
HAL Id: inria-00079220
https://inria.hal.science/inria-00079220v3

Submitted on 13 Jun 2006

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Well-posedness results for non-autonomous dissipative
complementarity systems
Bernard Brogliato, Lionel Thibault

To cite this version:
Bernard Brogliato, Lionel Thibault. Well-posedness results for non-autonomous dissipative complementarity
systems. [Research Report] RR-5931, INRIA. 2006. ⟨inria-00079220v3⟩

https://inria.hal.science/inria-00079220v3
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


appor t  


de  r ech er ch e 


IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
59

29
--

F
R

+
E

N
G

Thème NUM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Well-posedness results for non-autonomous
dissipative complementarity systems

Bernard Brogliato — Lionel Thibault

N° 5931

June 2006





Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

� ���������
	��
����������������������������	�����	����! ��"��	���	�#$	�������%����
%��& '��%�(��
) 	�#*�&���+#$���,�� ��-%.�0/1�
/��2���+#$�

3547698;:<6>=?3,69@BABCEDF:0G9@
∗ HJI DE@B8-47CLK�M-DON-:<P-CEG †

QLR!SUTWV�XZY\[^]`_badcfe�SUTWV>cLgbh�TWiUj�kml7h!V>c
nojqpsrfV�e+tukwv<psv

x+yzv�v<psjqe+{dV�j�V>|.R�V>j�|.R�V}gB~;�z�7����]��7h�g�V��z�7�s��]�����v!yz�7V>c

���-�>�U�����z�7� QLR�k�cZv!yzv<VUj�{dV>ys��cZ��k�e�R�eqR!V���V>�w�w�Fv0p�c�V9{dg�V>c�c�ps�oy�|��mysc�c+pz�;g�p7g!cqT5pbpseqR�{dabg!ysT5km|Uys�
cqabc�eqV>T�cU L{dkmcqcqk��
v!yzeqk�¡sVW|�psTWv���VUTWV>g7e.yzj�k�efa�cqadcfe�VUT�cU¢5tupzeqR£eqR�VW��kwg!V>yzj�ysg!{�e�R�VWg�psg!�wk�g�V>ysj�|>yscqV>c'yzj�V�e�jqV9y�e�V>{2¤
ysg!{�e�R�V�c�adc�eqV>TWc
yzj�V5g�psgd�¥yzh�eqpsg!psTWpsh!c>¢�QLR�V�{dkmcqcqk�v!y�e�kw¡bkwefa�v�jqp7v0V>j�efa�kmc'h!cqV>{�eqp&v0V>j��¦p7jqT^y�v!ysj�e�k�|Uh��myzj'|.R!yzg��7V,ps��c�e�y�e�VW¡sV>|�eqp7j
��R�km|.R"yz����p��+c;psg�VZeqp�e�j�ysg!c��¦psj�T§e�R�V\{dabg!ysTWk�|>cok�g�eqp�y�v0V>j�e�h�jq¨<V>{"[�psj�V>yshª© coc��uVUV>v�kwg!��v�j�pb|UV>c�cU¢-«Zcuyzg�VU¬�yzTWv���V
yzg�VU��V>|�eqj�k�|>yz�ª|Ukwj.|�h�kwe���k�e�R&k�{dV9yz�
{�kwpd{dV9cLk�c�v!jqV9c�V>g7e�V>{2¢
­�®�¯B°q±�² ��³��7� [�psj�V>yzh
© c�cq�uVUVUv!kwg��´v�jqpd|UV>c�cU¤�|�p7TWv��wV>TWVUg�e�ysjqkwefaµcqadcfe�VUT&¤+{dkw¶<V>jqV>g7e�k�ys�\k�g!|U�wh!cqk�psgª¤�VU¬bkmc�eqVUg0|�Vs¤
h�g�kml�h�VUg!V>c�cU¤�{dkmc�c�k�v!y�e�kw¡7V�c�adc�eqVUT�c>¤dv�j�p·¬��Fj�VU�sh!��ysj�cqV�e>¢

∗ ¸B¹»ºz¼�º\º·½¾¼.¿¾ÀfÁfÂ�ÃzÄ¦Å�ÆªÄÈÇÉÆ
Ê·Ë�Ì9ÀfÍmÇ�Î»ºzÀfÏqÃ�Ð�Ñ�ÑuÒ�ÓsÔ<Õ·À;ÎmÖ ×!Ø·½¾¼�ºsÀ�ÃzÙ�Ú�Ù�Ù.ÛZÜ>Ò.¹»ÌUÂ¾ÍÈÄÈÏOÝ�¹»Àf½fÃ·Þ�½EÒ.Ì·ÁfÀ�Ô
† ß
Ì·¹ Ó�Àf½EÏE¹ ÂÈà;¼.á9â'¼�ÌUÂEºzÀ�Î»Î»¹»Àf½fÃ�ã�äfº�Ò.½¦ÂEÀ�Ý�ÀfÌ�ÂdÕ·À<â�Ò�ÂOÊ·äfÝ+Ò�ÂE¹»å>Ø9À�Ï�Ã�Á�Ò.ÏEÀ<Áf¼�Ø·½¾½E¹»Àf½�æ�Ñ9ç�Ã�è!ÎéÒ.ÁfÀ<×!Ø·ê�ëfÌ·ÀB¸2Ò�ÂOÒ.¹»Î»Î»¼�Ì�Ã�Ù.Û�æ�ì�Ñ
â'¼�Ì�ÂOºzÀfÎ»Î»¹»Àf½

ÁfÀfÕ·À¥í'Ñ9Ã9Þ�½OÒ.Ì·ÁfÀ�Ô



����%U�2����� ) ���u� ����% ) %�������� �
	�������%�	������É	��"� �U�����ª/��2���+#$��� ���
) 	�#*�����+#$������ ���%���� ��%����
%��& '��%U��� ��	����! ��"��	���	�#$���	�


�� ��
�� � � X+psh0c+TWpsg�eqj�psg0c+|�p7T5TWV>g7e�{dV>c\|�k�j�|Uh�k�e.c+i>�wV9|�eqj�kml7h!V>c�g�p7gd�Fjqi>�sh���kwV>j�cLv<VUh!¡sVUg�e�T5p�a7VUg�g0yzg�e+h�g�|.R!ysgd�
�7VUTWVUg�e'ys{di9l7h0y�e�{�V,¡�yzj�kmyz¨���V>c>¤<cqV5T5VUe�e�jqV5c�p7h!cZ�my"�¦psj�T5V5{dV5v�jqpd|UV>c�c�h!c\{dV5j�y��!V,{dV5[�psj�V>yshª¢'X+psh0c\TWp7g7e�jqp7g!c
V>g!cqh�k�e�V�{dV>cLj�i>cqh��we�y�e.cL{2© VU¬dk�c�eqV>g!|�V�V�eZ{2© h�g�km|�kweqi�{dV�cqps��hdeqk�psg0cu{!yzg!cL��V>cL|Uy7c�yz¨!cqps��h�TWVUg�e�|�p7g7e�kwgbh�V�e��5¡·ysjqkmy�e�kwp7g!c
¨<psj�g�i>V>c>¢
�§² �9� ° ��� � � � v�j�pd|�V>cqh!c�{dV£j.y��0VÉ{dV [�psj�V>yshª¤+cqabc�eqS>TWV>c�{dV
|UpsTWv���iUTWVUg�e.yzj�k�e�is¤+k�g!|���h!cqkwp7g!c�{dk�¶BiUj�VUg�e�kwV>�w��V>c>¤
cqadcfe�SUTWV>c�{�k�c�c�k�v�k�v!y�e�k��¾c>¤dVUg0c�V>T�¨���V�v�j�p·¬��Fj�iU�sh!�wk�VUj9¢



��������� �	��
���
���������������������
�� ����
"!#��!���
$���%� �

& ' �,�
�-	���� ) ��%�	��
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eqR�V�p7¨drfV>|�e�pz��cfe�jqp7g��&kwg�eqV>jqV9cfe�k�g
eqR�V"_badc�eqV>TWc�yzg!{ ( psg�e�jqp7�
|�p7TWT�h�g�kwefas¤�¨<V>|>yzh!cqVJps��eqR�V>kwj-yzv!v��wkm|Uyzeqk�psg!c
kwg,¡�yzj�kwp7h!c*)!V>��{!c
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¨<VUVUgµcfe�h!{dk�V>{ k�g2-w�7�z¤o�·�01F¢43¥g eqR�kmc�v0yzv<VUj��uV"yzj�V�k�g�eqVUj�V>c�eqV9{
kwg´ysg!yz��adc�k�g���eqR!V"V�¬dkmcfe�VUg!|UV"yzg0{ h�g�kml7h!VUg�V9cqc�pz�
cqps��hdeqk�psg!c'ps�oef�up�|��mysc�c�V9c\ps�u|UpsTWv���VUTWVUg�e�ysjqkwefa�cqabc�eqV>T�cU¤�¨�a£VUT�¨<V>{!{dkwg!��e�R�VUk�j�{dabg!ysTWk�|>c'kwg�eqp�e�R�VW�¦j�ysTWVU�upsj�+
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R!y7c\¨<VUV>gÉk�g�eqj�pd{dh!|�V9{�¨ba�[�p7jqV9yzh@-��9��1;ysg!{É��k�{dV>�wa�c�eqh0{dkwV9{Écqk�g!|�V5eqR!VUgª¢5[�psj�V,v!jqV9|�kmc�V>�wa7¤<��V�e�h!c�|Upsg!cqkm{dVUj\eqR�V
�¦ps����p���kwg��W|�p7TWv��wV>TWVUg�e�ysjqkwefa"{dabg!ysT5km|Uys�ªc�adc�eqV>T







ẋ(t) = Ax(t) +Bζ(t) +Eu(t)

0 ≤ ζ(t) ⊥ w(t) = Cx(t) +Dζ(t) +Gu(t) + F ≥ 0,

A �7¢w��B

��R�V>jqVZeqR�V�T�y�eqj�km|�V>cuyzg0{�¡sV9|�eqp7j�c
A,B,C,D,E, F,G

yzj�V\|�p7g!c�e�yzg�eops��cqh�k�e.yz¨���V'{dkwTWV>g!c�k�psg0cU¤
x(t) ∈ R

n
¤
u(t) ∈

R
p ¤ ζ(t) ∈ R

m ¢�QLR!V5cqV>|Upsg!{£�wk�g�V5k�c'y�|�psTWv���VUTWV>g7e.yzj�k�efa&j�VU�my�e�kwp7g�¨0VUef��V>VUg w(t)
yzg!{

ζ(t)
¤ª��R�km|.RÉysjqV��¦psj.|�V>{

eqp�jqV>T�yzk�g£yz���uy·adcZpsjqeqR�p7�spsg0yz�ªp7g�V�e�p�V9ys|.R�pze�R�VUj A ¨<pze�R£k�g�V>l�h!ys�wkweqk�V>c'ysjqV�e�p�¨<V�h!g!{dVUj.c�eqpbpd{£|�p7TWv0p7g�VUg�ef��kmc�V7¤
cqp�eqR0y�e'eqR�V5psjqeqR!ps�sp7g!yz��kwefa�|>yzg£V9l�h�kw¡�ys�wV>g7e��wa�¨<V5V�¬dv�j�V>c�c�V9{�|�p7T5v<psg!VUg�ef��k�cqV0B�¢�«Zc�kwe'��k�����¨<V>|UpsTWVW|���V>yzj��my�eqV>j>¤
j�VU�my�eqV9{5jqV9c�h��we�c�yzj�V�kwg4- /�1<��R�VUj�V+kmcJ|�p7g!cqk�{dV>jqV9{Wy�g�psg��Fyshdeqp7g�psTWpsh0c-V�¬beqV>g!c�k�psg�ps�DC�y�eqp0© coQLR�VUp7jqV>T �¦psjoTWyz¬dkwT�yz�
TWpsg�pseqp7g�V'¡·ysjqkmy�e�kwp7g!yz�Bk�g�V>l�h!ys�wkweqk�V>c>¢

3¥g�eqR�kmcLv!yzv<VUj��uV'{dV>ys�2��k�e�R�cqadcfe�VUT�c�yscuk�g A �s¢��0B�¤d��R!VUg�eqR�V'¡7V>|�e�psjLj�VU�my�eqk�¡sV�{dVU�7jqV>V\¨<V�ef�uVUV>g
w(·)

yzg!{
ζ(·)kmcJV>l�h!ys��e�p

(1, ..., 1)T ∈ IRm A kE¢ Vs¢�eqR!VZT�y�e�jqkw¬
D = 0

B�¤7eqR!V�eqj�kwv!�wV
(A,B,C)

k�cov0p�c�kweqk�¡sVZjqV9yz�O¤7yzg0{
u(·)

k�c�VUkweqR�V>j
y���pd|Uyz����a,yz¨0c�p7�whde�VU��a,|Upsg�eqk�gbh�psh!cJTWysv�v�k�g���p7joy'T�yzv�v�k�g���ps�2�wpd|Uys��¨<psh�g!{�V>{�¡�yzj�kmy�eqk�psg
¢�QLR�VZ{�VU¡sV>�wp7v�TWVUg�e�cJjqV>�wa
psg�ysjq�7h�TWVUg�e�cLp7¨de�yskwg!V>{��¦j�psT jqV9|�VUg�e+j�V>cqh��we�c�k�gE-»�b¤0� 1�|�p7g!|�V>jqg!kwg���yW�7VUg�V>j�ys�wk�F>yzeqk�psg�pz�-eqR!V,cq��V>VUv�k�g���v�j�pd|�V>c�c>¤
��R�V>jqV'y5v0V>j�e�h�jq¨0y�eqk�psg A p7j+y�¡7V>|�e�psjG)!V>��{	B�kmc�|�p7g!c�km{dV>jqV9{2¢;QLR�k�cL�upsj�+W�sV>g�VUj.yz��k,F>V>cuc�p7TWV�j�V>cqh��we�cups¨�e�yzk�g�V9{"k�gH- ��1
��R�V>jqV,eqR�V5��kwgI+�¨<V�ef�uVUV>gÉ[�p7jqV9yzhª© c\v�jqpd|UV>c�c\ysg!{£{dkmc�c�k�v!y�e�kw¡7V,|UpsTWv���VUTWVUg�e�ysjqkwefa�c�adc�eqV>TWc\�Lysc�v0p7kwg�e�V>{�p7hde>¢J3Fe
T�y·a5ys��cqp�¨<V\cqVUVUg�yscJV>g��myzj��sk�g��'eqR�V�cfe�h!{dk�V>cokwgK-��s�s¤0�·�01<p7gWeqR�V\V>l�h�k�¡�yz��VUg!|UV>cJ¨<V�ef�uVUV>g"{dkw¶<V>jqV>g�eJ�¦psj�T�yz��k�cqT�cJ��k,+7V
{dkw¶<V>jqV>g�eqkmyz��kwg!|U�wh0c�k�psg!c�yzg0{�|�p7T5v!�wV>T5V>g�e�yzj�kwefa�cqadcfe�VUT�cU¢�QLR�V�v0yzv<VUj
kmc�psj��7ysg�k,F>V>{'yscª�¦ps���wp��+c> ªk�g�eqR!V�g�VU¬be�cqV>|�e�kwp7g
y5v�Rbadc�km|Uys�2V�¬�yzTWv���V�eqR!yzeL)�e�c���kweqR�e�R�V�|��mysc�cLpz�-g�psg0c�TWpbpze�R�cqadcfe�VUT�cL��V�{dV9yz�ª��kweqR&kmcLv�j�V>cqVUg�eqV9{2¢o_bV>|�eqk�psg&�Wk�c
{dV>¡spze�V>{We�p�v�j�p�¡sVLe�R�V���V>�w�w�Ov<p7cqV>{�g�V>c�cJps�2eqR�V��wk�g�V9yzjov<VUjqeqh!jq¨!yzeqk�psg"|>yscqVs¤���R�VUj�V>y7cocqV>|�eqk�psg#M,k�cu{dV>{�k�|>y�eqV9{Weqp�eqR�V
g�p7g��wk�g�V9yzj;v<VUjqeqh�j�¨!y�e�kwp7g5|>yscqVs¢-Q
�up'T�y�rfpsj;j�V>cqh��we�c��¦j�psTN- �01<yzg!{O- ��10ysjqVLj�V>|Uys�w��V>{,k�g,e�R�V+yzv!v0V>g!{dkw¬B¢;QLR�j�psh!�sR�p7hde
eqR!V�v!yzv<VUj��uV'��kw���
yz�mcqp,j�V>|>yz���ªc�p7T5V�{dV5)!g�kweqk�psg!cZyzg!{�g�pze�kwp7g!cueqR0y�eZyzj�V�h!c�VU�¦h��2�¦p7jLeqR�V�{dV>¡sV>�wp7v�TWVUg�e�c>¢
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D 6= 0

\q
 U �_8������i�%��� 
 U ������
��i�����>b��V������:;� �Vso���.9 � p��5�V����
utVv�\xw[�������VsylZzf{�]

| } �X~,/���% )  ��´�	�� �#*�&���

�ªVUeZh!c\|�psg0c�km{dVUj+eqR�V�V>�wV9|�e�jqkm|Uys�
|�k�j�|Uh�kweZ��k�e�R�km{dV>ys��{dk�pd{dV>c�k�g4)!�7h�j�V��z¤0��kweqR
R1, R2, R3 ≥ 0

¤
L2, L3 > 0

¢��\g�V
R!y7c

0 ≤ −uD4
⊥ x2 ≥ 0

ysg!{
0 ≤ −uD1

⊥ −x3 + x2 ≥ 0
¤���R�VUj�V

uD4

yzg!{
uD1

ysjqV5e�R�V�¡sp7��e.yz�7V>c�pz�ueqR�V
{dk�pd{dV>c>¢JQLR�V�{dabg!yzTWkm|Uys�2V>l�h!y�e�kwp7g!cLpz��eqR�kmc+|Ukwj.|�h�kweZyzj�V\eqR�V'�¦p7�w��p���kwg!�5p7g�V>c























































ẋ1(t) = x2(t)

ẋ2(t) = −
(

R1+R3

L3

)

x2(t) + R1

L3
x3(t) −

1
L3C4

x1(t) + 1
L3
ζ1(t) + 1

L3
ζ2(t) + u(t)

L3

ẋ3(t) = −
(

R1+R2

L2

)

x3(t) + R1

L2
x2(t) −

1
L2
ζ1(t) + u(t)

L2

0 ≤

(

ζ1(t)
ζ2(t)

)

⊥

(

−x3(t) + x2(t)
x2(t)

)

≥ 0,

A ��¢w��B

Æ
Æ Ì ��Ñ�ì�Ù9ç
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R1

D1

L2

R2

L3

R3

D4
C4

uD1

uD4

x2

x3
u(t)

��k��sh�j�VW�s ;«}|�k�j�|Uh�kwe+��k�e�R�km{dV9yz�ª{dk�pd{dV>c>¢

��R�V>jqV
x1(·)

kmc�e�R�V�e�kwTWV�kwg�eqV>�sj.yz�Jps��eqR�V�|�h�j�j�VUg�e,ys|Ujqp�cqc�e�R�V&|Uyzv0ys|�kweqp7j>¤
x2(·)

kmc�e�R�V�|Uh�j�jqV>g7e5ys|�j�p7c�c'e�R�V
|>yzv!y7|�kweqp7j>¤oysg!{

x3(·)
k�c5e�R�V�|�h!jqj�VUg�e�ys|Ujqp�cqc,eqR!V�kwg!{�h!|�e�psj

L2
ysg!{ jqV9c�kmcfe�psj

R2
¤
−ζ1

k�c�eqR�V�¡7ps�we�yz�7V"ps�\e�R�V
{�kwpd{dV

D1
ysg!{

−ζ2
kmc,eqR�V&¡7ps�we�yz�7V�pz�\eqR�V�{dk�pd{dV

D4
¢µQLR�V&cqabc�eqV>T�kwg A ��¢w�0B,|>yzgµ¨0V&��j�k�eqeqVUg |�p7T5v0ys|�e��wa y7c

ẋ = Ax+Bζ +Eu(t)
¤
0 ≤ ζ ⊥ y = Cx ≥ 0

¤d��k�e�R

A =





0 1 0

− 1
L3C4

−R1+R3

L3

R1

L3

0 R1

L2
−R1+R2

L2



 ,

B =





0 0
1

L3

1
L3

− 1
L2

0



 , C =

(

0 1 −1
0 1 0

)

,

E =





0
1

L3
1

L2



 .

3FeJ|Uysg,¨<V�|.R�V>|�+7V>{'e�R!y�e;e�R�Vueqj�kwv!�wV
(A,B,C)

kmc-v<p7cqk�e�kw¡7V�j�V>ys��- MZ1O¢-QLRbh!c�eqR�V�{dabg!ysTWk�|>c-kwg A ��¢w�?B�¨<VU��psg��\eqp�e�R�V
|U��y7cqc�pz��v!ysc�c�k�¡sV\�wk�g�V9yzjL|�psTWv���VUTWV>g7e.yzj�k�efa�cqadcfe�VUT�cU¢q3Fe�kmc�g!pze�{dk���|Uh���eLe�p5|Upsg!c�eqj�h!|�eLV�¬�ysT5v!�wV9co��kweqR

G 6= 0
A c�V>V

V7¢ �0¢�-w�9�d¤��;¬�yzTWv���V�/�1 B�¢_�Ze�R�VUj[)!V>��{�c'ps��yzv!v��wkm|Uyzeqk�psg�VU¬dk�c�e�k�gÉeqj.yzg!cqv0p7j�e.y�e�kwp7g�cq|UkwV>g!|�VWyzg!{£T�ys|�j�pz�FV>|Upsg�p7TWk�|>cU¤
y7cJh�g0{dVUjL|�V>j�e.yzk�g�Rba�v<pze�R�V>cqkmc�|UpsTWv���VUTWVUg�e�ysjqkwefaWc�adc�eqVUT�c�yzj�VZV>l�h�k�¡�yz��VUg�eoe�p�v�j�pzrfV9|�e�V>{�{dabg!ysT5km|Uys�<cqadcfe�VUT�cuyzg!{
¡�ysjqk�psh!c�efabv<V>c�ps��{dkw¶<V>jqV>g�eqkmyz�2k�g!|���h!cqkwp7g!c�yzg!{�¡�yzj�kmy�eqk�psg0yz�Bkwg!V>l�h!yz��kweqk�V>c -��s�z¤ª�·�01F¢

� � ���������É	��
����������� 	��µ�x~�� ��/W�� �#$% ) �

	�

� ������������������������������ "!#�%$&�'��(
!)�
*
V'g�p�� V>TWv��wp�a�yWc�e�yzeqV�c�v0ys|�V\eqj.yzg0cf�¦p7jqT�y�e�kwp7g"v�j�psv<p7cqV>{"kwg - ��¤���1
��R!k�|.R&yz���wp��+c�h!cue�p5VU¬dv�jqV9cqcu��kwg!V>yzj�v0ysc�c�k�¡sV
|UpsTWv���VUTWVUg�e.yzj�k�efa&c�adc�eqV>TWc�ps�o¡sV9|�eqp7j\j�VU�my�e�kw¡7V�{dV>�sj�VUV

(1, ..., 1)T ∈ IRm y7cZk�g A �s¢��?B�¤2k�g�eqp&yzgÉVU¡sp7�wh�eqk�psg�¡�yzj�kmy��
e�kwp7g!yz�2k�g�V9l7h0yz��k�efa�p7j�y�{dk�¶BVUj�VUg�e�k�ys�2kwg!|U�wh0c�k�psgª¢+*
V�jqV9|Uys�w�Be�R�V�cfe�VUv!cLps�
e�R�V'eqj.yzg!c��¦psj�T�y�e�kwp7g��¦psj�j�V>y7{�yz¨!kw��k�e+c�y +7Vs¢
_dkwg!|UV'eqR�V�eqj�kwv���V

(A,B,C)
kmc+v<p7cqk�e�kw¡7V�jqV9yz�O¤deqR�V>jqV�VU¬dk�c�e�cL�¦j�psT eqR�V%C�yz��TWysgd�-,oy +bh�¨<p�¡�km|��Fn-psv<p�¡��ªVUTWT�yX-��>��1�y

cqabTWT5VUeqj�k�|Lv<p7cqkweqk�¡sV+{dV5)!g�kweqV+T�y�e�jqkw¬
P
cqh!|.R5eqR!yze

PB = CT ¢'.\V�)0g�kwg!� R y7c
R2 = P

¤ze�R�VZcqabT5TWVUeqj�k�|Lv<p7cqk�e�kw¡7V
{�V�)!g�kweqV�c�l�h!yzj�V�jqpbpze�ps�

P
¤!ysg!{"��V�eqeqk�g��

z = Rx
¤!psg�V'�sVUe�c> 







ż(t) = Rẋ(t) = RAR−1z(t) +REu(t) +RBζ(t)

0 ≤ ζ(t) ⊥ w(t) = CR−1z(t) +Gu(t) + F ≥ 0.

A ��¢��0B

Ä¦Å�Æ
ÄÈÇ
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«Zc�cqh�TWkwg�� �¦p7j�eqR!V�TWpsTWVUg�e�eqR0y�e"¨<pze�R
ζ(·)

yzg0{
w(·)

yzj�V&�¦h�g!|�eqk�psg!c"pz��eqk�T5V7¤+yzg!{ h!cqk�g�� ¨!yscqkm|�|�psgb¡7V�¬
yzg0yz��abcqkmc A c�V>V�c�V9|�e�kwp7g��!¢ �ZBup7g�V'V>l�h�k�¡�yz��VUg�eq��a�j�VU��j�k�e�V>c A �!¢w�0BLysc

−ż(t) ∈ RAR−1z(t) +REu(t) +RB ∂ψ(R+)m(CR−1z(t) +Gu(t) + F )

yzg0{"h!cqk�g��
R2B = CT

−ż(t) ∈ −RAR−1z(t) −REu(t) +R−1CT ∂ψ(R+)m(CR−1z(t) +Gu(t) + F ),
A �!¢ �hB

��R�V>jqV
ψQ(·)

{dV>g�pze�V>c�eqR�V�kwg0{dk�|>y�e�psj,�¦h�g!|�e�kwp7g pz��e�R�V&c�VUe
Q,

kE¢ Vs¢�¤
ψQ(x) = 0

kw�
x ∈ Q

ysg!{
ψQ(x) = +∞pze�R�VUj���kmc�V7¤zyzg!{

∂
{dVUg!pzeqV9c
e�R�V�c�h!¨<{dkw¶BVUj�VUg�eqkmyz�bpz�B|�p7g�¡7V�¬�yzg0yz��abcqkmcU¢
QLR!Vuk�g!|U�wh!cqk�psg�k�g A �!¢ � B�kmc�kwg,eqh�j�g5V>l�h�k�¡·ys�wV>g�e

eqp5e�R�V�{dkw¶<V>jqV>g7e�k�ys�ªk�g!|���h!cqkwp7g

−ż(t) +RAR−1z(t) +REu(t) ∈ R−1∂ψK(t)(R
−1z(t))

A ��¢ �hB
��kweqR

K(t) := {x ∈ R
n : Cx+Gu(t) + F ≥ 0}.

A �!¢ MaB
nJhdeqeqk�g��

S(t) := R(K(t)) = {Rx : x ∈ K(t)},
A ��¢»�ZB

kwe+k�cLV9yscqa�eqp�cqVUV�eqR!yze
ψS(t)(x) = (ψK(t) ◦R

−1)(x)
�¦psj\yz���

x ∈ R
n.
_bk�g!|�V

R
kmcLk�g�¡7VUjqeqk�¨���Vs¤d�uV�R0y·¡sV

∂ψS(t)(x) = R−1(∂ψK(t))(R
−1x)

�¦p7j+yz���
x ∈ Rn

yzg0{ÉR!VUg!|UVs¤�{�VUg�pseqk�g���¨ba
N(S(t);x)

e�R�V�g�p7jqT�yz�J|Upsg�V�k�g
eqR�V�cqVUg0c�V�ps�L|Upsgb¡sVU¬£yzg!ys�wadcqk�c>¤ªkO¢ V7¢w¤
N(S(t);x) :=

∂ψS(t)(x),
eqR!V�{dk�¶BVUj�VUg�e�k�ys�2kwg!|U�wh0c�k�psg A �!¢ �hBuTWy·a"¨0V���j�k�eqeqV>g�k�g�eqR�V'�¦p7jqT

−ż(t) +RAR−1z(t) +REu(t) ∈ N(S(t); z(t)),
A �!¢ �>B

��R�km|.R�ysv�v0V9yzj.c�y7c�eqR�V�v0V>j�e�h�j�¨!y�e�kwp7g"pz��y,cq��V>VUv�k�g��,v�jqpd|UV>c�cU¢-QLR�V�kwg!|U�wh0c�k�psg A ��¢ �hBokmc�k�g�eqh�j�g"V9l7h!kw¡�yz��VUg�eueqp,eqR�V
VU¡7ps��hdeqk�psg�¡�yzj�k�yzeqk�psg!ys�Bkwg�V9l�h!yz��k�efa

〈ż(t) −RAR−1z(t) −REu(t), v − z(t)〉 ≥ 0, ∀ v ∈ IRn, z(t) ∈ S(t).
3F�
G = 0

eqR�V>g
K
{dpbV>c;g�pseJ¡�yzj�a���kweqRWeqk�TWV+yzg!{X- /d¤�QLR�VUp7jqV>T ��¢ ��1!yzv�v���k�V>c;��kweqR

u(·)
y�|�p7g7e�kwgbh�p7h!c-T�yzv�v!kwg��

��kweqR&�wpd|>yz���wa
L1

{dVUj�kw¡�yzeqk�¡sVs¢��ZVUj�V��uV���V�e
K
R�VUg0|�V

S
¨0V'e�kwTWV��F¡�yzj�abkwg��0¤b��R�k�|.R&|�p7TWv��wkm|UyzeqV9cueqR�V�ysg!yz��adc�kmcU¢

	 
�� ��� (
� ��� ����� �+���
	�� (��
	 ��� � � � !) ��!���	 ��( !)� �
�ªVUe

u(·) : [0,+∞[→ R
p
¨0V"y�TWysv�v�k�g��&�¦j�psT

[0,+∞[
eqp

R
p
¢43¥g eqR!V�g�pze.y�e�kwp7g h!c�V9{ yz¨<p�¡sV�ysg!{
¨0V>�wp����uV

km{dVUg�eqkw�¦a A ��R!VUg�e�R�VUj�VZkmcug�p,ysT�¨�k��sh!k�efaIBJy�T�y�eqj�kw¬�ysg!{We�R�V\��k�g�V>ysj�T�yzv!v�kwg!�,ysc�cqpb|Uk�yzeqV9{W��k�e�R"kweu��kweqR�jqV9c�v<V>|�e�e�p
eqR!V�h!c�h0yz�2¨!y7c�kmcLpz�

R
n, R

m
V�e.|z¢o_bp0¤beqR�V�j.yzg!�sV'pz��eqR�V�T�y�e�jqkw¬

C
��kw���ª¨<V�{dVUg!pzeqV9{"¨ba

Rge(C).

*
V�g!p�� v�j�pd|�VUV9{�e�p,e�R�V�yzg0yz��abcqkmc�ps�
e�R�V�v0V>j�e�h�j�¨0V9{�cq��V>VUv�k�g��Wv�j�pd|�V>c�c A �!¢ �ZB�¢ ( psg!cqkm{dVUj�yzg�k�g7e�VUj�¡�yz�
I
pz�

Ryzg0{�y\TWysv�v�k�g��
z : I → R

n.
*
VLjqV9|Uyz����eqR!yze�e�R�VL¡�yzj�k�yzeqk�psg�ps�

z(·)
psg
I
k�c�e�R�Vucqh�v�j�VUT,h�T}pz� ∑

‖z(ti)−z(ti−1)‖p�¡sV>jJe�R�V�cqV�eLpz��yz���	)!g!k�e�V�cqV�e.c�ps�ªv0p7kwg�e.c
t0 < t1 < · · · < tk

ps�
I.
* R!VUg�e�R�kmcucqh�v�j�VUT,h�T�k�c )!g!k�e�Vs¤beqR!V\T�yzv!v�kwg!�

z(·)
kmc+c�yzkm{�eqpW¨0V�pz�Y8�� 67��9h��9#
�� ���i��
��i����psg

I.
QLR�V�T�yzv�v�k�g��

z(·)
k�c�ps�G���?�������g!O8���67�<9Z��9�
������i� 
"�i� �"psg

I
kw�-k�eZkmc

pz�-¨<psh�g!{�V>{�¡·ysjqkmy�e�kwp7g�p7g�V9ys|.R&|�p7T5v0ys|�e+cqh�¨�k�g�eqVUj�¡�yz�2ps�
I.( psg0c�km{dVUj�k�g���y�cqV�e��F¡�yz��h�V>{�TWysv�v�k�g��

S : I ⇒ R
n
yzg!{�j�VUv!��y7|�k�g���eqR!V\yz¨<p�¡sV�VU¬dv�jqV9cqcqk�psg

‖z(ti)− z(ti−1)‖
¨ba

eqR!V��Zyzh0cq{dp7j�¶"{�k�c�e�ysg!|�V
haus(S(ti), S(ti−1)),

p7g�VLps¨de.yzk�g!c�eqR�V+|Upsg!|UVUvde;ps�<cqV�e��F¡�yz��h�V>{,T�yzv�v!kwg���c-��k�e�RK8�� 67��9h��9

������i��
��i���£psg

I
A j�V>cqvª¢X�,�?��� ���e! 8���67��9h��94
������i��
��i����p7g

I
B�¢�QLR�V��\yzh!c�{dpsjq¶ {dkmcfe.yzg!|UV5¨<V�ef�uVUV>g£ef�up�c�h!¨!c�VUe�c

Q1yzg0{
Q2

k�g
R

n
kmcL�sk�¡sV>g�y7cLh!cqh!yz�2¨ba

haus(Q1, Q2) := max{ sup
x∈Q1

d(x,Q2), sup
x∈Q2

d(x,Q1)}.

Æ
Æ Ì ��Ñ�ì�Ù9ç
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.\VUg!pzeqVL¨ba
varS(t)

e�R�VL¡�yzj�k�yzeqk�psg�ps�
S(·)

p�¡7VUj
[0, t].

* R�V>g5eqR�VL¡�yzj�k�yzeqk�psg��¦h!g!|�e�kwp7g
varS(·)

k�c-��pd|Uys�w��a�yz¨!cqps��hde�VU��a
|Upsg�eqk�gbh�psh0c;psg

[0,+∞[,
eqR!V\cqV�e��F¡�yz��h�V>{WT�ysv�v�k�g��

S(·)
kmcoc�yzkm{5eqp�¨0V%�,�?��� ���e!#�Z8���� �e67
$���e!������	
����	6	� 6a��p7g

[0,+∞[.«\c'h!cqh!yz�-e�R�VW�wpd|Uys�Jyz¨!cqps��hde�VW|Upsg�eqk�gbh�kwefa�pz�oe�R�VW�¦h�g!|�eqk�psg
v(·) := varS(·)

TWV>ysg!c�eqR0y�e'�¦psj�V9ys|.R
T ∈ [0,+∞[ysg!{É�¦psj�ysgba£v<p7cqk�e�kw¡7V�g�h!T�¨<VUj

ε
eqR�V>jqV�VU¬dk�c�e�c�cqpsTWV�v<p7cqk�e�kw¡7V�gbh�T�¨<VUj

η
c�h0|.RÉe�R!y�e ∑k

i=1 |v(ti) − v(si)| < ε��R!VUg�V>¡sVUj ∑k
i=1(ti − si) < η

��kweqR
si < ti < si+1

k�g
[0, T ].x�V9|Uys�w�;e�R!y�e���kweqR ysg�a£TWysv�v�k�g��

z : I → IRn ps�u��pd|Uyz����a�¨0p7h�g!{dV9{ ¡�yzj�k�yzeqk�psg£p7g y�cqh�¨�k�g�eqV>jq¡�yz�
I
pz�
IR
kmc

y7cqcqpd|�kmy�e�V>{�y�x+ys{dp7g�¡sV9|�e�psj�T5V9yscqh�j�Vs¤9eqR�V�cqpz�¥|Uys�w��V>{#9 � p���������
"�i� �I
����5
�� �c��������67�V�
dz
ps�
z(·)

psg
I.

3F�f¤zk�g5y7{�{dkweqk�psgª¤
z(·)

k�c�j�k��sR�e+|�psg�e�kwgbh�p7h!cU¤�e�R�k�c+¡sV>|�eqp7juTWV9yscqh�jqV
dz
cqyzeqkmcm)!V9c

z(t) = z(s) +

∫

]s,t]

dz
�¦p7j+yz���

s, t ∈ I
��kweqR

s ≤ t.

3F��y�T�ysv�v�k�g��+psj�c�VUe��F¡�yz��h�V>{'T�yzv!v�kwg!��k�c�jqk��sR�e
|Upsg�eqk�gbh�psh!c
yzg!{'R!y7c
y�¨<psh!g!{dV>{�¡·ysjqkmy�e�kwp7g A j�V>cqvª¢ª��pb|>yz���wa�¨<psh�g!{�V>{
¡�ysjqkmy�e�kwp7g�BJp7g

I,
�uV���kw���ªc�y·a��¦psj+cqR�psjqeLeqR!yze+k�e+kmc �V�08�
�] A j�V>cqvª¢c�,�?��� ���e!o�V�085
�B�¢

* R�V>g´yzg´kwg�kweqkmyz�L|�p7g!{dkweqk�psg
z0 ∈ S(0)

k�c.)�¬dV>{ ysg!{
eqR�V�c�VUe��F¡�yz��h�V>{ T�yzv!v�kwg!�
S(·)

kmc���pd|Uys�w��a
ys¨!cqps��hdeqV>�wa
|Upsg�eqk�gbh�psh0cU¤!eqR�VW|�p7g!|�V>vdeZpz�ocqps��hde�kwp7g�pz� A ��¢ �ZB�kmc\|U�wV9yzj\kwg�e�R�V,cqVUg0c�V�eqR!yze\kwe\kmcU¤2yscZh!cqh!yz�O¤<y"�wpd|>yz���wa&yz¨!cqps��hde�VU��a
|Upsg�eqk�gbh�psh0c�T�ysv�v�k�g��

z(·)
�¦psj���R�km|.R

z(0) = z0
yzg0{�e�R�V'kwg!|U�wh0c�k�psg A �!¢ �ZBuR!ps�m{�c��¦psj+yz���

t
p7hde�cqkm{dV\ps��y��ªV>¨0V9c��7h�V

gbh�����cqh�¨!cqV�e5pz�
[0,+∞[.

x�V>|>yz���Je�R!y�eWyzgba£��pd|Uyz����a
ys¨!c�p7�wh!�wVUefaÉ|�p7g�eqk�g�psh!c�T�yzv�v�k�g��
z(·)

��kweqR ¡�yz��h�V9c�k�g
R

n
kmc

{�VUj�kw¡�yz¨!�wV��ªV>¨0V9c��7h�V�yz��TWp7c�e�VU¡sV>jqab��R�V>jqVWyzg0{
z(t) − z(s) =

∫ t

s
ż(τ) dλ(τ).

�+VUj�V�yzg0{É¨<VU��p���¤
λ
{�VUg�pseqV>c�eqR�V

p7g�V��¥{dk�TWVUg!cqkwp7g!yz�*�
VU¨<V>cq�sh�V'TWV>y7c�h�j�Vs¢
_bh!v�v0p�c�V�g�p��?eqR!yze

S(·)
kmc���pb|>yz���wa �V�08�
�yzg!{�e�R�V�T�ysv�v�k�g��

f
��k�e�R

f(t, z) := −RAR−1z − REu(t)
k�cZg�pze

km{dV>g7e�k�|>yz���wa gbh����E¢ QLR�j�psh!�sR�p7hde>¤;k�gµcqh!|.R´y
|Uy7c�V��uV���kw����{dVUg�pseqV�¨�a
µ := d (varS)

e�R�V�{�k�¶BVUj�VUg�eqkmyz�uTWV>y7c�h�j�V
ps�

varS(·).
QLR�kmc�xZys{dp7g T5V9yscqh�j�V

µ
k�c"ps¨b¡bkwp7h!c���a v0p�c�kweqk�¡sV£cqk�g!|�V£eqR�V£�¦h�g!|�e�kwp7g

varS(·)
kmc�g�p7g {dV>|UjqV9yscqkwg!�!¢

«�|>|�p7j�{dk�g��,eqpX- ��1�y5T�yzv�v!kwg��
z : [0,+∞[→ R

n k�c�yWcqps��hdeqk�psg�pz� A �!¢ �hBu��k�e�R z0 y7cLkwg�kweqkmyz�ª|Upsg!{�k�e�kwp7g�kw�f 
�����

z(·)
kmcL�wpd|>yz���waK���?85
Zyzg0{�c�y�e�k�cf)!V>c

z(0) = z0
ysg!{

z(t) ∈ S(t)
�¦p7j+yz���

t ∈ [0,+∞[;

������� e�R�VUj�V�V�¬dkmcfe.c�y�v<p7cqk�e�kw¡7V�x+ys{�psg TWV>y7c�h�j�V
ν
yz¨0c�p7�whde�VU��aÉ|Upsg�eqk�gbh�psh!cq��a£V>l�h�k�¡�yz��VUg�e�e�p&eqR�V�T5V9yscqh�j�V

µ + λyzg!{&��kweqR�j�V>cqv<V>|�e�e�p���R�km|.R&eqR�V�{dkw¶BVUj�VUg�eqkmyz��¡sV>|�eqp7j�T5V9yscqh�j�V
dz
kmcZyz¨0c�p7�whde�VU��a"|�p7g�eqk�g�h!psh!c���kweqR�{�VUg!cqk�efa

dz
dν

∈ L1
loc([0,+∞[, ν;Rn)

yzg0{

−
dz

dν
(t) − f(t, z(t))

dλ

dν
(t) ∈ N(S(t); z(t)) ν −

y�¢ Vs¢
t ∈ [0,+∞[,

A �!¢»�ZB

��R�VUj�V dλ
dν

(·)
{�VUg�pseqV>c
eqR!V�{dV>g!c�kwefa�jqV>��yzeqk�¡sV-eqp

ν
pz�deqR!V �ªV>¨0V9c��7h�VJTWV>y7c�h!jqV

λ
��R�km|.R�k�c
ps¨b¡bkwp7h!cq�wa�yz¨!cqps��hdeqV>�wa

|�p7g7e�kwgbh�p7h!cL��kweqR&jqV9c�v<V>|�eLeqpWeqR!V�T5V9yscqh�j�V
µ.

3Fe5k�c,ps¨!cqVUj�¡sV9{
kwg2- ��1ueqR!yze5ysg�a
T�yzv�v!kwg��
cqyzeqkmcf�¦abk�g�� A k�B�k�c,y£cqps��hdeqk�psg kw�Zyzg!{ psg���aÉkw� A k�k�B�R�p7��{!c���kweqR e�R�V
TWV9yscqh�jqV

µ+ λ
kwe�cqVU�w�-kwg&v��mys|UV�ps�

ν.

_bp0¤�k�g"e�R�V�¨0p7h�g!{dV9{�¡·ysjqkmy�e�kwp7g�|>yscqV\�uV���k��w�B�¦p7�w��p�� - ��1ªk�g&��jqkweqk�g�� A �!¢ �>Bukwg�eqR!V\�¦p7jqT






−dz ∈ N(S(t); z(t)) + f(t, z(t))dλ

z(0) = z0 ∈ S(0).

A ��¢ /hB

tuV��¦p7jqVov�jqp�¡bk�g���psh!j2eqR�V>psj�VUT?psg�VU¬dk�c�eqV>g!|�Voysg!{'h�g�kml�h�VUg!V>c�cªk�g�eqR�V��wk�g�V9yzj�|>yscqVs¤9�wV9cªh!c�V>c�e�ys¨���k�cqR'eqR�Vo�¦ps���wp���k�g��
��VUTWT�y�¢
��® � � �	��
iQ
� ����67���.
 U ��


Rge(C) − R
m
+ = R

m
A ��¢ �hB

Ä¦Å�Æ
ÄÈÇ



��������� �	��
���
���������������������
�� ����
"!#��!���
$���%� �

j�: U �i� U �Z85
?�i� 6a���g! U � �,9�� : U �5���5
��5�Y
 U �[�e���<��� �Y�����Z�<���>=������5�0���i� 
���9%:`��
 U
C

���[���	
$��\u�i]��?],\q
 U �[��� 
"�����
C

U �����V� �as
�[n ]

r b.
 U �������h�����a=
u(.)

U ���%�o���?�����`8���67�<9Z��9#
������i� 
"�i� � j��V�����D]J�����,�0�������e!X�Z8��5���e67
$���g!O������
"����6	��6a��no���
[0,+∞[,
 U �5� 
 U �o���,���5��94��� �	
����O�5�5
"d$
����g6	��9O�����h�����a=

S(·)
U �����O�,�0����� 8���67��9h��9O
�� ���i��
��i���2j��V�����*]����%�,�?��� ���e! �Z8��5���e67
$���g!

������
"����6	��6a��n_
$�0�Z]
r��O
 U �[�5����� :;��!�\

S(·)
���[���g= U 
;������
"����6	��6a�Y:`��
 U �������	���5
q
��%
 U ���%��6a�59Z� � p 9 ����
$���<��� : U �5���5
��5�

u(·)
�������g= U 


������
"����6	��6a�5]

� � ²ª²�� � tua"ysc�cqh�TWvdeqk�psg A ��¢ �hBuysg!{"¨baWe�R�V'�¦psj�T�h��my�k�g&v!yz�7V��z�s��pz��x+ps¨�k�g!cqpsg -���1F¤beqR!VUj�V�VU¬dk�c�e�cLcqpsTWV�|Upsg!c�e�ysg�e
γ > 0

A {dV>v0V>g!{dk�g��5psg���aWpsg�e�R�VZT�y�e�jqkw¬
C
Bocqh!|.R�e�R!y�e��¦psjLyz���

s, t ∈ [0,+∞[
A yzg0{���kweqR

K(t)
y7co{dV5)!g�V9{"yz¨<p�¡sV�B

haus(K(t),K(s)) ≤ γ‖G(u(t)) −G(u(s))‖

yzg0{"R�V>g!|�V
haus(K(t),K(s)) ≤ γ‖G‖‖u(t)− u(s)‖.

_bk�g!|�V
S(t) := R(K(t)),

psg�V'ps¨�e�yzk�g!cLV9yscqkw��a�eqR0y�eL�¦psj+ys�w�
s, t ∈ [0,+∞[

haus(S(t), S(s)) ≤ ‖R‖ haus(K(t),K(s)) ≤ γ‖R‖ ‖G‖‖u(t)− u(s)‖.

3FeZkmc+g�pseZ{dk ��|Uh��weZeqp�|.R!V>|�+�e�R!y�eZeqR�kmc+�mysc�e+kwg!V>l�h!yz��kwefa�yzg0{�eqR�V���pd|Uys�ª¨0p7h�g!{dV9{&¡�yzj�k�yzeqk�psg A j�V>cqvª¢���pd|Uys�
yz¨!cqps��hde�V
|�p7g�eqk�g�h!k�efaIB\pz��eqR�VWT�yzv�v!kwg��

u(·)
V>g�e�yzk��mcZe�R�V���pb|>yz�-¨<psh�g!{�V>{
¡�yzj�k�yzeqk�psg A jqV9c�vª¢5��pb|>yz�Jys¨!c�p7�wh�eqVW|�psg�e�kwgbh�kwefaIBZps�

eqR!V�c�VUe��F¡·ys�wh!V>{�TWysv�v�k�g��
S(·)

psg�eqR!V�kwg�eqV>jq¡�ys�
[0,+∞[.��kwg0yz���wa7¤beqR�V�j�kw�7R�e�|Upsg�eqk�gbh�kwefa�v�j�psv<VUjqefa�ps¨b¡bkwp7h!c���aW�¦ps����p��+cu�¦jqp7T eqR�V�c�yzTWV'k�g�V>l�h!ys�wkwefa"yz¨<p�¡sV7¢

�

3¥g e�R�V�v!jqpbpz�+ps�\QLR�V>psj�VUT���¢ ���uV"��k��w�Lg�V>V>{ e�R�V��¦ps���wp���k�g��£j�V>cqh��we,ps�\[�psj�V>ysh -w�?M�1F¢ 3¥g -w�?M�1�k�eWR!y7c�¨<VUV>g
V>c�e�ys¨���k�cqR�V>{�k�g�e�R�V��sV>g�VUj.yz� �Zkw��¨0V>j�eZcqV�eqeqk�g��!¢
� � ²	��² � � � � ²�
 ��
���
 ��


ν
8��X�_�	������
"��
���w��h9Z� � ��������67�V�O��� � �������I�h��
 ����
��5��
�� �

I
���<9

z(·) : I → R
n 8��y�

j.|�¨b¡X�����Z�����a=�: U ���5�.9�� p��5�V�5�	
��i���<��������67�V�
dz

��� �Z8��5���e67
$�5�e!_������
"����6	��6a�Y:`��
 U �V�����	����
q
$�
ν.

S�U ���	\u
 U �qb�67�<��
��i���
Φ : I → R

:`��
 U
Φ(t) := ‖z(t)‖2 ���_��� �V�08�
Yb�67�<��
��i��� : U ���5��9�� p��5�V�5�	
��i���q��������67���

dΦ
�5��
������ ����\c��� 
 U �%���5�I�5�

�mb.
 U ������9Z�5�����>=X�mbJ����� �D��������67�V����\

dΦ ≤ 2〈z(·),
dz

dν
(·)〉dν,

: U �5�V�
〈·, ·〉

9h���<��
$���J
 U �_��� ��� �	�i�����D�������5�G���V�09�6	�5
L�mb
R

n.

*
V'|>yzg&g�p�� v�jqp�¡7V+e�R�V'eqR�V>psj�VUT&¢
��� ®b² � ® � ��
 � � ����67���O
 U � 
#j��h]��5nH��� 
 ���_�����h]�l U ���,9��K� ��9 
 U � 
.
 U �X�����Z�<���>=

u(·)
���O�,�?��� ���e!@�Z8��5���e67
$���g!

������
"����6	��6a� j��������*] �,�0�������e!£j�|U¨�¡>nZ] S�U ��� 
 U �_�	�5��
"67�58���9@9 � p���������
"�i� �������5�e6a���i��� j��h]��5n :`��
 U ���	��
��i��� ��� ��9���
��i���
z(0) := z0 ∈ R(K(0))

U ���%���<�%� ��9O���	�g!y���<�.�,�0�������e!X�Z8��5���e67
$���g!y�����	
����	6	� 6a�_j��V�����*] �,�0�������e!�j�|U¨�¡>n_�5���e67
��i��� ���
[0,+∞[

]

� � ²ª²�� � «\c�yz¨<p�¡sVs¤dv!hde��¦psj�V>¡sVUj�a
(t, z) ∈ [0,+∞[×R

n

f(t, z) := −RAR−1z −REu(t).

�\¨b¡bkwp7h!c���a�e�R�V"T�ysv�v�k�g��
f(·, ·)

kmc�tupsj�VU��TWV>yscqh�j.yz¨���V�k�g
t
A k�g �¾ys|�e,kwe,kmc#�V�08�
5psj5|�p7g7e�kwgbh�p7h!c�B'yzg!{E�
kwv0cq|.R�kweVF

|�p7g�eqk�g�h!psh!cu��kweqR�j�V>cqv0V9|�eLeqp
z.
��h�jqeqR�V>j��¦psj

k(t) := max{‖RE(u(t))‖, ‖RAR−1‖}

psg!V�R0yscueqR!V
L1

loc

��kwg�V9yzj��7jqp��Le�R�|�p7g!{dkweqk�psg

‖f(t, z)‖ ≤ k(t)(1 + ‖z‖)
�¦p7j+yz���

(t, z) ∈ [0,+∞[×R
n.

A ��¢��>�>B

Æ
Æ Ì ��Ñ�ì�Ù9ç



/ �Y�V��= �g�i��
$��� S<U �i8���67�e


Y\c�k�g��O�ªVUTWT�y"�!¢w�,yzg!{&e�R�V5v�jqp7v0V>j�e�kwV9cZys¨0p�¡7V�|�p7g!|�V>jqg�k�g���e�R�V�T�ysv�v�k�g��
f(·, ·)

��V,TWy·a&yzv!v��wa�QLR�V>psj�VUT ��k�g
-»�01 A c�V>V"e�R�V�«Zv�v<VUg!{dkw¬	B�eqp
ps¨de.yzk�gª¤Jk�g´e�R�V�|>yscqV���R!VUj�V

u(·)
kmcWyz¨!cqps��hdeqV>�wa |Upsg�eqk�gbh�psh!c>¤-eqR0y�eWeqR�V�v<VUjqeqh�j�¨0V9{

cq�uVUVUv!kwg��5v�j�pd|�V>c�c�{dkw¶<V>jqV>g�eqkmyz�2k�g!|���h!cqkwp7g






−ż(t) ∈ N(S(t); (z(t)) + f(t, z(t))

z(0) = z0 ∈ S(0)

R0ysc�p7g�V�yzg0{&psg���a�p7g�V���pb|>yz���wa&yz¨0c�p7�whde�VU��a�|Upsg�eqk�gbh�psh!cZc�p7�whde�kwp7g�psg
[0,+∞[.

QLR�V�V9l7h!kw¡�yz��VUg0|�V�ys¨0p�¡7V�¨<V�ef�uVUV>g
A ��¢ �ZB�ysg!{ A �!¢ �ZB+��k�e�R&eqR�V�kwg�kweqkmyz�-|�p7g!{dkweqk�psg!c

z(0) = z0 ∈ R(K(0))
ysg!{

z(0) = z0 ∈ S(0)
j�V>cqv0V9|�e�kw¡7VU��a"abkwV>��{!c

e�R�V�|�p7g!|���h!cqkwp7g"ps��e�R�V'eqR�V>psj�VUT�k�g�eqR�V�ys¨!cqps��hdeqV>�wa�|Upsg�eqk�gbh�psh!c�|>yscqVs¢
_bh!v�v0p�c�V�g!p�� e�R!y�e�e�R�V�T�yzv�v�k�g��

u(·)
k�c���pd|Uys�w��aR�V�085
�psg

[0,+∞[.
tua �ªVUTWT�y �!¢w�&�uV4+bg�p���e�R!y�e�e�R�V

cqV�eq�O¡�ys�wh�V9{&T�yzv�v�k�g��
S(·)

k�c�yz�mcqp��wpd|Uys�w��a �V�?85
9¢\_bp�QLR!VUpsj�VUT ��¢���k�gE- ��1 A c�V>V�e�R�V,«Zv�v0V>g!{dkw¬	B�VUg0c�h�j�V>c+eqR!yzeZe�R�V
{�k�¶BVUj�VUg�eqkmyz�2k�g!|U�wh!cqk�psg A ��¢ /hBuR0ysc�y�e���V>y7cfe+yWc�p7�wh�eqk�psg

z(·)
��R�km|.R�kmc���pd|Uyz����aK�V�08�
9¢

�
V�e\h0cZv�j�p�¡sV'e�R�V5h�g�kml7h!VUg�V9cqc>¢ ( psg0c�km{dVUjZef��p"�wpd|Uys�w��a �V�08�
'c�p7�wh�eqk�psg!c
z1(·)

ysg!{
z2(·)

yzg!{4)�¬�yzgba�gbh�T,¨0V>j
T > 0.

�
V�e
µ
¨0V�eqR�V�x+ys{�psg TWV>y7c�h!jqV"y7cqcqpd|�kmy�e�V>{ ��kweqR e�R�V�¡�ysjqkmy�e�kwp7g �¦h�g!|�e�kwp7g

varS(·)
ysg!{ v�hdeWysc5yz¨<p�¡sV

ν := µ+λ.
* kweqR"jqV9c�v<V>|�eJeqp�e�R�kmcJv<p7cqk�e�kw¡7V+x+ys{dp7g�TWV>yscqh�j�V

ν
eqR�V\{dk�¶BVUj�VUg�e�k�ys�!TWV>y7c�h�j�V>c

dzi

yzg!{5e�R�V��ªV>¨0V9c��7h�V
TWV9yscqh�jqV

λ
ysjqV�yz¨0c�p7�whde�VU��a"|�p7g�eqk�g�h!psh!c>¤��¦psj�k��,�s¤»�d¤�yzg0{

−
dzi

dν
(t) − f(t, zi(t))

dλ

dν
(t) ∈ N(S(t); zi(t)) ν − a.e. t ∈ [0, T ].

QLR!VUg��¦psj
γ := ‖RAR−1‖

�uV�R!y·¡sV\�¦psj
ν
�¥yz��TWp7c�e+yz���

t ∈ [0, T ]

〈
dz1
dν

(t) + f(t, z1(t))
dλ

dν
(t) −

dz2
dν

(t) − f(t, z2(t))
dλ

dν
(t), z1(t) − z2(t)〉 ≤ 0

R!VUg!|UV
〈
dz1
dν

(t) −
dz2
dν

(t), z1(t) − z2(t)〉 ≤ γ‖z1(t) − z2(t)‖
2 dλ

dν
(t).

«�|>|�p7j�{dk�g��,eqpWnJj�psv<p7cqk�e�kwp7g��!¢ �d¤d�¦psj+ysg�a
t ∈ [0, T ]

�uV'R!y·¡sV

‖z1(t) − z2(t)‖
2 ≤

∫

]0,t]

2γ‖z1(s) − z2(s)‖
2 dλ

dν
(s) dν(s),

kO¢ Vs¢�¤

‖z1(t) − z2(t)‖
2 ≤

∫

]0,t]

2γ‖z1(s) − z2(s)‖
2 dλ(s).

QLR!V���jqp7gb�uys�w�ª��VUTWT�y A c�V>V�Vs¢ �!¢J-»�b¤BnJj�psv<p7cqk�e�kwp7g���3F�¥��1 B�abkwV>��{!c
z1(t) = z2(t)

�¦p7j\yz���
t ∈ [0, T ]

yzg!{�R!VUg!|UV�eqR�V
h!g�k�l�h�V>g�V>c�cLv�j�psv<VUjqefa�k�c+V>c�e�yz¨!�wkmc�R!V>{�yzg!{"eqR�V�v!jqpbpz��k�cZ|�psTWv���V�e�Vs¢

�


�® � �d��P � S<U �X
$�����%�
Eu(t)

���<9
Gu(t)

��� jflZ]�l5n�������!E� 9�� p��5�V�5�	
.�V� �,�X���k
 U �X:;�5���ed��	���5��9��������.�<�V�?�fb�\.�5���
j��>]���n � ��9 j��h] �hnZ] � �������V9 ���>= 
$�Xt���{y��
J���o��6
	k���i�5�	
J
$�W������67���O
 U � 


‖Eu(t)‖
���O60�Z�	���48���67��9h��9W8�!W���

L1
locb�67�<��
��i���<] r�� 
 U �.�����?�fb��O�mb 
 �5�%��� �h]�lW���<9 S<U ��� �V�5� �h]��h\ :;� U ��
��O����
.�5�	
0���5�5=>��9H
 U � 


Eu(t)
���<9

Gu(t)����!_��� 
 ���	
����g
��.
 U � �5�����.�������I� ���5�	
"� �mb
u(t)

] S<U �J������67�e
`���J���������e!.=h�5���5�V���g���?�h8����.
$�_
 U �.�����5�.�fb[��������67�V�h8��,�
�����h�����a=

Eu(·)
� ��9#�,�?��� ���e!�j.|�¨b¡ j��V�����*][�,�0�������e!y�h8��5� �e67
��5�e!y��� �	
����	6	��6a��n������Z�<���>=

Gu(·)
]


�® � �d��P � S<U ���Y�V����67�e
q��� �O8��Y6a�5�"b�67�	
$� �5�5
"
��,� �J�5���g�i9.:;�5���ed��	���5��9��������G=Z�V��67�<9J���o
0�i�5: �mbL��6	8��5��
�6	�5�	
>b�����9h8��h��s
��� �	
��V���^\;������
"�������,�h8����e��
�!o���<���e!�������\;
��V���5���5
�� ��!�
"�V�h��s ���>=>]cr��<9Z����9_�5��
�
"���a=

Eu(t) = E(Hx(t) + v(t))
���<�J�V������
������


 U �Y�<�V��
0�i��6a�Gb��V������:;� �Vs�\Y� U ���a= ���a=
A

����
��
A+ EH

� ��9
Eu(t)

����
��
Ev(t)

\Y���<9������_���,�����e!4� U ���a= ���a=
C

���	
$�
C+GH

���<9
Gu(t)

���	
$�
Gv(t)

] S<U �q�<�V�Z85�,�5� �mb<b�����9Z8��Z��sc�I������� �G��� 
"�i� �o����!.8��c�����I� ��
�� �	
�t�� �V{G���y� 67�c������
�� �h
�]
r�
;���J��� 
;
$�Z��s�����9 U �5�V�.���������.
 U ���J���J��� 
 
 U � =>�?� �x�mbJ
 U ���G�	���	���5]

Ä¦Å�Æ
ÄÈÇ



��������� �	��
���
���������������������
�� ����
"!#��!���
$���%� �


"® � ���0P����#U �5� 
 U �%�5���e67
��i��� �����V�085
5\L��
L����!J�	�����5����� ��67�Y����] S�U � ��67����������!X8���9h��9�6	����9 b��V��� j��h]��5nO85!
��� 
"���a=O
 U ��
c��
$��
$� ��67�Y���_�������V�����I� ��9��_
��X� 
�� ���_�fb�
 U �_��������67�V�

dz
\ ���O
 U � 
Jj��h]��5no����!48��_����:`����
�
��5�W��
c��6	� U

��
$���%�����

−z(t+) + z(t−) ∈ N(S(t); z(t+)),
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kmc\��j�kwe�eqV>g
y7c\ysg£k�g!|���h!cqkwp7g£ps�oTWV>yscqh�j�V>c\kwg A �!¢ /hB A psj'yzgÉkwg!|U�wh0c�k�psgÉpz�u{�VUg!cqk�e�kwV9c�kwg A ��¢é� BVB\��R�VUg
c�p7�whde�kwp7g!c'yzj�V
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>¢�QLR�V�v0ysc�cqys�sV��¦j�psT^eqR�V�|�p7TWv��wV>TWVUg�e�ysjqkwefa�c�adc�eqV>T^kwg A �7¢w��BZeqp�eqR�V�|UpsTWv���VUTWVUg�e.yzj�k�efa�cqabc�eqV>T^k�g
A �!¢w�0BokmcL{dpsg!VZe�R!yzgI+dcoeqp,eqR�V�c�e�yzeqV�¡·ysjqkmyz¨!�wV�|.R!yzg��7V

z = Rx
¢;QLR�V'v!ysc�cqys�sV��¦j�psT�e�R�V'|�psTWv���VUTWV>g7e.yzj�k�efa�cqadcfe�VUT

k�g A ��¢��?B�eqpWe�R�V�{dkw¶<V>jqV>g�eqkmyz�2k�g!|���h!cqkwp7g�kmc+{dp7g�V�eqR!ysgI+dcueqp5eqR�V�V9l�h�kw¡�ys�wV>g!|�V

0 ≤ ζ(t) ⊥ w(t) ≥ 0 ⇔ −ζ(t) ∈ ∂ψP (w(t)), P = (IR+)m,

��R�km|.R R�ps�m{�c��¦psj�¡7V>|�e�psj.c
w(t), ζ(t) ∈ IRm ¢ �
V�e"h0c�g�p���T�y +7V&eqR�V£�¦ps���wp���k�g�� ps¨0c�V>jq¡�y�e�kwp7gª ���R�V>g

u(·)
k�c

��pb|>yz���wa �V�08�
9¤-eqR!VUg
z(·)

kmc���pd|Uyz����a �V�085
5ysg!{ T�y·aÉv<p7c�cqV>c�c�rfh�TWv!c>¢ÉQLR�V>jqVU�¦psj�V
ζ
kmc�y£TWV>yscqh�j�Vs¤���R�p7cqV"yzeqpsT�c

|�p7kwg0|�km{dV���kweqRµeqR!V"e�kwTWV>cWps�Jrfh�TWv!cWps�
z(·)

yzg!{´pz�
u(·)

¢µQLR�V�|UpsTWv���VUTWVUg�e.yzj�k�efa j�VU�my�eqk�psgµkwg A �!¢ �hB�¨<V>|UpsTWV>c
TWV>ysg�kwg!�s��V>c�coy�eLc�h0|.R"y�e�psT�cocqkwg0|�VZkweLkwgb¡sp7�w¡7V>c-e�R�V�v�jqpd{dh0|�e�ps�
y�TWV>y7c�h!jqV+��kweqR�y�eqk�TWV��¥{dkmcq|Upsg�eqk�gbh�psh!cJ�¦h�g!|�eqk�psgª¢
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W (ζ, w) = ζTw
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∫
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t
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f(t) = g(t)
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〈f, δt〉 =

∫

fdδt =

∫

gdδt = 〈g, δt〉 = g(t) = f(t) = f(t+).
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ζ̄(t) ∈ −N(S(t); z(t+))
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〈
dζ
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(t), w(t)〉 = 〈

dζ

dν
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dλ
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(t) + F

dλ

dν
(t)〉.

A ��¢��>�>B
« cqkwTWk���ysj;{dVU¡7VU��psv�TWVUg�e-k�c-v!jqp7v0p�c�V9{�k�gO- ��1��¦p7j`�
yz�7j�ysg��skmyzg�g!psg!cqTWp�pseqRWc�adc�eqV>TWc-V>T�¨<V>{�{�V>{,kwg,eqR�V+cqpz�¥|Uys�w��V>{

[�psj�V>yzh
© c;cqV>|Upsg!{5psj.{dV>joc��uVUV>v�k�g���v�j�pb|UV>c�cU¢�QLR�V+v�j�pd{dh!|�eokwg A ��¢��>�ZBJps¨b¡bkwp7h!cq�wa�kmc F>VUj�p�pshde.c�km{dVLe�R�V\yzeqpsT�c;ps�
dz
¢

� � 	�����%U���� �� ��%U�
�
%��� '��%�(�� ) 	�#*���U�+#$������ ���%��0/`�ª/��2���+#$�

*
V�g�p�� �¦pb|Uh!cLpsh!j+y�e�e�VUg�eqk�psg�eqp�g!psg���kwg!V>yzj�cqadcfe�VUT�cLpz��eqR�V'�¦p7jqT






ẋ(t) = a(x(t)) + b(x(t))ζ(t) + e(x(t), u(t))

0 ≤ ζ(t) ⊥ w(t) = c(x(t)) + g(u(t)) ≥ 0,

A M!¢��0B

��R!VUj�V
x(t) ∈ R

n
¤
u(t) ∈ R

p
¤
w(t) ∈ R

m
¤de�R�V�T�yzv�v�k�g���c

a(·)
¤
b(·)

¤
e(·)

ysjqV'|�p7g7e�kwgbh�p7h!c�yzg0{
g(·)

k�cZc�h�v!v0p�c�V9{
e�p�¨<V��wpd|>yz���waO�ªk�v!cq|.R!k�e�F�|�p7g7e�kwgbh�p7h!c>¤

a(0) = 0
¤
g(0) = 0

¤
e(·, 0) = 0

ysg!{�eqR!V�jqV>�sh��myzj�kwefa�pz�
c(·)

yzg!{
u(·)

��kw���
¨<V�cqv0V9|�k,)!V>{��my�eqV>j>¢`�
V�e�h!c+y7cqcqh�TWV�eqR!yze�eqR�V�h�g0|�psg�e�jqp7�w��V>{�c�adc�eqVUT







ẋ(t) = a(x(t)) + b(x(t))ζ(t)

w(t) = c(x(t))

A M!¢»�ZB

kmc�{�k�c�c�k�v!yzeqk�¡sV���kweqR j�V>cqv<V>|�e�eqp�e�R�V�cqh�v�v!�wa
j�yzeqV
wT ζ

¤;kE¢ Vs¢�k�g v!ysj�e�k�|Uh��myzj A c�V>VK-w�9��1 B�¤-eqR!VUj�V"V�¬dkmcfe.c�y�v<p7cqkweqk�¡sV
�¦h!g!|�e�kwp7g

V (·)
c�h!|.R�eqR0y�e

V (0) = 0
ysg!{

cT (x) =
∂V

∂x

T

(x)b(x).
A M0¢ �>B

�
V�e\h0c\y7cqcqh�TWV�eqR0y�e
V (·)

kmc+pz�o|U��y7cqc
C3(Rn; R+)

yzg!{�e�R!y�e\eqR�V �+V9cqcqk�ysg ∂2V
∂x2 (x)

kmc+v<p7cqk�e�kw¡7V�{dV�)0g�k�e�V5ysg!{
cqabTWT5VUeqj�k�|��¦p7jZyz���

x ∈ R
n
¢uQLR�V�jqV9yscqpsg���R�a���V�y7cf+"�¦psj

C3 v�jqp7v0V>j�efa�yzg!{&g�pse C2 ��k��w��yzv�v<V>ysj+��yzeqV>j>¢G�ªV�e+h0cv<VUjq�¦psj�T e�R�V�cfe.y�e�V\e�j�ysg!c��¦psj�TWyzeqk�psg
z = h(x)

¤���kweqR

∂h

∂x
(x) =

(

∂2V

∂x2
(x)

)
1
2

=: Λ(x).

��� Ê·À�Ï¾ÂFÒ.Ì·Õ·Ò.½EÕ�Õ·¹»ÏEÏO¹»º�Ò�ÂE¹»¼�Ì5¹»Ì9À�åUØ�Ò.Î»¹ ÂÈà,¹»ÏJ¼��9ÂFÒ.¹»Ì9À�Õ5ÏOÀ¥ÂEÂE¹»Ì·ê u(·) ≡ 0 Ò.Ì·Õ F = 0 Ò.Ì·Õ
	2À�Ø·ÏEÀ�ÂOÊ·¹»ÏJÂEÀ�½¾Ý�¹»Ì·¼�Î»¼�ê.à�	
¹ ÂOÊ,ÏO¼�Ý�À
Ò��·Ø·ÏOÀ;¹»Ì\ÒuÝ�¼�½¾À;ê�ÀfÌ·Àf½OÒ.Îbáw½OÒ.Ý�À
	2¼�½��zÔ

Ä¦Å�Æ
ÄÈÇ
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*
V\e�R�VUj�V��¦p7jqV\kwTWv���km|�kweq��a"ysc�c�h!T5VZeqR!yze (

∂2V
∂x2 (x)

)
1
2 kmcukwg�e�VU�sj.yz¨!�wV7¤bysg!{�e�R!y�e

h(·)
kmcLy,{dkw¶BVUpsTWp7jqv�R!k�cqT��¦jqp7T

R
n

k�g7e�p
R

n
¢JQLR�V>cqV�|�p7g!{dkweqk�psg!c�ysjqV�cqVU¡sV>jqV7¤bR�p���V>¡sV>j�e�R�VUa�yzj�V'c�y�e�k�cf)!V9{"V9ys|.R�eqk�T5V'e�R�V�c�eqpsj.yz�7VZ�¦h!g!|�e�kwp7g

V (·)
k�c+y

l�h!ys{�j�yzeqkm|+�¦h�g0|�eqk�psg���kweqR�|Upsg!c�e�ysg7e �+V9cqcqkmyzgª¢
*
V�p7¨de�yskwg







ż(t) = ∂h
∂x

T
(x)a(h−1(z(t))) + ∂h

∂x

T
(x)b(h−1(z(t)))ζ(t) + ∂h

∂x

T
(x)e(h−1(z(t)), u(t))

0 ≤ ζ(t) ⊥ w(t) = c(h−1(z(t))) + g(u(t)) ≥ 0.

A M0¢ MaB

YZcqk�g��W¨!yscqk�|'|Upsgb¡sVU¬"yzg!ys�wadcqk�cL�uV'jqV>��jqkweqV A M0¢ MaBLyscueqR!V�kwg!|U�wh0c�k�psg

−ż(t) + ∂h
∂x

T
(x)a(h−1(z(t))) + ∂h

∂x

T
(x)e(h−1(z(t)))u(t)

∈ ∂h
∂x

T
(x)b(h−1(z(t)))∂ψ(R+)m(c(h−1(z(t))) + g(u(t))).

�ªVUe\h!cZg�p��}ysc�c�h!T5V'e�R!y�e
b(x) = B

k�c\y�|�p7g!cfe.yzg�e
n ×m

T�yzeqj�k�¬2¢+YZcqk�g�� A M!¢ �ZB+ysg!{ ∂h
∂x

(x) =
(

∂2V
∂x2 (x)

)
1
2 �uV

�sVUe
−ż(t) + ∂h

∂x

T
(x)a(h−1(z(t))) + ∂h

∂x

T
(x)e(h−1(z(t)), u(t))

∈
(

∂2V
∂x2 (x)

)− 1
2 (

∂c
∂x

)T
∂ψ(R+)m(c(h−1(z(t))) + g(u(t))).

_bVUe�eqk�g��
S(t) := {z | c(h−1(z)) + g(u(t)) ≥ 0}

ysg!{
Φt(z) := c ◦ h−1(z) + g(u(t)),

�uV�c�V>VWeqR!yze
ψS(t) =

ψ(R+)m ◦ Φt.QLR�kmcLV>l�h!ys�wkwefa���V>ys{!cLh!cueqp�y7cqcqh�TWV�eqR!yze�eqR�V>jqV'V�¬dkmcfe.c�c�p7TWV'|Upsg!c�e�ysg�e
ρ > 0

c�h0|.R"e�R!y�e��¦p7j+yz���
x ∈ R

n

ρBRm ⊂ BT Λ(x)(BRn) + (R+)m,
A M0¢ �hB

��R�V>jqV
BRm

{dVUg!pzeqV9cueqR�V �oh!|���k�{�V>yzg�|U�wp�c�V9{"h�g!k�e+¨!ys�w�
kwg
R

n
|UVUg�eqV>jqV9{�yze�eqR�V�p7jqk��sk�gª¢

QLR�kmc�ysc�cqh�TWvdeqk�psg A M!¢»� B�ys�wp7g��&��k�e�R eqR�V�ysc�c�h�TWvde�kwp7g psg
eqR!V"j�VU�sh!��ysjqkwefa�pz�
V (·)

VUg!cqh�j�V�eqR!yze�eqR!V"|�p7g�¡7V�¬
A R!VUg!|UV�e.yzg��7VUg�eqkmyz����a jqV>�sh��myzj�B'�¦h�g0|�eqk�psg

ψ(R+)m

ysg!{ e�R�V��7y7|�p7¨�k�ysg´y�e
z(t)

pz�
ψS(t)

�¦h��,)!���LeqR�V�j�V>l�h�k�jqV>TWVUg�e
�¦psj\eqR!V,V9l7h0yz��k�efa��¦psj�T�h!��y"kwg -w����¤2QLR�VUp7jqV>T �9��¢ ��1;yzg!{�R�VUg!|UV�e�R�V5V>l�h!yz��kwefa ∂c◦h−1

∂z
= ∂c

∂x

(

∂h
∂x

)−1 ys�w��p��+c+h!c\e�p
eqj.yzg0c��my�e�V\e�R�V'��y7cfeZ{�k�¶BVUj�VUg�eqkmyz�2k�g!|U�wh!cqk�psg�kwg�eqp

−ż(t) +
∂h

∂x

T

(x)a(h−1(z(t))) +
∂h

∂x

T

(x)e(h−1(z(t)), u(t)) ∈ ∂ψS(t)(z(t)),
A M!¢ �hB

��R�V>jqV
∂ψS(t)(z(t))

{dVUg!pzeqV9c A cqVUV�-��·�?1 BoeqR�V'��kwTWkweqk�g���c�h�¨B{dkw¶<V>jqV>g�eqkmyz�2pz��eqR�V��¦h�g0|�eqk�psg
ψS(t)

A�� B�¢Jx+V>|Uys�w��k�g���e�R!y�e
eqR!V\��kwTWkweqk�g���c�h!¨<{dkw¶BVUj�VUg�eqkmyz�Bpz�
eqR�V�kwg0{dk�|>y�e�psj��¦h�g!|�e�kwp7g

ψQ

pz��y5c�VUe
Q
k�cug�pseqR�k�g��5VU�mc�V�¨�hdeLk�e.c���k�T5kweqk�g��Wg�p7jqT�yz�

|�p7g�V
N(Q; ·),

�uV�T�y·a�j�VU��j�kweqV\eqR�V�k�g!|���h!cqkwp7g&kwg A M!¢ �ZBuTWpsj�V'|UpsTWv!y7|�eq��a�yscu�¦p7�w��p��+c> 

−ż(t) + h̃(z(t)) + ẽ(z(t), u(t)) ∈ N(S(t); z(t)).
A M!¢é� B

«ZcuyJ)0j�c�euc�eqV>v"k�g�eqR!V�ysjq�7h�TWVUg�e�copz�
QLR�V>psj�VUT M!¢»�'�uVZV>c�e�ys¨���k�cqR�eqR!VZ�¦p7�w��p���kwg!����VUTWT�y�¢q3¥g�kwe�cuv�j�p�ps�ª��V\h!cqV
eqR!V�TWyskwg
km{dV>y�pz��eqR�V�{�VU¡sV>�wp7v�TWVUg�e'pz�ueqR�V�cqh���|�k�VUg!|Ua�v!yzjqe�pz�LQLR�VUp7jqV>T ��¢ M7��kwg -��·�?1o¨!hde���V�{dV9yz�-��kweqR
eqR�V
k�g�V>l�h!ys�wkwefaW¨0V>�wp�� k�g�ys�w�0eqR�V'cqv!ys|UV

R
n.

A �Z��|Upsh�j.c�V7¤se�R�V�kwg�V9l�h!yz��k�efa�|>yzg�¨<V�cqVUV>g"yscuy%=Z�,�h8�� �7TWVUeqj�k�|ZjqV>�sh��myzj�k�efaIB�¢
�o® � �´� ��
"Q�� ��9h��� 
 U ��������67����
��i���@j ��]�
5n0\Ib�� �J
 U �J�����Z�<���>=

k : R
n → R

m
:`��
 U

k(z) := c ◦ h−1(z)
���<9Yb�� �

����! � �>��9
ẑ ∈ R

n \ 
 U �cb�67�<��
��i��� y 7→ d(ẑ, k−1((R+)m − y))
��� �;�	��
$�_� ��9 
 � ���5� U ��
 �o��� �	
����	6	� 6a�.:`��
 U

1/ρ
���


 � ���5� U ��
 �%���?9 67�e6a�����H� ���
R

n.
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¼��9¿¾À�Á¥ÂEÏqÔ

Æ
Æ Ì ��Ñ�ì�Ù9ç



�·� �Y�V��= �g�i��
$��� S<U �i8���67�e


� � ²ª²�� � ( psg!cqk�{�VUj�kwg��,eqR!V�c�VUe��F¡·ys�wh!V>{�TWysv�v�k�g��
M : R

n ⇒ R
m ��k�e�R

M(z) := −k(z) + (R+)m,
��V'R!y·¡7V

d(ẑ,M−1(y)) = d(ẑ, k−1((R+)m − y)) =: ϕ(y) ∈ R+ ∪ {+∞}.

��kw¬£yzgba&jqV9yz��gbh�T�¨<VUj
α
yzg!{�e�yZ+sV,ysgba�c�V9l7h!VUg!|UV

(yn)n

|Upsgb¡sV>jq�7kwg!�Weqp
y
yzg!{Écqyzeqkmcf�¦abk�g��

ϕ(yn) ≤ α.
( R�pbp7cqV

zn ∈M−1(yn)
��k�e�R

ϕ(yn) = ‖ẑ−zn‖.
QLR�V�cqV>l�h�V>g!|�V

(zn)n

kmc-¨0p7h�g!{dV9{,ysg!{�R!VUg!|UVu��kweqR!pshde;��p7c�c�ps�0�7VUg�V>j�ys�wkwefa
�uV�T�y·aÉcqh�v�v<p7cqV�eqR0y�e�kwe,|�p7gb¡sVUj��sV9c�eqp�cqpsTWV

z
k�g

R
n.

�\¨b¡bk�psh!cq�wa
‖ẑ − z‖ ≤ α

ysg!{ kwe�k�c�V>y7c�a£eqp£cqVUVWe�R!y�e
z ∈ M−1(y).

QLR!VUj�V��¦psj�Vs¤
ϕ(y) ≤ α

yzg!{"eqR!k�c�abk�VU�m{�cueqR0y�e
ϕ
kmc���p���V>j�c�V>T5km|�p7g�eqk�g�h!psh!c>¢

��kw¬�g�p��§yzgba
(ȳ, y∗)

kwg£eqR�VW�sj.yzv!R�pz�Je�R�V ��j�i>|.R�VUe�cqh�¨<{�k�¶BVUj�VUg�eqkmyz�-ps�
ϕ

A cqVUV5Vs¢ �!¢�-��·�?1-�¦p7jZe�R�V�{dV�)!g!k�e�kwp7g�B
ysg!{
|.R�pbp7cqV

z̄ ∈ M−1(ȳ).
QLR!VUgÉ�¦psj�V>y7|.R

ε > 0
eqR�V>jqV�VU¬bkmc�e�c'c�p7TWV5g!VUk��sRb¨0p7jqR!p�pd{

Y
ps�
ȳ
cqh!|.RÉeqR!yze��¦psj�yz���

y ∈ Y
〈y∗, y − ȳ〉 ≤ ϕ(y) − ϕ(ȳ) + ε‖y − ȳ‖,

��R!k�|.R�TWV>yzg0cu�¦psj+yz���
z ∈ R

n

〈0, z − z̄〉 + 〈y∗, y − ȳ〉 ≤ ‖z − ẑ‖ + ψgph M (z, y) − ‖z̄ − ẑ‖ − ψgph M (z̄, ȳ) + ε‖y − ȳ‖.

QLRbh!c>¤
(0, y∗)

k�c5y �!jqi9|.R�V�e5c�h�¨!�sj.ys{dk�VUg�e�ps��eqR�V"�¦h�g!|�e�kwp7g
(z, y) 7→ ‖z − ẑ‖ + ψgphM (z, y)

y�e
(z̄, ȳ),

��R�V>jqV
gphM := {(z, y) : y ∈ M(z)}

{dVUg�pseqV9c�eqR!V��7j�ysv�R pz��eqR!V�cqV�eq�O¡�yz��h�V9{ TWysv�v�k�g��
M.

QLR�V�ef�up��¦h�g0|�eqk�psg0c�k�g
e�R�V�cqh�T�¨<VUk�g���jqV>�sh��myzj�ysg!{�e�R�V )!j.cfe+p7g�V'¨0V>kwg!��|�psgb¡7V�¬"|�p7g�eqk�g�h!psh!c>¤dc�h�¨B{dkw¶<V>jqV>g�eqkmyz�
cqh�T j�h���V'v�jqp�¡bkm{dV>cLcqpsTWV
z∗ ∈ BRn

cqh!|.R&eqR0y�e
(z∗, y∗)

kmcZy �!jqi9|.R�V�eZg!psj�TWys�2eqp
gphM

y�e
(z̄, ȳ).

nJhdeqeqk�g��
p̄ = ȳ + k(z̄) ∈ (R+)m,

kwe\kmc
g!pze+{dk ��|Uh��we+eqp5eqj.yzg0c��my�e�V\e�R�V��my�e�e�VUj�k�g�eqp

y∗ ∈ N((R+)m; p̄)
yzg!{

z∗ = y∗ ◦ ∇k(z̄).Y\c�k�g��
z∗ ∈ BRn

yzg!{£eqR!V5k�g!|U�wh!cqk�psg A M!¢»� B�¤ª��VWp7¨de�yskwg£�¦psj�yzgba
q ∈ BRm

cqpsTWV
q′ ∈ BRn

yzg0{
p ∈ (R+)mcqh!|.R�eqR!yze

ρ〈y∗, b〉 = 〈y∗,∇k(z̄)(q′) + p〉 ≤ 〈y∗ ◦ ∇k(z̄), q′〉 = 〈z∗, q′〉 ≤ 1,
��R!k�|.R�V>g�e�yzk��mc

‖y∗‖ ≤ 1/ρ.
«�|U|Upsj.{dk�g��Weqp"eqR�kmc �!jqi9|.R�V�e'c�h!¨<{dkw¶BVUj�VUg�eqkmyz��¨0p7h�g!{dV9{dg�V>c�c�yzg!{&e�p�eqR!V,��p���V>jZcqVUTWk��

|Upsg�eqk�gbh�kwefa�pz�
ϕ,
eqR�V�|Upsg!|U�wh!cqk�psg�pz�
e�R�V���VUTWT�y5�¦ps���wp��+c��¦j�psT -»�d�s¤�QLR�VUp7jqV>T �d¢���1F¤b�¦psj�VU¬dysTWv��wV7¢

�* kweqR@�
VUTWT�y4M!¢���y�e,R!yzg!{ª¤��uV�v�j�p�¡sVWp7h�j�e�R�VUp7jqV>T j�VU�my�eqk�¡sVWe�p�g�p7g��wk�g�V9yzj�{dkmc�c�k�v!y�e�kw¡7V"|�p7TWv��wV>TWVUg�e�ysjqkwefa
cqadcfe�VUT�c>¤d��R�VUj�V'��V'g�pseqkm|�V�eqR!yze�eqR�V�j�VU�7h��myzj�k�efa�ps�
eqR!V'�¦h�g!|�e�kwp7g

c(·)
k�c�cqV>|Uh�j�V>{�¨�a A M0¢ �>B�¢

� � ®b² � ® � � 
���� ���	���i9Z�5�y
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〈ζ1 − ζ2, x1 − x2〉 ≥ −‖x1 − x2‖
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I = [t0, t]
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v(·) : I → IR
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y ∈ H
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s, t ∈ I
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|d(y, C(t)) − d(y, C(s))| ≤
|v(t) − v(s)|
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kη(·) ∈ L1(I, IR)
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(x, y) ∈ B[0, η] ×B[0, η]
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||f(t, x) − f(t, y)|| ≤ kη(t)||x− y|| �
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β(·) ∈ L1(I, IR)
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t ∈ I
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x ∈

⋃

s∈I C(s)
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||f(t, x)|| ≤ β(t)(1 + ||x||)
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
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−ẋ(t) ∈ N(C(t), x(t)) + f(t, x(t))
�Z]��0]

t ∈ I

x(t0) = x0
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||ẋ(t) + f(t, x(t))|| ≤

(1 + l)β(t) + |v̇(t)|
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t ∈ I
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||f(t, x(t))|| ≤ (1 + l)β(t)
�h]��?]

t ∈ I
\ : U ���V�

l = ||x0|| + exp

{∫ t

t0

β(s)ds

} ∫ t

t0

[2β(s)(1 + ||x0||) + |v̇(s)|] ds.
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β ≥ 0
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F (t, x) ⊂ β(1 + ||x||)K
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(t, x) ∈ I ×H
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sups∈(t0,t] µ({s}) < r
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−dx ∈ N(C(t), x(t)) + F (t, x(t))dλ

x(t0) = x0
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du

dν
(t) + z(t)

dλ

dν
(t) ∈ −N(C(t), x(t)),

∥

∥

∥

∥

du

dν
(t) + z(t)

dλ

dν
(t)

∥

∥

∥

∥

≤ 1
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z(t)
dλ

dν
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∥

∥

∥

∥

≤ 1.
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