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Résumé

Nous €tudions Ucffct sur le comportement asymptotique des énoncés. dec l'ajout
de certaines familles de quantificatcurs généralisés @ la logique du premier ordre.
Tous nos rdsultats sont Ctablis pour des langages sans variable libre a Uintérieur
des quantificaleurs gincralisés. Pour une classe K de structures finies fermée
par isomarphisme. lc quantificateur Qx est dit fortement monotone si le prob-
léeme dappartenance a la classe est preservé pour une forme souple d’extensions.
Notre premicr théoréme (loi 0/1 pour la logique du premicr ordre avec un en-
semble qucleonque de quantificateurs fortement monotones) généralise un critére
connu pour monirer que presque aucun graphe ne satisfait une propriété donnée.
Nous montrons aussi une loi 0/1 pour la logique du premier ordre avec des quan-
tificateurs de [irtig (quantificateurs d Cquicardinalité) ¢t une loi limite pour un
fragment de la logique du premicr ordre avee des quantificateurs de Rescher (ex-
primant des inéqalités entre les cardinalités). Les prevves de ces deux derniers
résultats font appel @ Uinumération combinatoire standard et @ des tcchniques
plus soplistiqudes d unalyse complere. Nous montrons aussi que la loi 0/1 n'est
pas vErifice pour une extension de la logique du premier ordre avec des quan-
lificateurs de [lirtig si les restrictions syntaxiques mentionnées ci-dessus sont
relachées. Nous oblenons done la meilleure borne supéricure pour Uczistence de
loit 0/1 avee des quantificateurs de Tdirtig.

*Cet article est paru dans Proc. of ITEE Logic in Computer Science, Montreal 93.
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Abstract

We study the impact of adding certamn families of
generalized quantificrs to first-order logic (FO) on the
asymptotic behavior of sentences. All our results are
stated and proved for languaqges disallowing free vari-
ables in the scope of grneralized quantifiers. For a
cluss K of finite structures closed undecr isomorphism,
the quantifier Qx s sard to he strongly monotonic.
sy, if membership in the clase 15 preserced under a
loosc form of ertensions. Qur fir<t theorem (0/1 law
for FO with any set of sm quantifiers) subsumes a
previous criterion for proving that almost no graphs
satisfy a given property [BIT70]. e also stablish a
0/1 law for FO with Hdartiq quantifiers (equicardmality
quantifiers) and a Lmit law for a frogment of FO with
Rescher quantifiers (erpressing mequalitics of cardi-
nalities).  The proofs of theee last two resulls com-
bine standard combinatorial enumerations with more
sophisticated techniques from compler analysis. e
also prove that the 0/1 luw fails for the ertension of
FO with Héirtig quantificrs of the abore syntactic re-
striction 1s rvelaved. We thercfore gel the best upper
bound for the eristence of a 0/1 law for FO with Hir-
tig quantifiers.

1 Introduction

The idea of extending first-order logic by means
of generalized quantifiers dates hack to the work of
Mostowski [Mos57] on cardimalidy quaniificrs. which
was an attempt to remedy the fact that keyv notions
of modern mathematics. such as the notion of a fi-

nite set or the notion of an uncountable set, werc not
first-order definable over the class of all (either finite
or infinite) structures. In Mostowski’s stride. miscella-
neous quantifiers. inspired by probabilistic or topologi-
cal concepts. came to light. A decade later, Lindstrom
[Lin66] gave a very general definition of a guantifier,
allowing practically any class K of structures to be
used for defining a new quantifier Qx that captures
membership in that class. Since then. the study of
languages with added quantifiers has been an impor-
tant line of research of abstract model theory [BFR&5].

Meanwhile, finite model theory had emerged as an
important research area [Fag90]. The steadily growing
interest of logicians in finite structures was a conse-
quence of the strengthened connections between logic
and computer science. Researchers rapidly realized
that first-order logic (FO) was not tuned properly for
this new challenge. In particular, FO lacks any form
of recursion mechanism that reveals necessary to de-
fine nusual properties of finite structures. For the last
two decades, a considerable amount of work has heen
achieved. in the context of finite model theory, on
logics whose expressive power surpasses FO's: Gure-
vich and Shelah [(GS&6], among others, investigated
and compared various fixed-point extensions of first-
order logir. and RNolaitis and Vardi [KV90bh, KV92D]
undertook a careful examination of infinitary lan-
guages. Most of the work on extended logics over finite
structires was related to important problems of des-
eritive complexity, Very recently, generalized quanti-
fiers have Leen stadied in the realim of finite structures
INVO2a. Hel92].

The restriction 1o finite structures also enabled the
design anel development of specific methods, among



which 0/1 laws appear as central. This line of re-
scarch was initiated by Fagin [Fag76] and Glebski ot
alii [GKLTG9] who independently proved the foflow-
ing startling result: given any IO sentence 20 if all
structures of size n are considered equiprobable. then
the limit, as n — oc, of the probalnlity that o is
satisfied by a random structure of size n. alwavs ex-
i1sts and is equal to cither 0 or 1. Languages enjoy-
ing such a property are said to have a 0/1 law. By
now, the 0/1 law has been shown to hold for nnmer-
ous extensions of first-order logic without functions or
constants: fixed-point logies [BGR&S, KV&T]. the in-
finitary logic with a finite number of variables L%
[KV90b] and some prenex classes of existential second-

order logic [KV90a].

Our aim 10 the present paper is to study the asymp-
totic behavior of sentences of FO{Q). where Q 15 a set
of generalized quantifiers. We first focus on strongly
monotonic quantifiers. A quantifier Q. binding one
formula, is strongly monotonicif it is defined by a class
K of structures (A, X), with X C A* for some integer
k, that is preserved under a loose form of extension:
(A X) e K, AC Band Y CY entail (B.}Y) € X.
Strong monotonicity is a neat framework for capturing
numerous classes of graphs, among which planarity. n-
colorability, and so on. We give a simple proof that the
0/1 law holds for the logics FO™(Q) extending (with-
out free variables in the scope of generalized quanti-
fiers) FO by any family of strongly monotonic quanti-
fiers. Hence, we yield a generalization of a criterion of
Blass and Harary [BH79] for proving that almost no
graphs satisfy some properties.

We then turn to extensions of FQ with counting. To
our knowledge, the only result on the asymptotic prob-
abilities of extensions of first-order logic with counting
can be found in [Kny90]. where it is proved that, for a
rational r such that 0 < » < 1. if the asyvmptotic prob-
ability of a formula () is different from ». sentences
of the form: “there is at least a fraction r of the ¢le-
ments of the domain satisfving ()" have a 0/1 law.
The restriction on r1s crucial. Indeed. the sentence ex-
pressing that “there is at least one half of the elements
of the domam satisfving P()". where P 1s some unary
predicate, has asvmptotic probability 1. Our results

)

differ from Knyazeyv's in two respects: (i) we are con-
cerned with families of quantifiers expressing equalities
or incqualities of first-order definable relations of ar-
bitrary arities, and (1) our proofs rely upon radically
different methods, namely the Laplace method and
the saddle-point method for computing integrals. Tt
should be noted that neither of onr last two theorems
can be dedueed from Knvazev's main result,

Counting is an essential primitive in database query
langnages. Logieal languages generally lack the ability
to express counting. though it is very easy to count
on any computational device [AVI1]. 0/1 laws have
been used in this context to get upper bounds on the
expressive power of query languages. These results
give a better understanding of the expressive power
gained with connting primitives such as Hartig's and
Rescher’s quantifiers.

The paper 1s organized as follows. In the next sec-
tion. we review the main definitions. Section 3 is de-
voted to strongly monotonie guantifiers. In Sections
4 and 3. two theorems are proved, which establish a
0/1 law (respectively a limit-law) for extensions of FO
by means of the Hartig quantifiers (respectively the
Rescher quantifiers).

2 Asymptotic Probabilities and Gen-
eralized Quantifiers

In this section. we introduce the hasic concepts and
tools that will be used thronghout the paper.

Let {Ry..... Ri) be a purely relational schema and
7= (r1.....rg) be its samalarity type. 1e. the ar-
ity of R, is r,. Struce,[7] and Struc,(r] respec-
tively denote the class of finite r-structures and the
class of r-structures of domain n = {0..... n — 1}.
If L[7] is a logic for Struce,[r] and » is a sentence
of £[7}. p, (2} denotes the proportion of structures of
Struc,[7] which satisfy 2

(A € Struc,[7] | Ak 2
o () = [Struc, 7] i

The asymptotic probability p(2) of  is the limit.if it
exists, of p, (). as n — >, A property is almost
surdly fa.s ) true (resp.  almost surely false) if its
asymptotic probability is 1 (resp. 0). If the asvmp-
totic probability iz defined for every sentence of L[7],
Cl7] 1= said 1o have a limi law. 16 in addition, the
asymptotic probability is either 0 or 1. £[r] is said to
have a (labedled) 0/1 law.

In [Fag76]. Fagin proved that there is a r-structure
over the set & of all integers. called the random count-
able m-structure, which plays a key role in the study of
the asymptotic probabilities of FO[r] sentences. In
the sequel. Q7] will denote the random countable
m-structure. The following well-known property will
turty out to be essential to the proofs of Theorems 4.1,
a1,



Proposition 2.1 [lag76] For crery € 2 1, the nam-
ber of equivalence classes of (-Tuple s imduced by the iso-
morphisms of Q7] s finde and cqual to Ne(T). which
depends only upon € and the similarity type 7. Fur-
thermore,

o cach equivalence class (" s charactervized on Q]
by a FO[r] sentence without quantifier (a com-
plete open description), de(ey, oo xe). el for
each (-tuple {ay,....ar) of integers,

(ay....,a) € CifT Q[r] | ®e(ay. ... .ae):

e cach equivalence class (7 is equiprobable, 1.e. for
a random (-tuple @,

l .
Ne(n)'

Prob(a € (') =

e cach FO[r] formula with € frec variables ©(T) 1s
asymptotically equivalent fo a union of equiva-
lence classes of (-tuples. t.e. there exist classes
Cy,....C, such that:

lim VZ (¢(x) & \/ @c,(T) =1

n—00
1<i<p

Let K be a class of r-structures closed under isomor-
phism. We associate K with a generalized quantifier
Qx, of type 7. FO(Qx) is the logic extending FO by
the following formation rule.

o If ¢5,...,¢r are formulas and, for each ;i €
{1,...,k}, T, is a tuple of variables of arity 7.
then Qx T1.....Tr(21(Fy). .. .. wr(Te)) 18 a for-
mula. Note that Qx binds all occurrences of vari-
ables from Z; in ¢;.

The semantics of Qx is defined by:

o A = QnZTyo.. . Tl (@), oee(Te)) Off
(Aot o) EX,
where 4 is the domain of A
and ¢ = {T € A" | A E (@)},

Obviously, for any set Q of generalized quantifiers,
logics FO(Q) can be defined in the same way, In the
following sections, we shall disallow the occurrence of
free variables in generalized guantifiers and I'O*(Q)
will denote the sublanguage of FO{Q) obtained by
replacing the above formation rule for Qx with the
following one.

e If ),....¢ox are formulas and, for each | €
{1,....k}. T is a tuple of variables of arity
r; and ¢ has exactly »; free variables, then
QuTy.o. . ak(@r(T), ok (7)) s a formula,
The latter closed formula will be referred to as
a generalized atomic sentence.

3 Strongly Monotonic Quantifiers

In this section. we introcuce the notion of a strongly
monotonic quantifier and prove that extensions of
first-order logic with any family of strongly monotonic
quantifiers have a 0/1 law.

Definition 3.1 A quantifier Qx is saud to be strongly
monotonic if for all T-structures A = (A, Ry, ..., Ry)
and B={(B,R|.....R). fAeK and A C B (ic
AC B and Ry C R, for each i € {}..... k}). then
Lek.

There are plenty of natural examples of strongly
monotonic quantifiers.  The most obvious strongly
monotonic quantifiers are the first-order existential
quantifier 3, and the counting quantifiers 3¢ . mean-
ing “there are at least { distinct x’s” [Imm&6]. Con-
sider now the class Kop of non planar graphs. The
quantifier @x_, s obviously strongly monotonic: it
15 known ([Ber76], p. 21) that a graph is planar if it
does not contain a subgraph-—in the graph-theoretic
sense—homeomorphic either to N33z (the bi-partite
3.3-graph) or to A5 (the 5-clique). The notion of n-
colorability provides us with another example. If X', ¢
is the class of graphs that are not n-colorable. then
Qx ..o 15 a strongly monotonic quantifier. More gen-
erally, if a property of graphs has a forbidden subgraph
characterization. its complement can be expressed by
a strongly monotonic quantifier. It is now folklore in
the theory of random graphs that such properties are
satisfied by almost no graphs [BII79]: it is an easy con-
sequence of the extension axioms that. for any graph
H . almost every graph has an induced subgraph iso-
morphic to H. Theorem 3.1 below thus includes as
subecases the results about the asvmptotic probability
of planarity. n-colorability. chordality, etc.

Let Qqm be any set of strongly monotonic quanti-
fiers.

Theorem 3.1 FO(Q,,,) has a (labelled) 0/1 law.

Proof : Obviously. the set of as. true or a.s.
false properties is closed under finite conjunctions
and negations.  So. since there is no free variable
within the scope of generalized quantifiers. it is suf-
ficient to prove that every generalized atomic sen-
tenee @ 0 Qa T .. Te(yr(F). ... Fe(Te)). with
a strongly monotonic quantifier Qx. has asymptotic
probability 0 or 1. If A" = @, then & is always false,
and its probability s uniformly (0. Otherwise. let n
be such that the probability that a r-structure over
n does not belong to A is p (0 < p < 1). Then, by
a simple combinatorial argument and by the strong



monotonicity, the probability that a r-structure over
m (with 1 > 2n) does not helong to K, is at most. p~.
Therefore. the ratio of r-structures of Strue, [r] which
do not belong to A tends= to 00 as n tends to o, and
the asvmptotic probability of & ix 1. (]

‘I'he above proof actually gives a more accurate in-
sight Into the asymptotic probahtlity than Theorem
3.1

e The speed of convergence of the asymptotic prob-
ability of a sentence in FO™(Qq,,) is exponential.

e If A" defines a non emipty subclass, then the sen-
tence ¢ : QxT..... Ti (1T ok (T)) has
asvmptotic probability 1.

It follows that the asyvmptotic probability of pla-
narity and n-colorability of a graph 1s 0. Strong mono-
tonicity thus gives a broader language for tackling with
the problem of the asymptotic probability of impor-
tant properties of relational structures.

4 Hartig Quantifiers

This section focuses on the asvmptotic probabilities
of sentences with Hartig quantifiers [HarG5]. Ilartig
quantifiers state that two defined relations have the
same cardinality. The Hartig quantifier I, . 1s of type
{r,s). 1.e. 1t binds two formulas and r variables in the
first one and s variables in the second one. The syntax
of FO"(/,.) is given by the new formation rule:

o if (F) and ¢{y) are two FO formulas such
that the set of free variables of ¢» (resp. )
is T. of length » (resp.  u. of length s), then
I T. (2 (T). () is a sentence of FO* (I, ).

Its semantics is given by:

o AE L Tg((T). c@)ilf] o4 =] ¢4,
where oA = {@ € 4" | A | #(a)}
and ¥4 = {Gg € A | A = v(@)}.

It is shown in [GT92] that. for any fixed relational
schema, there is a sentence of FO™ (1, ) that is not ex-
pressible in terms of Hartig quantifiers of type (', s'),
with max{)’. &'} < max{r.s}. Let T stand for the set
of Hartig quantifiers of any type.

We next establish our main theorem on the asyip-
totic probabilities of sentences i FO=(I) .

Theorem 4.1 The asymptolic probability of ervery
sentence of FO™(Y) s defined and as cither ) or |,
t.e. FO(X) has alabelled 071 law,

Proof : Without loss of generality, we may restrict
to generalized atomnic sentences with quantifiers of the
form /... Indeed. assume that T = (ry,...,2,) and
v={y.....y.) with r < s. The formula:

Kevoooore) Quneoydelen o) oy ys)

15 equivalent to:

ey Lo Xrglo .. r) AU )
=
(P, ) A N g = 0) Cln o).
i=1

Now. Proposition 2.1 enables us to reformulate our
problem in combinatorial terms. Indeed, for some fi-
nite sets [ and J we have:

lim V7 (p(F) @ \/ @, (7)) = 1

n-cv
i€l

and

—

lim V7 (@) & \/ oc, (7))

n—oc
j€J
Therefore, the asymptotic behavior of
I'7.y(e(T), (W)

is identical to the asymptotic behavior of

12,5\ ®c, (). \/ oc, @),

i€l jeJ

with I' =1 —Jand J' = J — 1. Weset € = N.(1),
¢y = card(l’) and (s = card(J'). The equivalent com-
binatorial problem is the following;:

One randomly distributes n balls into ¢
equiprobable nrns. For each pair (1, (2) of
itegers such that €y + {2 < (, let 4,, denote
the probability that the number of balls in
the first £ urns be equal to the number of
balls in the next 5 ones. An easy computa-
tion vields:

- n P /e _
Ay = — AL AU
1 & Z (w) (1'/2)((1U (=6 =6

p=0
p aven

It is immechate that if the lnmt of A,,. as n - >,
exists and is equal to either 0 or 1, then FO*(I) has a
labelled 0/1 law. Lenima 4.2 thereafter shows that this
15 indeed the case and gives also accurate information
about the speed of convergence, ]

Lemma 4.2 As v = o, A, = 0 af crponential
specd, ercept when (4 = (o, i which case the speed

of convergence s () (ﬁ)



Proof : See the Appendix (section A1), ]

As an aside. the next proposition shows that the
complexity of the decision problem for the asymptotic
truth of a sentence of FO*(I) is as “low™ as the com-
plexity of the counterpart problem for FO [Grals).

Proposition 4.3 The decision problem for the value
of the asymptotic probabilitics of sentences  of
FO™(1) is PSPACE-complcte.

Proof : It relies on the fact that the value
of the asymptotic probahility of a sentence of
FO™(I) depends only on the valnes of asymptotic prob-
abilities of FO sentences. Indeed. a sentence of the
form I, » T.9(2(T). v(¥)) has asymptotic probability 0
(1) iff lim,, 5~ VT (2(F) & (7)) =0 (1), O

If free variables can occur within the scope of a
Hartig quantifier. the 0/1 law (and even the linut law)
fails.

Theorem 4.4 There is a sentence » of FO(I) whose
probability j1,, () does not have a limit.

Proof : It is sufficient to show that the property of
graphs, expressible in FO(I). that says “there is (at
least) one vertex adjacent to exactly the half of the
other vertices™ does not have an asymptotic proba-
bility. Indeed. while the sentence is obviously always
false on graphs of even order. its probability does not
tend to 0. as n = ¢, on graphs of order 2n + 1. To
see this last point. we shall rely on a general theoremn
given in [Bol&3] (Chap. HI. Theorem 1. p. 57). which
asserts in particular the following

Proposition 4.5 Let G{n.p) be the moddl consist-
mg of all graphs with verter <ot {100} which
the edges are chosen independently with prolabdity p.
which can be a function of n. Let ¢ > 0 be fired and
en® <p<Ll- enT . et b= k(n) be a natwral num-
ber and set Ap(n) = nbh(k:n —1.p). where

b{jin.p) = (];) P =)t

Denote also by Xy the random variable representing
the number of vertices of deqree k in a random graph.
One sees that A\ (n) is exactly the erpectation of Xy
Then the following property holds :

If lim A(n) =00, then dim Piob(X 2 ()= 1.

n—o0o n—=-C

for every fired (. ]

Thus, we are in a position to apply Proposition 1.5,
with p= 1. for graphs of order 2n+ 1. Using Stirling’s
formula. we have imumediately

20\ _, n
/\,,(‘._’n+l):(2n+l)( )-I ~2\/:—)-x-.
n s

The probability y1, () of the sentence ¢ of FO(I),
which we have considered. has no proper lumt, but
takes. as n — oo, (only) the two values (0 and 1. This
concludes the proof of Theorem 4.4 a

The same technique can be applied to simdarity
quantifiers S, of type (r,7), which state that two de-
fined relations are isomorphic, and not only of equal
cardinalities (Hartig quantifiers). The syntax is sim-
ilar to Hartig quantifiers with 5 in place of 1. The
semantics is defined as follows:

o AE S TY(E(T). (@) il (A, %) = (A, ¢4).

Let S be the set of similarity quantifiers of all types.
We define FO*(S) in the same way as TO™(I) .

Corollary 4.6 The asymptotic probability of every
sentence of FO™(S) is defined and is either 0 or 1,
r.e. FO(S) has a labelled 0/1 law.

The proof follows from Theorem 4.1. Indeed, if
Iy, Sae VT (2(T) © &(T)) = 0. then the probability
that | 4 |=| v | (which majorates the probabil-
ity that (A o) = (4. ¢*)) goes to 0 when n = .
Otherwise, if lim, 4 VT (2(7) & ¢(T)) = 1, then
imy, Lo S0 T, Y(2(7). 0(Y)) = L.

5 Rescher Quantifiers

We now proceed to the study of a natural extension
of FO*(I) wcluding the possibility of testing inequal-
ities of cardinalities of first-order definable relations.
The corresponding quantifiers is referred to i the lit-
erature as the Rescher quantifiers R, . [Res62], with
Ry« of type (r,s). Here again, the syntax of FO* (R, )
is given by the new formation rule:

o if 2(T) and (F) are two IO formulas such
that the set of free variables of o (resp. o)
1s 7. of length r (vesp. %, of length s). then

R T 3(2(F). (7)) s a sentence of FO* (R, ).
Its semantics 1s given by:

o Al R Ty (7). v@) iff | A< vt ]



Obviously, the 0/1 law fails in this new context.
If P is a unary predicate, the asvmptotic probabil-
ity of Ry, x.y(P(z),~P(y)) is 1.
asymptotic behavior of a fragmient of FO®(R). where
R stands for the set of Rescher quantifiers of all

Nevertheless, the

types, is fairly regular, as shown by the next theo-
rem. Reeall that a sentence of FO*(R) of the form
R, s T,y(2(F). () 1s called a generalized atomae sen-
tence.

Theovem 5.1 The asymplotic probalulity of crvery
generalized atomic sentence of O™ (R) is defined and
its value ranges over {0.5.1}.

Proof : It goes along the same lines as the proof of
Theorem 4.1. We consider generalized aromic sen-
tences like R, T, 5(@(F). ¢{7)). Once again. we re-
formulate our problem:

Onec randomly distributes n balls into (
equiprobable urns. For each pair (/1.12) of
integers such that ¢, + 7> < . let B, denote
the probability that the number of balls in
the first £, urns be lesser than the number of
balls in the next > ones. An easy computa-
tion vields:

n L2)
1 n nep O ’ N
B,,:—[n E ( >(f-(l_[,_,) IE (l>((f(}y v

p=0 P q=0 1

Clearly, if limy 4o By always exists and belongs to
a set B, then the asymptotic probability of all sen-
tences of the form R, - T.G(~(7). (7)) exists and be-
longs to B. The next lemma explicitly describes B.
hence completing the proof of Theorem 5.1. 0

Lemma 5.2 4sn—= 2> B, =5 0. Lorl.

Proof : See the Appendix (section A.2). m

The limit law of Theorem 5.1 can be easily gen-
eralized to sentences of FO™(R) with one generalized
atomic sub-sentence, or under some technical assump-
tions to sentences with several generahized atomic sub-
sentences, with dyvadie limit law. We conjecture that
i the general case, FO™(R) adnnts a dvadie it Taw.
Note that if the existence of the asvmptotic prohabil-
ity for all sentences of FOT(R) [7] ix established. the
fintteness of the set of cquivalence classes of (-taples
over the random countable steneture Q7] (Proposition
2.1) will ensure that the set of possihle values s finte
for cach 7.

6 Conclusions

We undertook a study of the asymptotic truth of
sentences for extensions of FO with generalized quan-
tifiers. and came up with a characterization of the
asymptotic behavior of two kinds of languages, cor-
responding on the one hand to strongly monotonic
auantifiers and on the other hand to counting quanti-
fiers. As for FO™(I). the syntactic constraint (no free
variables within the scope of Hartig quantifiers) we
imposed on the formulas revealed essential: our coun-
terexample to the 0/1 law for the full language FO(I)
indicates the very place where the boundary of 0/1
laws is broken in the hierarchy of counting extensions

of I'O.

In most cases. the (/1 law no longer holds [or
FO(Q) where Q 15 a (set of) generalized quantifier(s).
Thix 1s the case for instance of partially ordered quan-
tifiers. such as Henkin quantifiers [HenG1], which yield
the same expressive power as existential second-order
logic [BG&G]. For example. the following sentence ex-
presses the fact that the cardinality of the domain is
even.

o (r=y&v=1wA
( \:‘133:1' ) (r=uw & y=rlA
Y (r # 2))

Indeed. it states that there exist two unary functions f
and g. which are equal and one-one; since the domain
is finite. they define a bijection. which is involutive
and has no fixpoint.

In the body of the paper. we did not consider lan-
guages of the form £7(Q). £ being a logic stronger
than FO. or non uniform probability measures. It
1= clear that the asvmptotic probabilities of sentences
are similar if FO is replaced with FP. namely first-
order logie plus a positive fixed-point operator. There
are two basic reasons for that: (i) each FP formula
with { free variables s asymptotically equivalent to a
union of equivalence ¢lasses of (-tuples of the random
countable structure Q. thus ensuring that Proposition
2.1 applies to FP: (n) all vanables of an expression
Q. T Tl »©p) occurring in a formula
of FP*(Q..) or FP(I) are bound. =o the fixed-point
construct cannot “involve™ a generalized quantifier.
As for L7 (Q.). obviously, it does not have a 0/1
law. the parity of the domainis expressible in L7 (C).
where C stands for the et all counting quantifiers 37 2
[(KV92a]. The asvimprotic behavionr of L2 (1) is an
Open question.
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A Appendix
A.1 Proof of Lemma 4.2

We suppose that n is even. This restriction 1s harm-
less and the case n odd can he dealt with in an anal-

ogous way.

Define o = €, /€, B = 02/, n = 2k and p = 2u. A,

can thus be rewritten as

1 u 2k 2u u Mh—-u
Ansz=2(,2”><“>(n-f) [(1-a=p3)7,

4, = - il
o TR = ol
Setting also
A ¥ @20 By
def  — a9 < d**B(z)
B(x) = jz_(:)Bj: J . so that A, = Wl::o ,

and using the convolution character of 4, one notices
that B(z) can be expressed in terms of the product of
the two following series:

1. the classicaly so-called maodified Bessel function

DNHOMN

J=0

J()(i.l') = I()(.I')

2. the series

This yields directly

B(z) = To(2y/a 3 ) F[(1 = a = 3)z).

We now use Sonine’s integral representation [LS77]

1 . -
Io(2) = — —_—dw.

2;77_ Jwl=1 w

Then, by a symmetry argument with respect to z. it
follows that

1 e:[i\/u[}(w—%)-#]—u—ﬁ]
2im J =1 w

6

Finally, making the change of variable w = e'%, we get

n
Ak:l/ [20/a5 cos0 + (1 — o — B))*d0.
T Jo

It is known that 4; can be expressed directly in terms
of the Legendre functions of first and second kind, ac-
cording to the values of the parameters. It is nev-
ertheless here more direct to apply the saddle point
method, see e.g. {LS77], which produces an asymp-
totic expansion for integrals of the form

b .
() :/ My as A o x . (1)
a

We expedite first two borderline cases
1) af =0, say for instance a = 0. Then
A= (1-9
which tends to zero exponentially fast.
n) a=73=1/2. Then
A= 3%—3% ~ \/%[1 + ok,
by using Stirling’s formmnla.

Assuming a3 # 0 and a3 not both equal to 1/2, we
have

T Jo

fik = l /" (/..[log[?\/u—dcosﬁ-}-(l_a_j\]:] d()

which is of the form 1. The behavior of 4, . as k = x
depends on the maximum of the function

[2y/a3cos 0+ (1 —a — 3)|

and on the position of the point, say .0 < 8y < 7,
where this maximum is attained. Here 8, = 0 is an
end of the interval of integration. Then we get approx-
imately one half of a Gaussian integral, see [LST77], so
that

Ay~

[1—(ﬁ.—\/3)3]“\/1—(\/5—\/3)'-’ [1+O(1>],

2 IS VO] k

X
showing again the convergence to 0 at exponential
speed. The proof of the lemma is concluded. O



A.2 Proof of Lemma 5.2

We use the same notation as in the proof of lemima
4.2. Tt follows that

B”:§:<”)U—A—HW“WA+BVA,

r=0 p
where
LE] q . P-q
_ p n 3
fr= qg <q> (n + J) (n +,d> '

From Toeplitz lemma. see [Loe77], it follows that if
fp tends to a limit as p — xc. then B, will tend to
the same limit. Jt turns out that f, can be expressed
in an integral form. allowing to use the saddle-point
method. see [1.S77]. Introduce the cumulative distri-
bution function of the binomial distribution

A.
B{k.p,») = Z (P) rdsf=9
q
p=0

where 0 < A < p. 0 < r.sandr+s = 1.
Then f, = B{|&]:p.r). It is sweet to remark that
B(k: p.») admits the following integral representation,
see [Fel70].

Bk:p.r)y=(p=k) <”> / Uittt § RS S LT
P/ Jo

Assume p is odd, for instance p = 2u + 1. and set

s= oi:i' Then
3
Aol ; u+ 1) [e+7 N
fpd:rf“:(_(,l)T/ ’(l—f) (1(
[ 0

As in the proof of lemma 4.2. we are in a position to
apply the saddle point method to the above integral,
which vields three different cases. according to the po-
sition of the point t = 1/2 (which is the point where
the function logf(1l — t} reaches itz maximum) with
respect to s :

1. 3 > «. Denoting by I{u) the integral coming in
Sfu. we obtain

A=t

1) ~ S/ = 1+ 0ta)]

so that. after applyin({) Stivling’s formula to eval-

uate the coefficient % .

1)

. 1
S ~]+()<—) .
"

2. 3 < «. Here. on [0.s]. the function logt(1 — )
h\as its maximum at t = s, so that

fu ~

403 }" 23203 [ (l)]
[(a+ﬂ3)2 mu(a’® + 82)(a + ) 1+0 u

which tends to 0 exponentially last.

3. 3 =a = 1/2. Now we obtain a quantity equiva-
lent to the area of a semi-gaussian and

- 1 1
f" ~ 2 + 0 (_) .
2 u
By mimicking the above derivation. one can see that
the same limits hold in the case p = 2u. Hence f,,

and consequently B, . have. wheu p — o, one of the

limits 0, 1, or 3. depending on the respective values

of n and J. The lemma is proved. o
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