω
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ψ̂(t, .)
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Ω̂
øsñ

ψ̂(t, x̂) = ψ(t, Ât(x̂)).
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� ïyä�â *¼åGý8�næ¿âlônó��¼â�íqâ�æ¿ïLò�çèóÖñtïGö"ó��¼â�ênïyýÎåGçèã
w
ïyã�ó��¼â�ò�ðnäAä&â�ã�ó2ö�ä�åGý�â�ç¿õ2ênâ )¼ã¼âÑê�ø�ñ

w(t,x) = ŵ(t, Â−1
t (x)).

' 9.9 ,

ë�ïyóAç¿òÑâ�ó���åGó2ó��¼âBöTðnã¼ò�óAç¿ïyã¼õ
ψ
åGã¼ê

ψ̂
åGä&â�õAð¼ò���ó���åGó �

∂ψ̂

∂t
(t, x̂) =

∂ψ

∂t
(t, Ât(x̂)) + w(t, Ât(x̂)) · ∇ψ(t, Ât(x̂)).

' 9�� ,

� �¼â3ö�åyò�ó�ó���åGó
Ât

ýÎå0�¼õ
Ω̂i

ó&ï
Ωi(t)
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i = 1

ïyä
2
,�çèý8�næèç¿âÑõ]ó���åGó\ó��¼â�íqâ�æ¿ïLò�çèóÖñPïGö�ó��¼âÎênïyýÎåGçèã

õ�åGóAç¿õ )�âÑõ
w · ni = u · ni

ïyã
∂Ωi

ô ' 9�� ,
þ��¼â�ä&â

i = 1
ïyä
i = 2

åGã¼ê
ni

ênâ�ã¼ïyó&âÑõ�ó��¼â�ðnãnçèó�ïyðnóÖþ�åGä&ê�íqâÑò�ó&ïyä2ã¼ïyäAýÎåGæeó&ï
Ωi � � �¼â�ênâ�ã¼õAçèóÖñ

ρïGö-ó��¼â�ÿ¼ðnç¿êtç¿õ2õAð¼ò��tó���åGó �
ρ(t,x) = ρ̂(Â−1

t (x)),
' 9�� ,

þ��¼â�ä&â
ρ̂
ç¿õ2â43sð�åGæDó&ï

ρ1

ïyã
Ω̂1

åGã¼ê
ρ2

ïyã
Ω̂2 �

� �¼â�ö£ïyæèæ¿ï þ�çèã û ö�ðnã¼ò�óAç¿ïyã�åGæIõ ��åyòÑâÑõ�þ�çèæèæDø�â�ã¼âÑâÑênâÑê
ônä&âÑõ���âÑò�óAçèíqâ�æèñ4ö£ïyä�ó��¼â�íqâ�æ¿ïLò�çèóÖñ u
åGã¼êtó��¼â

�nä&âÑõ&õAðnä&â
p
�

V = L2(0, T ; H1
n
(Ω)), M = L2(0, T ;L2

0(Ω)),
þ��¼â�ä&â

H
1
n
(Ω) =

{

u ∈
(

H1(Ω)
)d
,u · n∂Ω = 0

ïyã
∂Ω

}

,

åGã¼ê
L2

0(Ω) =

{

p ∈ L2(Ω),

∫

Ω

p = 0

}

.
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V̂ = H
1
n
(Ω̂), M̂ = L2

0(Ω̂).


Öãtó��¼â�ý�ï íLçèã û öTä�åGý�âlô¼ó��¼â�ó&âÑõAó�ö�ðnã¼ò�óAç¿ïyã�õ���åyòÑâÑõ�åGä&â�ênâ )¼ã¼âÑê�ø�ñ

VT = {v : [0, T ] × Ω → R
d, v(t,x) = v̂(Â−1

t (x)), v̂ ∈ V̂ },

MT = {q : [0, T ] × Ω → R, q(t,x) = q̂(Â−1
t (x)), q̂ ∈ M̂}.

� ��ð¼õ ô�ó��¼â�ó&âÑõAó�ö�ðnã¼ò�óAç¿ïyã¼õ�ênï3ã¼ïyó�ênâ��=â�ã¼ê�ïyã�óAçèý�â�çèã�ó��¼â�ä&âXö£â�ä&â�ã¼òÑâ�ö�ä�åGý�â
Ω̂
þ��¼â�ä&â åyõ2ó��¼â�ñtênï

ïyã4ó��¼âBò�ðnäAä&â�ã�ó2ïyã¼â.�-ý�ïyä&â �nä&âÑò�ç¿õ&â�æèñqôLæ¿â�ó
v
ø�â�çèã

VT

ô�ó��¼â�ã�ö£ïyä�å&)+*6âÑê
x̂ ∈ Ω̂

ô
v(t, Ât(x̂))

ênïLâÑõ
ã¼ïyó�ênâ���â�ã¼ê�ïyãtóAçèý�â�þ��nçèæ¿â�ö£ïyä�å�)+*nâÑê

x ∈ Ω
ô
v(t,x)

ênïsâÑõ �
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±óhç¿õ�ó��¼â�ö£ïyæèæ¿ï þ�çèã û òÑïyð+�næ¿âÑê�nä&ïyønæ¿â�ý"�-þhâ�æ¿ïLï7�]ö£ïyä	å�ö�ðnã¼ò�óAç¿ïyã

Ât : Ω̂ → Ω
åGã¼ê

(u, p)
çèã
V ×M

õAð¼ò���ó���åGó
u(t = 0, .) = u0åGã¼ê �

• � �¼â�ö�ðnã¼ò�óAç¿ïyã
Ât

ç¿õ�õAý�ïLïyó�� åGã¼êÔýÎå0�¼õ
Ω̂i

ó&ï
Ωi(t)

'
i = 1

ïyä
2
, �8� �¼â�ênïyýÎåGçèã¼õ

Ωi(t)ïLòÑò�ð+�nç¿âÑê�øsñ�â åyò ��ÿ¼ðnç¿ê�åGä&â2ó��sð¼õ	ênâ )¼ã¼âÑê4ø�ñ
Ât

åGã¼ê3ó��¼â�ênâ�ã¼õAçèó±ñ�ïGö
ó��¼â�ÿ¼ðnç¿ê
ρ
ç¿õ	ênâ )¼ã¼âÑê

øsñ��
ρ(t,x) = ρ̂(Â−1

t (x)) = ρi,
ö£ïyä

x ∈ Ωi(t).
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d

dt

∫

Ω

ρu · v +

∫

Ω

ρ(u − w) · ∇u · v −

∫

Ω

div(w)ρu · v

+

∫

Ω

η

2

(

∇u + ∇uT
)

:
(

∇v + ∇vT
)

−

∫

Ω

pdiv(v)

= −γ

∫

Σ

tr(∇Σv) dσΣ − β

∫

∂Ω

(u − ub) · v

+γ

∫

∂Σ

cos(θs)t∂Ω · v dl∂Σ +

∫

Ω

f · v,
∫

Ω

q div(u) = 0.
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ψ * �,+ � � * � �.-/���0� � � �
t
��� * � + �1' �

x 2 � � * �����3���3�4� �"!
#&%	�(')� � ���

φ
�&%5'�!6�"!	� �

φ̂ 78* �"9 � � *;: � φ̂(t, x̂) = φ(t, Ât(x̂)) < � ��� � � ��= � � * �,+ � � * � �>� 2@? � !	� A ��B
d

dt

∫

Ω

ψ(t,x)φ(t,x) dx
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=

∫

Ω

φ(t,x)
∂ψ

∂t
(t,x) + φ(t,x)w(t,x) · ∇ψ(t,x) + φ(t,x)div(w(t,x))ψ(t,x) dx.
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� �¼â )¼ä&õAóhæèçèã¼âBçèã/' 9�� ,#ç¿õ�ïyønó�åGçèã¼âÑê�ø�ñÎý]ðnæèóAç(�næèñLçèã û ó��¼â�ýÎåGó&â�äAçjåGæ
ênâ�äAçèílåGóAçèíqâ�çèã�ó��¼âBâ43�ð�åGóAç¿ïyãïyã
u
çèã ' 9 ,�øsñ4ó��¼â�ó&âÑõAó�öTðnã¼ò�óAç¿ïyã

v ∈ VT

åGã¼ê çèã�ó&â û ä�åGóAçèã û ï íqâ�ä Ω
�

∫

Ω

∂(ρu)

∂t
· v + div(ρu ⊗ u) · v =

∫

Ω

ρ
∂u

∂t
· v + ρu · ∇u · v,

=
d

dt

∫

Ω

ρu · v −

∫

Ω

ρw · ∇u · v − div(w)ρu · v + ρu · ∇u · v,

þ��¼â�ä&â�þhâ�ð¼õ&âÑêtõAð¼òÑòÑâÑõ&õAçèíqâ�æèñ�ó��¼â�â43sð�åGóAç¿ïyã�ïyã
ρ
çèã ' 9 ,�åGã¼ê ó��¼â�ã ' 9 �., � � �¼â�þhâ å��4ö�ïyäAý\ðnæjåGóAç¿ïyã

ïGöhó��¼â.ó&â�äAý�õ�çèã�íqïyæèíLçèã û ó��¼â��nä&âÑõ&õAðnä&â3åGä&â3ò�æjåyõ&õ&ç¿ò åGæèæèñ�ïyønó�åGçèã¼âÑê�ø�ñ:çèã�ó&â û ä�åGóAç¿ïyã ø�ñ$��åGäAó&õ � 
±óBç¿õõAóAä�åGç û ��ó8ö£ïyäAþ�åGä&ê�ó&ï4ïyønó�åGçèã�ó��¼â�ö�ïyæèæ¿ï|þ�çèã û íyåGäAçjåGóAç¿ïyã�åGæIö�ïyäAý\ðnæjåGóAç¿ïyã:ö�ïyä�ó��¼â]ó&â�äAý çèã�íqïyæèíLçèã û ó��¼âísç¿õ�òÑïyð¼õ2õAóAä&âÑõ&õ2åGã¼êtó��¼â]õAðnä8ö£åyòÑâ�ó&â�ã¼õ&ç¿ïyã�ó&â�äAý"�
∫

Ω

η

2

(

∇u + ∇uT
)

:
(

∇v + ∇vT
)

−

∫

∂Ω

σn∂Ω · v −

∫

Σ

γHv · nΣdσΣ.
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Σ
çèã

R
d ' ������� å�õAðnønýÎåGãnç©ö£ïyæ¿êzïGö

R
d þ�çèó���òÑïsê6ç©úý�â�ã¼õAç¿ïyã

1
,�þ�çèó��Ôå�õAý�ïLïyó��:ø=ïyðnã¼ê¼åGäAñ

∂Σ
åGã¼ê:ã¼ïyäAýÎåGæ

nΣ(x)
åGó ��ïyçèã�ó

x
ô
ïyã¼â���åyõ �2ö�ïyä�åGã�ñ

õAý�ïLïyó�� öTðnã¼ò�óAç¿ïyã
Φ : Σ → R

d ô

−

∫

Σ

HΦ · nΣ dσΣ =

∫

Σ

tr(∇ΣΦ) dσΣ −

∫

∂Σ

Φ · m dl∂Σ,
' 974 ,

þ��¼â�ä&â�ó��¼â�õAðnä8ö�åyòÑâ û ä�åyê6ç¿â�ã�ó ∇Σ

ç¿õ2ênâ )¼ã¼âÑê�ø�ñ �-ö�ïyä�åGãsñ õ&ý�ïsïyó���íqâÑò�ó&ïyä�)�â�æ¿ê
X
ô

∇ΣX = PΣ(x)∇X,
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þ��¼â�ä&â
PΣ(x)

ç¿õ2ó��¼â�ïyäAó��¼ï û ïyã�åGæ �nä&ï 3AâÑò�ó&ïyä�ïyã�ó&ïÎó��¼â�ó�åGã û â�ã�óBõ���åyòÑâ�ó&ï Σ
åGó���ïyçèã�ó

x
�

PΣ(x) = Id − nΣ(x) ⊗ nΣ(x).

ë�ïyóAç¿òÑâ]ó���åGó�ó��¼â\õAðnä8ö£åyòÑâ û ä�åyê6ç¿â�ã�ó�ïGö X ïyãnæèñ�ênâ���â�ã¼ênõBïyã�ó��¼â�ílåGæèð¼âÑõ�ïGö X ïyã�ó��¼â]õAðnä8ö�åyòÑâ Σ �
� �¼â2íqâÑò�ó&ïyä

m
ç¿õ	ó��¼â�ã¼ïyäAýÎåGæ�íqâÑò�ó&ïyähó&ï

∂Σ
çèãÎó��¼â�ó�åGã û â�ã�ó�õ���åyòÑâ�ïGö Σ �=ïyçèãsóAçèã û ïyðnó±þ�åGä&ênõ�ïGö Σ'�õ&âÑâ � ç û ðnä&â 9 , � � �¼â�ý�â åyõ&ðnä&â

l∂Σ

ç¿õ�ó��¼â�ùeâ�ø=âÑõ û ð¼â�ý�â åyõ&ðnä&â]ïyã ∂Σ �
�BõAçèã û ó��¼â�õAðnä8ö�åyòÑâ�ê6çèíqâ�ä û â�ã¼òÑâ�ö£ïyäAý]ðnæjå2' 974 ,Xônó��¼â�æjåyõAó2ó±þhï3ó&â�äAý�õ�çèã ' 9�� ,�þ�äAçèó&âÑõ �

−

∫

∂Ω

σn∂Ω · v −

∫

Σ

γHv · nΣdσΣ = −

∫

∂Ω

σn∂Ω · v + γ

∫

Σ

tr(∇Σv) dσΣ

− γ

∫

∂Σ

v · m dl∂Σ.
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−

∫

∂Ω

σn∂Ω · v − γ

∫

∂Σ

v · m dl∂Σ

= β

∫

∂Ω

(u − ub) · v + γ

∫

∂Σ

(m · t∂Ω − cos(θs)) t∂Ω · v dl∂Σ − γ

∫

∂Σ

v · m dl∂Σ,

= β

∫

∂Ω

(u − ub) · v − γ

∫

∂Σ

cos(θs)t∂Ω · v dl∂Σ,

þ��¼â�ä&â�þhâ&��åÑíqâ�ð¼õ�âÑê ó��¼â�ö£åyò�ó�ó���åGó
v · m = (v · t∂Ω) (m · t∂Ω) �

5 çèó���ó��¼â�ê6çèíqâ�ä û â�ã¼òÑâBö£ïyäAý]ðnæjå6ônþ�â�â�æèçèý3çèã�åGó&â�ó��¼â�ý�â åGã�ò�ðnäAílåGóAðnä&â H 'Tþ��nç¿ò �tç¿õ�ê6ç��Îò�ðnæèó�ó&ï
å0�+�nä&ï4*6çèýÎåGó&â\åGó2ó��¼â�ê6ç¿õ�ò�ä&â�ó&â�æ¿â�íqâ�æ-,Xô�åGã¼ê þ�â�ã�åGóAðnä�åGæèæèñtâ�ã6ö�ïyä&òÑâ�ó��¼â]á�ë�î�� �

�� � � /���� &0��- /�� �.- /�$ 1

� �¼â�ê6ç¿õ&ò�ä&â�óAçèé|åGóAç¿ïyã ç¿õ3ø�åyõ&âÑêìïyã å2)¼ãnçèó&â�â�æ¿â�ý�â�ã�ó�ý�â�ó��¼ïsê çèãìõ ��åyòÑâlô�åGã¼ê åGã çèý8�næèç¿ò�çèó4ü#ðnæ¿â�ä
óAçèý�âXúÖê6ç¿õ&ò�ä&â�óAçèé|åGóAç¿ïyã � � �¼âtênïyýÎåGçèã

Ω
n

= Ω
n

1 ∪ Ω
n

2

åGó�ó��¼â4ø�â û çèãnãnçèã û ïGö�ó��¼â n ú�ó���óAçèý�âÑõAó&â��Dôþ��¼â�ä&â
Ωn

i

ç¿õ�ó��¼â]ênïyýÎåGçèã�ïsòÑò�ð+�nç¿âÑê�ø�ñtó��¼â�ÿ¼ðnç¿ê
i
åGó�óAçèý�â

tn
ô	�næjåÑñ6õ�ó��¼â]ä&ïyæ¿â\ïGö#ó��¼â]ä&âXö�â�ä&â�ã¼òÑâ

ênïyýÎåGçèã
Ω̂ = Ω̂1 ∪ Ω̂2 �áBçèíqâ�ã:ó��¼â]ý�âÑõ �

Mn = Mn
1 ∪Mn

2

ïGö	ó��¼â.ênïyýÎåGçèã��
Ω

n
= Ω

n

1 ∪ Ω
n

2

åGã¼ê�ó��¼â]íqâ�æ¿ïLò�çèóÖñ
unê6ç¿õ&ò�ä&â�óAçèé âÑêPçèãzå%)¼ãnçèó&âÎâ�æ¿â�ý�â�ãsó.õ���åyòÑâ4åGó�óAçèý�â

tn
ôDþ�â4åGçèý ó&ï �nä&ï1��å û åGó&â�ó��¼âÑõ&â�óÖþhï�çèó&â�ý�õ�ó&ïóAçèý�â

tn+1

ô6ð¼õAçèã û ó��¼â�þ�â å��t÷�ùDüìö�ïyäAý\ðnæjåGóAç¿ïyã ' 9�� , �
±ã åyênê6çèóAç¿ïyã ó&ï
(Mn,un)

ô�æ¿â�óÎð¼õ û çèíqâ�ïyðnä&õ&â�æèíqâÑõ åÔõ���åyòÑâ�ê6ç¿õ&ò�ä&â�óAçèé|åGóAç¿ïyã�ïGö�ó��¼â�ênïyýÎåGçèãíqâ�æ¿ïsò�çèó±ñ
wn åGó�óAçèý�â tn � 5 âBþ�çèæèæDòÑïyý�â�ø�åyò��4ó&ï.çèó&õ�òÑïyý8�nðnó�åGóAç¿ïyã�ø�â�æ¿ï þ�ô6çèã � âÑò�óAç¿ïyã�� � � � � � 5 âçèã�óAä&ïLê6ð¼òÑâ�ó��¼â�å0�+�næèç¿ò åGóAç¿ïyã

An,n+1 :

{

(Ωn
i )i=1,2 → (Ωn+1

i )i=1,2

y 7→ x = y + δtwn(y)
,

':� � ,

þ��nç¿ò � ý3ç û �só3ø=â�õ&âÑâ�ãìåyõ�åGãìå0�+�nä&ï4*6çèýÎåGóAç¿ïyã1ïGö Âtn+1
◦ Â−1

tn
�/� �nç¿õ�å0�+�næèç¿ò åGóAç¿ïyã1ênâ )¼ã¼âÑõ�ó��¼â

ênïyýÎåGçèãPïsòÑò�ð+�nç¿âÑê:øsñ�â åyò �:ÿ¼ðnç¿ê	�3åGóBóAçèý�â
tn+1

�
Ωn+1

i = An,n+1(Ω
n
i )
ô=ö£ïyä

i = 1, 2 �5 çèó��¼ïyðnóæ¿ïlõ&õBïGö û â�ã¼â�ä�åGæèçèóÖñqô
ó��¼â]óAçèý�âXúÖõAó&â�� δt = tn+1 − tn
ç¿õBõAð+�+�=ïlõ�âÑê�ó&ï4ø=â\òÑïyã¼õAó�åGã�ó � 
±ã�ó��¼â.õ&â43�ð¼â�æ�ôïyðnä�òÑïyã�íqâ�ãsóAç¿ïyã�ç¿õ2ó���åGó

y
ênâ�ã¼ïyó&âÑõ�å���ïyçèã�ó�çèã

(Ωn
i )i=1,2

åGã¼ê
x
å���ïyçèã�ó2çèã

(Ωn+1
i )i=1,2 �


��������������������������������������� �!"�$#%#�&�'�� �(�*),+-�(�.#��*/�&��0�
1
An,n+1

�.2 !��3����4����!5�����6�7�%!��8�9�:��� �7�
tn+1 ;

���.�
i = 1, 2 <

�%��#��=��,���6���
M

n
i

� !:�������!�'>�������(�3�?���@�
Ω

n
i

���

Ω
n+1

i

)$+
An,n+1 <

���,&�!A����4��� �BC�����:�7�%!��
M

n+1

i

���
Ω

n+1

i

�9�D��� �7�
tn+1 E

�
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5 â3òÑïyã¼õAç¿ênâ�ä]å )¼ãnçèó&â3â�æ¿â�ý�â�ã�ó]ê6ç¿õ�ò�ä&â�óAçèé|åGóAç¿ïyã ïGöhó��¼â3ênïyýÎåGçèã (Ωn

i )i=1,2 �

±ó�ç¿õ�óAä�åGã¼õ��=ïyäAó&âÑê�øsñ

ó��¼â�å0�+�næèç¿ò åGóAç¿ïyã
An,n+1

ó&ï�å�)¼ãnçèó&â3â�æ¿â�ý�â�ãsó\ê6ç¿õ&ò�ä&â�óAçèé|åGóAç¿ïyã�ïGö�ó��¼â3ênïyýÎåGçèã
(Ωn+1

i )i=1,2 ��� �¼â
)¼ãnçèó&â]â�æ¿â�ý�â�ãsó�õ���åyòÑâÑõBåGó2óAçèý�â

tn
ö£ïyä2ó��¼â�íqâ�æ¿ïLò�çèóÖñ�åGã¼êtó��¼â&�nä&âÑõ&õAðnä&â]åGä&â]ä&âÑõ��=âÑò�óAçèíqâ�æèñtênâ�ã¼ïyó&âÑê

ø�ñ
Vh,n ⊂ H

1
n
(Ω), Mh,n ⊂ L2

0(Ω).ë�ïyóAç¿òÑâ�ó���åGó�ó��¼âÑõ&â")¼ãnçèó&â�â�æ¿â�ý�â�ã�ó õ���åyòÑâÑõ4ênâ��=â�ã¼êìïyã ó��¼âtóAçèý�â�çèã¼ênâ *
n
ô�õAçèã¼òÑâ�ó��¼â�ý�âÑõ��1ç¿õ

ý�ï íLçèã û �0� ö6òÑïyðnä&õ&âlôGó��¼âÑõ&â )¼ãnçèó&â	â�æ¿â�ý�â�ãsóIõ���åyòÑâÑõIã¼âÑâÑê�ó&ï�õ$åGóAç¿õ8öTñBó��¼â	ò�æjåyõ�õAç¿ò åGæqçèã6öTúÖõAð+�\òÑïyã¼ê6çèóAç¿ïyã �
Öó�ç¿õ�åGæ¿õ&ï%��ïlõ&õAçèønæ¿â.ó&ï ð¼õ&â\ó��¼â3õ�åGý�â )¼ãnçèó&â3â�æ¿â�ý�â�ã�ó]õ���åyòÑâÑõBö£ïyä�ó��¼â.íqâ�æ¿ïsò�çèó±ñ�åGã¼ê:ó��¼â �nä&âÑõ&õAðnä&â
åGã¼êÔå4õ&ó�åGønçèæèçèé âÑê�íyåGäAçjåGóAç¿ïyã�åGæ#ö£ïyäAý]ðnæjåGóAç¿ïyã � 5 â.ä&âXö�â�äBö£ïyä�â *nåGý8�næ¿â�ó&ï 7 �¼ô 9760;'ïyä�ó&ï � ��å0�nó&â�ä �
çèã 7��0;
ö£ïyä�ý�ïyä&â�ênâ�ó�åGçèæ¿õ �÷Bõ�â * �næjåGçèã¼âÑê:åGø=ï|íqâlônþhâ�ð¼õ�â�ó&âÑõAó�öTðnã¼ò�óAç¿ïyã¼õ2þ��nç¿ò ��ö£ïyæèæ¿ï þ ó��¼â�ênâXö�ïyäAýÎåGóAç¿ïyã:ïGö-ó��¼â�ênïyýÎåGçèã
û çèíqâ�ã�ø�ñ An,n+1

�"ó��¼â�ó&âÑõAó�ö�ðnã¼ò�óAç¿ïyã¼õ�åGó�óAçèý�â
tn+1

ø�â�æ¿ïyã û ó&ï3ó��¼âBö£ïyæèæ¿ï þ�çèã û õ���åyòÑâÑõ �

Vh,n+1 = {v(tn+1, .) : Ω → R
N ,v(tn+1,x) = v(tn,A

−1
n,n+1(x)),v(tn, .) ∈ Vh,n},

Mh,n+1 = {q(tn+1, .) : Ω → R, q(tn+1,x) = q(tn,A
−1
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∫
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� âÑò�óAç¿ïyã�� � ��ó&ï�þ���åGó�â *6ó&â�ã�ó2ó��¼â\òÑïyý8�nðnó�åGóAç¿ïyã:åGó2ó��¼â\òÑïyã�óAçèã�ð¼ïyð¼õBæ¿â�íqâ�æeò åGã�ø=â�ä&â��nä&ïLê6ð¼òÑâÑê�ïyã
ó��¼â�óAçèý�âXúÖê6ç¿õ&ò�ä&â�óAçèé âÑê�õAñLõ&ó&â�ý �
±ãtó��nç¿õ�õ&âÑò�óAç¿ïyãDô6ö£ïyä�ó��¼â�õ�å��qâ�ïGö#õAçèý8�næèç¿ò�çèó±ñqô¼þhâ]õAð+�+�=ïlõ�â�ó���åGó2ó��¼â�íqâ�æ¿ïLò�çèóÖñtïGö-ó��¼â&�=ïyçèãsó&õ2ïGö
ó��¼â�ø�ïyðnã¼ê¼åGäAñ ïGö"ó��¼â�ênïyýÎåGçèã�ç¿õ�é â�ä&ï$'

ub = 0
,Xô¼ó��¼â�õAó�åGóAç¿ò�òÑïyãsó�åyò�óBåGã û æ¿â�ç¿õ θs = π/2

åGã¼êtó��¼â
â *Ló&â�äAã�åGæ	ö�ïyä&òÑâ�ç¿õ�ó��¼â û ä�å ísçèó±ñ�ö�ïyä&òÑâ.� f = ρg

þ��¼â�ä&â
g = −g e3

ênâ�ã¼ïyó&âÑõ\ó��¼âÎåyòÑòÑâ�æ¿â�ä�åGóAç¿ïyã�ïGö
û ä�åÑíLçèóÖñ íqâÑò�ó&ïyä �
� �� ��1�� 1 ��&
	�� � � -0/�( �.- � �.-�-0��� � $ 12-0/�1�*�$ *6� ,��5� � ,
ùDâ�ó2ð¼õ )¼ä&õ&ó�ä&â�þ�äAçèó&â�' 9�� ,�çèãtó��¼â�ö£ïyæèæ¿ï þ�çèã û â43�ðnçèílåGæ¿â�ã�ó�ö�ïyäAý"�



























∫

Ω

∂(ρu)

∂t
· v +

∫

Ω

div(ρu ⊗ u) · v +

∫

Ω

η

2

(

∇u + ∇uT
)

:
(

∇v + ∇vT
)

−

∫

Ω

pdiv(v)

= −γ

∫

Σ

tr(∇Σv) dσΣ − β

∫

∂Ω

u · v +

∫

Ω

ρg · v,
∫

Ω

q div(u) = 0.
':� � ,

� �¼ïsïlõ&çèã û åyõ�å.ó&âÑõAó�ö�ðnã¼ò�óAç¿ïyã
v = u

ônþ�â�ïyønó�åGçèã��

1

2

d

dt

∫

Ω

ρ|u|2 +

∫

Ω

η

2

∣

∣∇u + ∇uT
∣

∣

2
+ β

∫

∂Ω

|u|2

= −γ

∫

Σ

tr(∇Σu) dσΣ +

∫

Ω

ρg · u.

':���.,

5 â��å íqâ�ð¼õ&âÑêtó��¼âBö�åyò�ó2ó���åGó �
∫

Ω

∂(ρu)

∂t
· u dx =

∫

Ω

∂ρ

∂t
|u|2 dx +

∫

Ω

ρu ·
∂u

∂t
dx,

=

∫

Ω

∂ρ

∂t
|u|2 dx +

1

2

d

dt

∫

Ω

ρ|u|2 dx −
1

2

∫

Ω

∂ρ

∂t
|u|2 dx,

=
1

2

∫

Ω

∂ρ

∂t
|u|2 dx +

1

2

d

dt

∫

Ω

ρ|u|2 dx,

=
1

2

∫

Ω

ρu · ∇(u2) dx +
1

2

d

dt

∫

Ω

ρ|u|2 dx.
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��ïyã¼òÑâ�äAãnçèã û ó��¼â�õ&ðnä8ö£åyòÑâ�ó&â�ã¼õAç¿ïyã�ó&â�äAý�ônþhâ��å íqâlô�õAçèã¼òÑâ
w · n∂Ω = 0

ô
d

dt

∫

Σ

dσΣ =

∫

Σ

tr(∇Σw)dσΣ,

=

∫

Σ

tr(∇Σu)dσΣ.
':� � ,

� ïyä-ó��¼â )¼ä&õAó-â43�ð�åGæèçèó±ñqôyþhâhä&âXö�â�äeö�ïyä-â *nåGý8�næ¿âhó&ï!7��0;Öô|ö£ïyäAý]ðnæjå�' � � 9 �., � � �.:.: � � �¼â�õ&âÑòÑïyã¼ê\â43�ð�åGæèçèó±ñ
ä&â�æèç¿âÑõ�ïyã ' 974 ,�åGã¼ê�ïyãtó��¼â�ö£åyò�ó�ó���åGó

u · nΣ = w · nΣ

þ��nç¿ò���çèý8�næèç¿âÑõ2ó���åGó
u · m = w · m ���ïyã¼òÑâ�äAãnçèã û ó��¼â û ä�åÑíLçèóÖñ ó&â�äAý�ônþhâ&��åÑíqâ.�

∫

Ω

ρg · u = −

∫

Ω

ρg∇x3 · u,

=

∫

Ω

div(ρu)gx3,

= −

∫

Ω

∂ρ

∂t
gx3,

= −
d

dt

∫

Ω

ρgx3,
':� 4 ,

þ��¼â�ä&â�þhâ&��åÑíqâ�ð¼õ�âÑê ó��¼â�ö£åyò�ó�ó���åGó�'�õ&âÑâ ':��� ,hö£ïyä�ó��¼â�ênâ )¼ãnçèóAç¿ïyã�ïGö
δρ

,

∇ρ = δρnΣ δΣ.

5 â�ó��sð¼õ�ïyønó�åGçèã�ó��¼â�ö£ïyæèæ¿ï þ�çèã û â�ã¼â�ä û ñ âÑõ&óAçèýÎåGó&â.�
1

2

d

dt

∫

Ω

ρ|u|2 +
d

dt

∫

Ω

ρgx3 + γ
d

dt

∫

Σ

dσΣ +

∫

Ω

η

2

∣

∣∇u + ∇uT
∣

∣

2
+ β

∫

∂Ω

|u|2 = 0.
':� 6 ,

� ��  1 ��& 	 � � � -0/�( �.- � ���.- -0� � � /���� &0��- � ,���� � ,

Öã3ó��nç¿õ	õ&âÑò�óAç¿ïyãDôqþ�â��nä&âÑõ&â�ã�ó	ó��¼â�òÑïyðnã�ó&â�ä���åGäAó&õ�ïyã3ó��¼â�óAçèý�âXúÖê6ç¿õ&ò�ä&â�óAçèé âÑê�õAñLõ&ó&â�ý ïGö�ó��¼â2òÑïyý8�nðnó�å�ú
óAç¿ïyã¼õ�ýÎåyênâ�çèã�æjåyõAó�õ&âÑò�óAç¿ïyã�ïyã�ó��¼âBòÑïyã�óAçèã�ð¼ïyð¼õ�õAñLõ&ó&â�ý � 5 â�ïyãnæèñ�òÑïyã¼õAç¿ênâ�ä�óAçèý�âBê6ç¿õ&ò�ä&â�óAçèé|åGóAç¿ïyãDôã�åGý�â�æèñ�ó��¼â�õAñ6õAó&â�ý ':� � ,2þ�çèó��

(un, pn) ∈ V ×M � � ïyä�ó��¼â.ênâ�ó�åGçèæ¿âÑê �nä&ïLïGö�õ�ïGö	ó��¼âÑõ�â\ä&âÑõ&ðnæèó&õ ô
þhâ�ä&âXö£â�ä2ó&ï 7 4 ; �

� �¼âÎênâ�äAçèílåGóAç¿ïyã�ïGö�ó��¼â4â�ã¼â�ä û ñ�âÑõ&óAçèýÎåGó&â4åGó]ó��¼âÎê6ç¿õ&ò�ä&â�ó&â�æ¿â�íqâ�æhä&â�æèç¿âÑõ\ïyãPó��¼â4õ&ïGúÖò åGæèæ¿âÑê û âXúïyý�â�óAäAç¿ò3òÑïyã¼õ&â�äAílåGóAç¿ïyãÔæjåÑþ '£åGønønä&â�íLçjåGó&âÑê �¼â�ã¼òÑâXö�ïyäAó�� åyõ]á ��ù	ô=õ�âÑâ%7(9��6ô :6ô � ; ,�þ��nç¿ò �Pþ�äAçèó&âÑõ�çèã
ïyðnä�ö�ä�åGý�â�þhïyä � �
�'Ù	�
��� ��� % +1+ � � � �"!	� � �"! � * ����� � � A � � ��' � � �

wn !	� � �"! � # � �&�
(0, 0, wn)

��� � �
φ : � � #&%	�(')� � ���

* �"9 � � * ���
Ωn+1

i 2 #)��� i = 1
���

2
��� ! � � �"! �	�
��� � '�! � � � �)� � � � 9 � ���"! ������ � � �"! � #)� � � � ? � �.-

� � ��� ��B
∫

Ω
n+1
i

φ(x) dx −

∫

Ωn
i

φ ◦ An,n+1(y) dy

= δt

∫

Ωn
i

φ ◦ An,n+1(y)divywn(y) dy,
':��9 ,

= δt

∫

Ω
n+1

i

φ(x)divx

(

wn ◦ A−1
n,n+1(x)

)

dx.
':� � ,

ü 3sð�åGóAç¿ïyã¼õ!':��9 ,�åGã¼ê ':� � ,�ò åGãtø�âBõ�âÑâ�ã�åyõ2ê6ç¿õ&ò�ä&â�ó&â�òÑïyðnã�ó&â�ä���åGäAó&õBïGöIó��¼âBö£ïyæèæ¿ï þ�çèã û ö�ïyäAý\ðnæjå��"ö�ïyäåGã�ñ�õAý�ïsïyó��4ö�ðnã¼ò�óAç¿ïyã
φ
õAð¼ò � ó���åGó

φ̂
'�ênâ )¼ã¼âÑê øsñ

φ̂(t, x̂) = φ(t, Ât(x̂))
,	ç¿õhóAçèý�âXú�çèã¼ênâ���â�ã¼ênâ�ã�ó ô

d

dt

∫

Ω

φ(t,x) dx =

∫

Ω

φ(t,x) divw(t,x) dx,
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þ��nç¿ò � ç¿õ�ïyønó�åGçèã¼âÑê4öTä&ïyý ' 9 �.,#øsñ�ó�å��Lçèã û ψ = 1 � � �¼â �nä&ïLïGöeä&â�æèç¿âÑõ�ïyã å\ò ��åGã û â�ïGöDílåGäAçjåGønæ¿â � 5 âä&âXö�â�ä�ó&ï$7�� ;Iïyä�ó&ï"7�� ;
ö£ïyä2ênâ�ó�åGçèæ¿õ �
�BõAçèã û ó��¼â\á ��ùzåGã¼ê ó�å��sçèã û v = un+1

åyõ�å.ó&âÑõAó�ö�ðnã¼ò�óAç¿ïyã�çèã ':� � ,Xô¼ïyã¼â�ò åGã�õ �¼ï þ ó���åGó �

1

2δt

(
∫

Ωn+1

ρ|un+1|2 −

∫

Ωn

ρ|un|2
)

+
1

δt

(
∫

Ωn+2

ρgx3 dx −

∫

Ωn+1

ρgx3 dx

)

+
γ

δt

(

|Σn+2| − |Σn+1|
)

+

∫

Ωn+1

η

2

∣

∣∇un+1 + (∇un+1)T
∣

∣

2
+ β

∫

∂Ω

|un+1|2

= −
1

2δt

∫

Ωn

|un+1 ◦ An,n+1 − un|2

−
δt

2

∫

Σn+1

δρ g(wn+1)2n3
Σn+1 +

γ

δt

(

|Σn+2| − |Σn+1| − δt

∫

Σn+1

tr(∇Σn+1wn+1)

)

.
':� � ,

� �¼â�âÑõAóAçèýÎåGó&â ':� � ,�ç¿õ�ó��¼â�ê6ç¿õ&ò�ä&â�ó&â�òÑïyðnãsó&â�ä���åGäAóBïGö�':� 6 , �
� �¼â\åGã�åGæèñ6õAç¿õBïGö#ó��¼â�æjåyõAó�ó&â�äAý çèã ':� � ,!'Tþ��nç¿ò ��ç¿õ2ä&â�æjåGó&âÑê�ó&ïÎõ&ðnä8ö£åyòÑâ�ó&â�ã¼õ&ç¿ïyã�,�ä&â43sðnçèä&âÑõ�ó��¼â

ö�ïyæèæ¿ï|þ�çèã û æ¿â�ý3ýÎå6ônþ��nç¿ò���ò åGãtø�â�õ&âÑâ�ã�åyõ�å�õ&ðnä8ö£åyòÑâ û âÑïyý�â�óAäAç¿ò]òÑïyã¼õ&â�äAíyåGóAç¿ïyã�æjåÑþ&�

�'Ù	�
��� � � % +1+ � � � �"!	� � �"! � * ����� � � A � � ��' � � �
wn !	� � �"! � # � �&�

(0, 0, wn)
��� � �

φ : � � #&%	�(')� � ���
* �"9 � � * ���

Σn+1
� � ! � � 2 � #

δt
� � �&% � ' � � �>� � ���&��� ���H� � �"!	� �

1 + δt tr (∇Σn (wn)) ≥ 0
���

Σn,
':��� ,

�"! �	� � � �)'�! � � � � � ��%E'�!;�"!	�1� B
∫

Σn+1

φdσΣn+1 −

∫

Σn

φ ◦ An,n+1 dσΣn ≥ δt

∫

Σn

φ ◦ An,n+1tr(∇Σn(wn)) dσΣn .
':�.: ,

� ��� � ? � � � 2 � #
δt

� � �&% � ' � � �>� � ���&��� ��� � � �"!	� �

1 − δt tr
(

∇Σn+1

(

wn ◦ A−1
n,n+1

))

≥ 0
� �

Σn+1, ,
':� � ,

�"! �	� � � �)'�! � � � � � ��%E'�!;�"!	�1� B
∫

Σn+1

φdσΣn+1 −

∫

Σn

φ ◦ An,n+1 dσΣn ≤ δt

∫

Σn+1

φ tr(∇Σn+1(wn ◦ A−1
n,n+1)) dσΣn+1 .

':���.,

� ��� � ��A � � 2 � � : � �"!
' � � � � 2 �"! � * � � � � � �H' � : � � ? � � � �"! � � ? �/� � * � ��� # �"! � � � ��� %E� � � � ��� � 7	��
�< ��� *
7��� < � � � # ��� * � � δt2 � � �"! � � � � � �

δt→ 0
�

� �nç¿õ3ò åGã�ø=â�õ&âÑâ�ã åyõ�ó��¼â4ê6ç¿õ&ò�ä&â�ó&âtòÑïyðnãsó&â�ä���åGäAóÎïGö�ó��¼â4ö£ïyæèæ¿ï þ�çèã û ö£ïyäAý]ðnæjå '�õ&âÑâ/':� � ,.åGã¼ê 7�� ;Öô
ö�ïyäAý\ðnæjå ' � � 9 �.,�� � �.:.: , ��ö�ïyä�åGã�ñ õAý�ïLïyó�� öTðnã¼ò�óAç¿ïyã φ õAð¼ò ��ó���åGó φ̂ '�ênâ )¼ã¼âÑê ø�ñ

φ̂(t, x̂) =
φ(t, Ât(x̂))

,�ç¿õ�óAçèý�â�çèã¼ênâ���â�ã¼ênâ�ã�ó ô

d

dt

∫

Σt

φ(t, .) dσΣt
=

∫

Σt

φ tr(∇Σt
(w)) dσΣt

.

� ïyä2ó��¼â�nä&ïLïGö#ïGö"ùDâ�ý3ýÎå��6ônþhâ�ä&âXö£â�ä�ó&ï"7 4 ; �ùDâ�ó�ð¼õBã¼ï þ0òÑïyý3ý�â�ãsó]ïyã�ó��¼â�â�ã¼â�ä û ñ:âÑõAóAçèýÎåGó&â ':� � , � � çèä&õ&ó ô�ð¼õAçèã û ùDâ�ý3ýÎå �6ô�þhâ3ïyø¼õ&â�äAíqâó���åGó�ó��¼â]äAç û ��ó8ú ��åGã¼ê�õAç¿ênâ\ç¿õ�ïGö	ïyä&ênâ�ä δt þ��¼â�ã
δt → 0 � � �nç¿õ�ç¿õ�ã¼ïyóBåÎõAðnä��näAç¿õ&â.õAçèã¼òÑâ�ó��¼â\óAçèý�â

ê6ç¿õ&ò�ä&â�óAçèé|åGóAç¿ïyã�õ�ò �¼â�ý�â�ç¿õ )¼ä&õ&ó�ïyä&ênâ�ä �ùDâ�ó�ð¼õ�ã¼ï|þ ê6ç¿õ&ò�ð¼õ&õ�ó��¼â3õAç û ãPïGöhó��¼â3äAç û �só8ú ��åGã¼ê õAç¿ênâ3ïGö':� � , � 
ÖãÔó��¼â3ò åyõ�â�þ�çèó��¼ïyðnó�ø=ïLê6ñö�ïyä&òÑâÑõ �
g = γ = 0

ô"çèó\ç¿õ.ã¼ïyã �=ïlõAçèóAçèíqâ � 
±ã ó��nç¿õ�ò åyõ&âlô"ó��¼â4óAçèý�â ê6ç¿õ&ò�ä&â�óAçèé|åGóAç¿ïyãìõ&ò �¼â�ý�â ênïLâÑõã¼ïyó�ønäAçèã û õ��nðnäAç¿ïyð¼õ�â�ã¼â�ä û ñtçèã�ó��¼â\õAñ6õAó&â�ý�ônþ��nç¿ò ��ç¿õ�åGã�çèý8�=ïyäAó�åGãsó �nä&ï1��â�äAóÖñqô=âÑõ��=âÑò�çjåGæèæèñ þ��¼â�ã

9��



ênâ åGæèçèã û þ�çèó���õAó�åGønçèæèçèó±ñ�3sð¼âÑõAóAç¿ïyã¼õ�'�õ&âÑâ7�� ; , �0� ð¼ò ��å �nä&ï1��â�äAóÖñ.ç¿õ'â åyõAñ\ó&ï�ïyønó�åGçèãÎïyãÎå )+*6âÑê�ý�âÑõ��Dôønðnó2ý�ïyä&â�òÑïyý8�næèç¿ò åGó&âÑê�ó&ï3â�ã¼õAðnä&â�ïyã�å.ý�ï|ísçèã û ý�âÑõ � � 
Öó��¼â å ísçèæèñ ä&â�æèç¿âÑõ2ïyã�ó��¼â\á ��ù �
� ã�ó��¼â�ïyó��¼â�ä ��åGã¼ê
ô�ç©ö=þ�â�çèã�óAä&ïLê6ð¼òÑâ�å û ä�å ísçèó±ñ\ö£ïyä&òÑâ!'

g 6= 0
,Xôqþhâ2õ&âÑâ�ó���åGó	çèó#ýÎåÑñ�çèã�óAä&ïLê6ð¼òÑâ

õ&ïyý�â2â�ã¼â�ä û ñ3çèã�ó��¼â�õAñ6õAó&â�ý � 
Öã¼ênâÑâÑê
ô�þhâ�ïyø¼õ�â�äAíqâ2ó���åGó	ó��¼â�õ&âÑòÑïyã¼ê�ó&â�äAý çèã�ó��¼â2äAç û �só8ú ��åGã¼ê4õAç¿ênâïGö ':� � ,#ç¿õhïGö
ïyä&ênâ�ä
δt
ôsønðnó	ç¿õ'çèã û â�ã¼â�ä�åGæ�ã¼ïyã4ã¼â û åGóAçèíqâ.�"ç©ö
ó��¼â �¼â å ísç¿â�ä	ÿ¼ðnç¿êÎç¿õ	ø=â�æ¿ï|þ ó��¼â�æèç û ��ó&â�äïyã¼â 'Tþ��nç¿ò �Pç¿õBó��¼â�ò åyõ&â.çèãÔïyðnä�nä�åyò�óAç¿ò åGæ	å0�+�næèç¿ò åGóAç¿ïyã¼õ ,Xô

δρ ≤ 0
åGã¼ê

n3
Σn+1 ≥ 0 � ù
ç�qâ�þ�ç¿õ�âlô
ç©öþhâ3çèãsóAä&ïsê6ð¼òÑâÎõAðnä8ö£åyòÑâ�ó&â�ã¼õ&ç¿ïyã '

γ 6= 0
,XôDþ�â�ýÎåÑñ�ønäAçèã û õ&ïyý�â3â�ã¼â�ä û ñ:çèãÔó��¼â3õAñLõ&ó&â�ý � 
±ã¼ênâÑâÑê
ôø�ñÔò �¼ïLïlõAçèã û φ = 1

çèã ':�.: ,XôDþ�âÎõ&âÑâ�ó���åGó]ó��¼â3æjåyõAó�ó&â�äAý çèã ':� � ,Bç¿õ�ã¼ïyãPã¼â û åGóAçèíqâ � � ïyä&âÑï|íqâ�ä ôþhâ�ïyø¼õ&â�äAíqâ.ó���åGó�çèã�ø�ïyó��Ôò åyõ&âÑõ8' û ä�åÑíLçèóÖñ�åGã¼ê:õ&ðnä8ö£åyòÑâ\ó&â�ã¼õAç¿ïyã�,�ó��¼âÑõ&â.ã¼ïyã�ã¼â û åGóAçèíqâ\ó&â�äAý�õ�åGä&âçèã�ó&â û ä�åGæ¿õBï íqâ�ä2ó��¼â�çèã�ó&â�ä8ö�åyòÑâ�ø=â�ó±þhâÑâ�ã�ó��¼â�óÖþ�ï3ÿ¼ðnç¿ênõ �
� �¼âÑõ&â]ó��¼âÑïyä&â�óAç¿ò åGæIä&âÑõAðnæèó&õBåGä&â�çèã�å û ä&âÑâ�ý�â�ã�óBþ�çèó���ïyðnä �nä�åyò�óAç¿ò åGæ"ïyø¼õ&â�äAílåGóAç¿ïyã¼õ � 5 â�çèã¼ênâÑâÑêïyø¼õ&â�äAíqâ�ó���åGó�þ��¼â�ã å�ã�ðný�â�äAç¿ò åGæ�çèã¼õ&ó�åGønçèæèçèóÖñ�ïsòÑò�ðnä&õ ô"çèó�ç¿õ.æ¿ïLò åGó&âÑêzïyãzó��¼â�çèã�ó&â�ä8ö�åyòÑâ�ø=â�ó±þhâÑâ�ã

ó��¼â�óÖþ�ï�ÿ¼ðnç¿ênõ ��� ïyä&âÑï íqâ�ä ô=õAð¼ò ��çèã¼õAó�åGønçèæèçèóAç¿âÑõBåGä&â]óÖñ �nç¿ò åGæèæèñ�â�ã+��åGã¼òÑâÑê�þ�çèó���çèã¼ò�ä&â åyõAçèã ûÎû ä�å ísçèó±ñåGã¼ê�õ&ðnä8ö£åyòÑâ\ó&â�ã¼õAç¿ïyã � 
Öã �nä�åyò�óAç¿òÑâlô=þhâ3åÑíqïyç¿ê�õAð¼ò���çèã¼õAó�åGønçèæèçèóAç¿âÑõBø�ñ�ênâÑò�ä&â åyõ&çèã û õ&ð��Îò�ç¿â�ã�óAæèñ�ó��¼âóAçèý�âÑõAó&â��
δt
ô�åGã¼ê�çèã�õ&ïyý�â�ò åyõ&âÑõ�øsñ åGäAóAç�)�ò�çjåGæèæèñtä&âÑê6ð¼ò�çèã û ó��¼â]åyòÑòÑâ�æ¿â�ä�åGóAç¿ïyã�ïGö û ä�åÑíLçèóÖñ g �

� �¼âBòÑïyã¼õAóAäAð¼ò�óAç¿ïyãtïGöIå�óAçèý�âBê6ç¿õ&ò�ä&â�óAçèé|åGóAç¿ïyãtõ&ò �¼â�ý�â�ïGöeïyä&ênâ�ä�óÖþ�ïnô6ïyähþ��nç¿ò���ç¿õ�õAó�åGønæ¿â�çèã4ó��¼â
â�ã¼â�ä û ñ ã¼ïyäAý ö�ïyä�ó��¼â û ä�åÑíLçèóÖñ�åGã¼êtó��¼â�õAðnä8ö�åyòÑâ�ó&â�ã¼õAç¿ïyã�åGä&â�õ&óAçèæèæeï1�=â�ã �nä&ïyønæ¿â�ý�õ �
� , � � " � � �+'�) "���� " � � � " ��� �

5 â �nä&âÑõ&â�ã�ó	ó��¼â�ä&âÑõAðnæèó&õ#ïGö�óÖþhï�ø=â�ã¼ò��nýÎåGä �3ó&âÑõAó&õ �nä&ï1�=ïlõ�âÑê�çèã$7(9 : ;¼çèã�íqïyæèíLçèã û å ��ïyð¼â�óAó&â�ÿ�ï|þ ö�ïyäóÖþ�ï�ÿ¼ðnç¿ênõ � � �¼â û âÑïyý�â�óAäAñ�ç¿õ � �ìåGã¼ê�ä&â��nä&âÑõ�â�ã�ó&âÑê\çèã � ç û ðnä&â � � � �¼â	ênïyýÎåGçèã]ç¿õ���â�äAç¿ïLê6ç¿ò	åGæ¿ïyã û x �ó��¼âhê¼åyõ �¼âÑê\æèçèã¼âÑõ|ôyæ¿ïsò åGó&âÑê�ïyã
x = 0

åGã¼ê
x = 4L

ä&â��nä&âÑõ&â�ã�ó"ó��¼â �=â�äAç¿ïLê6ç¿òhø=ïyðnã¼ê¼åGäAç¿âÑõ � � �¼âhþ�åGæèæ¿õ
åGä&â�ênâ )¼ã¼âÑê ø�ñ

y = 0
'Tø�ïyóAó&ïyý�,�åGã¼ê

y = H
'Tó&ï1��, � ÷ íqâ�æ¿ïLò�çèóÖñ V ex

'Tä&âÑõ�� � −V ex

,	ç¿õ�çèý8�=ïlõ&âÑê
ïyã�ó��¼â\ó&ï1� 'Tä&âÑõ�� � ïyã:ó��¼â\ø=ïyóAó&ïyý�,�ïGö'ó��¼â�ênïyýÎåGçèã � � ïyäBó��¼â!)¼ä&õAóBó&âÑõAó�ò åyõ&â�'Tó��¼â��±õAñLý3ý�â�óAäAç¿ò��
ïyã¼â ,Xô-þhâ4ó&ïsï7��ó��¼â3ö£ïyæèæ¿ï þ�çèã û ílåGæèð¼âÑõ\ïGö�ó��¼â ��åGä�åGý�â�ó&â�ä&õ\ö�ä&ïyý 7(9 :0;#' û çèíqâ�ã�çèã�ä&âÑê6ð¼òÑâÑê ðnãnçèó&õ , �
H = 13.6

ô
L = 27.2

ô
V = 0.25

ô
ρ1 = ρ2 = 0.81

ô
η1 = η2 = 1.95

ô
γ = 5.5

ô
β1 = β2 = 1.5

åGã¼ê
θs = π/2 � � �¼â ��åGä�åGý�â�ó&â�ä&õ�ö�ïyä�ó��¼â3õ&âÑòÑïyã¼ê�ó&âÑõAó�ò åyõ&â"'Tó��¼â	�¦åyõ&ñsý3ý�â�óAäAç¿ò��3ïyã¼â ,�åGä&â�ó��¼â3õ�åGý�â
â *6òÑâ��nó

V = 0.20
ô
β2 = 0.591

åGã¼ê
θs

õAð¼ò ��ó���åGó
cos θs ≈ 0.38 �÷�ó

t = 0
ô#ó��¼â�çèã�ó&â�ä8ö�åyòÑâÑõ�õ&â���åGä�åGóAçèã û ó��¼â�óÖþ�ï:ÿ¼ðnç¿ênõ�åGä&â�õ&óAä�åGç û ��óÎåGã¼êzíqâ�äAóAç¿ò åGæ � ÷�öTó&â�ä3åþ��nçèæ¿â3ó��¼â3çèãsó&â�ä8ö£åyòÑâÑõ\ä&â åyò ��å�õAó&â åyê6ñ:õ&ó�åGó&â8�=ïlõ&çèóAç¿ïyã � ùDâ�ó�ð¼õ]â�ý8�+��åyõAçèé â3ó���åGó]ó��nç¿õ�ø=â���å ísç¿ïyðnä

ç¿õBåÎê6çèä&âÑò�ó�ä&âÑõAðnæèó�ïGö'ó��¼â3á�ëBî	� òÑïyã¼ê6çèóAç¿ïyã¼õ ��ó��¼â\çèã�ó&â�ä8ö�åyòÑâÑõBþhïyðnæ¿ê�ïGö	òÑïyðnä&õ&â\ã¼ïyóBòÑïyãsíqâ�ä û â\ó&ïõAó&â åyê6ñ�ò�ðnäAíqâÑõhç©öDþhâ���åyê4çèý8��ïlõ&âÑê
ux = V

ïyã4ó��¼â�ó&ï1� åGã¼ê
ux = −V

ïyãÎó��¼â�ø=ïyóAó&ïyý 'Tã¼ïGúÖõAæèç(��, �
� ã�ó��¼â\ïyó��¼â�ä ��åGã¼ê
ô�õ&ð¼ò �:å�ä&âÑõAðnæèó�ò åGãnã¼ïyóBø=â]ïyønó�åGçèã¼âÑê�þ�çèó��2�nðnä&â]õAæèç(��ø�ïyðnã¼ê¼åGäAñ�òÑïyã¼ê6çèóAç¿ïyã¼õ �
� ç û ðnä&â ��õ��¼ï þ2õ#ó��¼â2íqâ�æ¿ïsò�çèó±ñ!)�â�æ¿êÎåGó

t = 160
çèã3ó��¼â�õAñLý3ý�â�óAäAç¿ò�ò åyõ&â � � �¼â�òÑïyæ¿ïyä'ä&â��nä&âÑõ&â�ã�ó&õ	ó��¼â

ýÎå û ãnçèóAð¼ênâ3ïGö	ó��¼â.íqâ�æ¿ïsò�çèó±ñ �!� �¼â.ønæèð¼â.é ïyã¼â�õAðnäAä&ïyðnã¼ê6çèã û ó��¼â.çèã�ó&â�ä8ö�åyòÑâÑõ�õ��¼ï þ2õ�ó���åGó�ó��¼â�ñ:åGä&â
)+*6âÑê"'Tþ��nç¿ò��Îý�â åGã¼õ#ó��¼â�ñ.çèã¼ênâÑâÑê�õAæ¿âÑâ��Îþ�çèó��3ä&âÑõ��=âÑò�ó	ó&ï�ó��¼â�þ�åGæèæ-,Xôsþ��¼â�ä&â åyõ#ó��¼â�ä&â�ýÎåGçèãnçèã û ��åGäAóïGö
ó��¼â�þ�åGæèæ�ç¿õ	ä&âÑê
ô�þ��nç¿ò���òÑïyäAä&âÑõ���ïyã¼ênõhó&ï\å�ÿ¼ðnç¿ê åyê��¼â�ä&â�ã¼òÑâBïyãÎó��¼â2þ�åGæèæ � � ïyä&â 3sð�åGã�óAçèó�åGóAçèíqâ�æèñqô
� ç û ðnä&â�:Îõ��¼ï þ2õ�ó��¼â]íqâ�æ¿ïLò�çèóÖñ�ïyã:ó��¼â�ó&ï1��þ�åGæèæ#åGó

t = 5
'Tó��¼â\òÑïyã�ó�åyò�ó#��ïyçèã�ó&õ�åGä&â\õAóAçèæèæIý�ï íLçèã û ,åGã¼ê�åGó

t = 160
'Tó��¼â�òÑïyãsó�åyò�ó���ïyçèã�ó&õBåGä&â#)+*6âÑê	, � � ç û ðnä&â �3õ��¼ï|þ2õ2ó��¼â�â�íqïyæèðnóAç¿ïyã�çèã�óAçèý�â�ïGö#ó��¼âíqâ�æ¿ïsò�çèó±ñtïGö#å���ïyçèã�ó�ïyã�ó��¼â�òÑïyã�ó�åyò�ó�æèçèã¼â�'Tþ��nç¿ò ��ó&â�ã¼ênõ2ó&ï3é â�ä&ï ,�åGã¼ê�ïGö-ó��¼â�íqâ�æ¿ïsò�çèó±ñtïGö#å���ïyçèã�ó

ïyã�ó��¼â�þ�åGæèæ¼ö�åGä#öTä&ïyý ó��¼â2òÑïyã�ó�åyò�ó�æèçèã¼â!'Tþ��nç¿ò ��ó&â�ã¼ênõ'ó&ï\åGø=ïyðnó
0.21
ôsþ��¼â�ä&â åyõ�å�ó&ïyó�åGæ�åyê��¼â�ä&â�ã¼òÑâ

þhïyðnæ¿ê�òÑïyäAä&âÑõ���ïyã¼êzó&ï
0.25

, � � �¼â4õAó�åGóAç¿ïyã�åGäAñ�çèã�ó&â�ä8ö�åyòÑâÑõ�çèã�ó��¼â�õAñLý3ý�â�óAäAç¿ò�åGã¼ê�åyõAñLý3ý�â�óAäAç¿ò
ò åyõ&âÑõ\åGä&â�ä&â��nä&âÑõ&â�ã�ó&âÑêzïyã � ç û ðnä&â � ��� �¼âÑõ&â�ä&âÑõ&ðnæèó&õ\åGä&â�çèã íqâ�äAñ û ïLïLê å û ä&âÑâ�ý�â�ã�ó.þ�çèó�� ó��¼ïlõ&â
�nä&âÑõ&â�ã�ó&âÑêPçèã 7(9 : ;Öô
þ��nç¿ò �Pþ�â�ä&â�ïyønó�åGçèã¼âÑêPâ�çèó��¼â�ä�øsñ:å òÑïyãsóAçèã�ðnðný �+��åyõ�âXú )�â�æ¿ê�ö�ïyäAý\ðnæjåGóAç¿ïyãDôIïyä
ø�ñ ý�ïyæ¿âÑò�ðnæjåGä�ê6ñLã�åGý3ç¿òÑõ�õAçèý\ðnæjåGóAç¿ïyã¼õ �
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� ç û ðnä&â ��� � ò �¼â�ýÎåGóAç¿ò\ä&â��nä&âÑõ&â�ã�ó�åGóAç¿ïyã:ïGö-ó��¼â�óÖþhïGú£ÿ¼ðnç¿ê2��â�äAç¿ïsê6ç¿ò ��ïyð¼â�óAó&â\õAçèý]ðnæjåGóAç¿ïyã �

� ç û ðnä&â�� ���'â�æ¿ïLò�çèóÖñ )�â�æ¿ê åGó�ó���9�� 6 '�õAó�åGóAç¿ïyã�åGäAñ õAó�åGó&â ,�çèã1ó��¼â:õAñsý3ý�â�óAäAç¿ò:ò åyõ&â � � �¼â�òÑïyæ¿ïyä
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� ç û ðnä&â&:����'â�æ¿ïLò�çèóÖñ ïyã ó��¼â�ó&ï1� þ�åGæèæ A � �&�&%.�*�ö£ïyä�ó��¼âBõ&ñsý3ý�â�óAäAç¿ò�ò åyõ&â � ÷�ó�ó��#:6ô6þ�â�åGä&âBõ&óAçèæèæ=çèã
ó��¼â.óAä�åGã¼õAç¿â�ã�ó#�+��åyõ&âlô�ó��¼â\íqâ�æ¿ïsò�çèó±ñ�ïGö	ó��¼â���ïyçèã�ó&õ�ïyã�ó��¼â�òÑïyã�ó�åyò�ó�æèçèã¼â.ç¿õ�ã¼ïyã6ú�é â�ä&ï � ÷�ó�ó���9�� 66ô
ó��¼â �=ïyçèãsó&õ'ïyã�ó��¼â�òÑïyãsó�åyò�ó'æèçèã¼â�åGä&â2åGæèý�ïlõAó )+*6âÑê 'Tþ��nç¿ò���ý�â åGã¼õ"ó��¼â�ñ]çèã¼ênâÑâÑê�ý�ï|íqâ�þ�çèó��3ä&âÑõ��=âÑò�ó
ó&ïtó��¼â3þ�åGæèæ-,XôIþ��¼â�ä&â åyõ]ó��¼â8��ïyçèã�ó&õ.ïyãPó��¼â3ø�ïyðnã¼ê¼åGäAñ�ö�åGä�ö�ä&ïyý ó��¼â�òÑïyãsó�åyò�ó]æèçèã¼â�ý�ï|íqâ�þ�çèó���å
íqâ�æ¿ïsò�çèó±ñ�ïGö�ýÎå û ãnçèóAð¼ênâ�åGø�ïyðnó 0.21

'
0.25
þhïyðnæ¿ê ��å íqâ ý�â åGã�óÎå�òÑïyý8�næ¿â�ó&â�åyê��¼â�ä&â�ã¼òÑâtïyã�ó��¼â
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7(9 ;\ù � ÷�ý]ønä&ïlõAç¿ï3åGã¼ê�� � � � � ïyã¼â�ä � ùDâ�íqâ�æDõ�â�ó�å0�+�nä&ïqåyò��tó&ï\ý�â åGãtò�ðnäAílåGóAðnä&â�ÿ�ï þ�çèãtåGäAønçèóAä�åGäAñòÑïLê6çèý�â�ã¼õAç¿ïyã ��� ��� � � � � � �>� � � �  � ��� � ô � �+' � , ��� 4 � 
 �7���Lô 974 4 � �
7�� ; � � � � ��â�æ©ö£ïyðnä�åGã¼ê�� � ú � ��	 ïyæ�
ÑõAç¿ï � � !	� + � � ��� *  � � � � � � � � � � ÷�ê6íyåGã¼òÑâÑõ4çèã ênâÑõAç û ã åGã¼êòÑïyã�óAä&ïyæ �(� 
±÷ � ô � 6 6�9 �
7�� ; � ����� ü#ã û â�æèýÎåGãDô � � ù � � åGãnç�ô�åGã¼ê � � � � áBä&âÑõ��¼ï ��� �¼â�çèý8�næ¿â�ý�â�ãsó�åGóAç¿ïyãPïGö#ã¼ïyäAýÎåGæ"åGã¼ê�Gïyä
ó�åGã û â�ã�óAçjåGæníqâ�æ¿ïLò�çèóÖñ\ø=ïyðnã¼ê¼åGäAñ\òÑïyã¼ê6çèóAç¿ïyã¼õ#çèã!)¼ãnçèó&â�â�æ¿â�ý�â�ãsó"òÑïLênâÑõIö�ïyä-çèã¼òÑïyý8�nä&âÑõ&õAçèønæ¿âhÿ¼ðnç¿ê
ÿ�ï þ ��� �>� � � ��� %.� � � � �"! � � � % � * �Xô �+':� , ��� �.: 
 � � �6ô 974 � � �

7 �1;\÷ � ü'äAã�åGã¼ê�� � úÖù � áBð¼â�äAý�ïyã¼ê � � ! � ���&� ��� * + � �1'�� � ' � � # 9 � � � � � � � � � �>�"� � � �näAçèã û â�ä �'â�äAæjå û ôëBâ�þ�ú5�	ïyä �=ô � 6 6�� �
7 : ;\ù �7� ïyäAýÎå ûlû çjå�åGã¼ê � � ë�ïyønçèæ¿â � ÷ìõAó�åGønçèæèçèóÖñ3åGã�åGæèñ6õAç¿õ-ö�ïyä"ó��¼â�åGäAønçèóAä�åGäAñ�ùeå û ä�åGã û çjåGãÎü#ðnæ¿â�äAçjåGãö£ïyäAý]ðnæjåGóAç¿ïyã�þ�çèó��")¼ãnçèó&â�â�æ¿â�ý�â�ã�ó&õ � � � � � =�� � ��� � ��� %.� � � � � � �"! � ô ��':� , �(976.: 
�9���9lô 974 4 4 �
7�� ;�� � ú � � á�â�äAø�â åGðDô � � ùDâ�î�äAç¿õ ôDåGã¼ê �� ùDâ�æèç���ísä&â � � çèý]ðnæjåGóAç¿ïyã¼õ\ïGö � � � ÿ�ï þ2õ�þ�çèó��Ôý�ï|ísçèã ûçèã�ó&â�ä8ö�åyòÑâÑõ ��� ��%	�&�(�	� � # � ��� + %E��� � � ���(� �� !.� � � ' �Xô�9���� �(9�� � 
�974�9lô � 6 6 � �
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