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RTSVU!W�X�Y�Z\[^]`_ba8cedfUFW�XFc�g!hjijkmlndolnpqc
rtsohvuwX!dA_8X!xyXFg�d

z�{j|V|Dh3sed�}bX�soXFg~SmX!s~g~SVX�k:�M��������]`�3�Vlyk)�j�j�3�\]��v�1|D{vijXEc

���8�F� �����m�Ahj�mc kVh3�mc l�k/do�!soXFcoceh3kmc&��xy{�cf�!xyXFg�dol�h3k��m{�a3�Fcfl�XFkVkVX�}bXQ�@{jsfl�{v�VxyXFc�X!k1so�!ijsoXFcocfl�h3k�x�lykV�F{jl�soXj�
�Ahj�mc�XFk�{j�Dh3so}bh3kmc	dfhj�DcTx�XEc�{jcf|DXEg�docT{v�mk�}VX�p�h3�VsokVl�s�{j�OxyXFg�doX!�Vs��mk�i3�Vly}VX�|Vso�Fg!lycF�V��h3�mc���do�m}blyhjkmc
cf�mgFg�XFcocfl��3X!W�X!k/d	xyXFc�g!{3cthj�Ox�XEc	xyhjl {�|VsolyhjsolDcf�VsQxyXFcQ|m{jso{jW1U!dfsoXFcQ}bXFcQW�h8}VU!xyXFc�ceh3k3d�l�kVp�hjsoW�{vdfly�jXEctX�d
kmhjk�l�kVp�hjsoW�{vdfly�jXEc!�b¡�{vkmc�xyX�g!{3c�lykbp�hjsoW�{@dfl�pw¢VkVh3�mcT|Vsohj|:h3cfhjkmc�}¤£ �bdol�xyl�ceXFs�xy{1xyhjl&{�|msflyhjsol¥}bX1¦:XFx�xykVX!s
|:hj�msMx�X�W�hb}bU!xyX�g�h3k3doX!km{jk/d dohj�bdoXFc$xyXFcM�@{jsfl�{v�VxyXFc X!dt�VkVX�xyhjlV{�|Vsol�h3sflb}bX�¦:XFx�xykVXFstg�hjW�|m{vdfly�VxyXT{��3XFgQxy{
|msf�Eg��F}VX!k/dfX�|Dh3�VsMg~Sm{j§/�VXTcfhj�mce¨+W�hb}bUFx�X3�E¡�{vkmc$xyX�g!{3c&kVh3k©lykbp�h3sfW�{@dolnpw¢@kmhj�mc W�hjk/dfsohjkDc�}¥£ {v�:hjs~}�§/�VX
x+£ l�kbp��FsfXFkmg�XT�m{�a3�Fcfl�XFkVkVXQ�bdflyx�l�co{vk/dt}bXFc$xyhjlb{�|Vsol�h3sfl/pq{vly�VxyX!W�X!k/dMlykbp�hjsoW�{@dfly�jXEc�g!hjkmcedfso�Vl�dfXEc ��|m{jsedol�sM}bX
x�{�xyhjlb}bX�¦:XFx�xykVX!s XFced dfsoUFc ceXFkmcely�VxyX��Axy{A�@{vxyX!�Vs$|VsolycfX	|D{vs �Vk�S8a8|DXFsf|D{vs~{vW�U�dosfX3¢Fg�XT§/�Vl/kVhj�mc${jW1UFkVXQ�
}V�Fg�h3kmcfX!lyx�xyX!stcfhjk1�bdflyxylyco{@dol�h3k¤�j��h3�mcM|Vsohj|:h3cfhjkDc {jx�h3soc �VkmX�kVhj�V�3X!xyx�XTxyhjlm{\|msflyhjsolbSVly�!s~{vs~g~SVly§/�VX��m{3ce�FX
cf�VsQxy{�xyhjl:}bX�¦:XFx�xykVXFsF�/��hj�DctW�hjk/dfsohjkDct§/�VXAx+£ �Vdflyx�l�cf{vdflyhjkª}bX�g�X�dfdfX�x�h3lD{�|VsolyhjsolD{jcocf�VsfX�}¤£ X!«bg!X!xyx�XFk/dfXFc
|:X!sfp�hjsoW�{vkmg!XFct}VXAce�Fx�XEg�dol�h3k¤¢3}¥£ �Vkª|:hjlyk/dQ}bX��8�VXAX�«b|VxylygF{@dfl�pw¢/|m{vsts~{v|m|Dh3sedQ{j�b«1g!sfl�dfUFsfXEc$p�so�F§/�VX!k/dol�XFxyc
g!xy{3cfcfl�§3�mXFcF�j¬tkb�Dk¤¢8x�h3soco§/�VX�xyXAkVh3W��VsoX�}bX��@{vsoly{j�Vx�XEctXEcwd�l�W�|:hjsfdo{vk/dE¢3kVh3�mc�g�hjkDcel�}b�!sohjkDcMx�XEcQ{3ce|:XFg�doc
{jx�i3hjsolndoSVW�ly§/�VXEc�X�dE¢DXFk)|m{vsfdfl�g��mx�lyX!sE¢mkVh3�mc�W�h3k3dosfh3kmcA§/�VX�x-£ �Fg~Sm{jk/dflyx�xyhjkVkmX!�VsA}VX1[�ly�V�mcAp�hjkmg�dflyhjkVkVX
|D{vsfpq{vl�dfX!W�XFk3dª�ml�XFk­|Dh3�Vs�cf�!xyXFg�dflyhjkVkmX!sªxyXFcO��{jsfl�{v�mx�XEc�|DXFsedol�kmX!k/dfXEc!¢�g�hjk/doso{jl�soX!W�X!k/dO��g!X®§/�VlAXEcwd
|D{vsfp�hjl�c�{v¯�sfW��j�
°²±m³E��´~µj¶q�8���·W�hb}bU!xyX�}VX�so�!i3sfXEcfcflyhjk�x�lykV�E{vlysfX3¢8cf�!xyXFg�dflyhjkª�D{�aj�FcflyX!kVkVX�}bX���{jsfl�{v�mx�XEc!¢/x�h3l¥{�|Vsolyhjsol:}bX
¦ X!xyx�kVXFsF¢bxyhjl�c�{1|Vsol�h3sfl¥g�h3W�|m{@dol��VxyXFcF¢bW�hb}bU!xyXFc�Sml��Fso{jsog~SVl�§/�VXFcF¢/�Fg~Sm{jk3dol�xyxyhjkVkVXF�Vs�}bX�[�ly�V�mc

∗ ¸D¹qº~»-¼¾½$¿F¼wÀÁ¼wÂw½eÃ@Ä�Å�Æ&ÄÈÇ®É@ÊE½-Ê�¹-Ë
† Ì¤ÍDÆ�ÍDÎ\Ç$Ï$Í¤Ã�Ð&Ñ�Ò Ó�¼w¹-Ë-Ò ½+Ô	¸VÕ~¹qÒÁË Ï$Õ~ÊEÖ�×�ÒÁÑ�¼M¼¾½ Ì¥Æ�Í:¿FØMÃ@Ä�Å$¿EÍDÍ
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��� �F³����Vµj³j�	�T{�ajXEcel�{vk��@{vsoly{j�VxyX\cfX!xyXFg�dflyhjk�lyk)x�lykVXF{js�soX!ijsoXFcocfl�h3kOl�c�g�h3kmcel�}bXFsfXE}¥��
�xyx&l�doc�{jcf|DXEg�docA{vsoX
cedf�D}bl�XE}­lykJh3so}bXFsªdoh |Vsoh@�8ly}bX { |VsoXFg!lycfX®{jkm}­X!¯�g!l�XFk/d��mcfX!soij�Vl�}bX3��RTSVX·lykbp�hjsoW�{@dfly�jX {vkm} kmhjkb¨
lykbp�h3sfW�{@dol��3XAg!{3ceXEcQ{jsfX�{vkm{jx�abcfXF}¥�
�¾kªdoSVX�lykbp�h3sfW�{@dol��3X�gF{jcfXj¢/lndTlyc�cf�Viji3XFcedfXF}�dfh©g~Smh/h/ceXAdfSVX�¦:XFx�xykVX!s
G
¨H|Vsol�h3s$hjk©dfSVXTp��VxyxVW�hb}bX!xD{vkm}�dfh�}bXFsfly�jX�g�h3W�|m{@dol��VxyXT|Vsol�h3s$}Vlycedfsol��m�bdflyhjkmc p�h3sMXF{jg~S�cf�V�b¨HW1hb}bXFx-���¾k

doSVX\kVhjkV¨+lykbp�hjsoW�{@dol��3X�g!{3ceX3¢blnd�l�c�ceSmh���kªdfSD{@dF¢bl�pM{�¦:XFx�xykVXFs���XF{��8x�a�lykbp�hjsoW�{@dol��3X�|VsolyhjsTlycT�DceXE}¥¢8dfSVX
W�hb}bXFx3|:h3cedfXFsflyhjs |Vsohj�m{j�Vl�xyl�dflyXFc&{jsfX�ceXFkmcflndol��3XtdfhAdfSVXTg~SVh3lyg!X	hvpm{jk�S8a8|DXFse¨H|m{jso{jW1X!dfXFsF�EYQh3kmcfXF§/�VX!k/dox�a
{�kVX�� ¦:XFx�xykVX!s\SVlyX!s~{vs~g~SVl�g!{jx�|Vsolyhjs\lyc\|msfh3|Dh/ceXE}¥�¥RTSVX©�DceX�hvpQdfSVl�c\|Vsol�h3s\lyc�cfSVh���k doh�hj�bdo|DXFsep�h3sfW
|:X!kD{vxyl��FXF}�xyl��3X!xyl�SVh8hb})g�sol�dfX!sol�{©lyk®{jk)X�«b|VxylygF{@dfly�jX�|:hjlyk/dAhvpM�8lyX������ lykm{vxyxyaj¢Dg!hjW�|V�bd~{@dol�h3km{vx&{3ce|:XFg�doc
{jsfXQg�hjkDcel�}bX!soXF}���SmX!k�doSVX�k/�mW��:X!s hvpV�@{vsoly{j�VxyXFc¤l�c xy{jsfi3X	{vkD}¥¢Fl�d$lyc ceSmh���k�dfSm{vd&doSVXT[�ly�V�mc$co{vW�|Vxyl�kmi
}Vh©doSVXTuwhj�)§/�Vl�dfX���X!xyx-�
����� ´���±���  �j�"!&l�kmXF{vsMsoX!i3sfXEcfcflyhjk�W�hb}bXFx-¢��T{�a3XFcfly{jk��@{vsoly{j�VxyX�cfX!xyXFg�dflyhjk¤¢/¦ X!xyx�kVXFs

G
¨+|VsolyhjsE¢vg�hjW�|m{vde¨

ly�VxyX�|Vsol�h3socF¢8SVl�XFso{jsog~SmlygF{vx:W1hb}bXFxycF¢D[�ly�V�mc�co{vW�|Vxyl�kmi
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!�{�cf�!xyXFg�dol�h3k��m{�a3�Fcfl�XFkVkVX	}bXQ�@{vsoly{j�Vx�XEc¥X!k©sf�FijsoXFcocelyhjk�xyl�kV�E{vlysfXQ{���do�	�:XF{j�mg�h3�V|���do�m}bly�!X3�vZ�k�|:X!�Vd$g!ln¨
doX!s�|m{vsoW�lj}¥£ {v�bdosfXEc¤xyXFc&{jsedolyg!x�XEc¤cf�Vl��@{jk3d~c)(+*)lnd~g~SVX!xyx¤X!d ��XE{v�mg~Sm{jW�|-,/.10!2�2�3�¢E[�X!h3sfi3X�X!d4* gEYQ�mx�xyhbg~S
,/.10!0 # ¢5.60�087+3�¢:[�X��QX��jX9,:.60�0j��3�¢ YQSml�|VW�{jk;,:.10!0j��3�¢:_8W�l�dfS�X�d4<�hjSVk=,/.10�03��3�¢ �Qsoh���k �
	>���"? ,:.60�0!2�3�¢
r	SVl�xyly|mc�X�d�[��VdedfW�{jk@,/.10!0�2�3�¢:[�X!hjsoijX9,+�v�j�3��3�¢�<�hjSmk �
	A���"? ,-�v�3�B.
3�¢m��hjded�X�d�[�soX!XFk�,+�v�3�v��3�¢
_Vg~SVkVX!l�}bXFs�X�d�YQhjs~g�h3so{jkC,-�j�j�v��3�¢�Y�{jcfX!xyx�{�X!d4*)hjsoX!kVhD,-�j�j�v�E3��F* {jx�i3sf��g�X!x�{V¢tg!X!sfdo{jl�kVXEc�}bln¯ªg!�Vxndo�Fc
k&£ h3k3dª|D{jc��!df�)so�Fcfhjxy�VXFc�}bX)W�{jkVl�UFsfX co{@dolycepq{vl�co{vk/dfX3�t¡�{jkmcªg�X!dO{vsfdfl�g�xyXj¢tkmhj�mc�{j�Dh3so}bh3kmc1dfh3�mc�xyXFc
{3ce|:XFg�doc�}bX�g!X\|Vsfh3�VxyU!W�X�}bX�ce�Fx�XEg�dol�h3k�}bX\�@{vsol�{v�VxyXFcF�

z�{j|V|:X!xyhjkmc�§/�VX�xy{ sf�FijsoXFcocelyhjk xylykV�F{jl�soX��8l�ceX�� X�«b|Vxyly§/�VXFs©h3� |Vso�F}blysoX�xyXFc1�@{vxyX!�Vs~c©|Vsfl�cfXFc1|m{vs
�mkVX\��{jsfl�{v�mx�X

y
|m{js��VkVX�p�hjkmg�dflyhjk�x�lykV�E{vlysfX\}bX�|m{jso{jW1U!dfsoXFcQl�kDg�hjkmk/�Dc�g�hjkDcwdosf�Vl�dfX\cf�Vs��Vk�X!kmcfX!W©�Vx�X

{x1, . . . , xp}
}bX

p
�@{vsoly{j�VxyXFcF��!¤XEcM|DXFsep�h3sfW�{jkmg�XEcM}¥£ �mkOg�solndoU!soX�}bXAg~SVh3ln«�}bX�W�hb}bU!xyXFcQ}b�!|:X!km}VX!k/dQ}bX

x+£ hj�buwXEg�dfl�pw� !¤X�g~SVh3ln«)}bX��@{jsfl�{v�VxyXFc�X!k so�!i3sfXEcfcfl�h3k�|:X!�VdHG�dosfX��/� ceh3�mc�x+£ {jkVijxyX�X�«b|Vxyl�g!{@dolnpth3�)x-£ {vkmijxyX
|msf�E}blyg�dfl�pw�:¡�{vkDc�g!X�d�{jsedolyg!x�X3¢mxyX�|:hjlyk/d�}bX©�/�mX�X�«b|VxylygF{@dolnptXEcwd�|Vsfly�8l�xy�!i3l��3� Y�£ XFced�{jx�h3socTdwa8|Vl�§/�VX!W�XFk3d
�mk­|Vsohj�VxyU!W�X®}bX g~SVhjl�« }VX®W�hb}bU!xyXFc�§3�mX®kVh3�mcOg!hjkmcfly}V�!sohjkmc�l�g�l�}V{vkDcOxyX |m{jso{3}bl�i3W�X)�m{�aj�EcelyX!k¤�
zA{v|V|:X!xyhjkmc�§/�¤£ �Vk®W�hb}bU!xyX1�m{�aj�EcelyX!k XEcwd\x�{Og�h3k@uwhjkDg�dflyhjk·}¥£ �Vk®W�hb}bU!xyX�}¥£ hbgFg��VsosfXFkmg�X1}bX�}bhjkVkm�!XFc
,q�8so{jlycfX!W©�Vxy{jkmg�X+3tX!dA}¥£ �Vk�W1hb}bUFx�X�}¥£ X�«b|:X!sfdfl�ceXI,qx�h3l¤{1|VsflyhjsolJ3��


��@{vk/d�}¤£ XFk3dosfXFs1}m{vkmc1xyX��8l�p�}b� ce�@uwX!dF¢Ms~{v|V|:X!xyhjkDc©§/�VXFxy§/�VXEc©g!hjkmg!X!|bd~c1}VX�g~SVh3ln«�}bX�W�hb}bU!xyXFc
�D{�aj�FcflyX!kmcF�mYQhjkmcfly}V�!sohjkmcTcfl�W�|VxyX!W�X!k/d�}bXF�b«�W�hb}bU!xyXFcT�D{�aj�FcflyX!kmc�|m{jso{jW1�!dfsoly§/�VXEc M1

X�d M2
hj�

Mi : y ∼ fi(y|θi), θi ∈ Θi, θi ∼ πi(θi) i = 1, 2,

fi(y|θi)
sfXF|Vso�FcfX!k/do{jk3d�xy{ �8so{jlycfX!W©�Vx�{vkmg!X®}b�B|m{vs~{vW�U�dosfX

θi
X!d

πi(θi)
x�{ }bXFkmcflndo�·}bX x�{ xyhjl�}bX

|msfh3�m{v�Vlyxylndo�ª{)|Vsol�h3sfl	}V� |m{vs~{vW�U�dosfX
θi
{jcocehbg�ly�ª{v� W�hb}bU!xyX

i
�5* �VkVl�cfcfhjkmc�x-£ XFcf|m{3g�Xª}bXEc�W�hb}bU!xyXFc

}¤£ �VkmX�x�h3lm}bX�|Vsohj�D{v�Vlyx�l�df��{\|msflyhjsolbX�d	kmhvdfh3kmc
P(M1)

X!d
P(M2)

xyXFcM|Vsohj�D{v�Vlyx�l�df�EcM{\|Vsol�h3sflm}VXFct}bXF�b«
W�hb}bUFx�XEc!�8K�k�g~SVhjl�«�}bX�W�hb}bUFx�X��m{�aj�EcelyX!k�XEcwdT�m{3ce��ce�Vs�x�{�xyhjl {�|:h3cedfXFsflyhjsolD}VXFcT}bl"L:�FsfXFk3d~c	W�hb}bUFx�XEc!¢
gj£ XEcwdf¨H�v¨H}Vl�soX�cf�Vs�xyXFcT|Vsohj�D{v�Vlyx�l�df�Ec�g�h3km}bl�dflyhjkVkVXFx�xyXFc�{j�b«Oh3�mceXFsf�@{vdflyhjkmc

P(M1|y)
X�d

P(M2|y)
hj�

P(Mi|y) ∝ P(Mi)

∫

Θi

fi(y|θi)πi(θi)dθi .

YQX!dedoX�}Vlycedfsol��m�bdflyhjk {®|:h3cedfXFsflyhjsolTXFced©dosfUEc1cfX!kDcely�VxyX�{j� g~SVh3ln«�}bXEc�x�h3lyc�{ |Vsol�h3sflT}bXFc�|D{vs~{vW�U�dosfXEc
}VXFc�W�hb}bUFx�XEc!¢

π1(θ1)
X�d

π2(θ2)
�:¡�{vkmc�xyX©g!{3c�h3�)kVhj�mc�}bl�ce|:h3cfhjkmc�}¥£ l�kbp�h3sfW�{vdflyhjkmc�{�|Vsol�h3sfl+¢mlyx�XEcwd

lyW�|Dh3sed~{vk/d1§/�VX�x�XEc�xyhjl�c1{ |Vsol�h3sflQX!k/dfsoXªxyXFc�}bl"L:�FsfXFk/doc©W1hb}bUFx�XEc©cfhjlyX!k/d��E§/�Vlnd~{v�VxyXFcF� r${js1{jl�xyxyX!�Vs~c!¢
}m{vkmc\�Vk g!{3c\kVhjk·lykbp�hjsoW�{@dfl�pw¢¤lyxMk¤£ XFced�|m{jc\|:h3cocely�VxyX�}¥£ �Vdflyx�l�ceXFs�}bXFc\xyhjl�c\lyW1|msfh3|VsfXEc!� ¬tk X
L:X!dF¢¤xyXFc
|msfh3�m{v�Vlyxylndo�Fc�{ |:h3cedfX!solyhjsol�kmX ceh3k3dO{jx�h3soc�}b�!�mkVlyXFcª§/�¤£ � �VkVX g!hjkmcedo{jk/dfX){vso�Vl�dfs~{vlysfX�|VsoUFcF¢	g�X §/�Vl
XFW�|MGEg~SVX\xy{�g!hjW�|m{vs~{vl�cfhjkO}bX�W�hb}bUFx�XEc!�

¡�{vkmc	�VkVX�|VsoX!W�lyU!soX�|m{vsfdflyXj¢jkVhj�mc doso{jlndohjkmc	}b�ªg!{3c$hj��kVhj�Dct}bl�ce|:h3cfhjkmc	}¥£ lykbp�h3sfW�{@dol�h3kmcM{\|Vsol�h3sfl
cf�VstxyXFct|m{vs~{vW�U�dosfXEcM}b��W�hb}bU!xyX�}bX�so�!i3sfXEcfcfl�h3k¤��r$hj�VsMdohj�mctx�XEcMW�h8}VU!xyXFctXFk�g�hjW�|:��dolndol�h3k¤¢jkVh3�mcM|Vsohv¨
|:h3cfhjkDc	}¥£ �bdflyxylycfX!sT}bXFc	x�h3lyc�{�|VsolyhjsolD}bX�¦:X!xyx�kmX!sQg!hjW�|m{vdfly�Vx�XEc	X!dQkVh3�mctXFkO}b�E}b�Vl�ceh3kmc	�mkVXA|Vsohbg��E}b�VsoX
}VX\cf�!xyXFg�dflyhjk¤�

Æ�Æ Ñ�N�O6P/Q�R�S�T�U�V�W�X
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¡�{vkmc��VkmX1}bXF�b«bl�UFW�X©|m{jsedol�X3¢ kVhj�mcAdfs~{vl�dfh3kmc�}b� gF{jc�kVhjk®l�kbp�h3sfW�{vdfl�p	X�d�kVh3�mcA|msf�EceXFk3dohjkmc��VkVX
kmhj�V�3X!xyx�X©x�h3l {�|Vsol�h3sfl SVly�!s~{vs~g~SVly§/�VX��m{jcf�!X1ce�Vs�x�{Oxyhjl$}bXª¦:X!xyx�kmX!sE� !&XFc�|DXFsep�h3sfW�{jkmg�XEcA}bX�ce�Fx�XEg�dol�h3k
cfhjk/d�g�h3W1|D{vso�!XFcQ�©g!X!xyx�XEcT}bXFcTg�sol�dfU!soXFc	p�so�F§/�VX!k/dol�XFxycTg�x�{jcocfly§/�VXEc!�/¬tkb�mk&¢VkVhj�DcQ{j�Dh3so}bh3kmcQx�XEc�{3ce|:XFg�doc
{jx�i3hjsolndoSVW�ly§/�VXEc\x�h3soco§/�VX�x�X�kmhjW��msfX�}bXª�@{jsfl�{v�VxyXFc\XEcwd�lyW�|Dh3sed~{vk/d�X�d©kVhj�mc�dfs~{vl�dfhjkDc�}bXFc©}bhjkVkm�!XFc
so�!XFx�xyXFcF�V��h3�mcTso�Fcf�VW�hjkmc�xyXFc�|:hjlyk/docTlyW1|:hjsfdo{jk/doc�}bX�kVhjdfsoX\��df�D}bX�}V{vkDcT�VkVX�g�h3�VsedoX�g�hjkDg�xy�mcelyhjk&�

� 
 ��
�� ����� 
���� 
 
�
��@����� �\� 
������

�Ahj�mc�g�h3kmcfly}b�Fsfh3kmc©�VkVX���{jsfl�{v�mx�X�{vxy�F{@dohjlysfX��®X!«b|Vx�l�§/�VX!s
y
X�d��Vk X!kDceXFW��VxyX {x1, . . . , xp}

}bX
p
�@{vsoly{j�VxyXFc�X�«b|VxylygF{@dfly�jXEc�hj�®so�!i3sfXEcfcfX!�msocF�D�Ahj�mc�pq{vl�cfhjkmc�x+£ S8a8|DhjdfSVUEceX�§/�VX�g~Sm{j§/�VX©W�h8}VU!xyX�}VX1so��¨

i3sfXEcfcflyhjk {��3XFg©x�XEc\sf�FijsoXFcoceXF�Vs~c {xi1 , . . . , xiq
} ¢¤hj� {i1, . . . , iq} ⊆ {1, . . . , p} ∪ ∅ ¢¥XFced��Vk W�hb}bU!xyX|mxy{j�mcely�VxyXA|:hj�Vs�X�«b|Vxyl�§3�mX!s�xy{���{jsfl�{v�mx�X

y
�b��h3�mc�}blycf|:h3cfhjkmcQ}¥£ �mkO�Fg~SD{vk/dflyx�xyhjk�}bX�d~{vlyx�xyX

n
|:hj�Vs�XFcedfl�¨

W�XFstx�X�W�hb}bUFx�X3�3��h3�mcMkVhjdfh3kmc
X = [1n,x1, . . . ,xp]

x�{\W�{vdfsolyg!X�}bX�}blyW�X!kmcfl�h3k
n× (p+1)

}Vhjk/dtx�XEc
g!hjxyhjkVkmXFcTceh3k/dTg!hjkmcedfl�df�V�Ec�}b���jXFg�dfXF�Vs

1n
X!d�}bXFc

p
�@{vsoly{j�VxyXFcQX�«b|VxylygF{@dfly�jXEc!� !&X�doX!soW�X\g!hjkmcedo{jk/dT}bX

x�{�so�!i3sfXEcfcfl�h3k�pq{jlnd�|m{vsfdflyXA}bX�dfhj�DctxyXFcQW1hb}bUFx�XEc	§/�VX�kmhj�mcQg�hjkDcel�}bU!soX!sohjkDc!���¾x�cQcfhjk/dQ}Vhjkmg�{j��kVhjW©�VsoX
}VX

2p �$��hj�Dc��bdol�xyl�ceh3kmc��mkVXOsoX!|Vso�FcfX!k/d~{@dflyhjk SVly�!s~{vs~g~SVl�§/�VX�X�d�kVhj�Dc�}b�EcelyijkVh3kmc�g~SD{j§/�VXªW�hb}bU!xyX��x+£ {vl�}bX�}¥£ �mk·|D{vs~{vW�U�dosfX1�Vlykm{vlysfX
γ = (γ1, . . . , γp) ∈ Γ = {0, 1}⊗p §/�VlMlykm}bl�§3�mXª§3�mX!xyx�XEc�ceh3k3d�xyXFc

�@{jsfl�{v�VxyXFc�soX�dfXFk8�VXFc�|m{vs\xyX©W�hb}bUFx�X'(
γi = 1

celMx�{ª�@{jsfl�{v�VxyX
xi

XFced�ce�Fx�XEg�dflyhjkmkV�!X1X�d
γi = 0

cfl�kVh3k¤�
�Ahj�mcTkmhvdfh3kmc
� pγ

x�X·kVh3W��VsoX }bX·�@{vsoly{j�VxyXFcªXFk/dfs~{vk/d�}V{jkmc�x�X W1hb}bUFx�X
γ
¢

pγ = 1′pγ
,�hj�

A′
}b�EcelyijkVX xy{

dfs~{vkmcf|:h3cf�!X�}bX
A
3��

� t1(γ) = {t1,1(γ), . . . , t1,pγ
(γ)} x+£ X!kmcfX!W©�Vx�X�}bXEc�lykm}bl�g�XFc�}VX�g�XFcT�@{jsfl�{v�VxyXFcF¢{vlykmcfl

t1,1(γ) = min ({i ∈ {1, . . . , p}|γi = 1}) �

� t0(γ) = {t0,1(γ), . . . , t0,(p−pγ)(γ)} x-£ X!kmcfX!W©�VxyX�}bXEc1l�km}Vlyg!XFc�}bXFc1�@{vsol�{v�VxyXFc©k¤£ X!k/dfs~{vk/d�|m{jc
}V{vkDcTx�X�W�hb}bU!xyX

γ
¢V{vlykmcel

t0,1(γ) = min ({i ∈ {1, . . . , p}|γi = 0}) �

rM{vs�{jl�xyxyX!�Vs~c!¢bkmhj�mcTkVhjdfh3kmc
β ∈ Rp+1 xyXFc�g!h8X�¯ªg�lyX!k/doc�}VX�xy{1so�!ijsoXFcocfl�h3kO{��jXEg

βt1(γ) =
[

β0, βt1,1(γ), . . . , βt1,pγ (γ)

] ¢
βt0(γ) =

[

βt0,1(γ), . . . , βt0,p−pγ (γ)

] ¢VX!d�X!kb�mk

Xt1(γ) =
[

1n|xt1,1(γ)| . . . |xt1,pγ (γ)

] �

!&X�W1hb}bUFx�X�}bX�so�!i3sfXEcfcflyhjkªxyl�km�F{vlysoX�i/{v�mcocfl�XFkVkVX
γ
ce�Vs

y = (y1, . . . , yn)
XFcedA}b�!�mkVl&{jl�kmcfl

y|β, γ, σ2 ∼ N
(

Xt1(γ)βt1(γ), σ
2In

)

h3�
βt1(γ) ∈ Rpγ+1 X!d σ2 ∈ R∗

+

ceh3k/dTxyXFc�|m{vs~{vW�U�dosfXEc	lykmg!hjkVk8�mcF�

�Ahj�mc\cf�V|V|:h3cfhjkmc\{vlykmcflM§3�mX©xyXFc
2p W�hb}bU!xyXFc�h3k3d\x�{OW-G!W�X1�@{vsoly{jkmg�X σ2 §3�ml kmX1}b�F|DXFkm}·}bhjkmg|D{jcT}bX

γ
�V¡�X\kVhjW©�VsfXF�b«ª{v�bdoX!�Vs~c�hj|bdoX!k/dT|Dh3�Vs�g�X\|Dh3l�k/d�}bX\�8�VX�, *)l�dog~SVXFx�x�X�d ��XF{v�Dg~Sm{vW�|¥¢�.10!2�2��

[�XFhjsoijX�X�d4* g�YQ�Vxyx�hbg~S¥¢ .10!0 # ��_8W�lndoS�X!d4<Ah3SVk¥¢ .10�03����[�X!hjsoijX�X�d4*®gEYQ�Vxyx�hbg~S¥¢ .10!0E7���YQSVly|VW�{vk¤¢

Ä�Å Æ¤ÄÈÇ
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.60�03���DrtSml�xyl�|Dc�X�d�[��bdfdfW�{vk&¢ .60�0�2��¥_bg~SVkmX!l�}bX!s�X!d�YQhjs~g�hjs~{vk ¢¥�v�3�v� � ��hvdfd�X�d�[�soX!X!k&¢ �j�j�v��3A§/�Vl�soX�¨
�8lyX!k/d ��l�k/dfXFsf|msf�!dfX!s

σ2 g!hjW�W�X	�VkVXQ�@{vsoly{jkmg�X	}¤£ XFsfsoX!�Vs�}bX	W�XFcf�VsoXt|Vxy�bd��jd$§/�VX�g�h3W1W�Xt�mkVX	�@{vsol�{vkmg!Xso�Fcfl�}b�VX!xyxyXj�/r${js�{jl�xyxyX!�Vs~c!¢/W-G!W�X�cfl xy{��@{vsoly{jkmg�X���do{jlnd�sf�Ecel�}b�VXFx�xyXj¢8|m{js	X!«8XFW�|Vx�X�|m{jsQh3�V�Vxyl:}¥£ �VkVX��@{@¨
sol�{v�VxyX©X!«b|Vx�l�g!{vdfly�jX3¢:g!X!xyx�X!¨Hg!ltceXFso{jlnd\g�hjW�W©�VkVX��ªdohj�mc�xyXFc\W�hb}bU!xyXFc�X!d�uw�Dcwdoln�mXFso{jlnd�XFkmg�h3sfX©x�X�g~SVh3ln«
}¤£ �Vk

σ2 g!hjW�W��Vk&�

����� �
	��
����	�������	�������������	�� ��	!	���"#����$%�&��	�'�()�+*,��$%���-��	���.�()�
R�hj�bd�}¥£ {v�:hjs~}¥¢8hjk�|:X!�bd�cF£ lyk/dfX!sosohjijXFsQcf�Vs�g�X�§/�VX\|DXF�bd>G�dosfX��VkVX\xyhjl¥lykbp�hjsoW�{@dfly�jX�so�F{vxyl�cwdoXA|:hj�Vs

xyX)W�hb}bU!xyX®}bX)so�!i3sfXEcfcfl�h3k g!hjW�|VxyX�dF¢	l-� Xj��g�hjk/doX!km{jk3d�dohj�bdoXFc�xyXFcª��{jsfl�{v�mx�XEc�X�«b|VxylygF{@dfly�jXEc!�Mr$h3�VsOg�X
W�hb}bUFx�X3¢jkVh3�mcM|Vso�Fg!hjkVl�ceh3kmc$x+£ �bdol�xyl�cf{vdflyhjkª}bX�x�{\xyhjlD{\|msflyhjsolVlykbp�hjsoW�{@dfly�jX�}VX�¦:X!xyxykVX!s4,H¦:X!xyxykVX!sE¢�.60�2j��3
§/�VlDp�hj�msfkVl�dQ�mkª�Dh3kOg�h3W�|Vsfh3W�lycMXFk/dfsoXA�VkVX�x�h3lmlykbp�hjsoW�{@dol��3XAg�h3k@uw�Vij�m�!XAX!dQ�VkmXAxyhjlD{�|Vsol�h3sflm}Vl L �mcfXj�
!	£ l�}b�FX�XEcwdO}VX�|:X!soW�X�dfdfsoX {v� W1hb}b�Fx�l�co{@dfXF�Vsª}¥£ l�k/dosfhb}b�VlysoX�}VXFc�lykbp�hjsoW�{@dflyhjkDc1cf�Vs�x�{ �@{vxyX!�Vs~c�}bXFc
g!h8X�¯ªg�lyX!k/doc&}bXtx�{Tsf�FijsoXFcocelyhjk�cf{jkmc�G�dosfX	hj�Vxyl�i3�t}bX	}bh3kVkVXFs&}bXFc¤�!xy�!W�X!k/doc�{T|Vsol�h3sfljcf�Vs¤xyXFc&g�hjsoso�!x�{@dflyhjkDc
XFk/dfsoX�g!XFc�g!h/X!¯ªg�lyX!k/docF�¥r$hj�Vs

γ = (1, . . . , 1)
¢¥x+£ {j|V|Vsoh8g~SmX�}VXª¦ X!xyx�kVXFs�g�h3km}b�Vl�d����mkVX�x�h3lt{�|Vsflyhjsol

kmhjsoW�{jx�XA|Dh3�Vs
β
co{jg~Sm{jk3d

σ2 ¢ β|σ2 ∼ N (β̃, cσ2(X ′X)−1)
X�d����VkmX�xyhjl {�|msflyhjsol:}VX��3X�L sfXFa8cQ|:hj�Vs

σ2 ¢ π(σ2) ∝ σ−2 ��� l�km{jx�XFW�X!k/dF¢bx�{�}bX!kDcel�df��}bX�x�{1x�h3l¤{�|Vsflyhjsol¥}b��W�h8}VU!xyX�g�hjW�|VxyX�d�XEcwd�doX!xyx�X9(

π(β, σ2) ∝
(

σ2
)−(p+1)/2−1

exp
(

−0.5(cσ2)−1(β − β̃)′(X ′X)(β − β̃)
)

.

YQX!dedoX�xyhjl�}b�F|DXFkm} }bXFc�}bh3kVkV�!XEc�� doso{��3X!s~c
X
�	YQX�k¤£ XFced�|D{jc1�Vk |msfh3�Vx�UFW�X�}V{jkmc1xy{ W�XFcf�VsoX�h3�

kmhj�mc\�bdol�xyl�ceh3kmc�x�{��8s~{vl�ceXFW��Vx�{vkDg�X�g�hjkD}blndol�h3kVkVXFx�xyX�}b� W�h8}VU!xyXj¢¥l+� X3�¤xy{�xyhjlt}VX
y
co{jg~Sm{jk3d

X
��_8l

Xg!hjk/dfXFkm{vl�d�}VXFc��@{vsoly{j�Vx�XEc	XFkm}bh3ijU!kmXFcF¢/g!X�cfX!s~{vl�d�}bl"L �!soX!k/dF�y��� !&X�W�hb}b�!xyl�cf{vdfX!�msTg~Smhjl�cel�dQx+£ XEce|:�!s~{vkDg�X�{
|msflyhjsol

β̃
X�d

c
¢jhj�

c
}bh3kVkVX�x�{�§/�m{vk/dfl�df��soX!x�{@dol��3X�}¥£ lykbp�h3sfW�{@dol�h3kª{\|Vsol�h3sflb|m{jsts~{v|V|:hjsfd	��g�XFx�xyX�|Dh3sedo�!X

|D{vs�x-£ �Fg~Sm{jk/dflyx�xyhjk¤�8rM{vs�X�«bXFW1|mx�X3¢/x�{©��{jx�XF�Vs
1/c = 0.5

}bhjkVkmX��©xy{�x�h3l¥{�|VsolyhjsolDxyX�W-GFW1X\|:hjl�}VcT§/�VX
50%

}bX\x+£ �Eg~Sm{vk/dol�xyx�h3k¤�

¡�{vkmc��VkBg�hjk/doX�«8dfX·}bX cf�!xyXFg�dflyhjk­�m{�a3�Fcfl�XFkVkVX }bX·�@{vsoly{j�VxyXFcF¢	xyX }V{jkVijXFsOXFced�}VX pq{��jh3sfl�cfX!sO}bX
W�{jkVl�UFsfX1lyk/�3hjxyhjk/do{jl�soX��mk h3�·}bXEc\W�h8}VU!xyXFc���g!{v�DceX�}bX�xyhjl�c�{�|Vsolyhjsol W�{jxtg!{vxyly�Vsf�FXFc�xyXFc\�VkVXEc\|m{vs
s~{v|m|Dh3sed�{v�V«�{v�VdfsoXFcF���¾x¤pq{j�bdA�jXFl�xyxyX!sA��g!X�§3�mX�x�XEc�g~SVh3ln«�}bX�xyhjl�c�{�|Vsol�h3sfl¤cfhjlyX!k/d��F§/�Vl�do{j�VxyXFcF¢mgv£ XFcede¨
�v¨H}Vl�soX�kmX\pq{��jhjsol�ceXFk3d�|m{jc�{jsf�mlndoso{jl�soX!W�X!k/d��Vk�W1hb}bUFx�X�|D{vsTso{j|V|:hjsfd�{j�b«�{j�bdfsoXFcF�mYQX!sfdo{vlykmc�{j�bdfXF�Vsoc
,-¡�{ ��l�}�X�d !&{j�Vsolnd��!X!k¥¢¥�v�3�j��� !¤X!�Dg!{vsol X�d�YQh3kmceh3kVkVl-¢:�v�3� # �:z�h@�jXFso{vdfh�X!d�YQhjkmcfhjkmkVlq¢ �v�j�j� ��*®{vsol�k¥¢
�j�j�3��3 hjk/dt|Vsohj|:h3cf�T}VXFc p�hjsoW�{vxylyco{@dol�h3kmc$|:hj�Vst}bh3kVkVXFsM�VkªceXFkmc$|Vso�Fg!lyct�\g!X�dedoX�kVhjdflyhjk¤� 
Al�kmcfl+¢!* {jsflyk
,+�v�3�j��3�{1|Vsohj|:h3cf��}bX�W�XFcf�VsfXFs�xy{�g!hjW�|m{vdfly�Vl�xyl�df��}bX�}VX!�b«�x�h3lyc�{�|Vsolyhjsol-¢

π1(θ1)
X�d

π2(θ2)
��x+£ {jly}bX

}VX�x-£ lykbp�hjsoW�{@dflyhjk�}bX <\�mx�xy�m{jg �/¨ !¤XFl��VxyX!sMXFk/dfsoX�x�XEc	}bXF�b«�}Vlycedfsol��m�bdflyhjkmctW�{jsfi3l�kD{vxyXFc>,�h3��|Vso�F}bl�g�dol��3XFc�3
g!hjsosfXEce|:hjkD}V{vk/dfXEc!¢

f1(y) =
∫

θ1

f1(y|θ1)π1(θ1)dθ1
X�d

f2(y) =
∫

θ2

f2(y|θ2)π2(θ2)dθ2
� rtxy�mc�g�X!dedfX

lykbp�h3sfW�{@dol�h3k XFced�pq{vly�Vx�X1|Vxy�mc�x�XEc�x�h3lyc�{ª|Vsolyhjsol cfhjk/d�uw�Vij�FXFc��F§/�Vl�do{v�mx�XEc!�,/Mdo�m}blyhjkmc\g�X!dedoX1{j|V|Vsoh8g~SmX
}m{vkmc�xyX g!{3c�§3�ml�kVhj�Dc�l�k/do�!soXFcoceX�(	cfhjlyX!k/d M1

X�d M2
}bXF�b« W�hb}bUFx�XEc��m{�aj�EcelyX!kmc�}bX)so�!i3sfXEcfcflyhjk

xylykV�F{jl�soXj¢V}bX\�@{vsol�{vkmg!X\g!hjW�W��mkVX
σ2 X�d�W��mkVlyc�}VX�x�h3lyc�{1|Vsol�h3sfl¥lykbp�h3sfW�{@dol��3XFcT}bX©¦:XFx�xykVXFs

M1 : y|X1, β1, σ
2 ∼ N (X1β1, σ

2In), β1|X1, σ
2 ∼ N

(

s1, σ
2n1(X

′

1X1)
−1
)

, σ2 ∼ π(σ2) ,

Æ�Æ Ñ�N�O6P/Q�R�S�T�U�V�W�X
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h3�
X1

XEcwd��VkVX�W�{vdfsolyg!X��m«8�FX
(n × k1)

}VX�so{jkVi
k1 ≤ n

�

M2 : y|X2, β2, σ
2 ∼ N (X2β2, σ

2In), β2|X2, σ
2 ∼ N

(

s2, σ
2n2(X

′

2X2)
−1
)

, σ2 ∼ π(σ2) ,

h3�
X2

XEcwd��VkVX�W�{vdfsolyg!X��m«8�FX
(n × k2)

}VX�so{jkVi
k2 ≤ n

�
�Ahj�mc	ce�V|m|Dh/ceh3kmct§/�VX M2

XEcwdQ�Vkªceh3�mce¨+W�hb}bU!xyX�}bX M1
X�dQ§/�VX�xyXFct��{jx�XF�Vs~ct}bX

(s1, n1)
cfhjk/dM�V«b�!XEc!�

!&X�|Vsohj�VxyU!W�X�g�h3kmcel�cedfXª{vxyhjs~c\�)}b��doX!soW�l�kVXFs�}bXFc���{jx�XF�Vs~c�}bX
(s2, n2)

�F§/�Vl�do{v�mx�XEc!��YQh3W1W�X
σ2 XEcwd

�mk�|m{vs~{vW�U�dosfXT}bX�k8�Vl�co{vkmg!Xj¢vkVh3�mcMW�lykVl�W�l�ceh3kmcMx+£ lykbp�h3sfW�{@dol�h3k�}bX <\�Vxyx��m{3g �/¨ !&X!ly�Vx�XFsMX!k/dfsoX�xyXFct}bXF�b«
}Vlycedfsol��m�bdflyhjkmcTW�{jsfi3l�km{jx�XEcTg�hjkD}blndol�h3kVkVXFx�xyX!W�X!k/d��

σ2 �m¬tx�xyX�cF£ �Eg�solnd
∫

log

(

f1(y|σ2)

f2(y|σ2)

)

f1(y|σ2)dy .

¡�{vkDc�g�X�g!{3c!¢ * {jsflyk@,-�v�3�j��3�W�h3k3dosfX\§/�VX�xyX�W1lykVlyW��VW XFced�{@dedoX!lyk/d�|Dh3�Vs

s∗2 = (X ′

2X2)
−1X ′

2X1s1
X�d

n∗

2 = n1 .
,:.63

YQX�sf�Ece�mxnd~{@d	XEcwdTl�k/do�Vlndolnp g!{vs
X2s

∗
2

XEcwdTx�{�|VsohvuwXFg�dflyhjk�h3sedoSVhji3hjkm{jx�X�}bX
X1s1

cf�VsQx-£ XFcf|m{jg!XAXFkVijXFkm}bso�
|D{vsªxyXFc�g�hjxyhjkmkVXFc�}bX

X2
�	rM{jsªX�«bX!W�|VxyXj¢�cel

X1 = [1n, x1]
¢
X2 = 1n

¢
s1 = (s11, s12)

¢
s∗2 =

s11+ 1
n

∑n
i=1 x1is12

� 
��Dcfcfl-¢vcfl
X1 = [1n, x1]

¢
X2 = x1

¢
s∗2 =

(

∑n
i=1 x1i

/

∑n
i=1 x2

1i

)

s11+s12
�

z�XFW�{vs~§3�mhjkmc�§3�mX1g!X�dedoX©|msfh3|Dh/cel�dflyhjk }bX1xyhjl�c�{O|Vsflyhjsol&�E§/�Vlnd~{v�VxyXFc�g�h3sfsoXFcf|:hjkm})��g�X!xyxyX©}bh3kVkV�!X
|D{vs �¾�Vs~{vSVlyW X�d !�{v�m} ,:.60�0v��3QX!d �¾�mso{jSVl�W ,:.10!0E7+3�¢bX�d�§/�¤£ XFx�xyX�{v�Vs~{vl�dQ�Fi3{jx�XFW1XFk/d��!df�\hj�bdoX!k8�VX\{��jXEg
xyXFc�{v�VdfsoXFc�|Vsfh3|Dh/cel�dflyhjkDcA}bX©x�h3lyc�{ª|Vsolyhjsol��E§3�mlnd~{v�VxyXFcF�¥Z�k }bhjl�d\{j�mcocel�kVhvdoX!s\§3�&£ lykm}b�F|DXFkm}V{vW�W�X!k/d
}VX)x�XF�VsO§/�m{vxyl�df�Fcªhj� }bX)xyX!�Vs~c�xyl�W�l�dfXFcF¢tdohj�bdoXFc�xyXFcª|Vsfh3|Dh/cel�dflyhjkDc1pq{vl�dfXFcª|Dh3�VsO}b�!�mkVlysO}bXFcOx�h3lyc�{
|msflyhjsolDg!hjW�|m{@dol��mx�XEcQlykm}b�mlycfX!k/dT|Dh3�VsQ�ml�XFk�}bXEcQW�hb}bUFx�XEcQ}bXEcT}bln¯ªg!�Vxndo�FcT}bX\g!{jxyg!�Vx:§/�Vl xyl�W�l�dfXFk3dTxyX!�Vs
|:�!km��dfs~{@dol�h3k¤�

� lykm{vxyX!W�X!k/dE¢jkVh3�mcMce�mijij�Fsfh3kmc$}bX�|Vsohbg��F}VX!st}bX�x�{�W�{vkVlyU!soX�ce�ml��@{vk/doX�|Dh3�VsMhj�bdoX!kVlys	}bXEcMW�hb}bU!xyXFc
�D{�aj�FcflyX!kmcT}bX\so�!ijsoXFcocfl�h3kª�F§/�Vl�do{j�Vx�XEc (

.+3�}V���mkVlys�x�{©xyhjl�{©|msflyhjsol¥}b��W1hb}bUFx�X�g!hjW�|VxyX�d �

�!3O|m�VlycF¢VXFk }b�F}b�ml�soX�x�XEc�xyhjl�c�{�|Vsol�h3sfl¤}bXEc
2p − 1

W�hb}bUFx�XEc�sfXEcwd~{vk/doc�X!k�|VsoX!km{jk3d�|:hj�msAg~Sm{j§/�VX
W�h8}VU!xyXtxy{�x�h3lj{�|Vsol�h3sfl@�E§/�Vlnd~{v�VxyXt|m{js¤s~{v|V|:hjsfd&{v��W�hb}bU!xyXtg�h3W�|Vx�X!d&|Vso�Fg!�F}bXFW1W�XFk3d�l�k/dfsohb}b�Vl�dF�

�Ahvdfh3kmc
Uγ =

(

X ′

t1(γ)Xt1(γ)

)−1

Xt1(γ)

X�d
Pγ = X ′

t1(γ)Uγ
� 
�ijl�cocf{jk3d�}bX�x�{)cfhjsfdfX�|:hj�Vs��mk

W�hb}bUFx�X
γ
¢Vxy{1xyhjl¤{1|Vsol�h3sfl¤g!hjW�|m{vdfly�Vx�X�}bX

βt1(γ)

cf{3g~Sm{vk/d
σ2 XFced

N
(

UγXβ̃, cσ2
(

X ′

t1(γ)Xt1(γ)

)−1
)

.

Ä�Å Æ¤ÄÈÇ



���������
	���
����������������
�������������� ����!���"��� 7

!�{�}bX!kmcfl�df��}bX\x�{©xyhjl�{©|msflyhjsol¥}bXFc�|D{vs~{vW�U�dosfXEcQ}b��W�hb}bU!xyX
γ
XFcedA{vxyhjs~cQdfX!xyxyX�§3�mX

π(β, σ2|γ) ∝
(

σ2
)−(pγ+1)/2−1

I0p−pγ
(βt0(γ)) exp

[ −1

2cσ2

(

βt1(γ) − UγXβ̃
)′

(X ′

t1(γ)Xt1(γ))
(

βt1(γ) − UγXβ̃
)]

.

!&X�|m{jso{jW�U�dfsoX�}bX1ce�Fx�XEg�dflyhjk
γ
cfX�cflndo�VX1�ª�Vk®kVly�jXE{v�)SVly�!s~{vs~g~SVl�§/�VX�|Vx��DcA�Fx�XF�j�j¢ g�h3W�W1X©x-£ lykm}bl�§3�mXj¢

}m{vkmc	xy{\�Dij�VsoX .j¢/xyXAijs~{v|mSVX�{jg!a8g!x�l�§/�VX�h3sflyX!k/df��,-[�
AZ 3 , !&{j�Vsfl�d �FX!k¥¢�.10!0j��3��VYQXAi3so{j|VSVX�lykm}bl�§/�VXAxyXFc
soX!x�{@dol�h3kmc�}bXO}V�!|:X!km}V{jkmg�Xªg!hjkm}Vlndol�h3kVkVX!xyxyXFc�XFk/dfsoX�x�XEc��@{vsoly{j�Vx�XEc�}b� W�hb}bU!xyXj� ¡�{jkmc�g�XOijs~{v|VSVX3¢¥xy{
}V�!|:X!km}V{jkmg�X©{v�)W�hb}bU!xyX©}b�®|m{vs~{vW�U�dosfX

β
k¤£ XEcwd�|m{jcAX�«b|Vxylyg!lndoX!W�X!k/d�W�{jso§/�V�FXj�V¬tk X�L X�dE¢:}V{jkmc��mk

�m�bdT}VX�cfl�W�|Vxyln�:g!{@dol�h3k¤¢3dfhj�VdT{j�ªx�h3kVi©}VXAx+£ {jsedolyg!x�X3¢3kVh3�mcQk¤£ lykm}bl�§/�VhjkDc	|m{3c	x�{�}V�!|:X!km}V{jkmg�X��!�8l�}bX!k/dfX
{j��W�hb}bUFx�X�}bXEc�g�h8X�¯ªg!l�XFk3d~c

β
�

r$hj�ms�g�X�|m{jso{jW1U!dfsoXj¢8kVh3�mcT�bdflyxylycfhjkmcTx�{1x�h3l&{1|Vsol�h3sfl¥cf�Vl��@{jk3doX

π(γ) =

p
∏

i=1

τγi

i (1 − τi)
1−γi ,

h3�
τi
g!hjsosfXEce|:hjkm} �®x�{®|msfh3�m{v�Vlyxylndo��{ |Vsol�h3sflT§/�VX�xy{ �@{vsoly{j�Vx�X

i
cfhjl�d1|Vso�FcfX!k/doX�}V{jkmc1x�X�W�hb}bU!xyXj�

RQa8|Vl�§3�mX!W�X!k/dF¢:xyhjs~cf§/�VX1{v�mg!�VkVX1l�kbp�h3sfW�{vdflyhjk®{O|Vsflyhjsol k¤£ XEcwd\|Vso�FcfX!k/dfX3¢ hjk |:h3cfX
τ1 = . . . = τp =

1/2
� YQX!x�{Og�h3km}b�Vl�d��ª�VkVX1x�h3l�{ª|msflyhjsol¤�VkVl�p�hjsoW�X

π(γ) = 2−p ¢:S/a8|:hvdoSVUFcfX�dohj�@uwh3�Vsoc�pq{vl�dfX1}V{vkmcAxy{cf�Vl�dfX�}bX�g!X�dA{vsfdfl�g�xyXj�

��� � � ��	 ��� ���
��( ��	�� ��	�� (
γ

�Ahj�mc�{��3hjkmc

π(γ|y) ∝ f(y|γ)π(γ)

∝ f(y|γ)

∝
∫ (∫

f(y|γ, β, σ2)π(β|γ, σ2)dβ

)

π(σ2)dσ2 .

rM{js�}bXFc�gF{vx�g��Vx�cT�!xy�!W�X!k/d~{vlysfXEc ,+[�X!h3sfi3X�X!d * gEYQ�Vxyxyh8g~S&¢ .10!0E7+3�¢ml�x¤�8lyX!k/d

f(y|γ, σ2) =

∫

f(y|γ, β, σ2)π(β|γ, σ2)dβ

= (c + 1)−(pγ+1)/2(2π)p−n/2
(

σ2
)−n/2

exp

(

− 1

2σ2
y
′
y +

c

2σ2(c + 1)
y
′Pγy − 1

2σ2(c + 1)
β̃′X ′PγXβ̃+

1

σ2(c + 1)
y
′PγXβ̃

)

.


Al�kDcel+¢
π(γ|y) ∝

∫

f(y|γ, σ2)π(σ2)dσ2

Æ�Æ Ñ�N�O6P/Q�R�S�T�U�V�W�X
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γ

X

σ β

c~
β

2

y

������� . � z�XF|Vsf�EceXFk/do{@dol�h3k)}b� W�hb}bU!xyX�lykbp�hjsoW�{@dfl�pM|m{vs�ceh3k®[�
AZ (Dx�XEcA§/�m{jk3dolndo�Fc�{jx��E{@dohjlysfXEc�ceh3k/d
XFk/dfhj�msf�FXFc�|m{vs�}VXFcTX!xyxyl�|mcfXFcTX!d�x�XEc�§/�m{vk/dolndo�Fc��V«bXFcTh3��h3�mcfX!so�j�!XEc�|m{vs�}bXEcTsfXEg�d~{vkVi3x�XEc!�

π(γ|y) ∝ (c + 1)−(pγ+1)/2

[

y
′
y − c

c + 1
y
′Pγy +

1

c + 1
β̃′X ′PγXβ̃ − 2

c + 1
y
′PγXβ̃

]−n/2

.
,-��3

����� � ��	�� ��� ���
��( ��	�� ��	 ��(
β
( �

σ2

YQh3km}bl�dflyhjkVkVXFx�xyX!W�XFk3dA�
γ
¢bkVhj�Dc�{��jhjkDc

βt0(γ)|σ2,y, γ ∼ δ(0p−pγ
),

,-g�X1§3�ml�cfl�i3kVln�DX©cfl�W�|VxyX!W�X!k/d\§3�mX�x�XEc�g!h8X�¯ªg�lyX!k/doc�}bXFcAsf�FijsoXFcoceXF�Vs~c�§3�ml�k¤£ lyk3doX!so�8l�XFkVkVX!k/dA|D{jcA}m{vkmc
xyX\W�h8}VU!xyX

γ
ceh3k3dT�V«b�Ec�� �!�!sohE3�¢

βt1(γ)|σ2,y, γ ∼ N
[

c

c + 1
(Uγy + UγXβ̃/c),

σ2c

c + 1

(

X ′

t1(γ)Xt1(γ)

)−1
]

,

σ2|y, γ ∼ IG
[

n

2
,
y
′
y

2
− c

2(c + 1)
y
′Pγy +

β̃′X ′PγXβ̃

2(c + 1)
− 1

c + 1
y
′PγXβ̃

]

.

Ä�Å Æ¤ÄÈÇ
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h3�
IG(a, b)

XEcwd��VkmX�xyhjl&l�k8�jXFsocfX�i3{vW�W�{1}bX�W�h@ajX!kmkVX
b/(a − 1)

�

r$hj�ms©xyX�W�hb}bUFx�X
γ
¢
Uγy

XEcwd�x+£ XEcwdol�W�{@doX!�Vs�}bXEc�W�hjlykm}bsoXFc1g!{jsfso�Fc�hjs~}blykm{vlysfXEc�}bX
βt1(γ)

¢ kmhvdf�
β̂t1(γ)

¢VX!d
UγXβ̃

XFced�x-£ XFcf|:�!s~{vkmg!X�{�|Vsflyhjsol¤g�h3W�|m{@dol��VxyX�}bX
βt1(γ)

¢mkmhvdf�FX
β̃t1(γ)

�V¬tk g�h3kmcf�F§/�VX!kDg�Xj¢
x+£ XFcedflyW�{vdfXF�Vs��m{�aj�EcelyX!k�}bX

βt1(γ)

W�lykVl�W�l�cf{jk/d�xy{1|:X!sfdfX�§/�m{j}Vso{vdfl�§3�mX�XEcwdA}bh3kVkV�\|m{js

E(βt1(γ)|y, γ) = E(E(βt1(γ)|σ2,y, γ)|y, γ) =
c

c + 1
(β̂t1(γ) + β̃t1(γ)/c).

, # 3

_bl
c = 1

¢bgv£ XFcede¨¾�@¨¾}blysfXAcfl¥x+£ lykbp�hjsoW�{@dol�h3kO{�|msflyhjsol:{©xyX�W-G!W�X\|:hjl�}VcT§3�mX�x+£ �Eg~Sm{vk/dol�xyx�h3k¤¢/x-£ XFcedflyW�{@dfXF�Vs
�D{�aj�FcflyX!kOXEcwd�x�{1W�h@ajX!kmkVX�XFk/dfsoX�x+£ XFcedflyW�{vdfXF�VsA}bXEcTW1h3l�kD}bsfXEc�g!{jsfso�FcQX�d�x�{1W1h@a3X!kVkmX\{1|Vsolyhjsol-�
¡�X�|Vxy�mcF¢bkVhj�mc�|Dh3�V�jh3kmc�W1h3k/dfsoX!s�§/�VX

y
′
y − c

c + 1
y
′Pγy +

β̃′X ′PγXβ̃

c + 1
− 2

c + 1
y
′PγXβ̃ =

(y − Xt1(γ)β̂t1(γ))
′(y − Xt1(γ)β̂t1(γ)) +

1

c + 1
(β̃t1(γ) − β̂t1(γ))

′X ′

t1(γ)Xt1(γ)(β̃t1(γ) − β̂t1(γ)),

X!dt{vxyhjs~c�x+£ XFcedflyW�{vdfXF�VsM�m{�aj�EcelyX!k©W�l�kVlyW�lyco{vk/dMxyX�sol�cf§/�VX�§/�m{j}Vso{vdfl�§3�mXQXEcwdt}bh3kVkV�T|m{vs
E
[

σ2|y, γ
] ceh3lnd

(y − Xt1(γ)β̂t1(γ))
′(y − Xt1(γ)β̂t1(γ)) + (β̃t1(γ) − β̂t1(γ))

′X ′

t1(γ)Xt1(γ)(β̃t1(γ) − β̂t1(γ))/(c + 1)

n − 2
.

,��E3
!&XFcM�E§/�m{@dol�h3kmc , # 3$X�d ,��!3tW�X�dedoX!k/d	XFk�x��VW�lyU!soXA§/�VX�x+£ lyk��m�mX!kmg!XA}bX�x�{�xyhjlm{�|msflyhjsolV}bl�ce|m{jso{��ydtxyhjs~co§3�mX
c
dfXFkm}��jXFsocTx+£ lykb�mkml-�

����� � ��� � ()��*,( ��(
c

¡�{vkmcAg�X\|m{vs~{vi3so{j|VSVX3¢3kVh3�mcT��do�m}blyhjkmc�x-£ l�k	�m�VX!kDg�X�}bX
c
ce�ms�xy{1xyhjl¤{�|:h3cedfX!solyhjsol }VXFcTW�hb}bU!xyXFcF�
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# 
6�%$
�"�-��
 #'& �"�
	 � � �J������	)( ��� � &  �������
	 ���  ��

y|β, σ2 ∼ N
(

β0 +

3
∑

i=1

βixi +

3
∑

i=1

βi+3x
2
i + β7x1x2 + β8x1x3 + β9x2x3 + β10x1x2x3, σ

2In

)


+*=�"��� ��
 #'& 
+�
����	 ���'�!���I������	 � �  ��
xi
!
i = 1, . . . , 10


��M	 �
	 �-,E��� �� ������I�J���!� & �
����� #-# �
��	 �
���"
��
� � � �"
�� � ��� .�
� # � � �  ]0, 10[

?�/5� �1 ���� # 
1��$��"�@� ��	 � �10�	�� 	 ���32 ��� �4� ��� & �� �������@���
y
����	-�5,E�����

β0 + β1x1 + β2x2
?�6��5����	 ��
�� � ���� �!��	 �
 �� ��� & �� γ∗ = (1, 1, 0, . . . , 0)

�������
n = 50

!
(β0, β1, β2) =

(5, 1, 3)
�
	

σ2 = 4
?

!&X�d~{v�VxyXF{j�;.©W�h3k3dosfX1§/�VX©x�{ªxyhjlM{�|Dh/cwdoX!sol�h3sfl }bXFc�W�hb}bU!xyXFc�XFced�dfsoUFc\ceXFkmcfl��VxyX©{j� g~SVh3ln« }bX
c
�


Al�kDcel+¢@x�h3soco§/�VX	x+£ hjk�kmXT}Vlycf|Dh/ceX�|m{3c }¤£ lykbp�hjsoW�{@dol�h3kmc${A|Vsolyhjsol-¢�x+£ l�}b�!X�lyk3do�Vl�dfly�jX�g�h3kmcel�cedo{vk/dM�A|msfXFkm}bsoX
β̃ = 0p+1

X�d
c
i3so{jkm}�kVX\|:X!�bd�|m{3c G!dfsoX��Vdflyx�l�ce�FXj�DYQXFxy{©kVhj�DcQ{1{vW�X!km���©|Vsohj|:h3cfX!s��VkVX�x�h3l {©|Vsol�h3sfl

kmhjk�l�kbp�h3sfW�{vdfly�jX\SVly�!s~{vs~g~SVly§/�VX\}b�Eg�solndoX\}m{vkmcTx�{�ceXEg�dflyhjk�cf�Vl��@{jk3doXj�
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* h8}VU!xyX
c = 10 c = 100 c = 1, 000 c = 10, 000 c = 1, 000, 000

�m¢".3¢ � �V� �v�/�j�3� �m� # ��# �!2 �m� � � 2 � 2 �m� 2 � 2�0 � �m� 0!23�3�j�
�m¢".3¢ �V¢ 7 �V� �B. # �v� �m� �3�B.!�8� �m� �!2 # 0 � �m� �j�j� # � �m� �3� � �@�
�m¢".3¢ �V¢ � �V� �B.���0�0 �m� � ��# .E� �m� � � 23� � �m� �/��2j�!2 �m� �3� #!# �
�m¢ �V¢ � �V� �3��03�!7 �m� � # 0j�/� �m� �3�v�/��0 �m� �3�3�@�/� �m� �3�3� � �
�m¢".3¢ �V¢ 2 �V� �B.��@�3� �m� � # 2 #!# �m� ��.�.E�j� �m� �3�B.E�j� �m� �3�B.��v�

����� � . � 
 �8�  �   ±��
� � �/� ���q�·��¶-���8� � (QXEcwdol�W�{vdflyhjkJ}bX xy{�|Vsfh3�m{v�ml�xylndo�®{�|:h3cedfXFsflyhjsolA}bX
}Vl L �!soX!k/docTW�hb}bUFx�XEc�ce�Vly�@{vk/d�x�{©�@{jx�XF�Vs�}bX�x+£ S8a8|DXFsf|D{vs~{vW�U�dosfX

c
�

� 
 ��
�� ����� 
���� 
 
���
�
�
��@����� �\� 
������

¡�{vkmc$�mk©g�h3k/dfX�«8doXQkVh3k�lykbp�hjsoW�{@dolnpw¢@kVh3�mc�|Vsfh3|Dh/ceh3kmc }¥£ �Vdflyx�l�ceXFs$xy{�W-G!W�XTx�h3l8{�|Vsol�h3sfl8}bXA¦:XFx�xykVX!s
{��3XFg

β̃ = 0p+1
X�d©}¥£ lyk3dosfhb}b�ml�soX��VkVXªxyhjl	{�|msflyhjsolMSVly�!s~{vs~g~SVly§/�VX�}bl"L �mceXªcf�Vs

c
¢¤|Dh3�Vs�}bXOW�{jkVlyU!soX

g!xy{3cfcfl�§3�mX�, * {vsol�k�X�dAz�hj�:X!sfdF¢D�j�j�j���Vz�hj�:X!sfdF¢D�j�j�j��3T{vdedo�!k8�VX!s�xyX\s��3x�X�}bX�x+£ S/a8|:X!so|m{vs~{vW�U!dfsoX
c

π(c) ∝ c−1IN∗(c) .

!�{)�mi3�VsoX�� }VhjkVkVX�x�X)[�
AZ soX!|Vso�FcfX!k/do{jk/d�x�X�W�h8}VU!xyX�kVh3k�lykbp�hjsoW�{@dfl�pA|:hj�Vs1xyXF§/�VX!xTkVh3�mc1{��jhjkDc
h3|bdf�3�

����� � ��	 ��� ���
��( ��	�� ��	�� ()� $ � ���).�()�
rM{vs ,+��3�¢VkVhj�Dc�{��jhjkDc

π(γ|y, c) ∝ (c + 1)−(pγ+1)/2

[

y
′
y − c

c + 1
y
′Pγy

]−n/2

,

X!d

π(γ|y) ∝
∞
∑

c=1

c−1(c + 1)−(pγ+1)/2

[

y
′
y − c

c + 1
y
′Pγy

]−n/2

.
, � 3

�¾xDXFced	pq{3g�lyx�XA}VXAW�hjk/dfsoX!sQ§3�mXj¢/|Dh3�Vstdohj�bd
y
¢3x�{�cf�!sol�XAX!k\uwX!��}V{vkmcH, � 3tg�h3k8�jX!soijX3�@r$hj�Vs�g!{vx�g��mx�XFsH, � 3�¢

kmhj�mcQceh3W1W�XEc¥uw�mcedfX�{vW�X!kV���\dfsohjkD§3�mX!s	g!X�dedoX�cfhjW�W�XAlykb�mkVlyXj� !¤XAdo{j�Vx�XE{v�O��}VhjkVkVX3¢/cf�VsQx�X	���8�  �
  ±��
� � �/��� �-� � ¶q� �8� �:¢DxyXFc�|Vsohj�D{v�Vlyx�l�df�Ec�{O|Dh/cwdoX!sol�h3sfl$}bXEc�g!l�km§�W�XFl�xyx�XF�Vs~cAW�hb}bU!xyXFc\gF{vx�g��Vxy�!XEcAXFk
�Vdflyx�l�cf{jk/d�}VX!�b«�dfsohjkmgF{@df�msfXEc�}Vl L �!soX!k/dfXEc!�m_b�VsAg�X!d�X�«bX!W�|VxyXj¢Vx�{©dfsohjkmgF{@do�VsfX

105 p�hjkmg�dflyhjkVkVX��ml�XFk¤�
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γ

X

σ β2

y

c

�������&� � z�XF|Vsf�EceXFk/do{@dol�h3k }b� W�hb}bU!xyX1kVhjk lykbp�h3sfW�{@dolnpt|D{vs�cfhjk·[�
AZ (DxyXFc�§/�m{vk/dfl�df�Ec�{jx��E{@dohjlysfXEc
cfhjk/d�X!k/dohj�Vso�!XEcQ|D{vs�}bXEcTX!xyx�ly|mcfXFcTX�d�xyXFcA§3�D{vk/dfl�df�Ec��V«bXFcThj��hj�DceXFsf�3�!XFc�|m{js�}bXFc�soXFg�do{jkVijxyXFcF�

*)hb}bUFx�X 105

∑

i=1

π(γ|y, c)π(c)

106

∑

i=1

π(γ|y, c)π(c)

�V¢�.j¢Á� �V� 7�7�03��0 �V� 7�2j�878.
�V¢�.j¢Á�b¢ 7 �V� �j�3�3��0 �V� �j�3�j�B.
�V¢�.j¢Á�b¢ � �V� �v��. # 2 �V� �v��.!.10
�V¢�.j¢Á�b¢ 2 �V� �B.F�!2v� �V� �B.F�87@�
�V¢�.j¢Á�b¢ � �V� �B.F��.�. �V� �B.F�3�v�

����� �$� � 
 �/�  �   ±��
� � �/� �=(&|Vsfh3�m{v�ml�xylndo�Fc\{�|:h3cedfX!solyhjsol$}VXFc�g�lykm§®W1XFl�xyxyX!�Vs~c\W�h8}VU!xyXFc\|:hj�Vs
π(c) ∝ c−1IN∗(c)

X�d�}bXF�b«��@{vxyX!�msoc�}bX�dosfh3kmg!{vdf�VsoX
105 X!d 106 �
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��( ��	�� ��	 ��(
β
( �

σ2

�Ahj�mc�gF{vx�g��VxyhjkDcQW�{jl�k/dfXFkm{vk/d�x+£ XEce|:�!s~{vkmg!X�{©|:h3cedfXFsflyhjsol¥}bX
(β, σ2)

g�hjkD}blndol�h3kVkVXFx�xyX!W�X!k/d��
γ
�

π(β, σ2|y, γ) =

∫

π(β, σ2|y, γ, c)f(c|y, γ)dc

∝
∫

π(β, σ2|y, γ, c)f(c,y, γ)dc

∝
∫

π(β, σ2|y, γ, c)f(y|γ, c)π(c).


Al�kDcel+¢

E(βt1(γ)|y, γ) = Uγy













∞
∑

c=1

f(y|γ, c)π(c)c/(c + 1)

∞
∑

c=1

f(y|γ, c)π(c)













= Uγy













∞
∑

c=1

(c + 1)−(pγ+1)/2−1

[

y
′
y − c

c + 1
y
′Pγy

]−n/2

∞
∑

c=1

c−1(c + 1)−(pγ+1)/2

[

y
′
y − c

c + 1
y
′Pγy

]−n/2













,
,q�!3

X!d
E(σ2|y, γ)

cF£ �Fg�sol�d
∞
∑

c=1

(

y
′
y − c

c + 1
y
′Pγy

)

c−1(c + 1)−(pγ+1)/2(n − 2)−1

[

y
′
y − c

c + 1
y
′Pγy

]−n/2

∞
∑

c=1

c−1(c + 1)−(pγ+1)/2

[

y
′
y − c

c + 1
y
′Pγy

]−n/2
.

,�7�3

����� � ( ��"#����$%� ��*,()� ��( ���).�()* ��	����
_8�msª}bl L �!soX!k/d~cAuwXF�b« }bX�}bh3kVkV�!XEc!¢$kVh3�mc�{vxyx�h3kmc1W�{vlyk3doX!km{jk/d�g!hjW�|m{vsoX!s1xyXFc1|DXFsep�h3sfW�{jkmg�XEc©}bX

cf�!xyXFg�dflyhjk }¥£ �mkVX�|msfhbg��E}b�VsoX��D{�aj�FcflyX!kVkVXOkVhjk l�kVp�hjsoW�{vdfly�jX�g�hjkDcel�cwd~{vk/d1�·cf�!xyXFg�dol�h3kVkVXFs1xyX�W1hb}bUFx�X
{�a/{vk/d&x�{�|Vsohj�D{v�Vlyx�l�df��{A|:h3cedfXFsflyhjsoljx�{�|Vx��Dc&p�h3sedoXQ��g�X!xyxyXFc$}bXFc g�sol�dfU!soXFc&p�so�F§/�VX!k/dol�XFxyc g�x�{jcocel�§/�VXFc (�
 �fY�¢
YQ| }bXI* {jx�xyh���c�X�d ���fY��&�Ahvdfh3kmc�§/�VX�x-£ hj�VuwXFg�dolnp�}bXEc�g�solndoU!soXFc 
 �fY X�d©YQ| XFced�}¥£ {v�:hjs~}®|msf�E}blyg�dfl�p
d~{vkm}Vlyc\§/�VX�g�XFx��Vlt}VX ���fYBX!d�}bX�kVhvdosfX�g�solndoU!soX©�D{�aj�FcflyX!k XEcwd�}¥£ {v�:hjs~} X!«8|mx�l�g!{vdfl�pw�¤z�{v|V|:X!xyhjkDc�§/�VX
|:hj�ms�x�X�W�hb}bU!xyX

γ
(


 �fY
(γ) = −2 log[f(y|β̂t1(γ), γ, σ̂2

γ)] + 2(pγ + 2) ,

h3�
β̂t1(γ)

X!d
σ̂2

γ

cfhjk/dTx�XEcTXFcedflyW�{vdflyhjkmcT}b��W�{@«blyW��VW"}VX��8s~{vl�ceXFW��Vx�{vkDg�X�}VXFcT|m{jso{jW1U!dfsoXFc
βt1(γ)

X�d
σ2 |:hj�ms�x�X�W�hb}bU!xyX γ

¢
���fY

(γ) = −2 log[f(y|β̂t1(γ), γ, σ̂2
γ)] + log(n)(pγ + 2) ,
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XFkb�mk¤¢Dcel
γ̃ = (1, . . . , 1)

¢

YQ|
(γ) = (n − pγ − 1)

σ̂2
γ̃

σ̂2
γ

− n + 2(pγ + 2) .


 �8�  �   ± � ��� �8� � �-� � ¶q� �8��� � 6�� �	� � ,��J	 � � � � # 
6�%$
�"�=�������
p = 10

���� ����!���"����� � & � ������	��J�����
& 
�	 �
��	������J�"��� ���������!�����I��	  ���
	 �  ��� ������
� � �
�"��	���
��=�
��	� �  ��,� �����
� �  ��
?

�������	��

���������������������������4��
 # & 
��
����	 ��� �!���>������	 ���  ��
zi

�
i = 1, . . . , 13

 ��� ��� # ��������
�� n
�

��M	

,E�
���
 ����� �J���!� & ��� ��� #-# ���M	 � � �J�����M	 � � � N (0, 1)
?

� 
 �8� & 
��

��B�

xi = (zi + 6z11)/
√

37
�
i = 1, 2

 �!
xi = (zi + 6z12)/

√
37

�
i = 3, 4, 5

 "!
xi = (zi + 6z13)/

√
37

�
i = 6, . . . , 10

 �?
� �
�"�'��
��M��� �"� # ��	� ��������!�-��
� � �
�"��	���
�� 	�����
� �� 2���� � � �J������	 � �
��	� � �"��� ���� ����!���"����� � & � ������	��J�����
































1 36/37 0 0 0 0 0 0 0 0
36/37 1 0 0 0 0 0 0 0 0
0 0 1 36/37 36/37 0 0 0 0 0
0 0 36/37 1 36/37 0 0 0 0 0
0 0 36/37 36/37 1 0 0 0 0 0
0 0 0 0 0 1 36/37 36/37 36/37 36/37
0 0 0 0 0 36/37 1 36/37 36/37 36/37
0 0 0 0 0 36/37 36/37 1 36/37 36/37
0 0 0 0 0 36/37 36/37 36/37 1 36/37
0 0 0 0 0 36/37 36/37 36/37 36/37 1

































.

/ � �6 ��� # 
6�%$
�"�-����	A�����F�M� & �� 

y ∼ N (2 + 2x2 + 2x3 + 2x6, In).

�������	��

�����������! "
#

��������� ��
 #'& 
+�
���M	 ���H�����4������	 ���  
xi

�
i = 1, . . . , 10

 ��� ��� # �
�B����
�� n
�

��M	

,E�
���
 ����� �J���!� & ��� ��� #-# ���M	 � � �J�����M	 � � � N (0, 1)
? / � �6 ��� # 
6�%$
�"������	A�!�$� ��� & �� 

y ∼ N (2 + 2x2 + 2x3 + 2x6, In).
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L:XEg�do�Vhjkmc��VkVX�ce�Fx�XEg�dol�h3k
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X!«bSm{v�mcedfly�jX3�bYQX�do{j�VxyXF{v��W�hjk/dfsoX�§/�VX�x�{�|Vsohbg��E}b�VsoX��m{�a3�Fcfl�XFkVkVX�kVhjk�l�kbp�h3sfW�{vdfly�jX�{3cfcf�VsoX�}bXEc�|DXFse¨
p�h3sfW�{jkmg�XEc�}bXOcf�!xyXFg�dflyhjk W�X!lyx�xyX!�msfXEc�§/�VXªxyXFc©g�solndoU!soXFc\p�so�F§/�VXFk3dol�XFxyc�g�x�{jcocel�§/�VXFcF¢¤kVhjdo{vW�W�X!k/d©}m{vkmc
xyXFcQg!{3cthj�Oxy{\d~{vlyx�xyX�}¤£ �Eg~Sm{vk/dflyxyx�h3k�XFced	pq{vly�VxyXj�8¡AX�|Vxy�mc	x�{�|Vsohbg��E}b�VsoX��m{�aj�EcelyX!kmkVX�sf�Ecel�cedfXA{3cfcfX����ml�XFk
�1�VkmX\p�hjsfdfX�g�h3sfso�!x�{@dol�h3kªX!k/dfsoX\sf�FijsoXFcoceXF�Vs~c!�

ρ
# ��� # 7 �

n = 30

 �fY ( .!� 
 �fY ( �v�
YQ|@( �v� YQ|@( ��0
���fY ( # � ���fY ( ��.
* 
�r	� � ( # 2 * 
�r	� � ( 7�2

n = 50

 �fY ( �j� 
 �fY ( �@�
YQ|@( ��0 YQ|@( #�#
���fY ( � 7 ���fY ( �j�
* 
�r	� � ( �B. * 
�r	� � ( 2�2

n = 100

 �fY ( �v� 
 �fY ( #�#
YQ|@( # � YQ|@( # �
���fY ( 7�0 ���fY ( 7 #
* 
�r	� � ( 03� * 
�r	� � ( 2 �

n = 500

 �fY ( # 7 
 �fY ( # 7
YQ|@( # 0 YQ|@( # 2
���fY ( 0B. ���fY ( 0j�
* 
�r	� � ( 0v� * 
�r	� � ( 0E7

����� � # � 
 �/�"%  �   ± � � ���8� � �-� � ¶q� �8� � (Qg!hjW�|m{jso{jlycfhjk }bXFc�g�solndoU!soXFc 
 �fY�¢�YQ|¤¢ ���fY"X�d
*®{@«bl�W©�VW 
 r h/cwdoX!sol�h3sflT��h3k �¾kbp�h3sfW�{vdfl�p�,�* 
�r	� �/3'( |:hj�msog!X!k/do{jijX�}VX�g~SVh3ln« }V� �8s~{vl�W1hb}bUFx�X
cfX!xyhjk�}bl"L:�FsfXFk/dfXFc�d~{vlyx�xyXFc�}¤£ �Eg~Sm{vk/dflyxyx�h3kmc!¢Vg~SD{j§/�VXQuwX!� }bX�}bh3kVkV�!XEcT��d~{vk/dAcelyW��mx��-.F�3��p�h3lycF�

_8�ms�g�XQuwX!��}bX�}bhjkVkm�!XFcF¢8kVhj�Dc�{��3hjkmctpq{vl�d�}bXFc�X�«b|:�!sol�W�XFk3d~{@dol�h3kmcT{vkm{jx�h3ij�VXEcthj��{v�Dg��Vk�W1hb}bUFx�X
|msfh3|Dh/ce��k¤£ XFcedQxyXA�8s~{vlVW�hb}bUFx�X3�3r$hj�msQg�XFxy{m¢jkVh3�mc	{��3hjkmctX!kVxyX!�3��xy{���{jsfl�{v�mx�X

x2
}bXFc�g~SVh3ln«�|Dh/cfcfly�Vx�XEc!�

¡�{vkDcTx�X�gF{jcTlykm}b�!|:X!kD}V{vk/d�xyX\§/�m{3cel�¨H�/s~{vl W�hb}bU!xyXj¢bkmhvdflyhjk�g�x�{vlysoX!W�X!k/d�}b���DkVl�X�|D{vs
!&X!�m{jsf�ml�XFs�X!d4* {vsoa/¨��A�m{vs~} ,+�v�3�j��3Th3� ���VsokVSm{jW X�d 
Akm}bX!s~cfhjk=,-�j�j�3��3�¢DcF£ h3�bdflyX!k/dA{jx�h3soc�|m{jsAg�h3W©¨
�ml�km{jlycfhjk�}VXFc��@{jsfl�{v�VxyXFc

x3
X�d

x6
� ¡�{jkmc©x�XOgF{jc©g�hjsoso�!xy�j¢&}bX�W�{vkVlyU!soX��!�8l�}bX!k/dfX3¢�lyxQcF£ hj�bdol�XFk3d1|m{vs
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x3

X!d
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n
{jcoceX��
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�rQ� ��cfX�sfXeuwhjlyijkVXFk3d�|:hj�Vs
n
i3so{jkm}¥�:YQXEg�l¤XEcwd
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ρ
# ��� # 7 �

n = 30

 �fY ( .12 
 �fY ( �v�
YQ|@( �@� YQ|@( # �
���fY ( ��2 ���fY ( � �
* 
�r	� � ( � # * 
�r	� � ( � #

n = 50

 �fY ( �@� 
 �fY ( �v�
YQ|@( # � YQ|@( ��0
���fY ( � � ���fY ( ��2
* 
�r	� � ( �j� * 
�r	� � ( 7v�

n = 100

 �fY ( # � 
 �fY ( �@�
YQ|@( # � YQ|@( ��0
���fY ( 23� ���fY ( 7v�
* 
�r	� � ( 2j� * 
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 �fY ( # 2 
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p > 25
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π(γ|y)
XFcedA{vxyhjs~c�|Vsohj|:h3cf�j�

�Ahvdfh3kmc
γ−i

xyX��3XFg�doX!�Vs
(γ1, . . . , γi−1, γi+1, . . . , γp)

�m¡©£ {j|VsoUFc�x�{�sfUFijxyX�}bX �T{�ajXEc!¢bx�{�}bl�cwdosfly�V�b¨
dol�h3k�}VX

γi
co{jg~Sm{jk/d

y
X!d

γ−i
XFced�dfX!xyxyX\§/�VX

π(γi|y, γ−i) =
π(γ|y)

π(γ−i|y)
,

X!dA}bhjkDg
π(γi|y, γ−i) ∝ π(γ|y) .

, 2!3

Al�kDcel+¢ g!hjW�W�X

γi
XEcwd1�Vlykm{vlysfX3¢&x�{®}bl�cedfsol��V�Vdflyhjk g!hjkm}bl�dflyhjkmkVX!xyx�X

π(γi|y, γ−i)
XFced©hj�VdfX!k8�VX�|m{vs©x�X

gF{vx�g��Vx:kVh3sfW�{vxyl�ce�A}VX
π(γ|y)

|:hj�ms
γi = 0

X�d
γi = 1

�
�¾x:XFcedT}VhjkmgA|Dh/cfcfl��mx�X�}¥£ �Vdflyx�l�ceXFsQx+£ �Fg~Sm{jk3dol�xyxyhjkb¨
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γi
cf�Vly��{jk/d�x�XF�Vs�xyhjl&g!hjkm}bl�dflyhjkmkVX!xyx�X

co{jg~SD{vk/d
γ−i

X!d
y
�

/	g~Sm{vk/dol�xyx�h3kVkm{jijX�}VX�[�l��V�Dc

• �Hdf�Fso{vdflyhjk�� (Vdflyso{jijX\}bX
γ0 cfX!xyhjk�x�{1}Vlycedfsol��m�bdflyhjk��VkVl�p�hjsoW�X�ce�Vs Γ

�

• �Hdf�Fso{vdflyhjk
t
¢!|:hj�Vs

i = 1, . . . , p
¢�dflys~{vijXt}VX

γt
i

cfX!xyhjk
π(γi|y, γt

1, . . . , γ
t
i−1, . . . , γ

t−1
i+1 , . . . , γt−1

p )
�
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T0
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π(γ|y)

� !¤XEc
γi
i3�!kV�Fsf�EcM}b�Vs~{vk/d	g�X!dedfXA|VSm{jcfXAcfhjk/d	g�h3kmcfX!so�j�Fc$|:hj�mstW�X!kVXFs	���VlyX!k�x+£ lykbp��FsfXFkmg�X3�jr$hj�Vs

�mk�W�hb}bUFx�X
γ
}bh3kVkV�3¢bx-£ XFcedflyW�{@dfXF�Vs�}bX

π(γ|y)
}b�F}V�VlndA}VX�x-£ �Fg~Sm{jk/dflyx�xyhjkVkD{vijX�}bX�[�ly�V�mc�XEcwd

π̂(γ|y)
GIBBS

=

(

1

T − T0

) T
∑

t=T0+1

Iγ(γt),
,�0!3

X!dAg�XFx��Vl¤}VX
P(γi = 1|y)

c!£ �Fg!sfl�d

̂P(γi = 1|y)
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=

(

1

T − T0

) T
∑

t=T0+1

Iγi
(γt

i ).
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pq{jl��mx�XFW1XFk/dTlykbp�h3sfW�{@dol��3X�gF{vs~{jg�do�!solycf�!X�|m{vs
β̃ = 011

X!d
c = 100

��!&XAd~{v�VxyXF{j���©}bh3kVkVX�x�XEcTsf�Ece�mxnd~{@doc
|:hj�mst�VkVX�xyhjl:{�|Vsol�h3sflbkmhjk�lykbp�hjsoW�{@dfly�jX3� �¾xDcF£ {��jU!soX�§/�VX�xyXFcMso�Fcf�Vx�do{@d~ct}b�E}b�Vl�doc�}bX�x+£ �Eg~Sm{vk/dflyxyx�h3kVkm{vi3X
}VX�[�ly�V�mcAceh3k3d�X!«bg!X!xyx�XFk/docF�

βi 6= 0 π(γ|y) π̂(γ|y)
GIBBS

�V¢�.j¢Á� �V� #
��# 7 �m� # � .E�
�V¢�.j¢Á�b¢ 7 �V� �j�B.F� �m� �3�j�j�
�V¢�.j¢Á�b¢ � �V� � ��# . �m� � ��# 7
�V¢Á�b¢ � �V� � # 03� �m� � # 0!0
�V¢�.j¢Á�b¢ 2 �V� � # 2 # �m� � # 2!2
�V¢�.j¢Á�b¢ � �V� � # 7!7 �m� � # 7v�
�V¢�.j¢Á�b¢ 0 �V� � #
�
� �m� � # � 7
�V¢�.j¢Á�b¢ # �V� � #
�
� �m� � #
� .
�V¢�.j¢Á�b¢ � �V� � #
��# �m� � #
� �
�V¢�.j¢Á�b¢�.F� �V� � #
� � �m� � # � �
�V¢Á�b¢ # ¢ 2 �V� �B.E�E7 �m� ��. #!#

����� � � � 
 �/�  �  �±��
� � �8�©���q�·��¶-� �/� � (8so�Fcf�Vxnd~{@d~c�}VX�x+£ �Fg~Sm{jk3dol�xyxyhjkVkm{jijX�[�ly�V�mc ,
T = 100000X!d

T0 = 10000
3¤|Dh3�Vs

β̃ = 011
X!d

c = 100
� !�{A|VsoX!W�lyU!soX�g!hjxyhjkVkmX	lykm}bl�§3�mX�xyXFc lykm}bl�g�XEcM}bXFc �@{vsoly{j�VxyXFc

cf�!xyXFg�dflyhjkVkm�!XFcF¢�xy{�cfXFg!hjkm}VXQxyXFc$|Vsohj�D{v�Vlyx�l�df�EcM{�|Dh/cwdoX!sol�h3sflb{jcocfh8g!l��FXFcF¢�X�dtx�{Adosfh3lycflyU!W�XQxyXFctXFcedflyW�{vdflyhjkmc
}VX\g!XFc�|msfh3�m{v�Vlyxylndo�FcQdflysf�FXFc�}bX�x+£ �Fg~Sm{jk3dol�xyxyhjkVkVXF�Vs�}bX�[�ly�V�mcF�
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xi = zi+3z
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zi
��	

z
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	 ����	 ��� # � �"�A�J� ��� & �
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��	 ���
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�� � ��� �"
�� Nn(0n, In)
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� � �
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�
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x1, . . . , x20
����	 ��� ��� 
� �� � �!�

0.9
? / � �6 ��� # 
1��$��"� ����	 ��
��B��	  � �J	H� �  I�"���

�
� & 	 �+�� ������
�"��� � � �J�����M	 ��� x1, x3, x5, x6, x12, x18, x20
!A�������

(β0, β1, β3, β5, β6, β12, β18, β20) = (3, 4, 1,−3, 12,−1, 5,−6)
!
σ2 = 4

�
	
n = 180

?
�Ahj�mcQl�xyxy�mcwdosfh3kmctW�{jl�k/dfXFkm{vk/d�x�XEc	|:X!sfp�hjsoW�{vkmg!XFc	}VXAx+£ �Eg~Sm{vk/dflyxyx�h3kVkm{vi3X�}bX�[�ly�V�mcTcf�Vs	xyX � �8�  �
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XEcwd�cf�mcfg!X!|bdol��mx�X�}bX�W�X!dedfsoX�x-£ �Fg~Sm{jk/dflyx�xyhjkVkmX!�Vs�}bX)[�l��V�Dc©XFk }bl�¯ªg��Vx�df�3� !¤X�do{v�mx�XE{v�D7®}bhjkmkVXOxyXFc
so�Fcf�Vx�do{vdoc�|:hj�ms��VkmX�xyhjl${ª|Vsol�h3sfl&pq{vly�VxyX!W�X!k/d�lykbp�h3sfW�{@dol��3Xj¢:g!{vs~{jg�df�Fsfl�ce�FX�|m{vs

β̃ = 021
X!d

c = 100
�

*®{vkVl�p�XFcedfXFW1XFk/dF¢tx�{ �8lndoXFcoceX }bX)x+£ �Fg~Sm{jk3dol�xyxyhjkVkm{jijX�}bX [�ly�V�mc�k&£ { |m{3c�X!� � cfhj� L sol�sª}bX)x�{·p�hjsfdfX
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