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{lzihiW;a
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�;§9�Uk�¥Ozirdk¤ztj9bna
{lzir~rnW!{Jztr�ztV���bnrdk¤adztbdkxgij©¨��~ztjla~wxW�e!zia
jUgCj`´@kxj`o²gCrdV�zObnkmou¬.wxW:a2W;aubnk�V�ztbdW!�lrna �=� qM{Urngt´
{|gCa��:a
acgCj9b��!h9zt�`£�zt�`£»W:acbdkxV�zObnW!�Ur�af}`�=V�zt£HkxV(�lV-}UW�¥HrnzikxadW!V��Uwxzijle�WC¨��fgi�Ja��!bd�l}`kxgijJafwxW�e!zCav}`W
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QSRlW � zO£`kxV(�UV � qgCacbdW:rdkxgirnkSW:acbdkxV�ztbdgCr$# �=� q&%�k¤a�}`W('ljUW;} bdg³�|W»bdRlW=¥Oztwx�UW)#²jUgCj¯jUW:e!W:anadzird_
�ljUkx§9�UW*%�bnRlzOb�V�zt£`k�V�kx¡!W:a�bdRUW¢{|gCacbdW!rnkxgir�}`W:jladkmbu_ �¨ r:¨ b:¨�bnRUW ¶ W!�|W:adhi�UW¸V�W:ziad�UrnWi¬�}`W:jUgtbnW:}¯�H_
λ
¨2QSRUW �=� q k¤afbnRUW Â z�_CW:adkxzij�W:§9�Ukx¥�ziw�W:j9bvbdg�bdRUW�o²rnW:§9�UW!j9bnkxacb � zt£`k�V��UV ¶ k�¦CW!wxk�Rlg9g`}»W;aubnk�V�ztbdgir
# �=¶ %�ztjl} �|gtbnR�e�gikxjle!kx}`W�o²gCr�bnRUW=jUgCj`´@kxj`o²gCrdV�zObnk�¥CW ¶ zt{lwxzCe�W»{Urnk�gCr:¨,+fjUwxkx¦iW �=¶ a!¬ �=� q�a�ztrnW
jlgtb°W;§9�Uk�¥Ozirdk¤ztj9b��UjJ}`W!r�adV®gHgibdR�rnW!{lzirnziV�W�bdrnkx¡:zObnk�gCj©¨ Â W:e:zt�ladWfgio©bdRUk¤a°�Ujl}`W;ackxrnzi�UwxWfo²W:ztbd�UrnWi¬HV�ztjH_
zi�`bdRlgir�a%}Ug®jlgtbfrnW:e�gCV�V®W:jl}�kmb�a��ladWi¨
X°gCjladkx}`W:r�bdRlW�o²giwxw�gO�kxjUh�W!£`ziV�{Uw�W.-

X |θ ∼ N (θ, σ2)
ztjJ}

θ ∼ N (µ, τ2)
�RUW!rnW

σ2 ¬ µ ztjl} τ2 ztrnWzCadad�UV�W:}�bdg��|W�¦HjUgO�j©¨ QSRUW�{|gCacbdW!rnkxgir�}`k¤aubnrdkx�U�`bnk�gCj�gio
θ
k¤aSjUgirnV�ztw©ztjJ}

MAP(θ) =
τ2

τ2 + σ2
x +

σ2

τ2 + σ2
µ .

/lgirSbnRUW�jUW!M{lztr�ztV�W!bdW!rnkx¡:zObnk�gCj
α = eθ ¬`bnRUW�{|gCacbdW!rnkxgir�}`k¤aubnrdkx�U�`bnk�gCj�gio α

k¤aSwxgiht´ÊjUgCrdV�ztw.zijl}

MAP(α) = e
τ
2

τ2+σ2 x+ σ
2

τ2+σ2 µ−
q

τ2σ2

τ2+σ2 6= eMAP(θ) .

QSRlW�wxzCe�¦�gtoW:§9�Ukx¥Oztrnkxzijle�W
o²gir�bnRUW �=� q¯kxa�V�zik�jUwx_�}`�lW2bdg�bdRlW�e�RUgik¤e�W�gio$bdRlW ¶ W:�JW;achC�UW2V®W;ziad�UrnW
zCa�}`giV�kxjlzObnk�jUh�V�W:zCac�lrdWC¨ ª«jl}`W:W:}.¬�bdRUW �µ� q kxa��lzCacW;} gCjUwx_ gij bdRUW»}`W:jlack�bu_³giovbdRlW�{|gCacbdW:rdkxgir
}Ukxacbdrnk��l�`bdkxgij�zijl}�jUgtb°gij�bdRlWvW�£UzCe�b°}`k¤acbdrnk��U�Ubdkxgij©¨�Y
�H¥Hk�gC�lacwx_i¬tbdRUW �=� q }UW!{|W!jl}Ua°W!j9bnk�rnW!wx_�gCj�bdRUW
e�Rlgik¤e�W~gto/bdRUW�}`gCV�k�jlztbdkxjUh�V�W:ziad�UrnWi¨
X°gCjladkx}`W:r%z(V�gH}UW!w¾hikx¥iW:j��H_®bdRUW�}`W:jlack�bu_

f(x|θ) ¬U�RUW!rnWfbnRUW~{lztr�ztV�W�bnW!r θ
wxk�W;a°kxj�zij�gC{JW:j�ad�U�ladW�b

Θ
gto

R
p ¨®·¸W�}`W:jUgtbnW®�H_ Π

bnRUW0#²{|gCanackx�Uwx_=k�V�{Urngi{|W!r�%
e�gij9bnk�jH�UgC�la~{Urdkxgir�}`k¤acbdrnk��U�UbdkxgijµgCj
θ
ztjl}

�H_
Πx

bdRUW�{|gCacbdW:rdkxgir�}`k¤aubnrdkx�U�`bnk�gCj¸gio
θ
�RUk¤e�R¸k¤a�zCadad�UV�W:}=bdg»�|W®{lrdgC{JW:r:¨��vW:jUgtbnW�rdW;ac{|W:e�bdkx¥iW:w�_

�H_
πλ(θ)

ztjJ}
πλ(θ|x) ∝ f(x|θ) πλ(θ)

bdRUW�{lrdkxgir�ztjJ}�{|gCacbdW:rdkxgir�}`W:jlack�bu_�gio
θ
�¨ r:¨ b:¨

λ
¨°X°gijladk¤}`W!r

z®jUW:P}UgiV�k�jJzObdkxjUh�V�W:zCac�lrdW
ν
�RUgCadW�}`W!jJack�bu_��¨ r:¨ b:¨

λ
kxaShCk�¥CW!j��H_

g(θ) > 0
¨�]HkxV�k�w¤ztrnwx_i¬l}`W:jUgtbnW

rnW:ad{|W:e�bnk�¥CW!wx_��H_
πν(θ)

ztjl}
πν(θ|x) ∝ f(x|θ) πν (θ)

bdRUW({Urdkxgir
ztjl}�{|gCacbdW!rnkxgirv}`W:jladkmbu_�gto
θ
�¨ r;¨ b:¨

ν
¨ ·¸W�jlziV�W:}

MAPν
bnRUW �=� q¯�lziadW:}�gij�bdRUW�}UgiV�k�jJzObdkxjUh�V�W:zCac�UrnW

ν
¬lk@¨ WC¨

MAPν(θ) = Argmax
θ∈Θ

πν(θ|x) = Argmax
θ∈Θ

[

πλ(θ|x)

g(θ)

]

.
#u�1%

·¯k�bdR=bdRUk¤avjlgtbnztbdkxgij©¬
MAP = MAPλ

¨vQSRUW:rdW�k¤avkxj�opzie�b
jUg�e�wxW:ztrFsu�laubnk2'|e!zObnk�gCj»o²girvbdRUW�e�RUgik¤e�W�gio
bnRUW ¶ W!�|W:adhi�UW2V�W:zCac�UrnW�ziav}`giV�kxjlzObnk�jUh�V�W;ziad�UrdWC¨Fª«j�bdRlkxa�{Jzt{|W!r;¬U°W�}`kxane��Jada�zijUgtbnRUW!rve�Rlgik¤e�W~o²gir
bnRUW �=� q/¨

� jUgtbnRUW!r~{Jg9adadkx�Uk�wxk�bu_�bng�hiW!b
kxj`o²girnV�zObnk�gCj»gij
θ
bnRUrdgC�UhiR�bnRUW®{Jg9aubnW!rnk�gCrv}`k¤aubnrdkx�U�`bnk�gCj=kxafbdg��lacW

e!rdW;}`kx�Uw�W�adW�b�a!¬©rnW!hCk�gCjla
k�j��RUk¤e�R
θ
�|W!wxgijUh»z�{Jg9aubnW!rnk�gCrdk/�k�bdR z�hikx¥iW!j¸{Urngi�lzi�Uk�wxk�bu_i¨�Y
jlW®Sz�_�bdg

e�Rlg9g9acW�ad�le�R»acW!bna�k¤aSbng�}`W�'ljlW��fkxhiRUW;aubvq�rdgC�lzt�Ukxwxkmbu_��
W!jJack�bu_�e!rdW;}`k��lw�W�adW�b�a3#p�vq��
a4%�¨5/lgirnV�ziw�wx_i¬Uz
adW�b

HPDγ(θ) ⊂ Θ
kxa�zij��vq���gio/wxW!¥CW!w

γ
k�o&bnRUW!rnW�W�£`k¤aub�a�z®e!gijlacbnzij9b

kγ
ad�le�R�bdRJzOb

{θ : πλ(θ|x) > kγ} ⊂ HPDγ(θ) ⊂ {θ : πλ(θ|x) ≥ kγ}
ztjl}

Πx ({θ : πλ(θ|x) > kγ}) ≤ γ ≤ Πx ({θ : πλ(θ|x) ≥ kγ}) .
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ªÊo
Πx({θ : πλ(θ|x) = kα}) = 0

#²bdRUk¤afk¤afjlgtb�bdRlW(e!zCacW2o²gCrfW�£UztV�{UwxW�k�o bdRUW�{|gCacbdW:rdkxgirf}Ukxacbdrnk��l�`bdkxgij
k¤aS�UjUk�o²girnV gCrSkxa	�|zOb�gij»adgiV�W2k�j9bdW:rd¥Oziwxa4%�¬`%W�ackxV�{Uw�_��rdk�bdW.-

HPDγ(θ) = {θ : πλ(θ|x) ≥ kγ}
ztjl}

Πx (HPDγ(θ)) = γ .
#@� %

/lrdgCV'jUgOPgij©¬Hbng�z�¥igCkx}��UjUjUW;e�W;adanztrn_�e�gCV®{lw�k¤e!ztbdW:}��rnkmbnk�jlhl¬`%W�zianac�UV�W~bdRJzObv�fq°�
a
e!ztj»ziw�Sz�_`a
�|W��rnk�bcbdW:j³zia(k�j #@� %�¨µªÊb�k¤a�%W!wxw�¦HjUgO�j�bdRJzOb

HPDγ(θ)
V�k�jlk�V�kx¡!W:a(bdRlW�wxW!jUhibdR #²gCr(¥Cgiwx�UV�W�k�j

bnRUW2V(�Uw�bdkx¥OztrnkxztbdW�e!zCacW*%�ziV�gijUh�bdRUW�e!rdW;}`kx�Uw�W2adW�bnaSgio&wxW!¥CW!w.hirnW:ztbdW:r°gCr%W;§9�lztw¾bng
γ
¬`�RUW!rnW~bdRUW2�UjUk�b

gio w�W:jUhtbnR=gir
¥igiwx�UV�W�k¤avhCk�¥CW!j»�H_�bdRUW ¶ W!�|W:adhi�lW�V�W:ziad�UrnW
λ
¨vªÊb
k¤af%girdbdR»jlgtbdkxjUh�bdRlztb
�RUW:j»bdRUW

�µ� q³W!£Hk¤acbna�zijl}�k¤a��Ujlkx§9�UWvzijl}��RUW:j
πλ(θ|x)

k¤aFrnW!hi�lwxzir�#²WC¨ hJ¨/adW!V�k�´Êe!gij9bdkxjH�Ugi�la4%�¬ibdRUW �=� q e!ztj
�|W�gi�UbnztkxjUW;}�o²rngiV �vq��~af�H_

MAP(θ) =
⋂

0<γ<1

HPDγ(θ) .
#  .%

/lrdgCV jUgO�gij$¬©°W®giV�k�b
bnRUW�ac�l�lade!rdkx{`b
γ
k�j��fq�� γ ¨ � a �=� q�a:¬$�fq��~a�zirdW®e�rnkmbnkxe!k�¡:W:}»o²gCr~bdRUW:k�r

w¤zie�¦�gio/W;§9�Uk�¥Ozirdk¤ztjle!W
�ljl}`W!rvrdW:{lztr�ztV�W�bnrdkx¡:ztbdkxgij�wxW:zC}`k�jlh�bng�{lztr�zi}Ug�£Hk¤e!ziwJ�|W!RJz�¥9kxgi�lrna:¨
X°gCjladkx}`W:r%o²gir�W�£UziV®{lw�W

X |θ ∼ B(θ)
ztjl}

θ ∼ U]0,1[
¨FQSRUW��fq°��o²gir

θ
k¤a

HPD(θ) =
{

θ : θx(1 − θ)1−x ≥ kγ

}

.

/lgirSbnRUW�jUW!M{lztr�ztV�W!bdW!rnkx¡:zObnk�gCj
α = log(θ/(1 − θ)) = logit(θ)

¬

HPD(α) =

{

α :
e(x+1)α

(1 + eα)3
≥ k′

γ

}

.

//kxhi�UrnW:a�� {UrdW;acW:j9bna�bdRlW³{Jg9aubnW!rnk�gCr=}`W!jJack�bdkxW:aµgto
θ
ztjl}

α
�RlW!j

x = 0
¨ QSRUW e:ziadW

x = 1k¤a�ackxV�k�w¤ztr;¨ ª«jMbdRUW¢girnk�hCk�jJztw~{lztr�ztV�W�bnW!rnk�¡;zObnk�gCj¯�9_
θ
¬vbnRUW �fq��~a»ztrnWµgCjUW�´«ack¤}`W;}.¬v�RUkxwxW¸o²gCr�z

V�gCjUgtbngijUk¤e2rdW:{lztr�ztV�W!bdrnk�¡;zObdkxgij��H_
α
¬JbdRUW®�fq��~a
�JW;e�giV�W(bu°gi´Êadkx}UW:}�ztjl}�gC�H¥9kxgi�Jacwx_i¬

HPD(α) 6=
logit(HPD(θ))

¨ /UgCr.V�girnW W�£UztV�{UwxW:a©zijl}2}`kxane��Jadadk�gCjla¾gto9bdRlkxa&e�gij��lkxe�b:¬�acW:W ¶ W!RlV�zijUj�ztjl}�y�gCV�zijUg
#@�t�C��

%� adW:e�bnk�gCj�
`¨����©ztjl} Â W!rnhiW:r #c������
�%�� adW:e�bdkxgij � ¨  U¨Õ���Ê¨
� a �=� q�a!¬¾�fq°�
a~ztrnW�}`W�'JjUW:}�gCjUw�_�bdRUrngi�lhiR�bdRUW�}`W!jladk�bu_�gio/bnRUW�{|gCacbdW:rdkxgirf}`k¤acbdrnk��U�Ubdkxgij=ztjJ}

bnRUW!rnW�o²gCrdW�}UW!{|W!jl}Ua(gij�bnRUW�ztrn�Uk�bdr�ztrn_µe�RUgCkxe!W�gtoSbdRUW�}`giV�kxjlzObnk�jlh»V®W;ziad�UrnWi¬/gir�W;§C�lk�¥OztwxW!j9bnw�_¸bdRUW
�ljUkmb~gtoFwxW!jUhibdR=gCrv¥Cgiwx�UV�Wi¨fQSRUW�k�V�{Uwxkxe!kmb�e�RUgCkxe!W�o²girvbdRUW®�fq�� k¤afbnRUW ¶ W!�|W:adhi�UW�V�W;ziad�UrdWC¨�ªÊoF°W
e�Rlg9g9acW

ν
zia�}`gCV�k�jlztbdkxjUh�V�W:ziad�UrnWi¬`%W�e!ztj�}`W('ljUW�z®jUW!P�fq��±rdW:hikxgij©¬`jJztV�W:}

HPDν(θ)
¬l�9_

HPDν(θ) = {θ : πν(θ|x) ≥ kγ} .
# � %

·¯k�bdR bdRlkxa®jUgibnzObnk�gCj©¬
HPD(θ) = HPDλ(θ)

¨ �fgibdW�bdRlztb
HPDν

k¤a�bdRUW�rnW!hikxgij gtovwxW!¥CW!w
γ
�k�bdR

V�kxjUkxV�ziw©wxW!jUhibdR�gir�¥igCw��lV®W2�RUW:rdW2wxW!jUhibdR
ν(C) =

∫

C
dν(θ)

¨
QSRlW%zik�V�giolbdRlkxa/{lzi{JW:r/k¤a/bdg2}`k¤ade!�lana/z
jUW: e�RUgik¤e�W°gto¾}`giV�kxjlzObnk�jUh~V�W:zCac�UrnWFbnRlzOb V�zt¦CW �=� q�a ztjJ}
�vq��~aSW:§9�Ukx¥�zirdk¤ztj9b%�Ujl}`W:r

1− 1
acV�gHgtbnR�rnW!{lzirnziV®W!bdrnk�¡;zObnk�gCj©¨Yvo&e!gi�Ur�adWi¬9bdRUW�e�RUgCkxe!W
adRUgi�lwx}�gijUwx_

}UW!{|W!jl}¢gij¸bdRlW�V®g`}`W:w
f(x|θ) ¨�Q$g�V�zt¦CW�e!giRUW:rdW:j9b
bnRUW Â z�_iW:adk¤ztjµzijl}=o²rnW:§9�UW:j9bdk¤aub�zt{l{Urdg9zie�RUW;a!¬%W�kxV®{|gCadW�bnRlzObFbnRUWfjUW: �=� q³zijl}®bdRUW �=¶ e�gCk�jJe�k¤}`WSo²gir�z�jUgij�kxj`o²girnV�zObdkx¥iW�{lrdkxgir;¨ +vjl}`W!r�bdRUW;acW

e!gijl}Ukmbnk�gCjla!¬lkmbvk¤afjJzObd�lrnziw.bdg�e�RUgHg9acW2bnRUW(�CW�Ã¾rdW:_HaSV�W;ziad�UrdW�zCaf}`gCV®kxjlztbdkxjUh�V�W:ziad�UrnWi¨°ªÊbvkxav°gCrcbnR
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//kxhi�UrnW�� - q/g9aubnW!rnk�gCr�}`W!jladk�bdkxW:a�gio
θ
ztjl}

α
�RUW:j

x = 0

jlgtbdkxjUh�bdRlztbSbdRUW�e�RUgCkxe!W
gio/z®}`giV�kxjlzObnk�jUh�V�W:zCac�lrdW
kxaSjUgibf}`k�rnW:e�bdwx_�e�gCjUjUW:e�bdW;}��k�bdR�bdRUW�e�RUgCkxe!W
gio
z�{Urnk�gCr~}Ukxacbdrnk��l�`bdkxgij¢�RUk¤e�R¸e�gCrdrnW:ad{|gijl}Uavbdg�z�{Urdkxgir2¦HjUgO�wxW:}`hCW(gCj=bdRlW®{Jztr�ztV�W�bnW!r;¨�ª«j�]HW;e�bnk�gCj
�`¬U°W�}`k¤ane��lana°bdRUW�kxV�{Uw�k¤e!ztbdkxgij�gto ac�Je�R�z�e�RUgik¤e�W~o²gCrSbdRUW�}`gCV®kxjlztbdkxjUh�V®W;ziad�UrnWi¨ª«j�]`W:e�bnk�gCj  l¬`°W
zC}Uzt{UbSgC�Urfzt{l{Urdg9zie�R�bng�bdRUW�}UW!wxkxe:zObdW�e:ziadW~gio&V�g`}`W!w¤a��k�bdR�jH�Uk¤adzijle�W2{lzirnziV®W!bdW:rna:¨

� ���������
	����	�����),+-� 	����*�����

ª«j bdRlkxa�adW:e�bdkxgij©¬°°W»zianad�UV�W�bnRUW��lac�Jztw�rnW!hi�lwxzirdk�bu_ e�gijJ}`kmbnk�gCjla®gij bdRUW�V�g`}`W!w�hCk�¥CW!j �9_
f(x|θ)adg»bnRlzOb�bnRUW�//k¤acRlW!r(kxj`o²gCrdV�zObnk�gCj

I(θ)
k¤a(%W!wxw°}UW�'ljUW;}.¨=·¢W�ziwxadg=zianac�lV®W�bdRlztb

I(θ)
k¤a�{|gCadk�bdkx¥iW

}UW�'ljUk�bdW�o²gir�W:zie�R
θ ∈ Θ

¨»QSRUW��iW!Ã|rnW!_`a�V�W:zCac�lrdW�o²gCr
θ
¬F}`W:jUgtbnW:}��H_

Jθ
¬/k¤a�bnRUW�V�W;ziad�UrdW��k�bdR

}UW!jladkmbu_ |I(θ)| 12 �¨ r;¨ b;¨ λ
¨ ·¢W
}`W:jUgtbnWv�H_

JMAP(θ) = MAPJθ
(θ)

bdRUW �=� q gi�`b�ztkxjUW:}��H_®bnzi¦Hk�jUh
bnRUWv�CW�Ã¾rdW:_`a V�W:ziad�UrnW�ziaF}`gCV�k�jlztbdkxjUh�V�W:zCac�lrdWC¨/]HkxV�k�w¤ztrnw�_C¬i%Wv}`W:jUgtbnW��9_

JHPD(θ) = HPDJθ
(θ)bnRUW��fq°��rnW!hikxgij��kmbnR�bdRUW��CW�Ã¾rdW:_`a°V�W;ziad�UrdW�zCa�}`giV�kxjlzObnk�jUh�V�W:zCac�lrdWC¨/·¢W2Rlz�¥iW.-

JMAP(θ) = Argmax
θ∈Θ

f(x|θ) |I(θ)|− 1
2 πλ(θ) ,

# 
 %

zijl}
JHPD(θ) = {θ : f(x|θ) |I(θ)|− 1

2 πλ(θ) ≥ kγ} .
#p�.%

QSRUW 'lr�acb%V�gtbnk�¥Oztbdkxgij�o²gCrS�lackxjUh��C�vq��~afztjl}�� �µ� q�aSk¤a°bdRlztb%bnRUW!_�wxW:zC}�bng�W;§9�Uk�¥Ozirdk¤ztj9b°kxj`o²W:rc´
W:jle�W2�UjJ}`W!r�}`k�Ã|W:rdW:j9bdk¤zt�UwxW2rdW:{lztr�ztV�W�bnrdkx¡:ztbdkxgij©¨/y�gi�JadadW:zi��ztjJ}�yfgi�|W!rdb #@�t�i� 
�%°�Urnk�W �l_�e�gCjladkx}`W:r%z
adkxV®kxw¤ztr2kx}UW:z�kxj¢z»}`k¤ane��lanackxgij¸gij�z�{lzt{|W!r�gio Â W!rnjlzirn}`g #7�i�i� 

%�¨�X°gijJack¤}`W!r2jUgO z�}`kmÃ¾W!rnW!j9bnkxzi�Uw�W
rnW!{Jztr�ztV�W�bnrdkx¡:ztbdkxgij

α = h(θ)
¬lbdRUW({Jg9aubnW!rnk�gCrS}UW!jladkmbu_�gto

α
�¨ r:¨ b:¨ bng�bdRUW��CW�Ã¾rnW!_`aSV�W:ziad�UrnW~o²gir

α
¬

}UW!jUgibdW:}��H_
Jα
¬Uk¤a(-

πJα
(α|x) =

πλ

(

h−1(α)|x
)

∣

∣

d
dαh−1(α)

∣

∣

|I(h−1(α))|− 1
2

∣

∣

d
dαh−1(α)

∣

∣

= πJθ

(

h−1(α)|x
)

.
# ��%
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/lrdgCV���§|¨5# � %�¬i%WSgi�`b�ztkxj®bdRUWSo²�UjJe�bdkxgijJztwUW;§C�lk�¥Oztrnk¤ztjle!W%{lrdgC{JW:rcbnk�W;agtolbnRUWv� �=� q zijl}�bdRUWf�9�fq�� -

JMAP(h(θ)) = Argmax
α∈h(Θ)

πJα
(α|x)

= Argmax
α∈h(Θ)

πJθ

(

h−1(α)|x
)

= h(JMAP(θ)) .
# � %

zijl}

JHPD(α) = {α : πJα
(α|x) ≥ kγ}

=
{

α : πJθ

(

h−1(α)|x
)

≥ kγ

}

= h (JHPD(θ)) .
# � %

¶ W�b��la�e�gCjlack¤}`W:r2bdRUW�jlgirnV�ziw W�£UztV�{UwxW�gtofadW:e�bdkxgij �t¬
X |θ ∼ N (θ, σ2)

zijl}
θ ∼ N (µ, τ2)

¨�·¸W
RJz�¥iW

I(θ) ∝ 1
ztjl}

JMAP(θ) = MAPλ(θ)
¨ /Ugir

α = exp(θ)
¬$%W�e!zij¢}`W:rdkx¥iW

JMAP(α)
o²rngiV

JMAP(θ)
�H_

JMAP(α) = eJMAP(θ) .
X°gCjladkx}`W:r2jUgO�bnRUW Â W!rnjUgi�Uwxwxk W�£UztV�{UwxW�gtof]HW:e�bdkxgij �i¬

X |θ ∼ B(1, θ)
zijl}

θ ∼ U]0,1[
¨�·¢W�Rlz�¥CW

I(θ) = 1/(θ(1 − θ))
zijl}

JHPD(θ) =
{

θ : θx+1/2(1 − θ)1−x+1/2 ≥ kγ

}

.

/lgir
α = h(θ) = log(θ/(1 − θ))

¬U%W�Rlz�¥CW

JHPD(α) =

{

α :
exp((x + 1/2)α)

(1 + exp(α))2
≥ kγ

}

= h(JHPD(θ)) .

//kxhi�UrnW:a �v{UrnW:adW!j9bna$bdRUW�{|gCacbdW:rdkxgir}`W:jlack�bdkxW:a/gio
θ
ztjl}

α
�¨ r;¨ b;¨©bnRUW��iW!Ã|rnW!_`a}`giV�kxjlzObnk�jlh
V�W:zCac�lrdW;a!¨

X°gCj9bdr�ztrn_�bng�bdRUW ¶ W!�|W:adhi�UW�}`gCV�k�jlztbdkxjUh�V�W:ziad�UrnW:aSe!zCacWC¬`°W2gC�`bnzik�j�bu°gi´Êadk¤}`W:}�rdW:hikxgijla:¨
QSRUWSgibdRUW:r/V�gibdkx¥�ztbdkxgij(o²gir/bdRUW�e�RUgCkxe!W�gio

Jθ
zia}`gCV�k�jlztbdkxjUh~V®W;ziad�UrnW�k¤a/bdRlztb&bnRUW��iW!Ã|rnW!_`a/V�W:zO´

ad�UrnW(k¤a2z�e!wxzCadadkxe:ztw/jUgijU´@kxj`o²girnV�zObnk�¥CW({Urnk�gCrvo²gCr
θ
#p�CW�Ã¾rnW!_`a�¬ ���i�U������zCadaSztjJ}�·�zianadW!rnV�zij¾¬ ��� �C��%�¨

yfW:e!ziw�w$bdRlztb:¬¾{UrngO¥Hkx}`kxjUh�bnRUW!rnW�zirdW�jlg�jH�UkxanztjJe�W�{lzirnziV�W�bdW:rna:¬ Â W:rdjlzirn}Ug #c��� � � %vacRUgO%W:}�bnRlzOb
bdRUW
�CW�Ã¾rnW!_`aF{UrnkxgirS}`kxacbdrnkx�U�`bdkxgij�V®kxjUkxV�k�¡:W:a°bdRUW2ziad_HV�{`bdgibdk¤efW�£`{|W:e�bdW:}��2�Uw�wx�lzCe�¦C´ ¶ W:k��lw�W:r°}`k¤aub�ztjle!Wv�|W�´
bu%W!W:j�bdRUW({Urdkxgir
ztjl}�bnRUW({|gCacbdW:rdkxgirf}`k¤acbdrnk��U�Ubdkxgijla:¨�+vadk�jlh�gi�Ur
zt{U{UrngCzCe�R©¬Uk�o jUg�{Urnk�gCrf¦HjUgO�wxW:}`hCW
k¤a(z�¥Ozik�w¤zt�UwxW�gij

θ
ztjl} k�of%W�zie:e�W!{Ub�bdRUW��iW!Ã|rnW!_`a�V�W;ziad�UrdW�zia�jUgCjUkxj`o²girnV�zObdkx¥iW�{Urdkxgir;¬&bdRUW:j bdRUW

� �=� q k¤a�W;§C�Jztw.bng�bdRUW2o²rnW:§9�UW:jCbnkxacb �=¶ �RlztbdW:¥iW!rSbnRUW�{lzirnziV�W�bdrnkx¡:zObnk�gCj�k¤a!¬l{UrdgO¥Hk¤}`W:}�bdRlW3/&k¤adRUW!r
kxj`o²gCrdV�zObnk�gCj�k¤av}UW�'ljUW;}.¨ � girnW!gO¥iW:r:¬Hkxj�bdRUk¤ave:ziadWi¬l�9�fq°�
a
e!ztj�bnRUW!j��|W�bdRUgC�UhiR9bvzCafe�rnW:}`kx�UwxW�acW!bna
� ztrngi�UjJ} � bdRUW �=¶ ¬J�RUW:rdW(bdRUW�bdW:rdV zirdgC�Ujl}�V�z�_��JW®zt�U�ladkx¥iW(kxjµe:ziadW(gtoFV��Uw�bdkxV®g`}Uziw&{|gCacbdW:rdkxgir
}Ukxacbdrnk��l�`bdkxgij #²V��Uwmbnk�V�g`}Uziw©kxav}`W�'ljlW:}��¨ r;¨ b:¨/bdRUW��CW�Ã¾rnW!_`aSV�W:ziad�UrnW1%�¨
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/&kxhi�lrdW���- qgCacbdW!rnkxgir�}`W!jJack�bdkxW:aSgio
θ
ztjJ}

α
�¨ r:¨ b:¨bnRUW��CW�Ã¾rdW:_HaSV�W;ziad�UrdW~�RUW:j

x = 0

� ),3����� !"��'����� �®����"&	����%����	��/	(01�%�/�S�

ª«j¸bdRlkxa�adW:e�bdkxgij©¬$°W�}`k¤ade!�lana~adW!¥CW!r�ztwV�W�bnRUg`}Ua~bdg»}`W:rdkx¥iW�ztj¢W:§9�Ukx¥OztwxW!j9b�gtoS� �=� q�a�ztjJ}¸�9�fq��~a
�RlW!j�jH�Uk¤adzijle�Wf{Jztr�ztV�W�bnW!rFztrnWf{UrnW:adW!j9bFkxj�bdRlWvV�g`}`W!w@¨·¸WvzCadad�UV�W�bnRlzObFbnRUWv{Jztr�ztV�W�bnW!r

θ
k¤a°ad{Uwxkmb

kxj9bdg�bu°g�{lztrdbna -
θ = (θ1, θ2) ∈ Θ1 ⊗ Θ2

�RUW!rnW
θ1
kxa
bdRlW�{lzirnziV�W�bdW:rvgio�k�j9bnW!rnW:acb~ztjJ}

θ2
k¤a
bdRUW

jH�Uk¤anztjle!Wi¨�·¸W�}`W!jlgtbdW��9_
πν(θ1|x)

bdRUW�}`W!jJack�bu_¸gio�bdRUW�V�zirdhCk�jJztwF{|gCacbdW:rdkxgir(}Ukxacbdrnk��l�`bdkxgij gio
θ1�¨ r;¨ b;¨bdRUW�V�W:zCac�lrdW

ν
¨FQSRUW�e!girnrdW;ac{|gijl}Uk�jUh �=� q

ν
ztjl}��fq°�

ν
zirdW

MAPν(θ1) = Argmax
θ1∈Θ1

πν(θ1|x)
#c�:�.%

ztjJ}
HPDν(θ1) = {θ1 : πν(θ1|x) ≥ kγ}

#c�i�1%
Â W;e!zt�JacW~bdRlW��iW!Ã|rnW!_`a�{Urnkxgirf}`gHW:afjUgtbv}`k¤acbdkxjUhi�Uk¤adR��|W�bu%W!W:j�{lztr�ztV�W�bnW!r�gio/kxj9bdW!rnW:acbvztjJ}�jH�Uk¤anztjle!W
{Jztr�ztV�W�bnW!r;¬ Â W:rdjlzirn}Ug #u��� � ��%({Urngi{|gCadW�z¸jUW!'zi{U{UrngCzie�R³e:ztwxw�W;} rnW�o²W!rnW!jJe�W�{lrdkxgir�zt{U{lrdg9zie�R©¨¸ª«j
bnRUk¤aS]`W:e�bnk�gCj©¬H°W2adRUgO¯RUgO¯%W~e:ztj��ladW:}�bdRUk¤aSrnW�o²W!rnW!jJe�Wv{lrdkxgir%ziaS}`giV�kxjlzObnk�jlh(V�W:zCac�UrnWfbng®}UW�'ljUW
W;§9�Uk�¥Ozirdk¤ztj9b �=� q�a2ztjl}=�vq��~a!¬.e!ziw�wxW:}=�9_�ztjJztwxgihi_��kmbnR¢]HW;e�bnk�gCjµ�`¬¾� �=� q�a2ztjl}»�9�fq°�
a:¨~Q&%g
e:ziadW:a�zirdW¸e�gijJack¤}`W!rnW:} -=bdRlW¸e!zCacWµ�RUW!rnW»bdRlW!rnW=kxa�e�gCjl}`k�bdkxgijlziw
ad�U�`suW;e�bdkx¥iWµk�j`o²gCrdV�ztbdkxgij o²gir�bdRUW
jH�Uk¤anztjle!W~{Jztr�ztV�W�bnW!r�ztjl}�bdRlW�e!ziadW2�RUW!rnW~bdRUW:rdW2k¤aSjUgijlWi¨

�	��
 ����������������������! �"$#%�&�'�� �"$(*),+%-.�� /-0��1(2�3(*��)�(4�%)��
]`�U{U{|gCadW=bdRJzOb»z ad�U�`suW:e�bdkx¥iWµe!gijl}Ukmbnk�gCjlztw~{Urnk�gCr�k¤a�z�¥Oztkxw¤zt�UwxW»o²gir

θ2
hCk�¥CW!j

θ1
¨ ·¢W¢}`W:jUgtbnWµ�H_

πλ(θ2|θ1)
kmb�a®}UW!jladkmbu_��¨ r:¨ b:¨

λ
¨¢ª«j³bdRUk¤a�e!ziadWi¬F]H�lj�zijl} Â W!rnhiW!r�#u����� ��%({Urngi{|gCadW�bu°g¢}`k�Ã|W:rdW:jCb

zi{U{UrngCzCe�RUW:avbdg=}`W:rdkx¥iW®rnW�o²W!rnW!jJe�W�{Urnk�gCrna
o²gir
θ1
¨�·¸W�V�kxV�kxe®bnRUW!kxr(zt{l{Urdg9zie�RUW;a
zijl}¸bdRUW:rdW�k¤a2bu%g

rnW:zCacgCjlzt�lw�W
gi{`bnk�gCjla%o²gir 'ljJ}`k�jlh�z®}UgiV�k�jJzObdkxjUh�V�W:zCac�UrnW2gij
Θ1
¨

5�6 � �87
�:9�;�e�gCjladkx}`W:rfbnRUW�V�zirdhCk�jlziw$V�g`}`W!w
f(x|θ1) =

∫

f(x|θ1, θ2)πλ(θ2|θ1)dθ2
¨��vW:jUgtbnW(�H_

Im(θ1)
bnRUW�//kxadRUW!r$k�j`o²gCrdV�ztbdkxgij2V�zObdrnk�£vo²gir

θ1
gC�`bnzik�jlW:}
o²rdgCV�bnRUWFV�ztrnhikxjlztwOV�g`}`W:w7¨ � }`giV�kxjlzObnk�jUh
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V�W;ziad�UrdWSe!zij��|WSbdRlWS�CW�Ã¾rnW!_`aV�W:ziad�UrnW°gCj
Θ1

�k�bdR�}`W:jlack�bu_��¨ r:¨ b:¨
λ
{Urngi{|girdbdkxgijJztw9bdg |Im(θ1)|1/2 ¨ª«j�bnRUkxa�e:ziadWi¬HbnRUW�� �µ� q¯ztjl}�bnRUW��C�vq���zirdW�}`W('ljUW:}��H_

JMAP1(θ1) = Argmax
θ1∈Θ1

[

πλ(θ1|x)

|Im(θ1)|1/2

]

,

JHPD1(θ1) =

{

θ1 :
πλ(θ1|x)

|Im(θ1)|1/2
≥ kγ

}

.

JMAP1
zijl}

JHPD1
zirdW�gi�H¥Hk�gC�lacwx_vW;§9�Uk�¥Ozirdk¤ztj9b©o²gCr&z

1−1
acV�gHgtbnR�rdW:{lztr�ztV�W!bdrnk�¡;zObdkxgij~gij2bnRUW%{lzO´

r�ztV�W!bdW!r.gio9kxj9bdW:rdW;aub;¨ +fjUo²girdbd�UjlztbdW:w�_C¬!bnRUW //kxadRUW:r.k�j`o²gCrdV�ztbdkxgij2V�zObdrnk�£vo²gir ∫
f(x|θ1, θ2)πλ(θ2|θ1)dθ2k¤aSgto�bnW!j»}`k���e��Uw�b�bdg�e!giV�{U�`bnWi¨FQSRUk¤a�}`k���e!�Uw�bu_�V�gtbnk�¥OzObnW:a%bnRUW�k�j9bnrdg`}`�le�bdkxgij�gto ztjUgibdRUW:r�gi{`bnk�gCj©¨

5�6 � �87
��� ; /lgiwxw�gO�kxjUh Â W!rnjlztr�}`g #u��� � �.%�¬(]H�Uj»zijl} Â W:rdhCW!r)#c��� ����%�{Urngi{|gCadW¢bdg¯V�zO£`kxV®kx¡!W
zCac_HV�{`bngtbdk¤e!ziw�wx_³bnRUWµW!£`{JW;e�bdW;} �2�Uwxw��lzCe�¦9´ ¶ W!kx�Uw�W:r�}`kx¥iW:rdhCW!jle!W»�JW!bu°W:W!j bdRlWµV�ztrnhikxjlztw�{|gCacbdW:rdkxgir
gio

θ1
zijl}�bdRUW(V�zirdhCk�jJztw.{Urnk�gCr�gto

θ1
¨SQSRUkxafw�W;zi}UaSbng�bdRUW�}`kxacbdrnkx�U�`bdkxgij�gCj

Θ1
�kmbnR=}`W!jladk�bu_��¨ r:¨ b:¨

λ
{UrdgC{JgCrcbnk�gCjlztw|bng

exp

{

1

2

∫

πλ(θ2|θ1) log

( |I(θ1, θ2)|
|Ic(θ2|θ1)|

)

dθ2

}

�RlW!rnW
I(θ1, θ2)

k¤a�bnRUW /&k¤adRUW!r�k�j`o²gCrdV�ztbdkxgij³V�zObnrdk�£��lziadW:}�gCj
f(x|θ1, θ2)

ztjl}
Ic(θ2|θ1)

kxa(bdRUW
//k¤acRlW!rSk�jUo²girnV�ztbdkxgij�V�ztbdrnkm£��JziadW:}�gCj�bnRUW2V�gH}UW!w

f(x|θ1, θ2)
�RUW:rdW

θ1
k¤aS¦HjUgO�j©¨ QSRUk¤a%kxaSW;adadW!j`´

bnkxziw�wx_�bdRlW�adgiwx�`bnk�gCjµ�ladW:}µk�j Â W!rnhiW!rSztjJ} Â W:rdjlzirn}Ug$#u��� � �H¬ ��� �9�
%�¬©�U�Ub2RlW!rnW®z�ac�l�`suW:e�bdkx¥iW�e�gijJ}`km´
bnk�gCjlztw¾{Urnkxgir%o²gir%bdRlW~jH�Uk¤anztjle!W
{lzirnziV�W�bdW:r°hCk�¥CW!j�bdRUW2{lzirnziV®W!bdW:r%gio$kxjCbnW!rnW:acb�kxa%�ladW:}.¨ ·¢W2{Urngi{|gCadW
bng��JacW~bdRlW~{lrdW:¥9kxgi�Ja%}Ukxacbdrnk��l�`bdkxgij�ziaS}`gCV®kxjlztbdkxjUh�V�W;ziad�UrdW~gij

Θ1
¨ª«j�bdRUk¤a�e!zCacWC¬HbdRUW�� �=� q ztjJ}

bnRUW��9�fq���zirdW�}`W('ljUW;}��H_

JMAP2(θ1) = Argmax
θ1∈Θ1





πλ(θ1|x)

exp
{

1
2

∫

πλ(θ2|θ1) log
(

|I(θ1,θ2)|
|Ic(θ2|θ1)|

)

dθ2

}



 ,

JHPD2(θ1) =







θ1 :
πλ(θ1|x)

exp
{

1
2

∫

πλ(θ2|θ1) log
(

|I(θ1,θ2)|
|Ic(θ2|θ1)|

)

dθ2

} ≥ kγ







.

JMAP2
ztjJ}

JHPD2
ztrnW~gC�H¥9kxgi�Jacwx_�W:§9�Ukx¥Oztrnkxzij9b%o²gCrvz

1 − 1
acV�gHgtbnR�rnW!{Jztr�ztV�W�bnrdkx¡:ztbdkxgij�gCj�bdRUW

{Jztr�ztV�W�bnW!rSgto/k�j9bdW:rdW;aub;¨
¶ W�b��la°e�gCjlack¤}`W:rFz�adziV®{lw�W

X1, . . . , Xn
o²rngiV z2jlgirnV�ziwl}`k¤aubnrdkx�U�`bnk�gCj��kmbnR�W�£`{|W:e�b�zObnk�gCj

θ2 = µzijl}³acbnzijl}Uztr�}³}`W:¥Hkxztbdkxgij
θ1 = σ

¬ bdRlW�{lzirnziV�W�bdW:r�giofk�j9bnW!rnW:acb:¨³]H�U{U{|gCadW�bdRlztb�bnRUW�e!gijl}Ukmbnk�gCjlztw
{lrdkxgir�}`k¤acbdrnk��U�Ubdkxgij¢o²gir

µ
hikx¥iW:j

σ
k¤a�jUgirnV�ztw �k�bdR W!£H{|W:e�bnztbdkxgij

m
ztjJ}¸¥Ozirdk¤ztjle!W

τ2 ¨ � {U{Uwx_Hk�jUh{lrdgC{Jg9ack�bdkxgij �µgto
]H�lj�zijl} Â W!rnhiW!r #u��� � ��%�¬%Y
{`bnk�gCj���}UgiV�k�jJzObdkxjUh¸V®W;ziad�UrnW�Rlzia®}`W:jlack�bu_ �¨ r:¨ b:¨

λ
{Urngi{|girdbdkxgijJztw bng (

1

σ2
+

σ2

(n − 1)(σ2 + nτ2)2

)1/2 ¬Fzijl} Y
{`bnk�gCj �=}UgiV�k�jJzObdkxjUh=V�W;ziad�UrdW�Rlzia
}UW!jladkmbu_~�¨ r:¨ b:¨

λ
{lrdgC{JgCrcbnk�gCjlztwObng

1/σ
¨&QSRUW;acW bu%gv}`gCV�k�jlztbdkxjUhvV�W;ziad�UrdW;a©ztrnW�}`k�Ã¾W!rnW!j9b:¨/�fgO%W!¥iW:r:¬

�RlW!j
n → ∞ ¬`bdRlW�acW;e�gijJ}�}`W:jladkmbu_�e!gijH¥iW:rdhCW
�ljUkmo²gCrdV�wx_�bdg®bnRUW 'lr�aubfgCjUWi¨
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¶ W�b��Ja(jUgO e!gijladkx}UW!r�bnRUW��Ukx¥OztrnkxztbdW��lk�jUgCV�kxziw°V�g`}`W!w°{Urngi{|gCadW:}��H_ X°rngOf}`W:rSzijl}�]H°W:W�bnk�jUh
#c����� ��%SztjJ}�rnW!¥Hk¤ack�bdW;}��H_�qgCwxadgij�ztjl}�·�zianacW:rdV�ztj #u��� �i��%�-

f(x1, x2|θ1, θ2) =

(

m
x1

)

θx1

1 (1 − θ1)
m−x1

(

x1

x2

)

θx2

2 (1 − θ2)
x1−x2

I1,...,m(x1)I1,...,x1
(x2) .

�RlW!rnW
IA
k¤aSbnRUW�kxjl}`k¤e!zObngirSo²�UjJe�bdkxgij»gCj

A
ztjl}

m
k¤afac�l{U{Jg9acW;}�bdg��|W�¦HjUgO�j©¨°]H�l{U{Jg9acW2bnRlzObvbdRUW

e!gijl}Ukmbnk�gCjlztw }`k¤aubnrdkx�U�`bnk�gCjµgio
θ2
hikx¥iW!j

θ1
k¤a�z Â W!bnz�}`kxacbdrnkx�U�`bdkxgij¢�k�bdR¢{lztr�ztV�W�bnW!r

a
ztjl}

b
¨ /lgir

ad�le�R�z®V®g`}`W:w7¬ |I(θ1, θ2)| = (1 − θ1)
−1θ−1

2 (1 − θ2)
−1 ztjJ} |Ic(θ2|θ1)| = θ1(θ2(1 − θ2))

−1 ¨ ªÊbfkxa¥CW!rn_�W:ziad_�bdg�adRUgO¯bdRJzOb
Y
{`bdkxgij¸�~zijl}»Y
{`bdkxgij��(}`gCV�k�jlztbdkxjUh®V®W;ziad�UrnW:a%ztrnWvbnRUW�adziV®W2ztjJ}�Rlz�¥CW
}UW!jladkmbu_��¨ r;¨ b;¨

λ
{Urngi{|girdbdkxgijlziw|bdg

θ
−1/2
1 (1 − θ1)

−1/2 ¨]H�lj�zijl} Â W!rnhiW!r #c��� ����%2e�gCjlack¤}`W:rdW;}=bnRUW�e!zCacW®�RUW!rnW
θ1
ztjl}

θ2
ztrnW�k�jl}UW!{|W!jl}`W:j9b:¨ /lgir2bdRlkxa

gibdRUW:rv{Urnkxgirfkxj`o²girnV�zObnk�gCj©¬l%W(e!zij=ztw¤acg�V�kxV�kxe�bdRUW:k�r~zt{U{UrngCzCe�R�bng�}`W('ljUW(z�}`giV�kxjlzObnk�jUh�V®W;ziad�UrnW
gCj

Θ1
¨

�	��� �  � �$� � � ���'����� �! "$#$���'�� �"$(4) +$- �� /- ( �3(*� )�(4�%)��
ªÊo�jlg ad�U�`suW:e�bdkx¥iW¢e�gijJ}`kmbnk�gCjlztw
{Urnk�gCr�o²gir

θ2
hCk�¥CW!j

θ1
k¤a�z�¥�zik�w¤zt�lw�WC¬�°W¸{UrdgC{Jg9acW=bdg V�kxV�kxeµbdRUW

rnW�o²W:rdW:jle�WS{Urnkxgir zt{U{lrdg9zie�R(gio Â W:rdhCW!r�ztjl} Â W!rnjlztr�}`g�#u��� � �U¬U�����C�
%�¨QSRUk¤a wxW:zi}la/bdg2bdRlWf}`giV�kxjlzObnk�jUh
V�W;ziad�UrdW~gij

Θ1
�k�bdR»}`W!jJack�bu_��¨ r:¨ b:¨

λ
{lrdgC{JgCrcbnk�gCjlztw|bdg

exp

{

1

2

∫

|Ic(θ2|θ1)|1/2 log

( |I(θ1, θ2)|
|Ic(θ2|θ1)|

)

dθ2

}

.

Yvo�bnW!j©¬|bnRUW�kxj9bdW:hir�ztw ∫

|Ic(θ2|θ1)|1/2 log
(

|I(θ1,θ2)|
|Ic(θ2|θ1)|

)

dθ2
kxa
jUgib~}`W('ljUW:}©¨~QSRUW�e�gCV�{lzie�b
ac�l{U{JgCrcb

zirdhC�UV�W!j9bbdRlztbFkxa bu_9{lkxe:ztwxw�_��JacW;}�kxj®bdRUW�rnW�o²W:rdW:jle�WS{UrnkxgirFzt{l{Urdg9zie�R # Â W!rnhiW:rSzijl} Â W!rnjlztr�}`gH¬l��� �C�
%
V�z�_µbdRUW:j �JW�zi{U{Uwxk�W;}�RUW!rnWi¨»X°RUgHgCadW�z�jUW:acbdW;} acW;§9�UW!jle!W

Θ1 ⊂ Θ2 ⊂ . . .
gto�e�gCV�{lzie�b(ac�U�JacW!bna

gio°bnRUW�{lzirnziV�W�bdW:r�ac{lzCe�W
Θ
ac�Je�R¸bnRlzOb ∪iΘi = Θ

ztjJ} |Ic(θ2|θ1)|1/2 RJzia 'ljlkmbnW�V�ziana2gij Ωi =
{θ2; (θ1, θ2) ∈ Θi}

o²girfztwxw
θ1
¨ ¶ W�b

Ki(θ1) =
∫

Ωi
|Ic(θ2|θ1)|1/2dθ2

ztjl}

πi(θ1) = exp

{

1

2

∫

|Ic(θ2|θ1)|1/2 log

( |I(θ1, θ2)|
|Ic(θ2|θ1)|

)

dθ2

}

.

QSRlW2}UgiV�k�jJzObdkxjUh�V�W:zCac�UrnW2gij
Θ1

Rlzia%bnRUW!j»}`W:jladkmbu_��¨ r;¨ b;¨
λ
{Urngi{|girdbdkxgijlziwJbng

lim
i→∞

Ki(θ1)πi(θ1)

Ki(θ
(0)
1 )πi(θ

(0)
1 )

�RlW!rnW
θ
(0)
1

kxa�zijH_�'U£`W:}�{JgCk�j9b�kxj
Θ1
¨F�
ztbcbnz�zijl}»Z~RUgCadR #c�����i��%%RlzCa°W;aub�zt�Uwxk¤acRUW;}�bnRUW2k�jH¥Oztrnk¤ztjle!W

gio¾bdRUk¤aF{Urng`e�W;}`�UrnW��Ujl}`W:r
1−1

acV�gHgtbnR�rdW:{lztr�ztV�W!bdrnk�¡;zObdkxgij�gij
θ1
¨QSRlW!rnW�o²girnWi¬ibdRUW
e�girnrnW:ad{JgCjl}`kxjUh

� �=� q\zijl}��C�vq�� zirdW�W;§C�lk�¥Oztrnk¤ztj9b~�ljl}`W!r�z»acV�gHgtbnR¸rnW!{lzirnziV�W�bdrnkx¡:zObnk�gCjµgCjµbnRUW�{lzirnziV®W!bdW:r~gio
kxj9bdW:rdW;aub;¨

Ë&Ë�Í
6�718:9�;4<�=�>�?4@�A
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¶ W�bf�la�e!gijladkx}UW!r�zth9ztkxj�z�adziV�{Uw�W
X1, . . . , Xn

o²rngiV�z�jlgirnV�ziw.}`kxacbdrnkx�U�`bdkxgij��k�bdR�W�£`{|W:e�b�zObnk�gCj
µ
ztjJ}¢acbnzijl}Uzirn}¸}`W!¥Hk¤zObdkxgij

σ
¬&�RUW!rnW

σ
k¤a2bnRUW�{lztr�ztV�W!bdW!r�gio°kxj9bdW!rnW:acb:¨ � {U{Uwx_Hk�jlh�bdRUW�{UrnW!¥Hkxgi�la

{lrdg`e�W;}`�UrnWi¬HbnRUW�}`giV�kxjlzObnk�jlh®V�W;ziad�UrdW2gCj
σ
Rlzia�}UW!jladkmbu_��¨ r;¨ b:¨

λ
{lrdgC{JgCrcbnk�gCjlztwJbdg

1/σ
¬`�RUk¤e�R�k¤a

bnRUW%k�jH¥Oztrnkxzij9b$V�W:ziad�UrnWFo²gCr/ane!ziw�WFV�g`}`W:wxa:¨&·¢WSzianac�UV�W°jUgO¢bdRlztb/jUg~{Urnk�gCr$kxj`o²girnV�zObnk�gCj�kxa/z�¥Oztkxwxzi�UwxW
gCj

σ
¨v]Hgl¬lbdRUW(jUgij`´Êkxj`o²girnV�zObdkx¥iW�rnW�o²W:rdW:jle�W�{lrdkxgirfk¤afhCk�¥CW!j��H_

πλ(σ) = 1/σ
¨ ��§9�Ukx¥OztwxW!j9bdwx_i¬|kmo bnRUW

{Jztr�ztV�W�bnW!rSgtok�j9bnW!rnW:acbfkxa
σ2 ¬UbnRUW�rdW!o²W!rnW!jle!W2{Urdkxgirfzijl}�}`giV�kxjlzObnk�jlh®V�W;ziad�UrdW2Rlz�¥CW�}`W!jladk�bu_��¨ r:¨ b:¨¶ W!�|W:adhi�UW�{lrdgC{JgCrcbnk�gCjlztw/bdg 1

σ2

¬/�RUkxe�R k¤a�zihCztkxj¸bdRUW�e!girnrdW;ac{|gijJ}`k�jlh�bnRUW�kxj9¥Ozirdk¤ztj9b�V�W:ziad�UrnWi¨�ª«j
bnRlzOb�e:ziadW

JMAP(σ2)
kxa�W;§C�JztwSbdg¢bnRUW�o²rdW;§C�lW!j9bdk¤aub�y � �=¶ #py �°ack¤}`�lziw � zO£`kxV(�UV ¶ k�¦CW!wxk�Rlg9g`}�%

W;aubnk�V�ztbdgir;¨�QSRUk¤a
k¤a~z�jUW:�kxjCbnW!rn{UrnW�bnztbdkxgij=gioFbdRlW®y � �=¶ W:acbdkxV�ztbdgCrv�RUk¤e�R¸ziwxadg�e!girnrdW;ac{|gijl}la�bdg
bnRUW �=� q��Ujl}`W:r�bdRUW ¶ zt{lwxzCe�W�{Urnk�gCr
o²gCr

σ2 #7�vztrn¥Hk�wxwxWt¬���� � � %�¨ Â _µW;§C�lk�¥Oztrnk¤ztjle!W®gio°bnRUW�� �=� q¬
%W(RJz�¥iWi¬

JMAP(σ) =
√

REML
¨vªÊo°°W®e�RlztjUhCW

σ
kxjCbng

log(σ)
¬¾bdRlW!j=bnRUW(rnW�o²W:rdW:jle�W�{Urnk�gCrvk¤afbnRUW

¶ W!�|W:adhi�UWvV®W;ziad�UrnWi¨/ª«j�bdRlztb%e:ziadWi¬
JMAP(log(σ)) = MAP(log(σ)) = 1

2 log(REML)
¨ �vgtbnWfbdRJzOb

bnRUW:adW2rdW;ac�lwmb�a�e!ztj��|W2W�£HbdW:jl}`W:}�bng�V®gCrdW~hiW:jUW!r�ztw.¥Ozirdk¤ztjle!W~e!giV�{|gijUW:jCb�aSV�gH}UW!w¤a!¨

� � 3����° ���"$�!3��

QSRlW�� �=� q�a�ztjl}¢�9�fq��~a�{Urngi{|gCadW:}µk�j¸bdRUk¤a�{lzi{JW:r2hikx¥iW�z�adkxV®{lw�W�ztjJ}¸e!giRUW:rdW:jCb�ztw�bdW:rdjJzObdkx¥iW�bdg
bnRUWf�lad�lziw �=� q°a�ztjJ}®�vq��~a!¬Hz�¥igCkx}`kxjUh2{|W:e��lw�k¤ztrF�|W!RJz�¥9kxgi�lr �Ujl}`W:rFrdW:{lztr�ztV�W!bdrnk�¡;zObdkxgij$¨$�fgO%W!¥CW!r;¬
bnRUW!rnW(zirdW�V�zij9_�kxV�{JgCrcb�ztj9bvjUgCj`´@rnW!hC�Uw¤ztr�{Urngi�UwxW!V�a
�RUW!rnW�bnRUW��CW�Ã¾rdW:_`afV�W:zCac�UrnW(}`gHW;afjUgib
W�£`k¤aub
zijl}�acgCV®W�}`W:¥iW:w�gC{UV�W!j9bna�adRUgi�lwx}��JW�}UgijUW2kxj�bnRUk¤af}`kxrdW;e�bdkxgij$¨

+ ������3��' ���� �(01�����&"

·¢WSbdRJztjU¦�qFr:¨y�gC�JW:rcbo²gir�kmb�a RUW!wx{`o²�UwJe�giV�V�W!j9b�a ztjl}�z2e!zirdW!o²�Uw`rdW;zi}`kxjUh2gto.z~{UrnW!wxk�V�kxjlztrn_�¥iW:rnadkxgij
gioFbdRlW�{lzi{JW:r:¨2·¢W�ztw¤acg�bdRlzijU¦�qFr:¨3/lgi�UwxwxW!_�o²gir2RUW:w�{Uo²�Uw }`kxane��Jadadk�gCjla
gij=bnRUW Â z�_CW:adkxzij=zt{U{lrdg9zie�R
gio&¥Oztrnk¤ztjle!W2e!giV�{|gijUW:jCb�V�g`}`W!w¤a:¨

�����O�S������%��"

Â W:rdhCW!r;¬$�l¨ #u��� ��
.%�¨�� � 	
� �	�4� ��
4	 � � ��
(�	�4�87��� � � 7���� 	�� ����	�� �����	
� � � 	 �����4�	��¨µ]H{lrdkxjUhiW:rc´�� W!rnw¤zthl¬$�
W:}Ukmbnk�gCj©¨

Â W:rdhCW!r;¬�J¨FztjJ} Â W!rnjlztr�}`gJ¬�J¨5#u��� � � %�¨ ��acbdkxV�zObnk�jUh�z¸qFrdg`}`�Je�b�gto � W:ztjJa(- Â z�_CW:adkxzij � jlziw�_`adkxa
·¯k�bdR»y�W�o²W:rdW:jle�W2qFrnkxgir�a!¨���; ��� �(����
4	
��� � 	
� �	�4�&; ����� 7�
 ;x¬ � � # � ��
.%�-Õ�t�i���`�i� �H¨

Â W:rdhCW!r;¬©�l¨$zijl} Â W!rnjlztr�}`gl¬©�J¨ #c��� �9� %�¨�Y
r�}`W:rdW;}¸Z~rngi�U{�rnW�o²W!rnW!jJe�W�qFrnk�gCrna~·¯k�bdR � {l{Uw�k¤e!ztbdkxgij¢bdg
� �Uw�bdkxjUgCV®k¤ztw©zijl}��
zirdk¤ztjle!W�X°gCV�{JgCjUW!j9b�qFrngi�UwxW!V�a:¨ �5�87�� �(� ���"!.	O¬ � ��- ��
#�� �H¨

Â W:rdjlzirn}Ugl¬F�J¨�#u��� � � %�¨ y�W�o²W:rdW:jle�W�qFg9aubnW!rnk�gCr®�
kxacbdrnkx�U�`bdkxgijJa�o²gir Â z�_iW;ack¤ztj³ª«jUo²W!rnW!jle!Wi¨���; $%7�� 	 �
� � 	
� �	��� ;%� 7�
 ;&� �(��� �����f¬ � �.#7�.%�-x�i�1 ��|� � �`¨

Â W:rdjlzirn}Ugl¬t�J¨�#7�i�i��
.%�¨`ª«j9bdrnkxjlack¤evX°rnW:}`kx�UwxWfy�W!hCk�gCjla(- � j�Y
�`suW;e�bdkx¥iW Â z�_iW;ack¤ztj � {U{lrdg9zie�R�bdg�ª«j9bdW:rd¥Oztw
��acbdkxV�zObdkxgij$¨' �(���7¬.� � #7�.%�-  U� ���  �� � ¨
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X°rngOf}`W:r:¬ � ¨�ztjl}�]H%W!W�bnk�jlhl¬=Q2¨0#u��� � � %�¨ Â z�_iW:adk¤ztj kxj`o²W!rnW!jle!W o²gCr z �Ukx¥OztrnkxztbdW �lk�jUgCV�kxziw7¨
���87�� ��� ���"! 	t¬ �t� - 
 � ���H�C� � ¨

�~zObdbnzl¬ Z®¨ztjJ}³Z~RUgCadR©¬ � ¨ #u�����i� %�¨µY
j k�jH¥Oztrnk¤ztjle!W�gtofjUgCjUk�jUo²girnV�ztbdkx¥iW�{Urnkxgir�a!¨$�����!; � � 	
� �	��� ;x¬
� � #u�*%�-x� � �(�|��
 �U¨

�
ztrn¥Hk�wxw�WC¬U�(¨ #u��� � � %�¨ Â z�_iW;ack¤ztj�kxj`o²W!rnW!jle!W2o²gir�¥Oztrnk¤ztjle!W2e!giV�{|gijUW:jCb�a��ladk�jlh�gijUwx_�W!rnrngirfe�gCj9bdr�ziacbna:¨
���87�� ��� ���"! 	t¬J�l� -  �  ��  ���
`¨

�CW�Ã¾rnW!_`a!¬`�(¨ #u���i�U�*%�¨  ��� 7
��� 7 � � � 7��4	��(��� ��� �O¨%Yv£Ho²gir�}�+vjUk�¥CW!r�ack�bu_�qFrnW:ana!¬  �W;}`k�bdkxgij©¨
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