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ẋ(t) = Ax(t) +Bζ(t) +Eu(t)

0 ≤ ζ(t) ⊥ w(t) = Cx(t) +Dζ(t) +Gu(t) + F ≥ 0,

B �7¢w��C

��R�V>jqVZeqR�V�T�y�eqj�km|�V>cuyzg0{�¡sV9|�eqp7j�c
A,B,C,D,E, F,G
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x(t) ∈ R

n
£
u(t) ∈

R
p £ ζ(t) ∈ R
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w(·)
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(1, ..., 1)T ∈ IRm B kE¢ Vs¢�eqR!VZT�y�e�jqkw«
D = 0

C�£7eqR!V�eqj�kwv!�wV
(A,B,C)

k�cov0p�c�kweqk�¡sVZjqV9yz�O£7yzg0{
u(·)
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�©VUeZh!c\|�psg0c�km{dVUj+eqR�V�V>�wV9|�e�jqkm|Uys�
|�k�j�|Uh�kweZ��k�e�R�km{dV>ys��{dk�pd{dV>c�k�g5*!�7h�j�V��z£0��kweqR
R1, R2, R3 ≥ 0

£
L2, L3 > 0

¢��\g�V
R!y7c

0 ≤ −uD4
⊥ x2 ≥ 0

ysg!{
0 ≤ −uD1

⊥ −x3 + x2 ≥ 0
£���R�VUj�V

uD4

yzg!{
uD1

ysjqV5e�R�V�¡sp7��e.yz�7V>c�pz�ueqR�V
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ẋ1(t) = x2(t)

ẋ2(t) = −
(

R1+R3

L3

)

x2(t) + R1

L3
x3(t) −

1
L3C4

x1(t) + 1
L3
ζ1(t) + 1

L3
ζ2(t) + u(t)

L3

ẋ3(t) = −
(

R1+R2

L2

)

x3(t) + R1

L2
x2(t) −

1
L2
ζ1(t) + u(t)

L2

0 ≤

(

ζ1(t)
ζ2(t)

)

⊥

(

−x3(t) + x2(t)
x2(t)

)

≥ 0,
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R1

D1

L2

R2

L3

R3

D4
C4

uD1

uD4

x2

x3
u(t)

��k��sh�j�VW�s ;ª}|�k�j�|Uh�kwe+��k�e�R�km{dV9yz�©{dk�pd{dV>c>¢

��R�V>jqV
x1(·)

kmc�e�R�V�e�kwTWV�kwg�eqV>�sj.yz�Jps��eqR�V�|�h�j�j�VUg�e,ys|Ujqp�cqc�e�R�V&|Uyzv0ys|�kweqp7j>£
x2(·)

kmc�e�R�V�|Uh�j�jqV>g7e5ys|�j�p7c�c'e�R�V
|>yzv!y7|�kweqp7j>£oysg!{

x3(·)
k�c5e�R�V�|�h!jqj�VUg�e�ys|Ujqp�cqc,eqR!V�kwg!{�h!|�e�psj

L2
ysg!{ jqV9c�kmcfe�psj

R2
£
−ζ1

k�c�eqR�V�¡7ps�we�yz�7V"ps�\e�R�V
{�kwpd{dV

D1
ysg!{

−ζ2
kmc,eqR�V&¡7ps�we�yz�7V�pz�\eqR�V�{dk�pd{dV

D4
¢´QLR�V&cqabc�eqV>T�kwg B ��¢w�1C,|>yzg´§0V&��j�k�eqeqVUg |�p7T5v0ys|�e��wa y7c

ẋ = Ax+Bζ +Eu(t)
£
0 ≤ ζ ⊥ y = Cx ≥ 0

£d��k�e�R

A =





0 1 0

− 1
L3C4

−R1+R3

L3

R1

L3

0 R1

L2
−R1+R2

L2



 ,

B =





0 0
1

L3

1
L3

− 1
L2

0



 , C =

(

0 1 −1
0 1 0

)

,

E =





0
1

L3
1

L2



 .

4FeJ|Uysg,§<V�|.R�V>|�,7V>{'e�R!y�e;e�R�Vueqj�kwv!�wV
(A,B,C)

kmc-v<p7cqk�e�kw¡7V�j�V>ys��. O[2O¢-QLRbh!c�eqR�V�{dabg!ysTWk�|>c-kwg B ��¢w�@C�§<VU��psg��\eqp�e�R�V
|U��y7cqc�pz��v!ysc�c�k�¡sV\�wk�g�V9yzjL|�psTWv���VUTWV>g7e.yzj�k�efa�cqadcfe�VUT�cU¢r4Fe�kmc�g!pze�{dk���|Uh���eLe�p5|Upsg!c�eqj�h!|�eLV�«�ysT5v!�wV9co��kweqR

G 6= 0
B c�V>V

V7¢ �0¢�.w�9�d£��;«�yzTWv���V�0�2 C�¢`�Ze�R�VUj\*!V>��{�c'ps��yzv!v��wkm|Uyzeqk�psg�VU«dk�c�e�k�gÈeqj.yzg!cqv0p7j�e.y�e�kwp7g�cq|UkwV>g!|�VWyzg!{�T�ys|�j�pz�FV>|Upsg�p7TWk�|>cU£
y7cJh�g0{dVUjL|�V>j�e.yzk�g�Rba�v<pze�R�V>cqkmc�|UpsTWv���VUTWVUg�e�ysjqkwefaWc�adc�eqVUT�c�yzj�VZV>l�h�k�¡�yz��VUg�eoe�p�v�j�pzrfV9|�e�V>{�{dabg!ysT5km|Uys�<cqadcfe�VUT�cuyzg!{
¡�ysjqk�psh!c�efabv<V>c�ps��{dkwµ<V>jqV>g�eqkmyz�2k�g!|���h!cqkwp7g!c�yzg!{�¡�yzj�kmy�eqk�psg0yz�Bkwg!V>l�h!yz��kweqk�V>c .��s�z£©�¶�12F¢

� � ���������È	��
����������� 	��´�y��� ��/W�� �#$% ) �

	�

� ������������������������������ "!#�%$&�'��(
!)�
*
V'g�p�� V>TWv��wp�a�yWc�e�yzeqV�c�v0ys|�V\eqj.yzg0cf�¥p7jqT�y�e�kwp7g"v�j�psv<p7cqV>{"kwg . ��£���2
��R!k�|.R&yz���wp��+c�h!cue�p5VU«dv�jqV9cqcu��kwg!V>yzj�v0ysc�c�k�¡sV
|UpsTWv���VUTWVUg�e.yzj�k�efa&c�adc�eqV>TWc�ps�o¡sV9|�eqp7j\j�VU�my�e�kw¡7V�{dV>�sj�VUV

(1, ..., 1)T ∈ IRm y7cZk�g B �s¢��@C�£2k�g�eqp&yzgÈVU¡sp7�wh�eqk�psg�¡�yzj�kmy��
e�kwp7g!yz�2k�g�V9l7h0yz��k�efa�p7j�y�{dk�µBVUj�VUg�e�k�ys�2kwg!|U�wh0c�k�psg©¢+*
V�jqV9|Uys�w�Be�R�V�cfe�VUv!cLps�
e�R�V'eqj.yzg!c��¥psj�T�y�e�kwp7g��¥psj�j�V>y7{�yz§!kw��k�e+c�y ,7Vs¢
_dkwg!|UV'eqR�V�eqj�kwv���V

(A,B,C)
kmc+v<p7cqk�e�kw¡7V�jqV9yz�O£deqR�V>jqV�VU«dk�c�e�cL�¥j�psT eqR�V%D�yz��TWysgd�-,oy ,bh�§<p�¡�km|��Fn-psv<p�¡��©VUTWT�yN.��@&�2�y

cqabTWT5VUeqj�k�|Lv<p7cqkweqk�¡sV+{dV6*!g�kweqV+T�y�e�jqkw«
P
cqh!|.R5eqR!yze

PB = CT ¢'.\V�*0g�kwg!� R y7c
R2 = P

£ze�R�VZcqabT5TWVUeqj�k�|Lv<p7cqk�e�kw¡7V
{�V�*!g�kweqV�c�l�h!yzj�V�jqpbpze�ps�

P
£!ysg!{"��V�eqeqk�g��

z = Rx
£!psg�V'�sVUe�c> 







ż(t) = Rẋ(t) = RAR−1z(t) +REu(t) +RBζ(t)

0 ≤ ζ(t) ⊥ w(t) = CR−1z(t) +Gu(t) + F ≥ 0.

B &�¢��1C

Ã¥Ä�Å
ÃÇÆ
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ªZc�cqh�TWkwg�� �¥p7j�eqR!V�TWpsTWVUg�e�eqR0y�e"§<pze�R
ζ(·)

yzg0{
w(·)

yzj�V&�¥h�g!|�eqk�psg!c"pz��eqk�T5V7£+yzg!{ h!cqk�g�� §!yscqkm|�|�psgb¡7V�«
yzg0yz��abcqkmc B c�V>V�c�V9|�e�kwp7gQ&!¢ &[Cup7g�V'V>l�h�k�¡�yz��VUg�eq��a�j�VU��j�k�e�V>c B &!¢w�1CLysc

−ż(t) ∈ RAR−1z(t) +REu(t) +RB ∂ψ(R+)m(CR−1z(t) +Gu(t) + F )

yzg0{"h!cqk�g��
R2B = CT

−ż(t) ∈ −RAR−1z(t) −REu(t) +R−1CT ∂ψ(R+)m(CR−1z(t) +Gu(t) + F ),
B &!¢ �iC

��R�V>jqV
ψQ(·)

{dV>g�pze�V>c�eqR�V�kwg0{dk�|>y�e�psj,�¥h�g!|�e�kwp7g pz��e�R�V&c�VUe
Q,

kE¢ Vs¢�£
ψQ(x) = 0

kw�
x ∈ Q

ysg!{
ψQ(x) = +∞pze�R�VUj���kmc�V7£zyzg!{

∂
{dVUg!pzeqV9c
e�R�V�c�h!§<{dkwµBVUj�VUg�eqkmyz�bpz�B|�p7g�¡7V�«�yzg0yz��abcqkmcU¢
QLR!Vuk�g!|U�wh!cqk�psg�k�g B &!¢ � C�kmc�kwg,eqh�j�g5V>l�h�k�¡¶ys�wV>g�e

eqp5e�R�V�{dkwµ<V>jqV>g7e�k�ys�©k�g!|���h!cqkwp7g

−ż(t) +RAR−1z(t) +REu(t) ∈ R−1∂ψK(t)(R
−1z(t))

B &�¢ &iC
��kweqR

K(t) := {x ∈ R
n : Cx+Gu(t) + F ≥ 0}.

B &!¢ ObC
nJhdeqeqk�g��

S(t) := R(K(t)) = {Rx : x ∈ K(t)},
B &�¢º�[C

kwe+k�cLV9yscqa�eqp�cqVUV�eqR!yze
ψS(t)(x) = (ψK(t) ◦R

−1)(x)
�¥psj\yz���

x ∈ R
n.
_bk�g!|�V

R
kmcLk�g�¡7VUjqeqk�§���Vs£d�uV�R0y¶¡sV

∂ψS(t)(x) = R−1(∂ψK(t))(R
−1x)

�¥p7j+yz���
x ∈ Rn

yzg0{ÈR!VUg!|UVs£�{�VUg�pseqk�g���§ba
N(S(t);x)

e�R�V�g�p7jqT�yz�J|Upsg�V�k�g
eqR�V�cqVUg0c�V�ps�L|Upsgb¡sVU«�yzg!ys�wadcqk�c>£©kO¢ V7¢w£
N(S(t);x) :=

∂ψS(t)(x),
eqR!V�{dk�µBVUj�VUg�e�k�ys�2kwg!|U�wh0c�k�psg B &!¢ &iCuTWy¶a"§0V���j�k�eqeqV>g�k�g�eqR�V'�¥p7jqT

−ż(t) +RAR−1z(t) +REu(t) ∈ N(S(t); z(t)),
B &!¢ �?C

��R�km|.R�ysv�v0V9yzj.c�y7c�eqR�V�v0V>j�e�h�j�§!y�e�kwp7g"pz��y,cq��V>VUv�k�g��,v�jqpd|UV>c�cU¢-QLR�V�kwg!|U�wh0c�k�psg B &�¢ �iCokmc�k�g�eqh�j�g"V9l7h!kw¡�yz��VUg�eueqp,eqR�V
VU¡7ps��hdeqk�psg�¡�yzj�k�yzeqk�psg!ys�Bkwg�V9l�h!yz��k�efa

〈ż(t) −RAR−1z(t) −REu(t), v − z(t)〉 ≥ 0, ∀ v ∈ IRn, z(t) ∈ S(t).
4F�
G = 0

eqR�V>g
K
{dpbV>c;g�pseJ¡�yzj�a���kweqRWeqk�TWV+yzg!{N. 0d£�QLR�VUp7jqV>T ��¢ ��2!yzv�v���k�V>c;��kweqR

u(·)
y�|�p7g7e�kwgbh�p7h!c-T�yzv�v!kwg��

��kweqR&�wpd|>yz���wa
L1

{dVUj�kw¡�yzeqk�¡sVs¢��ZVUj�V��uV���V�e
K
R�VUg0|�V

S
§0V'e�kwTWV��F¡�yzj�abkwg��0£b��R�k�|.R&|�p7TWv��wkm|UyzeqV9cueqR�V�ysg!yz��adc�kmcU¢
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�©VUe

u(·) : [0,+∞[→ R
p
§0V"y�TWysv�v�k�g��&�¥j�psT

[0,+∞[
eqp

R
p
¢54¤g eqR!V�g�pze.y�e�kwp7g h!c�V9{ yz§<p�¡sV�ysg!{
§0V>�wp����uV

km{dVUg�eqkw�¥a B ��R!VUg�e�R�VUj�VZkmcug�p,ysT�§�k��sh!k�efaJCJy�T�y�eqj�kw«�ysg!{We�R�V\��k�g�V>ysj�T�yzv!v�kwg!�,ysc�cqpb|Uk�yzeqV9{W��k�e�R"kweu��kweqR�jqV9c�v<V>|�e�e�p
eqR!V�h!c�h0yz�2§!y7c�kmcLpz�

R
n, R

m
V�e.|z¢o_bp0£beqR�V�j.yzg!�sV'pz��eqR�V�T�y�e�jqkw«

C
��kw���©§<V�{dVUg!pzeqV9{"§ba

Rge(C).

*
V�g!p�� v�j�pd|�VUV9{�e�p,e�R�V�yzg0yz��abcqkmc�ps�
e�R�V�v0V>j�e�h�j�§0V9{�cq��V>VUv�k�g��Wv�j�pd|�V>c�c B &!¢ �[C�¢ ) psg!cqkm{dVUj�yzg�k�g7e�VUj�¡�yz�
I
pz�

Ryzg0{�y\TWysv�v�k�g��
z : I → R

n.
*
VLjqV9|Uyz����eqR!yze�e�R�VL¡�yzj�k�yzeqk�psg�ps�

z(·)
psg
I
k�c�e�R�Vucqh�v�j�VUT,h�T}pz� ∑

‖z(ti)−z(ti−1)‖p�¡sV>jJe�R�V�cqV�eLpz��yz���	*!g!k�e�V�cqV�e.c�ps�©v0p7kwg�e.c
t0 < t1 < · · · < tk

ps�
I.
* R!VUg�e�R�kmcucqh�v�j�VUT,h�T�k�c *!g!k�e�Vs£beqR!V\T�yzv!v�kwg!�

z(·)
kmc+c�yzkm{�eqpW§0V�pz�Z9�� 78��:i��:#
�� ���j��
��j����psg

I.
QLR�V�T�yzv�v�k�g��

z(·)
k�c�ps�H���@�������h!Q9���78�=:[��:�
������j� 
"�j� �"psg

I
kw�-k�eZkmc

pz�-§<psh�g!{�V>{�¡¶ysjqkmy�e�kwp7g�p7g�V9ys|.R&|�p7T5v0ys|�e+cqh�§�k�g�eqVUj�¡�yz�2ps�
I.) psg0c�km{dVUj�k�g���y�cqV�e��F¡�yz��h�V>{�TWysv�v�k�g��

S : I ⇒ R
n
yzg!{�j�VUv!��y7|�k�g���eqR!V\yz§<p�¡sV�VU«dv�jqV9cqcqk�psg

‖z(ti)− z(ti−1)‖
§ba

eqR!V��Zyzh0cq{dp7j�µ"{�k�c�e�ysg!|�V
haus(S(ti), S(ti−1)),

p7g�VLps§de.yzk�g!c�eqR�V+|Upsg!|UVUvde;ps�<cqV�e��F¡�yz��h�V>{,T�yzv�v!kwg���c-��k�e�RL9�� 78��:i��:

������j��
��j����psg

I
B j�V>cqv©¢N�-�@��� ���f! 9���78��:i��:5
������j��
��j����p7g

I
C�¢�QLR�V��\yzh!c�{dpsjqµ {dkmcfe.yzg!|UV5§<V�ef�uVUV>g�ef�up�c�h!§!c�VUe�c

Q1yzg0{
Q2

k�g
R

n
kmcL�sk�¡sV>g�y7cLh!cqh!yz�2§ba

haus(Q1, Q2) := max{ sup
x∈Q1

d(x,Q2), sup
x∈Q2

d(x,Q1)}.

Å
Å Ë ��Ð�ë���ë



� �Z�X��> �h�j��
$��� U=W �j9���78�f


.\VUg!pzeqVL§ba
varS(t)

e�R�VL¡�yzj�k�yzeqk�psg�ps�
S(·)

p�¡7VUj
[0, t].

* R�V>g5eqR�VL¡�yzj�k�yzeqk�psg��¥h!g!|�e�kwp7g
varS(·)

k�c-��pd|Uys�w��a�yz§!cqps��hde�VU��a
|Upsg�eqk�gbh�psh0c;psg

[0,+∞[,
eqR!V\cqV�e��F¡�yz��h�V>{WT�ysv�v�k�g��

S(·)
kmcoc�yzkm{5eqp�§0V%�-�@��� ���f!#�[9���� �f78
$���f!������	
����	7	� 7b��p7g

[0,+∞[.ª\c'h!cqh!yz�-e�R�VW�wpd|Uys�Jyz§!cqps��hde�VW|Upsg�eqk�gbh�kwefa�pz�oe�R�VW�¥h�g!|�eqk�psg
v(·) := varS(·)

TWV>ysg!c�eqR0y�e'�¥psj�V9ys|.R
T ∈ [0,+∞[ysg!{È�¥psj�ysgba�v<p7cqk�e�kw¡7V�g�h!T�§<VUj

ε
eqR�V>jqV�VU«dk�c�e�c�cqpsTWV�v<p7cqk�e�kw¡7V�gbh�T�§<VUj

η
c�h0|.RÈe�R!y�e ∑k

i=1 |v(ti) − v(si)| < ε��R!VUg�V>¡sVUj ∑k
i=1(ti − si) < η

��kweqR
si < ti < si+1

k�g
[0, T ].x�V9|Uys�w�;e�R!y�e���kweqR ysg�a�TWysv�v�k�g��

z : I → IRn ps�u��pd|Uyz����a�§0p7h�g!{dV9{ ¡�yzj�k�yzeqk�psg�p7g y�cqh�§�k�g�eqV>jq¡�yz�
I
pz�
IR
kmc

y7cqcqpd|�kmy�e�V>{�y�x+ys{dp7g�¡sV9|�e�psj�T5V9yscqh�j�Vs£9eqR�V�cqpz�¤|Uys�w��V>{#: � q���������
"�j� �J
����6
�� �d��������78�X�
dz
ps�
z(·)

psg
I.

4F�f£zk�g5y7{�{dkweqk�psg©£
z(·)

k�c�j�k��sR�e+|�psg�e�kwgbh�p7h!cU£�e�R�k�c+¡sV>|�eqp7juTWV9yscqh�jqV
dz
cqyzeqkmcn*!V9c

z(t) = z(s) +

∫

]s,t]

dz
�¥p7j+yz���

s, t ∈ I
��kweqR

s ≤ t.

4F��y�T�ysv�v�k�g��+psj�c�VUe��F¡�yz��h�V>{'T�yzv!v�kwg!��k�c�jqk��sR�e
|Upsg�eqk�gbh�psh!c
yzg!{'R!y7c
y�§<psh!g!{dV>{�¡¶ysjqkmy�e�kwp7g B j�V>cqv©¢©��pb|>yz���wa�§<psh�g!{�V>{
¡�ysjqkmy�e�kwp7g�CJp7g

I,
�uV���kw���©c�y¶a��¥psj+cqR�psjqeLeqR!yze+k�e+kmc �X�19�
�^ B j�V>cqv©¢d�-�@��� ���f!p�X�196
�C�¢

* R�V>g³yzg³kwg�kweqkmyz�L|�p7g!{dkweqk�psg
z0 ∈ S(0)

k�c/*�«dV>{ ysg!{
eqR�V�c�VUe��F¡�yz��h�V>{ T�yzv!v�kwg!�
S(·)

kmc���pd|Uys�w��a
ys§!cqps��hdeqV>�wa
|Upsg�eqk�gbh�psh0cU£!eqR�VW|�p7g!|�V>vdeZpz�ocqps��hde�kwp7g�pz� B &�¢ �[C�kmc\|U�wV9yzj\kwg�e�R�V,cqVUg0c�V�eqR!yze\kwe\kmcU£2yscZh!cqh!yz�O£<y"�wpd|>yz���wa&yz§!cqps��hde�VU��a
|Upsg�eqk�gbh�psh0c�T�ysv�v�k�g��

z(·)
�¥psj���R�km|.R

z(0) = z0
yzg0{�e�R�V'kwg!|U�wh0c�k�psg B &!¢ �[CuR!ps�m{�c��¥psj+yz���

t
p7hde�cqkm{dV\ps��y��©V>§0V9c��7h�V

gbh�����cqh�§!cqV�e5pz�
[0,+∞[.

x�V>|>yz���Je�R!y�eWyzgba���pd|Uyz����a
ys§!c�p7�wh!�wVUefaÈ|�p7g�eqk�g�psh!c�T�yzv�v�k�g��
z(·)

��kweqR ¡�yz��h�V9c�k�g
R

n
kmc

{�VUj�kw¡�yz§!�wV��©V>§0V9c��7h�V�yz��TWp7c�e�VU¡sV>jqab��R�V>jqVWyzg0{
z(t) − z(s) =

∫ t

s
ż(τ) dλ(τ).

�+VUj�V�yzg0{È§<VU��p���£
λ
{�VUg�pseqV>c�eqR�V

p7g�V��¤{dk�TWVUg!cqkwp7g!yz�+�
VU§<V>cq�sh�V'TWV>y7c�h�j�Vs¢
_bh!v�v0p�c�V�g�p��?eqR!yze

S(·)
kmc���pb|>yz���wa �X�19�
�yzg!{�e�R�V�T�ysv�v�k�g��

f
��k�e�R

f(t, z) := −RAR−1z − REu(t)
k�cZg�pze

km{dV>g7e�k�|>yz���wa gbh����E¢ QLR�j�psh!�sR�p7hde>£;k�g´cqh!|.R³y
|Uy7c�V��uV���kw����{dVUg�pseqV�§�a
µ := d (varS)

e�R�V�{�k�µBVUj�VUg�eqkmyz�uTWV>y7c�h�j�V
ps�

varS(·).
QLR�kmc�xZys{dp7g T5V9yscqh�j�V

µ
k�c"ps§b¡bkwp7h!c���a v0p�c�kweqk�¡sV�cqk�g!|�V�eqR�V��¥h�g!|�e�kwp7g

varS(·)
kmc�g�p7g {dV>|UjqV9yscqkwg!�!¢

ª�|>|�p7j�{dk�g��,eqpN. &�2�y5T�yzv�v!kwg��
z : [0,+∞[→ R

n k�c�yWcqps��hdeqk�psg�pz� B &!¢ �iCu��k�e�R z0 y7cLkwg�kweqkmyz�©|Upsg!{�k�e�kwp7g�kw�f 
�����

z(·)
kmcL�wpd|>yz���waL���@96
Zyzg0{�c�y�e�k�cg*!V>c

z(0) = z0
ysg!{

z(t) ∈ S(t)
�¥p7j+yz���

t ∈ [0,+∞[;

������� e�R�VUj�V�V�«dkmcfe.c�y�v<p7cqk�e�kw¡7V�x+ys{�psg TWV>y7c�h�j�V
ν
yz§0c�p7�whde�VU��aÈ|Upsg�eqk�gbh�psh!cq��a�V>l�h�k�¡�yz��VUg�e�e�p&eqR�V�T5V9yscqh�j�V

µ + λyzg!{&��kweqR�j�V>cqv<V>|�e�e�p���R�km|.R&eqR�V�{dkwµBVUj�VUg�eqkmyz��¡sV>|�eqp7j�T5V9yscqh�j�V
dz
kmcZyz§0c�p7�whde�VU��a"|�p7g�eqk�g�h!psh!c���kweqR�{�VUg!cqk�efa

dz
dν

∈ L1
loc([0,+∞[, ν;Rn)

yzg0{

−
dz

dν
(t) − f(t, z(t))

dλ

dν
(t) ∈ N(S(t); z(t)) ν −

y�¢ Vs¢
t ∈ [0,+∞[,

B &!¢º�[C

��R�VUj�V dλ
dν

(·)
{�VUg�pseqV>c
eqR!V�{dV>g!c�kwefa�jqV>��yzeqk�¡sV-eqp

ν
pz�deqR!V �©V>§0V9c��7h�VJTWV>y7c�h!jqV

λ
��R�km|.R�k�c
ps§b¡bkwp7h!cq�wa�yz§!cqps��hdeqV>�wa

|�p7g7e�kwgbh�p7h!cL��kweqR&jqV9c�v<V>|�eLeqpWeqR!V�T5V9yscqh�j�V
µ.

4Fe5k�c,ps§!cqVUj�¡sV9{
kwg3. &�2ueqR!yze5ysg�a
T�yzv�v!kwg��
cqyzeqkmcf�¥abk�g�� B k�C�k�c,y�cqps��hdeqk�psg kw�Zyzg!{ psg���aÈkw� B k�k�C�R�p7��{!c���kweqR e�R�V
TWV9yscqh�jqV

µ+ λ
kwe�cqVU�w�-kwg&v��mys|UV�ps�

ν.

_bp0£�k�g"e�R�V�§0p7h�g!{dV9{�¡¶ysjqkmy�e�kwp7g�|>yscqV\�uV���k��w�B�¥p7�w��p�� . &�2©k�g&��jqkweqk�g�� B &!¢ �?Cukwg�eqR!V\�¥p7jqT






−dz ∈ N(S(t); z(t)) + f(t, z(t))dλ

z(0) = z0 ∈ S(0).

B &�¢ 0iC

tuV��¥p7jqVov�jqp�¡bk�g���psh!j2eqR�V>psj�VUT?psg�VU«dk�c�eqV>g!|�Voysg!{'h�g�kml�h�VUg!V>c�c©k�g�eqR�V��wk�g�V9yzj�|>yscqVs£9�wV9c©h!c�V>c�e�ys§���k�cqR'eqR�Vo�¥ps���wp���k�g��
��VUTWT�y�¢
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jS
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Rge(C) − R
m
+ = R

m
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��6�Z
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���:%;a��
 W
C

���\���	
$��]v�j^��@^-]r
 W �\��� 
"�����
C

W �����X� �bt
�\o ^

s c/
 W �������i�����b>
u(.)

W ���%�p���@�����a9���78�=:[��:#
������j� 
"�j� � k��X�����E^K�����-�1�������f!N�[9��6���f78
$���h!Q������
"����7	��7b��op���
[0,+∞[,
 W �6� 
 W �p���-���6��:5��� �	
����Q�6�6
"e$
����h7	��:Q�����i�����b>

S(·)
W �����Q�-�1����� 9���78��:i��:Q
�� ���j��
��j���3k��X�����+^����%�-�@��� ���f! �[9��6���f78
$���h!

������
"����7	��7b��o`
$�1�[^
s��Q
 W �\�6����� ;<��!�]

S(·)
���\���h> W 
<������
"����7	��7b�Z;a��
 W �������	���6
r
��%
 W ���%��7b�6:[� � q : ����
$���=��� ; W �6���6
��6�

u(·)
�������h> W 


������
"����7	��7b�6^

� � ±©±�� � tua"ysc�cqh�TWvdeqk�psg B &�¢ �iCuysg!{"§baWe�R�V'�¥psj�T�h��my�k�g&v!yz�7V��z�s��pz��x+ps§�k�g!cqpsg .���2F£beqR!VUj�V�VU«dk�c�e�cLcqpsTWV�|Upsg!c�e�ysg�e
γ > 0

B {dV>v0V>g!{dk�g��5psg���aWpsg�e�R�VZT�y�e�jqkw«
C
Cocqh!|.R�e�R!y�e��¥psjLyz���

s, t ∈ [0,+∞[
B yzg0{���kweqR

K(t)
y7co{dV6*!g�V9{"yz§<p�¡sV�C

haus(K(t),K(s)) ≤ γ‖G(u(t)) −G(u(s))‖

yzg0{"R�V>g!|�V
haus(K(t),K(s)) ≤ γ‖G‖‖u(t)− u(s)‖.

_bk�g!|�V
S(t) := R(K(t)),

psg�V'ps§�e�yzk�g!cLV9yscqkw��a�eqR0y�eL�¥psj+ys�w�
s, t ∈ [0,+∞[

haus(S(t), S(s)) ≤ ‖R‖ haus(K(t),K(s)) ≤ γ‖R‖ ‖G‖‖u(t)− u(s)‖.

4FeZkmc+g�pseZ{dk ��|Uh��weZeqp�|.R!V>|�,�e�R!y�eZeqR�kmc+�mysc�e+kwg!V>l�h!yz��kwefa�yzg0{�eqR�V���pd|Uys�©§0p7h�g!{dV9{&¡�yzj�k�yzeqk�psg B j�V>cqv©¢���pd|Uys�
yz§!cqps��hde�V
|�p7g�eqk�g�h!k�efaJC\pz��eqR�VWT�yzv�v!kwg��

u(·)
V>g�e�yzk��mcZe�R�V���pb|>yz�-§<psh�g!{�V>{
¡�yzj�k�yzeqk�psg B jqV9c�v©¢5��pb|>yz�Jys§!c�p7�wh�eqVW|�psg�e�kwgbh�kwefaJCZps�

eqR!V�c�VUe��F¡¶ys�wh!V>{�TWysv�v�k�g��
S(·)

psg�eqR!V�kwg�eqV>jq¡�ys�
[0,+∞[.��kwg0yz���wa7£beqR�V�j�kw�7R�e�|Upsg�eqk�gbh�kwefa�v�j�psv<VUjqefa�ps§b¡bkwp7h!c���aW�¥ps����p��+cu�¥jqp7T eqR�V�c�yzTWV'k�g�V>l�h!ys�wkwefa"yz§<p�¡sV7¢

�

4¤g e�R�V�v!jqpbpz�+ps�\QLR�V>psj�VUT &�¢ &��uV"��k��w�Lg�V>V>{ e�R�V��¥ps���wp���k�g���j�V>cqh��we,ps�\[�psj�V>ysh .w�@O�2F¢ 4¤g .w�@O�2�k�eWR!y7c�§<VUV>g
V>c�e�ys§���k�cqR�V>{�k�g�e�R�V��sV>g�VUj.yz� �Zkw��§0V>j�eZcqV�eqeqk�g��!¢
� � ±	��± � � � � ±�
 ��
���
 ��


ν
9��N�`�	������
"��
���x��i:[� � ��������78�X�Q��� � �������J�i��
 ����
��6��
�� �

I
���=:

z(·) : I → R
n 9��z�

j.|�§b¡N�����[�����b>�; W ���6�/:�� q��6�X�6�	
��j���=��������78�X�
dz

��� �[9��6���f78
$�6�f!`������
"����7	��7b�Z;a��
 W �X�����	����
r
$�
ν.

U�W ���	]v
 W �rc�78�=��
��j���
Φ : I → R

;a��
 W
Φ(t) := ‖z(t)‖2 ���`��� �X�19�
Zc�78�=��
��j��� ; W ���6��:�� q��6�X�6�	
��j���r��������78���

dΦ
�6��
������ ����]d��� 
 W �%���6�J�6�

�nc/
 W ������:[�6�����?>N�ncK����� �E��������78�X����]

dΦ ≤ 2〈z(·),
dz

dν
(·)〉dν,

; W �6�X�
〈·, ·〉

:i���=��
$���K
 W �`��� ��� �	�j�����E�������6�H���X�1:�7	�6
M�nc
R

n.

*
V'|>yzg&g�p�� v�jqp�¡7V+e�R�V'eqR�V>psj�VUT&¢
��� ­b± � ­ � ��
 � � ����78���Q
 W � 
#k��i^��6oI��� 
 ���`�����i^�m W ���-:��L� ��: 
 W � 
/
 W �N�����[�=���?>

u(·)
���Q�-�@��� ���f!A�[9��6���f78
$���h!

������
"����7	��7b� k��������+^ �-�1�������f!�j�|U§�¡?o[^ U�W ��� 
 W �`�	�6��
"78�69���:A: � q���������
"�j� �������6�f7b���j��� k��i^��6o ;a��
 W ���	��
��j��� ��� ��:���
��j���
z(0) := z0 ∈ R(K(0))

W ���%���=�%� ��:Q���	�h!z���=�/�-�1�������f!N�[9��6���f78
$���h!z�����	
����	7	� 7b�`k��X�����+^ �-�1�������f!�j�|U§�¡?o`�6���f78
��j��� ���
[0,+∞[

^

� � ±©±�� � ª\c�yz§<p�¡sVs£dv!hde��¥psj�V>¡sVUj�a
(t, z) ∈ [0,+∞[×R

n

f(t, z) := −RAR−1z −REu(t).

�\§b¡bkwp7h!c���a�e�R�V"T�ysv�v�k�g��
f(·, ·)

kmc�tupsj�VU��TWV>yscqh�j.yz§���V�k�g
t
B k�g �½ys|�e,kwe,kmc#�X�19�
5psj5|�p7g7e�kwgbh�p7h!c�C'yzg!{F�
kwv0cq|.R�kweXG

|�p7g�eqk�g�h!psh!cu��kweqR�j�V>cqv0V9|�eLeqp
z.
��h�jqeqR�V>j��¥psj

k(t) := max{‖RE(u(t))‖, ‖RAR−1‖}

psg!V�R0yscueqR!V
L1

loc

��kwg�V9yzj��7jqp��Le�R�|�p7g!{dkweqk�psg

‖f(t, z)‖ ≤ k(t)(1 + ‖z‖)
�¥p7j+yz���

(t, z) ∈ [0,+∞[×R
n.

B &�¢��>�?C
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Y\c�k�g��Q�©VUTWT�yp&!¢w�,yzg!{&e�R�V5v�jqp7v0V>j�e�kwV9cZys§0p�¡7V�|�p7g!|�V>jqg�k�g���e�R�V�T�ysv�v�k�g��
f(·, ·)

��V,TWy¶a&yzv!v��wa�QLR�V>psj�VUT ��k�g
.º�12 B c�V>V"e�R�V�ªZv�v<VUg!{dkw«	C�eqp
ps§de.yzk�g©£Jk�g³e�R�V�|>yscqV���R!VUj�V

u(·)
kmcWyz§!cqps��hdeqV>�wa |Upsg�eqk�gbh�psh!c>£-eqR0y�eWeqR�V�v<VUjqeqh�j�§0V9{

cq�uVUVUv!kwg��5v�j�pd|�V>c�c�{dkwµ<V>jqV>g�eqkmyz�2k�g!|���h!cqkwp7g






−ż(t) ∈ N(S(t); (z(t)) + f(t, z(t))

z(0) = z0 ∈ S(0)

R0ysc�p7g�V�yzg0{&psg���a�p7g�V���pb|>yz���wa&yz§0c�p7�whde�VU��a�|Upsg�eqk�gbh�psh!cZc�p7�whde�kwp7g�psg
[0,+∞[.

QLR�V�V9l7h!kw¡�yz��VUg0|�V�ys§0p�¡7V�§<V�ef�uVUV>g
B &�¢ &[C�ysg!{ B &!¢ �[C+��k�e�R&eqR�V�kwg�kweqkmyz�-|�p7g!{dkweqk�psg!c

z(0) = z0 ∈ R(K(0))
ysg!{

z(0) = z0 ∈ S(0)
j�V>cqv0V9|�e�kw¡7VU��a"abkwV>��{!c

e�R�V�|�p7g!|���h!cqkwp7g"ps��e�R�V'eqR�V>psj�VUT�k�g�eqR�V�ys§!cqps��hdeqV>�wa�|Upsg�eqk�gbh�psh!c�|>yscqVs¢
_bh!v�v0p�c�V�g!p�� e�R!y�e�e�R�V�T�yzv�v�k�g��

u(·)
k�c���pd|Uys�w��aT�X�196
�psg

[0,+∞[.
tua �©VUTWT�yY&!¢w�&�uV5,bg�p���e�R!y�e�e�R�V

cqV�eq�O¡�ys�wh�V9{&T�yzv�v�k�g��
S(·)

k�c�yz�mcqp��wpd|Uys�w��a �X�@96
9¢\_bp�QLR!VUpsj�VUT &�¢���k�gF. &�2 B c�V>V�e�R�V,ªZv�v0V>g!{dkw«	C�VUg0c�h�j�V>c+eqR!yzeZe�R�V
{�k�µBVUj�VUg�eqkmyz�2k�g!|U�wh!cqk�psg B &�¢ 0iCuR0ysc�y�e���V>y7cfe+yWc�p7�wh�eqk�psg

z(·)
��R�km|.R�kmc���pd|Uyz����aL�X�19�
9¢

�
V�e\h0cZv�j�p�¡sV'e�R�V5h�g�kml7h!VUg�V9cqc>¢ ) psg0c�km{dVUjZef��p"�wpd|Uys�w��a �X�19�
'c�p7�wh�eqk�psg!c
z1(·)

ysg!{
z2(·)

yzg!{5*�«�yzgba�gbh�T,§0V>j
T > 0.

�
V�e
µ
§0V�eqR�V�x+ys{�psg TWV>y7c�h!jqV"y7cqcqpd|�kmy�e�V>{ ��kweqR e�R�V�¡�ysjqkmy�e�kwp7g �¥h�g!|�e�kwp7g

varS(·)
ysg!{ v�hdeWysc5yz§<p�¡sV

ν := µ+λ.
* kweqR"jqV9c�v<V>|�eJeqp�e�R�kmcJv<p7cqk�e�kw¡7V+x+ys{dp7g�TWV>yscqh�j�V

ν
eqR�V\{dk�µBVUj�VUg�e�k�ys�!TWV>y7c�h�j�V>c

dzi

yzg!{5e�R�V��©V>§0V9c��7h�V
TWV9yscqh�jqV

λ
ysjqV�yz§0c�p7�whde�VU��a"|�p7g�eqk�g�h!psh!c>£��¥psj�k��,�s£º�d£�yzg0{

−
dzi

dν
(t) − f(t, zi(t))

dλ

dν
(t) ∈ N(S(t); zi(t)) ν − a.e. t ∈ [0, T ].

QLR!VUg��¥psj
γ := ‖RAR−1‖

�uV�R!y¶¡sV\�¥psj
ν
�¤yz��TWp7c�e+yz���

t ∈ [0, T ]

〈
dz1
dν

(t) + f(t, z1(t))
dλ

dν
(t) −

dz2
dν

(t) − f(t, z2(t))
dλ

dν
(t), z1(t) − z2(t)〉 ≤ 0

R!VUg!|UV
〈
dz1
dν

(t) −
dz2
dν

(t), z1(t) − z2(t)〉 ≤ γ‖z1(t) − z2(t)‖
2 dλ

dν
(t).

ª�|>|�p7j�{dk�g��,eqpWnJj�psv<p7cqk�e�kwp7gQ&!¢ �d£d�¥psj+ysg�a
t ∈ [0, T ]

�uV'R!y¶¡sV

‖z1(t) − z2(t)‖
2 ≤

∫

]0,t]

2γ‖z1(s) − z2(s)‖
2 dλ

dν
(s) dν(s),

kO¢ Vs¢�£

‖z1(t) − z2(t)‖
2 ≤

∫

]0,t]

2γ‖z1(s) − z2(s)‖
2 dλ(s).
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z1(t) = z2(t)

�¥p7j\yz���
t ∈ [0, T ]
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yz�7j�ysg��skmyzg�g!psg!cqTWp�pseqRWc�adc�eqV>TWc-V>T�§<V>{�{�V>{,kwg,eqR�V+cqpz�¤|Uys�w��V>{

[�psj�V>yzh
¨ c;cqV>|Upsg!{5psj.{dV>joc��uVUV>v�k�g���v�j�pb|UV>c�cU¢�QLR�V+v�j�pd{dh!|�eokwg B &�¢��@&[CJps§b¡bkwp7h!cq�wa�kmc G>VUj�p�pshde.c�km{dVLe�R�V\yzeqpsT�c;ps�
dz
¢

� � 	�����%U���� �� ��%U�
�
%��� '��%�(�� ) 	�#*���U�+#$������ ���%��0/`�©/��2���+#$�

*
V�g�p�� �¥pb|Uh!cLpsh!j+y�e�e�VUg�eqk�psg�eqp�g!psg���kwg!V>yzj�cqadcfe�VUT�cLpz��eqR�V'�¥p7jqT






ẋ(t) = a(x(t)) + b(x(t))ζ(t) + e(x(t), u(t))

0 ≤ ζ(t) ⊥ w(t) = c(x(t)) + g(u(t)) ≥ 0,

B O!¢��1C

��R!VUj�V
x(t) ∈ R

n
£
u(t) ∈ R

p
£
w(t) ∈ R

m
£de�R�V�T�yzv�v�k�g���c

a(·)
£
b(·)

£
e(·)

ysjqV'|�p7g7e�kwgbh�p7h!c�yzg0{
g(·)

k�cZc�h�v!v0p�c�V9{
e�p�§<V��wpd|>yz���waQ�©k�v!cq|.R!k�e�G�|�p7g7e�kwgbh�p7h!c>£

a(0) = 0
£
g(0) = 0

£
e(·, 0) = 0

ysg!{�eqR!V�jqV>�sh��myzj�kwefa�pz�
c(·)

yzg!{
u(·)

��kw���
§<V�cqv0V9|�k-*!V>{��my�eqV>j>¢a�
V�e�h!c+y7cqcqh�TWV�eqR!yze�eqR�V�h�g0|�psg�e�jqp7�w��V>{�c�adc�eqVUT







ẋ(t) = a(x(t)) + b(x(t))ζ(t)

w(t) = c(x(t))

B O!¢º�[C

kmc�{�k�c�c�k�v!yzeqk�¡sV���kweqR j�V>cqv<V>|�e�eqp�e�R�V�cqh�v�v!�wa
j�yzeqV
wT ζ

£;kE¢ Vs¢�k�g v!ysj�e�k�|Uh��myzj B c�V>VL.w�1&�2 C�£-eqR!VUj�V"V�«dkmcfe.c�y�v<p7cqkweqk�¡sV
�¥h!g!|�e�kwp7g

V (·)
c�h!|.R�eqR0y�e

V (0) = 0
ysg!{

cT (x) =
∂V

∂x

T

(x)b(x).
B O0¢ &?C

�
V�e\h0c\y7cqcqh�TWV�eqR0y�e
V (·)

kmc+pz�o|U��y7cqc
C3(Rn; R+)

yzg!{�e�R!y�e\eqR�V �+V9cqcqk�ysg ∂2V
∂x2 (x)

kmc+v<p7cqk�e�kw¡7V�{dV�*0g�k�e�V5ysg!{
cqabTWT5VUeqj�k�|��¥p7jZyz���

x ∈ R
n
¢uQLR�V�jqV9yscqpsg���R�a���V�y7cg,"�¥psj

C3 v�jqp7v0V>j�efa�yzg!{&g�pse C2 ��k��w��yzv�v<V>ysj+��yzeqV>j>¢H�©V�e+h0cv<VUjq�¥psj�T e�R�V�cfe.y�e�V\e�j�ysg!c��¥psj�TWyzeqk�psg
z = h(x)

£���kweqR

∂h

∂x
(x) =

(

∂2V

∂x2
(x)

)
1
2

=: Λ(x).

��� É¶¿�Î½ÁFÑ.Ë¶Ô¶Ñ.¼EÔ�Ô¶¸ºÎEÎO¸º¹�Ñ�ÁE¸º»�Ë5¸ºË9¿�äU×�Ñ.Íº¸ ÁÇß,¸ºÎJ»��9ÁFÑ.¸ºË9¿�Ô5ÎO¿¤ÁEÁE¸ºË¶é u(·) ≡ 0 Ñ.Ë¶Ô F = 0 Ñ.Ë¶Ô
	2¿�×¶ÎE¿�ÁOÉ¶¸ºÎJÁE¿�¼½Ü�¸ºË¶»�Íº»�é.ß�	
¸ ÁOÉ,ÎO»�Ü�¿
Ñ��¶×¶ÎO¿;¸ºË\ÑuÜ�»�¼½¿;é�¿fË¶¿f¼OÑ.Íbàw¼OÑ.Ü�¿
	2»�¼��zÓ
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*
V\e�R�VUj�V��¥p7jqV\kwTWv���km|�kweq��a"ysc�c�h!T5VZeqR!yze (

∂2V
∂x2 (x)

)
1
2 kmcukwg�e�VU�sj.yz§!�wV7£bysg!{�e�R!y�e

h(·)
kmcLy,{dkwµBVUpsTWp7jqv�R!k�cqT��¥jqp7T

R
n

k�g7e�p
R

n
¢JQLR�V>cqV�|�p7g!{dkweqk�psg!c�ysjqV�cqVU¡sV>jqV7£bR�p���V>¡sV>j�e�R�VUa�yzj�V'c�y�e�k�cg*!V9{"V9ys|.R�eqk�T5V'e�R�V�c�eqpsj.yz�7VZ�¥h!g!|�e�kwp7g

V (·)
k�c+y

l�h!ys{�j�yzeqkm|+�¥h�g0|�eqk�psg���kweqR�|Upsg!c�e�ysg7e �+V9cqcqkmyzg©¢
*
V�p7§de�yskwg







ż(t) = ∂h
∂x

T
(x)a(h−1(z(t))) + ∂h

∂x

T
(x)b(h−1(z(t)))ζ(t) + ∂h

∂x

T
(x)e(h−1(z(t)), u(t))

0 ≤ ζ(t) ⊥ w(t) = c(h−1(z(t))) + g(u(t)) ≥ 0.

B O0¢ ObC

YZcqk�g��W§!yscqk�|'|Upsgb¡sVU«"yzg!ys�wadcqk�cL�uV'jqV>��jqkweqV B O0¢ ObCLyscueqR!V�kwg!|U�wh0c�k�psg

−ż(t) + ∂h
∂x

T
(x)a(h−1(z(t))) + ∂h

∂x

T
(x)e(h−1(z(t)))u(t)

∈ ∂h
∂x

T
(x)b(h−1(z(t)))∂ψ(R+)m(c(h−1(z(t))) + g(u(t))).

�©VUe\h!cZg�p��}ysc�c�h!T5V'e�R!y�e
b(x) = B

k�c\y�|�p7g!cfe.yzg�e
n ×m

T�yzeqj�k�«2¢+YZcqk�g�� B O!¢ &[C+ysg!{ ∂h
∂x

(x) =
(

∂2V
∂x2 (x)

)
1
2 �uV

�sVUe
−ż(t) + ∂h

∂x

T
(x)a(h−1(z(t))) + ∂h

∂x

T
(x)e(h−1(z(t)), u(t))

∈
(

∂2V
∂x2 (x)

)− 1
2 (

∂c
∂x

)T
∂ψ(R+)m(c(h−1(z(t))) + g(u(t))).

_bVUe�eqk�g��
S(t) := {z | c(h−1(z)) + g(u(t)) ≥ 0}

ysg!{
Φt(z) := c ◦ h−1(z) + g(u(t)),

�uV�c�V>VWeqR!yze
ψS(t) =

ψ(R+)m ◦ Φt.QLR�kmcLV>l�h!ys�wkwefa���V>ys{!cLh!cueqp�y7cqcqh�TWV�eqR!yze�eqR�V>jqV'V�«dkmcfe.c�c�p7TWV'|Upsg!c�e�ysg�e
ρ > 0

c�h0|.R"e�R!y�e��¥p7j+yz���
x ∈ R

n

ρBRm ⊂ BT Λ(x)(BRn) + (R+)m,
B O0¢ �iC

��R�V>jqV
BRm

{dVUg!pzeqV9cueqR�V �oh!|���k�{�V>yzg�|U�wp�c�V9{"h�g!k�e+§!ys�w�
kwg
R

n
|UVUg�eqV>jqV9{�yze�eqR�V�p7jqk��sk�g©¢

QLR�kmc�ysc�cqh�TWvdeqk�psg B O!¢º� C�ys�wp7g��&��k�e�R eqR�V�ysc�c�h�TWvde�kwp7g psg
eqR!V"j�VU�sh!��ysjqkwefa�pz�
V (·)

VUg!cqh�j�V�eqR!yze�eqR!V"|�p7g�¡7V�«
B R!VUg!|UV�e.yzg��7VUg�eqkmyz����a jqV>�sh��myzj�C'�¥h�g0|�eqk�psg

ψ(R+)m

ysg!{ e�R�V��7y7|�p7§�k�ysg³y�e
z(t)

pz�
ψS(t)

�¥h��-*!���LeqR�V�j�V>l�h�k�jqV>TWVUg�e
�¥psj\eqR!V,V9l7h0yz��k�efa��¥psj�T�h!��y"kwg .w����£2QLR�VUp7jqV>T �9��¢ ��2;yzg!{�R�VUg!|UV�e�R�V5V>l�h!yz��kwefa ∂c◦h−1

∂z
= ∂c

∂x

(

∂h
∂x

)−1 ys�w��p��+c+h!c\e�p
eqj.yzg0c��my�e�V\e�R�V'��y7cfeZ{�k�µBVUj�VUg�eqkmyz�2k�g!|U�wh!cqk�psg�kwg�eqp

−ż(t) +
∂h

∂x

T

(x)a(h−1(z(t))) +
∂h

∂x

T

(x)e(h−1(z(t)), u(t)) ∈ ∂ψS(t)(z(t)),
B O!¢ �iC

��R�V>jqV
∂ψS(t)(z(t))

{dVUg!pzeqV9c B cqVUV�.��¶�@2 CoeqR�V'��kwTWkweqk�g���c�h�§B{dkwµ<V>jqV>g�eqkmyz�2pz��eqR�V��¥h�g0|�eqk�psg
ψS(t)

B�� C�¢Jx+V>|Uys�w��k�g���e�R!y�e
eqR!V\��kwTWkweqk�g���c�h!§<{dkwµBVUj�VUg�eqkmyz�Bpz�
eqR�V�kwg0{dk�|>y�e�psj��¥h�g!|�e�kwp7g

ψQ

pz��y5c�VUe
Q
k�cug�pseqR�k�g��5VU�mc�V�§�hdeLk�e.c���k�T5kweqk�g��Wg�p7jqT�yz�

|�p7g�V
N(Q; ·),

�uV�T�y¶a�j�VU��j�kweqV\eqR�V�k�g!|���h!cqkwp7g&kwg B O!¢ �[CuTWpsj�V'|UpsTWv!y7|�eq��a�yscu�¥p7�w��p��+c> 

−ż(t) + h̃(z(t)) + ẽ(z(t), u(t)) ∈ N(S(t); z(t)).
B O!¢è� C

ªZcuyK*0j�c�euc�eqV>v"k�g�eqR!V�ysjq�7h�TWVUg�e�copz�
QLR�V>psj�VUT O!¢º�'�uVZV>c�e�ys§���k�cqR�eqR!VZ�¥p7�w��p���kwg!����VUTWT�y�¢r4¤g�kwe�cuv�j�p�ps�©��V\h!cqV
eqR!V�TWyskwg
km{dV>y�pz��eqR�V�{�VU¡sV>�wp7v�TWVUg�e'pz�ueqR�V�cqh���|�k�VUg!|Ua�v!yzjqe�pz�LQLR�VUp7jqV>T ��¢ O7��kwg .��¶�@2o§!hde���V�{dV9yz�-��kweqR
eqR�V
k�g�V>l�h!ys�wkwefaW§0V>�wp�� k�g�ys�w�0eqR�V'cqv!ys|UV

R
n.

B �Z��|Upsh�j.c�V7£se�R�V�kwg�V9l�h!yz��k�efa�|>yzg�§<V�cqVUV>g"yscuy%>[�-�i9�� �7TWVUeqj�k�|ZjqV>�sh��myzj�k�efaJC�¢
�o­ � �³� ��
"S�� ��:i��� 
 W ��������78����
��j���Ak ��^�
6o1]Jc�� �K
 W �K�����[�=���?>

k : R
n → R

m
;a��
 W

k(z) := c ◦ h−1(z)
���=:Zc�� �

����! � �?��:
ẑ ∈ R

n ] 
 W �dc�78�=��
��j��� y 7→ d(ẑ, k−1((R+)m − y))
��� �<�	��
$�`� ��: 
 � ���6� W ��
 �p��� �	
����	7	� 7b�/;a��
 W

1/ρ
���


 � ���6� W ��
 �%���@: 78�f7b�����I� ���
R

n.
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�¶� �Z�X��> �h�j��
$��� U=W �j9���78�f


� � ±©±�� � ) psg!cqk�{�VUj�kwg��,eqR!V�c�VUe��F¡¶ys�wh!V>{�TWysv�v�k�g��
M : R

n ⇒ R
m ��k�e�R

M(z) := −k(z) + (R+)m,
��V'R!y¶¡7V

d(ẑ,M−1(y)) = d(ẑ, k−1((R+)m − y)) =: ϕ(y) ∈ R+ ∪ {+∞}.

��kw«�yzgba&jqV9yz��gbh�T�§<VUj
α
yzg!{�e�y[,sV,ysgba�c�V9l7h!VUg!|UV

(yn)n

|Upsgb¡sV>jq�7kwg!�Weqp
y
yzg!{Ècqyzeqkmcf�¥abk�g��

ϕ(yn) ≤ α.
) R�pbp7cqV

zn ∈M−1(yn)
��k�e�R

ϕ(yn) = ‖ẑ−zn‖.
QLR�V�cqV>l�h�V>g!|�V

(zn)n

kmc-§0p7h�g!{dV9{,ysg!{�R!VUg!|UVu��kweqR!pshde;��p7c�c�ps�0�7VUg�V>j�ys�wkwefa
�uV�T�y¶aÈcqh�v�v<p7cqV�eqR0y�e�kwe,|�p7gb¡sVUj��sV9c�eqp�cqpsTWV

z
k�g

R
n.

�\§b¡bk�psh!cq�wa
‖ẑ − z‖ ≤ α

ysg!{ kwe�k�c�V>y7c�a�eqp�cqVUVWe�R!y�e
z ∈ M−1(y).

QLR!VUj�V��¥psj�Vs£
ϕ(y) ≤ α

yzg!{"eqR!k�c�abk�VU�m{�cueqR0y�e
ϕ
kmc���p���V>j�c�V>T5km|�p7g�eqk�g�h!psh!c>¢

��kw«�g�p��¦yzgba
(ȳ, y∗)

kwg�eqR�VW�sj.yzv!R�pz�Je�R�V ��j�i>|.R�VUe�cqh�§<{�k�µBVUj�VUg�eqkmyz�-ps�
ϕ

B cqVUV5Vs¢ �!¢�.��¶�@2-�¥p7jZe�R�V�{dV�*!g!k�e�kwp7g�C
ysg!{
|.R�pbp7cqV

z̄ ∈ M−1(ȳ).
QLR!VUgÈ�¥psj�V>y7|.R

ε > 0
eqR�V>jqV�VU«bkmc�e�c'c�p7TWV5g!VUk��sRb§0p7jqR!p�pd{

Y
ps�
ȳ
cqh!|.RÈeqR!yze��¥psj�yz���

y ∈ Y
〈y∗, y − ȳ〉 ≤ ϕ(y) − ϕ(ȳ) + ε‖y − ȳ‖,

��R!k�|.R�TWV>yzg0cu�¥psj+yz���
z ∈ R

n

〈0, z − z̄〉 + 〈y∗, y − ȳ〉 ≤ ‖z − ẑ‖ + ψgph M (z, y) − ‖z̄ − ẑ‖ − ψgph M (z̄, ȳ) + ε‖y − ȳ‖.

QLRbh!c>£
(0, y∗)

k�c5y �!jqi9|.R�V�e5c�h�§!�sj.ys{dk�VUg�e�ps��eqR�V"�¥h�g!|�e�kwp7g
(z, y) 7→ ‖z − ẑ‖ + ψgphM (z, y)

y�e
(z̄, ȳ),

��R�V>jqV
gphM := {(z, y) : y ∈ M(z)}

{dVUg�pseqV9c�eqR!V��7j�ysv�R pz��eqR!V�cqV�eq�O¡�yz��h�V9{ TWysv�v�k�g��
M.

QLR�V�ef�up��¥h�g0|�eqk�psg0c�k�g
e�R�V�cqh�T�§<VUk�g���jqV>�sh��myzj�ysg!{�e�R�V *!j.cfe+p7g�V'§0V>kwg!��|�psgb¡7V�«"|�p7g�eqk�g�h!psh!c>£dc�h�§B{dkwµ<V>jqV>g�eqkmyz�
cqh�T j�h���V'v�jqp�¡bkm{dV>cLcqpsTWV
z∗ ∈ BRn

cqh!|.R&eqR0y�e
(z∗, y∗)

kmcZy �!jqi9|.R�V�eZg!psj�TWys�2eqp
gphM

y�e
(z̄, ȳ).

nJhdeqeqk�g��
p̄ = ȳ + k(z̄) ∈ (R+)m,

kwe\kmc
g!pze+{dk ��|Uh��we+eqp5eqj.yzg0c��my�e�V\e�R�V��my�e�e�VUj�k�g�eqp

y∗ ∈ N((R+)m; p̄)
yzg!{

z∗ = y∗ ◦ ∇k(z̄).Y\c�k�g��
z∗ ∈ BRn

yzg!{�eqR!V5k�g!|U�wh!cqk�psg B O!¢º� C�£©��VWp7§de�yskwg��¥psj�yzgba
q ∈ BRm

cqpsTWV
q′ ∈ BRn

yzg0{
p ∈ (R+)mcqh!|.R�eqR!yze

ρ〈y∗, b〉 = 〈y∗,∇k(z̄)(q′) + p〉 ≤ 〈y∗ ◦ ∇k(z̄), q′〉 = 〈z∗, q′〉 ≤ 1,
��R!k�|.R�V>g�e�yzk��mc

‖y∗‖ ≤ 1/ρ.
ª�|U|Upsj.{dk�g��Weqp"eqR�kmc �!jqi9|.R�V�e'c�h!§<{dkwµBVUj�VUg�eqkmyz��§0p7h�g!{dV9{dg�V>c�c�yzg!{&e�p�eqR!V,��p���V>jZcqVUTWk��

|Upsg�eqk�gbh�kwefa�pz�
ϕ,
eqR�V�|Upsg!|U�wh!cqk�psg�pz�
e�R�V���VUTWT�y5�¥ps���wp��+c��¥j�psT .º�d�s£�QLR�VUp7jqV>T �d¢���2F£b�¥psj�VU«dysTWv��wV7¢

�* kweqRA�
VUTWT�y5O!¢���y�e,R!yzg!{©£��uV�v�j�p�¡sVWp7h�j�e�R�VUp7jqV>T j�VU�my�eqk�¡sVWe�p�g�p7g��wk�g�V9yzj�{dkmc�c�k�v!y�e�kw¡7V"|�p7TWv��wV>TWVUg�e�ysjqkwefa
cqadcfe�VUT�c>£d��R�VUj�V'��V'g�pseqkm|�V�eqR!yze�eqR�V�j�VU�7h��myzj�k�efa�ps�
eqR!V'�¥h�g!|�e�kwp7g

c(·)
k�c�cqV>|Uh�j�V>{�§�a B O0¢ &?C�¢

� � ­b± � ­ � � 
���� ���	���j:[�6�z
 W �z��!���
��6� ��� k ��^�m�o ���=:I��71�i�J���6�Q
 W ��

a(·)

]
e(·)

� �X�L������
"����7	��7b��]
g(·)

���z�-�1�������f!

 � ���6� W ��
��I��� �	
����	7	��7b��]%� ��:

b(x) = B
���5�Y��� �J��
�� �	
/����
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−h̃(z)− ẽ(z, u(t))

��kweqR
h̃(·)
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ẋ(t) = −x3(t) + ζ(t) + (x2(t) + 1)u(t)

0 ≤ w(t) = x(t) + sin(u(t)) ⊥ ζ(t) ≥ 0

B O!¢��>�?C

;a��
 W
x(t) ∈ R

� ��:
w(t) ∈ R

^ 
 �6
r7b�\� W �@���6�
V (x) = 1

2x
2 ^ 
�������� b = 1

���=�K�[96
�� ���J�
h(x) = x

]v�6�%
 W ��

z = x

^

 ���#��� �A� W ����tL
 W ��
Z
 W �#78��������
"�X� ���-��:z��!���
$�6� ��� k ��^�mi{�oQ����: ������� �	��
���
��p;a��
 W ��
$���X�@>i��c�78���6
"�j� �A� 
67	���a
$�

V (x)���������

V (x(t)) − V (x(0)) =
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) �wp�c�V9{�|Upsgb¡sVU«�cqV�e�c\yzg!{

C2 �¤c�h�§!TWysg�kw�¥ps�m{�cZysjqV'v�j�p¶«b�Oj�VU�7h���ysj>¢u_bVUV�V7¢ �0¢
.��>��£
�¶�12
�¥psj\c�V>¡sVUj.yz�2pseqR�V>j+V�«�ysT5v!�wV9c+ysc��uVU���
y7c�jqV9c�h!��e.c+pz�-v�j�V>cqVUj�¡�y�eqk�psg�pz�;v�j�p¶«b�Oj�VU�7h��myzj�k�efaWh�g!{�VUjZp7v0V>j�yzeqk�psg!c>¢
x+psh��7R��wa7£ov�j�p¶«b�Oj�VU�7h��myzj,cqV�e.cWT�y¶a §0V�g�p7g |Upsgb¡sVU« c�VUe�c5�¥psj���R!k�|.R´eqR�V�v!jqpsrfV>|�e�kwp7g³p7g7e�p�e�R�V�cqV�e�k�cWh!g�k�l�h�V>�wa
{�V�*!g�V9{��¥psj�v<psk�g7e.c�|���p7cqV'VUg�p7h��sR�eqp5eqR!V�c�VUe>¢

QLR�V��¥ps����p���kwg��È|.R!yzj.ys|�eqVUj�k�G>y�e�kwp7g©£���R�VUj�V
N(Q; ·)

{�VUg�pseqV>c�eqR!V���kwTWkweqk�g��
g�psj�T�yz��|Upsg�V"eqp
Q
£Jkmc�V�«be�j�y7|�eqV9{

�¥j�psT QLR�VUp7jqV>T O!¢��'kwg .��>��2F¢�QLR!V�|���p7cqV>{�c�VUe
Q
kmc
r
�Ov!jqp¶«b�FjqV>�sh��myzjuk��;yzg0{�p7g���a"kw���¥p7j+yzgba

xi ∈ Q
B
i = 1, 2

C�£deqR�V
k�g�V9l7h0yz��k�efa

〈ζ1 − ζ2, x1 − x2〉 ≥ −‖x1 − x2‖
2

R!ps�m{�cL��R�VUg!VU¡sV>j
ζi ∈ N(Q;xi)

��kweqR
‖ζi‖ < r.

��
�� � � � !#��� $ � !# 
	 ���
�!psjLe�R�V�V>y7c�V�pz�-jqV9ys{dk�g��5�wVUe+h!cLj�V>|Uys�w�©QLR!VUpsj�VUT ��ps� .º��2F¢ �©VUe

I = [t0, t]
£
t0 < t

§<V�yzg�k�g7e�VUj�¡�yz�2pz�
IR
ysg!{

C(·)§<V�yWc�VUe��F¡�yz��h�V>{�T�yzv��¥jqp7T
I
eqpWe�R�V �+k���§0V>j�eZcqv!ys|UV

H.
4Fe�k�cZysc�c�h�TWV9{�e�R!y�e9 


 B ���1C ��p7j�V>y7|.R
t ∈ I

£
C(t)

kmc�y5g�psg!VUTWvdefa�|U�wp�c�V9{�cqh�§!cqV�e�ps�
H
��R�km|.R�kmc

r−
v�jqp¶«�jqV>�sh��myzj��
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 B �\�iC
C(t)

¡�ysjqk�V>c,kwg yzg yz§!cqps��hdeqV>�wa |Upsg�eqk�gbh�psh!c,�Ly¶as£-eqR0y�eWk�c>£;eqR!VUj�V�VU«bkmc�e�cWyzg yz§!cqps��hdeqV>�wa |Upsg�eqk�gbh�psh!c
�¥h�g!|�e�kwp7g

v(·) : I → IR
c�h0|.R eqR!yze��¥psj5yzgba

y ∈ H
yzg0{

s, t ∈ I
psg!V�R!ysc

|d(y, C(t)) − d(y, C(s))| ≤
|v(t) − v(s)|

¢
QLR�V'g�pse�y�e�kwp7g

B[0, η]
TWV>ysg!cueqR�V�|U�wp�c�V9{"§0yz���2pz��j.ys{�kwh!c

η
|�VUg�e�VUj�V>{�y�e+��¢

��� ­b± � ­ ����
jS 
 �6

f : I ×H → H

9����#���$�	���X� 
��6�f!���������78�X�[96�-�%�����Y� �
I
��7	� W 
 W � 


� k�� o�� � � �6
��6��!
η > 0


 W �6�X�K� �[����
"� �`��� �	e$�=��>?��
���
��rc�78���6
"�j� �
kη(·) ∈ L1(I, IR)

��7	� W 
 W ��
�c����K�����
t ∈ I

� ��:
c���������!

(x, y) ∈ B[0, η] ×B[0, η]
� ��� W ���

||f(t, x) − f(t, y)|| ≤ kη(t)||x− y|| �

� 
 W ���X�Y� �i����
j�I� �=���	e$�=��>i� 
"��
���c�78���6
"�j� �
β(·) ∈ L1(I, IR)

��7	� W 
 W � 
j]�c�� � � ���
t ∈ I

���=:Qc����Y�����
x ∈

⋃

s∈I C(s)
]
||f(t, x)|| ≤ β(t)(1 + ||x||)

^

U=W �6�%c�� �����	!
x0 ∈ C(t0)


 W � c������-� ;a���?>��	����
�78�69���:���;<���$�����b>/���X�1�������






−ẋ(t) ∈ N(C(t), x(t)) + f(t, x(t))
�[^��1^

t ∈ I

x(t0) = x0

B �!¢w��C

W ���z���=�Q� ��: �����f! � ���N�[9��6���f78
$���h!I�����	
����	7	� 7b����� �f78
��j���
x(·)

^ U�W ���#�6���f78
��j��� �6��
������ ���
||ẋ(t) + f(t, x(t))|| ≤

(1 + l)β(t) + |v̇(t)|
�i^��@^

t ∈ I
] ���=:

||f(t, x(t))|| ≤ (1 + l)β(t)
�i^��@^

t ∈ I
] ; W ���X�

l = ||x0|| + exp

{∫ t

t0

β(s)ds

} ∫ t

t0

[2β(s)(1 + ||x0||) + |v̇(s)|] ds.

� 
 	 � � � !#�%� $ 	 
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 B ����C ��p7juV9ys|.R
t ∈ I

£
C(t)

kmc�yWg�psg�V>TWvdefa"|���p7cqV>{�cqh�§!cqV�e�pz�
H
��R!k�|.R&kmc

r−
v�j�p¶«"j�VU�7h���ysj �


 B �\�iC+QLR�V5c�VUe��F¡�yz��h�V>{&T�yzv
C(·)

kmcZps�-j�k��sR�e�|Upsg�eqk�gbh�psh!c+§0p7h�g!{dV9{�¡�yzj�k�yzeqk�psg&psg
I
£<kE¢ Vs¢\k�e'kmc+pz�J§<psh!g!{dV>{

¡¶ysjqkmy�e�kwp7g"p7g
I
ysg!{�k�e.c�¡�yzj�k�yzeqk�psg��¥h!g!|�e�kwp7g

varC(·)
k�c�j�k��sR�eL|Upsg�eqk�gbh�psh0cLpsg

I
¢

QLR�V�xZys{dp7g�TWV>yscqh�j�V�ysc�c�pd|Uk�yzeqV>{&��kweqR
varC(·)

kmc\{�VUg�pseqV>{�y7c
µ
£2c�p�eqR!yzeZ�¥psj�yzgba

s, t ∈ I
��kweqR

s ≤ t
p7g�V

R!y7c
|d(y, C(t)) − d(y, C(s))| ≤ µ((s, t])

�¥psj+yz���
y ∈ H

¢
��� ­b± � ­ ����
���
 �6


F : I ×H → H
9��%���6��
�e$
�� �f7	��:������ ;a��
 W �����=������
�!p������
�� �N��� �Z�	�[�6
 
����h7	��� ��7	� W 
 W ��


� k�� oZc�� �����	!
x ∈ H

]
F (·, x)

W �����
λ−

��������78�X�[96�-�/���6�-���6
"�j� �
�

� k���� oZc�� �%�����
t ∈ I

]
F (t, ·)

��� ����� �-�����f!p71�[�	��� �6�6�%�j������
"����7	��7b�����
H �

� k������ o c����/�6� �����������J�i��
d��7	9��6���6

K

�gc/
 W �%78�	��
M9������a�nc
IRn � ��: c������6����������� �y��78��9��6�

β ≥ 0
] ;<� W ��
��

F (t, x) ⊂ β(1 + ||x||)K
c������ ���

(t, x) ∈ I ×H
^

� ����78����
 W ��

sups∈(t0,t] µ({s}) < r

2

^ U�W ���Nc����N����!
x0 ∈ C(t0)

] 
 W �\c������-� ;a���?> ��;<�����=���?>#�����@�������z� �
I;a��
 W �	����
�78�69���
��j���







−dx ∈ N(C(t), x(t)) + F (t, x(t))dλ

x(t0) = x0

B �!¢ �iC

W ���%��
 �-������
d� ���/�6���f78
��j���
x(·)

^�� �����d�=�X�������6�6�f!�] � c
(β + 1)(t− t0) ≤

1
4

]a�6��
�
"���b>
l = 2 (µ((t0, t]) + ||x0|| + 1)

]
c����

ν = µ+ (l+ 1)(β + 1)λ
] 
 W �����/���i����
"� �

λ−
���	
$��>[�X�i9��-�/�����

z : I → H
��7	� W 
 W ��
"]Jc����

λ−
� �f������
H�����

t ∈ I
]

z(t) ∈ F (t, x(t))
����:

z(t) ∈ (l + 1) − (β + 1)c̄o(K ∪ {0})
^��L� �X����
����<c�� �

ν−
���h������
M�����

t ∈ I
]

Å
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�9� �Z�X��> �h�j��
$��� U=W �j9���78�f


du

dν
(t) + z(t)

dλ

dν
(t) ∈ −N(C(t), x(t)),

∥

∥

∥

∥

du

dν
(t) + z(t)

dλ

dν
(t)

∥

∥

∥

∥

≤ 1

� ��:
∥

∥

∥

∥

z(t)
dλ

dν
(t)

∥

∥

∥

∥

≤ 1.
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