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Abstract: We propose a dynamic model of cerebrospinal fluid circulation and intracranial
pressure regulation. In this model, we investigate the coupling of biological parameters with
a 3D model, to improve the mechanical behavior of the brain in surgical simulators. The
model was assessed by comparing the simulated ventricular enlargement evolution with a
patient case study of communicating hydrocephalus.

In our model, cerebro-spinal fluid production-resorption system is coupled with a 3D
representation of the brain parenchyma. We introduce a new bi-phasic model of the brain
tissue allowing for fluid exchange between the brain extracellular space and the venous
system. The time evolution of ventricular pressure has been recorded on a symptomatic
patient after closing the ventricular shunt. A finite element model has been built based on
a CT scan of this patient, and quantitative comparisons between measures and simulated
data are proposed.
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Modele dynamique de I’hydrocéphalie pour la
simulation de chirurgie

Résumé : Nous proposons un modele dynamique de la circulation du liquide céphalorachidien
et de la régulation de la pression intracranienne. Dans ce modele, nous étudions le couplage
entres parametres biologiques et un modele 3D, afin d’améliorer le comportement mécanique
du cerveau dans les simulateurs de chirurgie. Le modele a été évalué rétrospectivement en
comparant 1’évolution de 1’élargissement ventriculaire simulé avec celui enregistré chez un
patient avec hydrocéphalie communicante.

Dans ce modele, le systeme de production résorption du liquide céphalorachidien est
couplé avec une représentation 3D du parenchyme cérébral. Nous avons introduis un nouveau
modele bi-phasique du cerveau autorisant ’échange de fluide entre le milieu extracellulaire
du cerveau et le systeme veineux. L’évolution temporelle de la pression ventriculaire a été
enregistrée chez un patient symptomatique apres fermeture de la dérivation ventriculaire. Un
modele éléments finis a été construit a partir des images tomographiques, et une comparaison
entre les mesures et les données simulées est proposée.

Mots-clés : Hydrocépahlie, liquide céphalorachidien, modéle biomécanique
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1 Introduction

Different ventriculostomy surgical simulation systems have been developed in the past years.
While only considering the geometry of the brain and visual feedback in their early devel-
opment stages [17], these systems progressively evolved to incorporate force feedback [14,8].
However, none of these system is able to simulate properly the behavior of the brain and its
interaction with the cerebro-spinal fluid. We believe the lack of biological relevance of these
simulators is a major restriction towards their adoption for training of surgeons.

We propose a dynamic model of cerebrospinal fluid and intracranial pressure regulation,
coupling a volumetric biomechanical model with a scalar representation of the CSF circula-
tion. The mathematical simplicity of the interaction of CSF with brain in this model makes
it adequate for integration in a surgical simulation system.

Three main components influence ICP: CSF production, circulation, and drainage [3].
The normal CSF dynamics can be described as follow: CSF is mainly produced by the
choroid plexus in the lateral and third ventricles. The CSF then flows along the aqueduct
of Sylvius, into the fourth ventricle, then through the lateral foramina of Luschka and the
medial foramen of Magendie to reach the subarachnoid space. CSF resorption takes place
through arachnoid granulations in the sagittal sinus. Recent studies also mention the role
of the lymphatic system in CSF drainage [5].

High intraventricular pressure hydrocephalus (as opposed to normal pressure hydro-
cephalus) are pathological states encountered when CSF circulation or drainage is modi-
fied. Non-communicating hydrocephalus is characterized by the obstruction of CSF outflow
within the ventricular system. Its causes can be congenital or acquired. When the drainage
of CSF is obstructed in the sub-arachnoid space (and not in the ventricular system), the
hydrocephalus is said to be communicating.

Mathematical models of CSF hydrodynamics found in the literature can be classified into
two categories: scalar and spatial (2D and 3D) models (see Section 2.1). Scalar models [4,9,
19,23,7] have been used to quantify the CSF outflow resistance or the pressure-volume index,
the latter usually with a bolus injection [18,26]. To the best of our knowledge, current spatial
models [12,15] have only considered the non-communicating hydrocephalus. These models
always assume that CSF is drained through the brain toward the sub-arachnoid space as a
consequence of a pressure gradient in the parenchyma. However, recent experimental studies
tend to demonstrate that this hypothesis may not be valid, either in non-communicating or
in communicating hydrocephalus [22, 16].

Subarachnoid hemorrhage is the presence of blood within the subarachnoid space, which
affects the CSF outflow resistance. As a consequence, the pressure of CSF increases, and
ventricles enlarge. The model has been used to simulate hydrocephalus : the temporal
evolution of brain deformation and ventricular pressure after closing the shunt are computed.
Model parameters have been estimated based on a retrospective case study with pressure
measures and images. A quantitative evaluation of the residual error is proposed.

Our contributions with respect to the state of the art are:

e The coupling between a scalar and a 3D spatial model.

RR n° 0123456789



4 Clatz, Litrico, Delingette and Ayache

e A new conservation equation accounting for the absorption of brain interstitial fluid
in the venous system.

e A clinical protocol dedicated to the identification of the model parameters.

e A case study based on a 3D patient-specific model with measures of physiological
parameters and a quantitative evaluation of the simulated pathology.

2 Hydrocephalus Models

2.1 Literature Review

There has been significant work aiming at modeling the different phenomena involved in the
control of ICP. Two distinct approaches to this problem can be found in the literature [25]:

1. Scalar models. They consist of reducing the CSF production-circulation system to an
equivalent hydraulic circuit, governed by scalar equations (capacitances, resistances,
etc).

2. Spatial models. They rely on a 2D or 3D model of the brain, often discretized with
the finite element method (FEM).

The scalar models usually provide insights into the interaction of CSF with brain, blood
vessels, and the rest of the body. Conversely, spatial models give access to a spatial quan-
tification of the local stress, strain, or displacement.

2.1.1 Scalar Models

Hydrocephalus models are closely related to the understanding of the laws governing the ICP.
The first representation of the cerebral hydrodynamics was done by Monroe in 1783 [11].
His model was bi-compartmental, only including the CSF and the vessels. His work was
later modified by Kellie [6] who added the brain as a deformable compartment to the model,
leading to the Monroe-Kellie doctrine:

‘/intracranial = ‘/brain + VCSF + ‘/blood (1)

where Vx stands for volume of X. The CSF volume Vggp is divided into the ventricular
system and the subarachnoid space. The Monroe-Kellie doctrine simply assumes that the
brain, CSF, and blood are enclosed within a rigid shell, so that any increase in volume of
one of the compartments implies a decrease of the others.

In this article, we consider that only the lateral ventricles deform, so that the variation
of the CSF volume dVesr is equal to the volume variation of the lateral ventricles.

In 1972, Guinane [4] proposed an equivalent circuit analysis of CSF hydrodynamics
(Figure 1). The symbol e in Figure 1 represents a perfect flow supply, meaning that
the rate of CSF formation in the choroid plexus is assumed to be constant. The symbol D

INRIA
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Figure 1: Equivalent circuit analysis of CSF hydrodynamics proposed by Guinane [4].

stands for a perfect pressure supply, equal to the sagittal sinus pressure. CSF hydrodynamics
are thus governed by the following equations:

Qi = Q2+Q3 (2)
R ) (3)
oP

where:

e (J1, Q2 and Q3 are respectively the flow rate of CSF produced in the choroid plexus,
absorbed in the venous and lymphatic systems [5], and stored in the ventricles (Q3 =
OVesr/Ot).

e R is the absorption resistance.
e P is the CSF pressure inside the ventricles.

e Pp is a threshold pressure under which the absorption stops (usually taken as the
sagittal sinus pressure).

RR n° 0123456789
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e (C is a constant that describes the relationship between the volume Vogp and the
pressure P in the ventricles: C' = 0Veogp/OP.

This model can be simply interpreted. Equation 2 reflects the Monroe-Kellie doctrine,
which assumes that the CSF production rate is equal to the sum of the storage rate in the
ventricles and the absorption rate in the venous system. Equation 3 states that the CSF
rate of absorption is proportional to the pressure difference between the venous system and
the CSF pressure, which is a simplification of the Starling hypothesis [21]. Equation 4 links
the pressure in the ventricles to their volume.

This system of equations leads to the differential equation:

G+ = Qi+ (5)

Following the work of Guinane, Marmarou et al. [9] proposed a similar equivalent circuit,
but changed the constant C in a pressure-dependent function: C (P) =1/ (kP), where k is a
constant. Meanwhile, Sklar et al. [20] proposed to describe the pressure-volume relationship
with the equation C (P) = 1/ (k1P + k2). Recently, Sivaloganathan et al. [19] showed that
any model based on a two compartment assumption (brain and CSF) can be derived from
Equation 5 using an appropriate pressure-volume (P-V) relationship:

C(P) = 8?;1”

As we can see, the compartment models based on the Monroe-Kellie doctrine have been the
basis of multiple hydrocephalus models for two centuries. The successive updates mainly
consisted in improving the relationship OVeogp /0P, the influence of which is major on the
dynamic behavior of the model.

The two-compartment model has only recently been modified to add several additional
compartments. In 2000, Stevens et al. 23] proposed a four-compartment model that included
the rest of the body. This model has been further developed and is now composed of 16
compartments [7].

As a consequence of the increase in complexity, the scalar models are now able to simulate
the time variation of scalar measures, and the response to different perturbations (like bolus
injections). However, they cannot provide access to local measures in the brain.

(6)

2.1.2 Spatial Models

An alternative to the scalar models was proposed by Nagashima et al. [12] in 1987 to model
a non-communicating hydrocephalus. His 2D model was based on the linear consolidation
theory of Biot [2], discretized with the finite element method (FEM). In the linear consol-
idation theory, the brain is approximated as an elastic porous medium containing CSF in
the extracellular space. The CSF flow is then described by Darcy’s law:

n (v —v) +K¥p=0 ™

INRIA
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Where n is the porosity, vy and v, are respectively, the velocities of the fluid and the solid
phases (m s™!), K is the hydraulic permeability (m* N=! s71), and p is the interstitial
fluid pressure (N m~2). This model also assumes that volume is conserved, so that the
deformation of the solid phase in a control volume is balanced by the sum of the incoming
fluid flux to this volume.

The non-communicating hydrocephalus is characterized by the fact that the CSF cannot
flow through the main communication pathway: the aqueduct of Sylvius. The authors thus
propose to impose a pressure gradient between the ventricles and the cortex as a boundary
condition, inducing (as a consequence of Darcy’s law, Equation 7) a CSF flux through the
brain parenchyma. Note that in this model, the CSF and the extracellular brain fluid are a
single phase.

The work of Nagashima et al. has been later extended by Pena et al. [15] to the study of
local measures (void ratio, effective stress, stretch), also on a 2D model. Emphasis has been
placed in the work of Pena et al. on accuracy and convergence of the discretization method.

Recently, the elastic modulus of the brain parenchyma in the biphasic model has been
revised by Taylor et al. [24] based on results from the hyper-viscoelastic material model
developed by Miller [10]. They concluded that the Young modulus of the brain parenchyma
is closer to 600 Pa rather that in the range (3-100 kPa), as proposed in previous studies.

2.2 Proposed Model
2.2.1 Introduction

As presented in Section 2.1, two distinct models -scalar and spatial- have been proposed
to model the circulation of CSF in the intracranial space. The weakness of scalar models
resides in their inability to describe the expansion of the ventricular wall, or the collapse of
the ventricles upon insertion of a shunt. Up to now, the spatial models could not include
CSF production and resorption phenomena as boundary conditions. In addition, recent
articles tend to demonstrate that the pressure gradient hypothesis may not be valid [16,22].

We propose a new model of communicating hydrocephalus, combining a 3D patient-
specific biphasic model of the brain with a scalar description of the CSF production-
resorption cycle. We consider the two-compartment model, obeying Equations 2 and 3,
and introduce the spatial finite element model to compute the pressure volume relationship.

In this model, the CSF is free to flow through the aqueduct of Sylvius, which is not
obstructed. The circulation of CSF through the brain parenchyma and the ventricular wall
is thus neglected. The CSF pressure P is different from the brain interstitial fluid pressure
p, and the ventricular wall displacement is determined by the effective pressure P* = P —p
on the ventricular wall.

Because the amount of fluid flowing through the brain is very limited in communicating
hydrocephalus, we neglect the viscosity of the interstitial fluid, and the pressure gradient
induced by Darcy’s law 7. Nevertheless, we allow for interstitial fluid exchange with blood
through the blood-brain barrier (BBB).

RR n° 0123456789
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2.2.2 Formulation

Spatial Model We consider the brain to be a biphasic material, composed of an elastic
matrix and interstitial fluid, obeying the following quasi-static linear elastic laws:

€= % (Yu+ Vu™) Strain tensor definition (8)
0s = Atr(e) +2pe Constitutive equation 9)
N g=o0s+pls  Stress tensor definition (10)

div(c) + f=0 Equilibrium equation (11)

Variables and parameters are defined in Table 1. In this paper, we consider the Young’s
modulus, £, and Poisson’s ratio, v, to characterize the material. A and p are simple functions
of these two parameters:

Ev E

A= T o) Y (12)
Symbol  Quantity Unit
€ Strain tensor
u Displacement of the solid phase m
oy Effective stress (solid phase) Pa
A& Lame elastic & shear modulus ~ Pa
g Total stress Pa
]; Fluid pressure Pa
f External volumetric forces Nm~3

Table 1: Variable and parameters definition

In communicating hydrocephalus, the CSF production-resorption cycle is comparable to
the cycle described in Section 1 for the healthy subject, but the hydraulic absorption resis-
tance in the venous system is increased as a consequence of the subarachnoid hemorrhage.
The CSF flows through the aqueduct of Sylvius and CSF drainage through the brain is
minimal. Thus we propose to neglect the viscous effect of fluid motion in the brain matrix,
leading to a constant interstitial pressure, p, in the brain. As a consequence:

div(p) = 0 in the brain volume (13)
.n+p = P on the ventricular wall (14)

Where n is normal to the ventricle surface.
In addition, we allow for fluid exchange between the interstitial space and the blood capil-
laries in the brain, through the BBB (otherwise, brain could not deform since the interstitial

INRIA



Dynamic Model of Communicating Hydrocephalus 9

fluid is incompressible). This absorption flow is considered linear with the pressure differ-
ence between the extracellular space and the capillary pressure [21]. The BBB hydraulic
resistance is modeled by Ra:

0 %rain 1

En +R—2(p—PD)=0 (15)

Scalar Model The two-compartment model is used to describe CSF circulation in the
intracranial space. This system obeys Equations 2 and 3, leading to the differential equation:

S = Qi (16)

Combined Model The first term of Equation 16 can be decomposed into:

oVesr B OVesr OP*
ot — OP* Ot (17)

Using this formulation, the derivative of the volume of the ventricles with respect to the
effective pressure 0Veogp/OP* can be computed using the FEM. The mechanical model
presented in Section 2.2.2 is thus used to discretize the relation between the volume of the
ventricles and the effective pressure. This continuous piecewise linear function is defined by
the indexed points {P},V;}.

OP* /0t can be computed from Equation 15:

OP* _9(P—-p) 9P . Qs

= = —Ry—= 1
ot ot at ot (18)
and, since @1 and Pp are constant, 0Q3/0t can be computed with equations 2 and 3:
0Q3 0Q2 1 0P
s _Txe 70 19
ot ot Ry Ot (19)
leading to:
oP* Ry \ OP
=14+ =) = 2
o= (%) % £
Using this formulation with Equation 16 finally leads to ordinary differential equation:
OVesr Ry\ 0P 1 Pp
14— —+—P= — 21
W*( m>m+m @R 21)

RR n° 0123456789
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Figure 2: Finite element mesh used for the simulation overlaid on cross sections of the CT
scan of the patient (only the cortex and ventricles surfaces are shown).

2.2.3 Boundary Conditions and Time Integration Method

The brain of the patient was first segmented in the images with classical mathematical
morphology operations. This segmentation has been meshed with tetrahedra using a state
of the art meshing software [13] (17 ,000 vertices, 200 ,000 tetrahedra see Figure 2). The
outer surface of the mesh (cortex) is fixed, and we set the pressure P* in the ventricles.

The mathematical problem has been solved using pre-computation : first, the FEM has
been used to compute the displacement of the brain as a piecewise linear function of the
effective pressure P* (more details on the FEM can be found in [1]). Then an analytical
method has been used to solve the scalar differential equation 21 describing the ventricular
pressure to time function (see Appendix and Algorithm 1 for details). The pre-computation
method we used is well suited for real-time surgery simulation. However, the low complexity
associated with the coupling of the proposed 2D model makes it also adapted for integration
with other numerical schemes.

INRIA



Dynamic Model of Communicating Hydrocephalus 11

3 Case Study

3.1 Acquisition Protocol

We propose a clinical protocol designed to identify the characteristic parameters affecting
the hydrocephalus. The described protocol does not modify the standard medical and
therapeutic follow-up of the patient.

\ _

I 1

Figure 3: Scheme of the external derivation after the shunt insertion. (A) Head of the
patient. (B) Lateral ventricles. (C) Ventricular shunt. (D) Valve. (E) Graduated reservoir.
(F) Valve. (G) Reservoir adjustable level (cm).

SN

3.1.1 Population

Our population of interest includes patients presenting a subarachnoid hemorrhage induced
by an aneurysm rupture, treated by embolization and requiring an external ventricular
shunt. Patients with the following criteria must not be considered for this study: brain
hematoma, massive intraventricular hemorrhage, aneurysm treated by surgery, non-treated
aneurysm, age under 18 or over 70.

3.1.2 Recorded Parameters

e Volume and shape of the ventricles (with CAT scanner).

e Shunted CSF flow.

RR n° 0123456789



12 Clatz, Litrico, Delingette and Ayache

e Intraventricular pressure using the pressure sensor of the shunt.

The ventricular shunt is equipped with a reservoir, whose level controls the ventricular
pressure (see figure 3). The system is also equipped with two manual valves controlling the
shunted flow and the CSF stored in the reservoir.

3.1.3 Measure Acquisitions

After the setup of the shunt, the system is kept open, at the zero level to prevent hypotension
in the ventricular system. A first control CAT scan is acquired in this position. The CSF
production rate is then recorded every hour, for 24 hours.

After these measures, the shunt is closed. The progressive pressure increase in the
ventricles is recorded every ten minutes, until a plateau is reached. Once the steady state
is obtained, a second control CAT scan is acquired. The shunt can then be re-opened to
evacuate the CSF.

Pressure was recorded 48 hours after shunt insertion. The pathology, characterized by
the value of Ry, had already evolved: the steady state pressure after closing the shunt was
1066 Pa (8 mmHg) lower than the pressure measured immediately after shunt insertion.

3.2 Identification of Parameters

The unknowns of our system are R;, Rs, Pp, @1, F, and v. Two of these parameters are
assumed to be constant among patients and are taken from the literature: the sagittal sinus
pressure, Pp = 906 Pa (6.8 mmHg) [23], and the Poisson’s ratio of the brain, v = 0.35 [24].
Q1 is directly measured on the graduated reservoir of the shunt every hour. We measured
an average CSF production rate 1 = 16 ml/h. R; is computed from the steady state
pressure, Py, after closing the shunt: Ry = (Px — Pp) /Q1. To estimate F, we minimize
the closest distance d between (A) the simulated steady position of the ventricles and (B)
the position of the ventricles observed on the CAT image, using a Powell algorithm. The
Young’s modulus F is then defined as the value that minimizes the sum of this squared
distance on the overall ventricular surface :

argmin/ ld|| d2 (22)
E Ja

Finally, the value of Ry is also estimated with a Powell algorithm, minimizing the squared
difference between the simulated pressure evolution and the measured pressure in the ven-
tricles. The computed values are given in table 2.

3.3 Simulation of the Enlargement of the Ventricles

We used the model to simulate the progressive enlargement of ventricles after closing the
CSF shunt. In this section, we evaluate and discuss the residual error after optimization of
the parameters.

INRIA
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Variable Value

Pp 906 Pa

Py 1729 Pa

v 0.35

E 7221 Pa

Q1 16 mL.h~?!

Ry 51 Pa.ml~'.h
Ry 16 Pa.ml~'.h

Table 2: Variable Values

First, the displacement error of the ventricle surface was estimated based on the CT
scan of the patient and the mesh. The average displacement of the ventricle surface is 2
mm, and the average error computed by the model is 0.8 mm, which is an average relative
error of 40%. Figure 5 shows the distribution of this error on the surface of the ventricles.
As we can see, the error mainly occurs in high curvature areas, in the occipital horn of the
ventricles, where the ventricles do not deform enough. This is also confirmed on Figure 4
(circled area).

Figure 4: CT scan of the patient in (A) opened derivation configuration, acquired 1 hour after
the procedure and (B) closed derivation configuration, acquired 48 hours after the procedure
(steady state). (C) simulated CT scan after model-computed ventricles enlargement (steady
state).

Second, we examines the squared difference between the measured time evolution of the
ventricular pressure in the patient and the simulated pressure evolution (Figure 6). The
average error on measure points is 9%, with a maximum error of 16.2% (60 minutes after
closing the shunt).

RR n° 0123456789
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Figure 5: Distribution of the displacement error on the ventricle surface mesh (mm).

We identify the following remaining error sources:

The segmentations of the ventricles may be inaccurate. This is all the more critical that
both the error criteria and the mesh are based on these segmentations. In particular,
if the ventricles are very contracted, as on the open shunt configuration image (panel
A of Figure 4), part of the ventricle can be missed by the segmentation leading to the
undeformed part of the ventricle (circled area in panel C of Figure 4).

The linear model may show some limitations in the horn of the ventricles. This error
source can be of even greater importance for patient with more acute hydrocephalus.

The influence of blood vessels in the brain is not taken into account. In particular,
the auto-regulation of blood pressure might be able to explain the rebound observed
on the pressure to time evolution (Figure 6).

The pressure measure sample rate is too low and transient phenomena might be missed.
The measures should be recorded with a higher frequency (at least every minute).
Ideally, an automatic system should be used to record this pressure.

INRIA
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Figure 6: Evolution of the ventricular pressure as a function of time after closing the shunt.
Continuous line: Measure on the patient. Dashed line: Simulated pressure increase with the
model.

4 Conclusion

We proposed in this article a new model of hydrocephalus, which couples a 3D representation
of the brain parenchyma with a scalar hydraulic description of the CSF circulation in the
intracranial space. The link between the scalar and the 3D model has been made through
the relation 0Veosp/IP*, which makes this model amenable to further improvements, either
of the mechanical constitutive equation (including a non linear relation, for example), or of
the scalar model (incorporating additional electric equivalent components).

The current model revokes the assumption that the brain is incompressible, and allows
for brain extracellular fluid exchange with the blood. Contrary to previous spatial models,
our model does not assume that CSF is drained through the brain. As a consequence, we
make the assumption that interstitial fluid viscosity can be neglected, leading to a brain
pressure in agreement with the recent in-vivo measurements [22,16].

This model now provides a useful tool to study the influence of the pathology on the
evolution of local parameters (local brain compression, perfusion pressure, etc) based on the

RR n° 0123456789



16 Clatz, Litrico, Delingette and Ayache

patient geometry and using global physiological measures. In addition, we made quantitative
measures of the model accuracy, which will facilitate the comparison with future models.

A Analytical Integration in Time of Equation 21

Using the FEM, we can compute a piecewise linear function dVegr/9P*. Its associated
computation points are defined by indexed pairs { P}, V;}. We define o; = (0Vosp/0P*), =
(Viu1 = Vi) / (Pf1 — P7). The solution P(t) of Equation 21 is successively computed on

intervals [T;, T;+1]. The general solution of Equation 21 for ¢t € [T}, T;11] takes the form:

t—T;
P(t) =Py + (P — Py S — 23
0 (P~ Po)esp — s (23)
with P, = Q1R + Pp.
The P; are computed using the relation P* = P — p:
P, = P(T)=P +pi (24)
= P+ Pp+ R20Q3 (25)
P, — P
= P'+Pp+R, (Q1 - 7[’) (26)
Ry
~ P = T (pr iR+ P (27)
i Y 21 D

And the integration time steps T; are recursively computed using the continuity relation,
Pi+1 =P (Tz‘+1)1

Ti1 = T;
Pt = Po + (P — Po)exp— | —2L— =1 28
= P (B P e () (28)
So that: P P
ﬂ+1 = Ti + (673 (Rl + Rg) hl <g) (29)
Py — Py

The overall computation of the time evolution of the ventricular pressure is presented in
Algorithm 1.

INRIA
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Algorithm 1 Computation of the time evolution of the ventricular pressure

1: Get the pressure step AP from user
2:1=0;, To=0; Ph=0

3: while P < P, do

4 Py =P+ AP

5. Compute P/ from Equation 27

6: 1=1+1

7: end while

8 Tmar = ¢

9: for i =0; i <imaz; t=1+1do

10:  Compute V; from P with the FEM
11: end for

12: for i =0; 7 < imas; 1 =1+ 1 do

13:  Compute T;4+1 from Equation 29

14:  for t € [T;Ti4+1], Compute P(t) from Equation 23
15: end for
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