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d!egi�r��+~��ui?�g�uxIw�ivrur�xy�%�g��x<±q|£�givrªs�egiG{+ivw�iPr�ru~��up¤e+~��*�I®¬~y��i?�uiv�Izg{��g~�{+w�p2~�{��©i��IiPw�zIsuivr%s�egiGh0xy{+|¦suxy�
�g�uxy�Y�u~�h  ¡xy�! c~y|¥¢£zg�ui7�Ii�suivw�s�|£xy{�~y{+��h2~yr�«q|¥{+�¤�gzg�u�RxYr�ivrv¨
� egi�{2suegi�h¤xY{g|¥s�xy�%�gi�s�iPw�s*r%~7�+��xIw�ivrur�xY�" c~�|£¢£zg��iY°Y|¥s%�uxy¢£¢£rM§+~Ywu«�s�x�suegi?¢}~<suivr�sª¢£xIwv~�¢�r�su~<sui	xy �suegi

 c~yzg¢¦stp �g�uxIw�iPr�r�xy�7rtsuxy�uiv� |£{9s�egi�r�su~y§g¢¥i2h0i�h0xy�upY¨�d!egi�{ °:|¦s8�uivr�zgh0ivrGsuegi©i��Iivw�zIs�|£xy{�x� ¬s�e+i0s*~yr�«
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s*~yr�«qr?~��ui7|¥{+�gi��Ri�{+�gi�{YsP°�s�egi8x�suegi��	su~Yr�«Ir?�Ix©{gx�s?{+i�iv��s�x©�uxy¢£¢ §+~yw*«�s�x2suegi�|£�?x<®�{��+��iv±Q|£xyz�r�¢¥xIwv~�¢
r�su~�s�iy¨�d!eg|£r	 c~�|£¢¥zg�ui7h2~Yr�«q|£{g�2�g��xgw�ivrur�|£r	|£h0�g¢¥ivh0i�{Ysuiv�a§Qp�~�{Z~yr�pq{+wue+��xY{gxyz+r�w*egivw*«q��xY|£{Ys�|£{g��°�3�4H6�4,8
�g�uxIw�iPr�r�xy�urªs*~�«yi�¢£xIw�~y¢�w*egiPwu«q�Rxy|£{Ys*r!�Ri��u|£xI�I|£wv~�¢£¢£p2®�|¦suegxyzgs	~y{Qp�w�xqxY�u�I|£{+~�s�|£xy{�®�|¥s�e�iv~Ywue$x�suegi��P¨
d!egi�st®%x¤�g�uxy�y�*~�h s��*~�{+r� ¡xy�uh2~<s�|£xy{�rªz+r�iP�© ¡xy��~y�g�g|¥{g�¤�Ri��u|£xI�I|}w?egiv~y��su§Riv~�s�|£{g� �� c~y|¥¢£zg�ui��Ii�s�iPw��

su|¥xY{2~�{+�¤�Riv��|£xI�I|}w!w*egivw*«q�Rxy|£{Ys�|£{g� ���uxy¢£¢¥§+~Ywu«8~yh0xyzg{Ys*r"s�x�|¥{+r�i���s�|£{g��w�xI�Ii	~�sªr��RiPw�|¥Á�w!�Rxy|£{Ys*r�¨"d!e+|£r
�g�uxIw�iPr�r�h2~PpZr�i�i�hniv~yr�pY°�§gzIs�s�egi2w�xY{+�I|¥s�|£xy{+~y¢"r�su~<sui�h0i�{QsurGxy Msuegi¤�g�uxy�Y�u~�h³s�x$§Ri�s��*~�{�rt ¡xy�uh0iv��°
354 67498

if
§g�*~�{+w*eg|£{g�Yrv°Qw���iv~�s�i?h2~�{qp0�g|���i��ui�{Qs¬i��Iivw�zIs�|£xy{��+~<sue+r�°qh2~�«q|¥{+��|¥s!~Yw�suz+~�¢£¢¥p2»Qzg|¦suiG�I|¥Â2w�zg¢¥sv¨

� i�s�egiv��i� ¡xy�uiG�g�uxy�RxYr�i�~¤�g��iv¢¥|£h0|¥{�~��up2�g�uxy�Y�u~�h s��*~�{�rt ¡xY��h2~<su|¥xY{ °q®�eg|£w*e�iv»Qz+~�¢£|&%�ivr¬s�egi7i��Iivw�zgs�|£xy{
su|¥h0ivr8§Ri�st®%i�iv{º~�¢£¢Ms�egi��RxYrur�|£§g¢£i2i��Iivw�zIs�|£xy{E�+~<sue+r�¨�d!e+|£r�|}r8�Ixy{+i2§qp �+~Y�g�I|£{g�Z�gzgh0h8p9w�xI�Ii©|¥{
if
§g�*~�{+w*eg|£{g�Yrv¨"��  sui��¬sueg|}r%s��*~�{+r� ¡xy�uh2~<su|¥xY{ °ysuegiG�uivr�zg¢¦su|¥{+���g��xY�y�*~�h0rªe+~�±yiG~�w�xy{+r�su~y{Ys¬i��qiPw�zIsu|¥xY{

su|¥h0iy¨Md!egi�{ °Iw*egivw*«Q�RxY|¥{Qs�|£{g��~�{+�2e+iv~���s�§RiP~<su|¥{g�8w�xyh0h2~�{+�+rª~y��i	|£{+r�i���s�iP�0|£{©s�egiGw�xI�gi?~�s¬w�xY{+r�su~�{Qs
su|¥h0i�|£{Ys�iv��±�~�¢}r�¨"d!egi��Ri��u|¥xg�grM§Ri�s­®%ivi�{�wue+ivw*«Q�RxY|¥{Qsur%~y{+�2egiP~���s�§Riv~�sur%~��ui?w*egxYr�i�{©|¥{�xy�*�Iiv�Ms�x8h0|£{I�
|£h0| %vi©suegi�|£�¤w�xQrts�®�eg|£¢£i�ru~<su|£r� ¡pq|¥{g�Zs�egi��uiv~y¢¦�^s�|£h0i�w�xY{+rtsu�u~y|¥{Qsurv¨À�)r��Rivw�|£~y¢%h¤xY{g|¥s�xy�u|£{g�Z�g�uxy�y�*~�h
|}rG~�¢}r�x©�Yi�{giv�u~�s�iv�� ¡�uxyh³suegi���~��*~�h0i�sui��ur?x� Ms�egiPr�i�s��*~�{+r� ¡xy�uh2~<s�|£xy{�r�¨Gd!egi�h0xy{g|¥s�xY�Gw�xy{+r�|£r�sur�x� %~
{qzgh8§Ri��	x� �s*~yr�«Ir%sue+~<s	h8z+r�s	§Ri7ruwue+iv�Izg¢£iv�$§Qp�~y{$~y¢£�yxy�u|¥s�egh �g��x<±q|£�g|¥{g�2�Iiv~y�g¢¥|£{gi��Yz+~��*~�{Qs�ivivr�¨
d!egi2~�¢£�yxy�u|¥s�egh0|}w�w�xYh¤�+¢¥i��q|¥stpaxy %xYzg���g�uxy�y�*~�h³s��*~�{�rt ¡xY��h2~<su|¥xY{+r�|£r�¢£|¥{giP~���|£{ s�egi©r�|&%�i0x� ªsuegi

�g�uxy�Y�u~�h�¨:d!egi�x�±yiv��egiP~y�0|¥{©s�e+i?s��*~�{+r� ¡xy�uh0iv�0�g�uxy�y�*~�h¯|}r%�Iz+i	sux�suegi? c~�zg¢¥s��^s�xY¢¥iv�u~y{+w�i�suivw*eg{g|}»Yz+ivr
®%i8z+r�i�´cegiv~y��su§Riv~<su|£{g�+°�w*egivw*«q�Rxy|£{Ys�|£{g��~�{+���uxy¢£¢£§+~yw*«gµ�¨!d!eg|£r?x�±yiv��e+iv~y�$|£r?zg{+~�±yxy|}�g~�§g¢£i�~�{+�aw�xyh¤�
�+~y��iPr% c~�±yxy�*~�§+¢¥p0sux¤suegi7x<±yi��uegiv~Y��|¥{+�gz+w�iv��§Qp�xys�egiv�! c~�zg¢¥s��^s�xY¢£i��u~y{+w�iGs�iPwueg{g|}»Qzgivrv° 674 ^ 498+e+~��*�I®¬~y��i
~y{+�$r�xy  s­®!~��uiG��iP�Izg{+�g~y{+w�pY¨

� ����1��21

�¿�uiv~�¢¥�^s�|£h¤i��Ri��u|¥xg�I|£w�su~Yr�«
τ = (S, T )

|}r2r��Rivw�|¥Á+iP�¹§Qp¹~9�g�uxy�Y�u~�h
S
~�{�� ~9�Ri��u|¥xI�

T
¨ d!egi

�g�uxy�Y�u~�h
S
|}r!��iv�Riv~<suiv�I¢£p2i��Iivw�zgs�iv��iP~yw*e

T
z+{g|¦s*r!xy ²su|¥h0iY¨M� �g�uxy�Y�u~�hÊz+r�z+~�¢£¢¥p©�uiv~y�+r%|¥s*r!|¥{+�gzIsur

´c®�eg|£w*e$~��ui�rtsuxy�uiv�2|£{�~8¢£xIw�~y¢�±<~y��|}~�§g¢£iPµ�°Yi��Iivw�zIsuivr¬r�xyh0iGrts*~<sui�h0i�{Ys*r�°I~y{+�©®��u|¦suivr%|¦s*r¬xyzIsu�gzIsur�´cr�i�i
¶:|£�yzg�ui��Yµ�¨ Gª~yw*e2s*~yr�«0~�¢}r�x�e+~yr%~8�IiP~y�I¢£|¥{+i

d ≤ T
s�e+~�s%|¥s¬h8z+r�s¬ru~<su|}rt ¡p¤®�e+i�{©®��u|¥s�|£{g�8|¦s*r%xyzIsu�gzIsv¨

d�x r�|£h0�g¢£|¦ ¡p�s�egi��g�uivr�i�{Qsu~�s�|£xy{ °"®%i�su~y«yi©s�egi$�giv~y�I¢£|£{gi�iP»Yz�~�¢ªsuxZs�e+i��Riv��|£xI�E§gzIs¤xYzg�¤~��g�g�uxY~Ywue
�IxIivr¬{gxys��Iiv�Ri�{+��xY{�s�eg|}r�~Yr�r�zgh0�Isu|¥xY{ ¨ \	i�{�w�iy°Is�egi��uiv~y¢¦�^s�|£h0iGw�xy{+r�s��*~�|£{Ys�~yrur�xIw�|}~<suiv�2s�x¤s�egiGs*~yr�«
(S, T )

|}r¬sue+~<s	|¥sur��g�uxy�Y�u~�h
S
h8z+r�s�s�iv��h0|£{+~<sui�§Ri� ¡xY��iGs�egi7iv{+�$x� :|¥sur��Ri��u|¥xg�

T
¨

�M��xY�y�*~�h2r¬~y��i�®���|¥s�sui�{$|£{$s�egi� ¡xY¢¥¢£x�®�|£{g�0�g�uxy�y�*~�h0h¤|£{g��¢}~�{+�yz+~y�yi '

S ::= x:=A assignment

| skip no operation

| read(i) input read

| write(o) output write

| S1;S2 sequencing

| if B then S1 else S2 conditional

| for i = n1 to n2 do S iteration

®�egiv��i
A
~y{+�

B
�Ii�{gxys�i©��iPr��RiPw�s�|£±yi�¢£pÀ|¥{Qs�iv�yi���i��I�g��iPr�r�|£xy{+r2´c~y��|¥s�egh0i�s�|}w0i��I�g��iPr�r�|¥xY{+r�xy{�|£{Ysui��yiv�

±<~y��|}~y§g¢¥iPruµ0~y{+�¸§�xIxy¢£iv~�{¸i��I�g�uivrur�|£xy{+rZ´Bw�xYh¤��~��u|£r�xy{+rv°
and

°
not

°	i�s*wvµ�°?~�{+�
n1

~�{+�
n2

�Ii�{+x�s�i
|£{Ysui��yiv�¬w�xY{+rts*~�{Qsurv¨W\?i��uiy°Q®¬i�~yrur�zgh0i�sue+~<s%suegi�xy{g¢£p¤±�~��u|£~y§g¢£ivrMz+r�iP�0sux�r�s�xy�ui	|£{g�gzIs*r¬~y{+�2xyzgs��gzIs*r
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~y��i
i
~�{��

o
¨Gd!egiPr�i8|£{+r�s��uz+w�su|¥xY{+r�w�xyzg¢}�a§Ri��yi�{giv�u~y¢¥|&%�iP�$s�x�h8zg¢¥s�|£�g¢£i��uiv~Y�gr?~y{+�a®��u|¦suivr?xY�	sux ��k

xY�Ri��u~�s�|£xy{�r��+~y�u~yh0i�s�iv��|&%�iP�$®�|¥s�e ~©�RxY��sP¨�d!eg|}r�¢£~y{g�yz+~y�yi�|£r�®%i�¢£¢¥�^«q{gx<®�{ °�r�|£h0�g¢¥i¤~�{��ai��I�g�uivrur�|£±yi
iv{gxyzg�Ye ¨Ud!egi7��iP~y�Iiv�!h0~�p©�ui� ¡iv�!s�x1� � |£i�¢}r�xy{�~�{+� � |£i�¢}r�xY{ °���� �Y�
"  ¡xY�	~0w�xyh0�g¢£i�sui7�IiPr�w���|£�Isu|¥xY{ ¨
d!egi7 ¡xy¢£¢£x�®�|£{g�2i��g~�h0�g¢£i7�+��xY�y�*~<h

Fac
��iP~y�gr?~�{azg{+r�|¥�Y{giv��|£{Ysui��yiv�	±�~��u|£~y§g¢£i7~�{��$�+¢£~Yw�ivr	|¥s�|¥{

i
¨ �[sG§Rxyzg{+�gr	suegi8±<~y��|}~y§g¢¥i

i
§Qp

10
~�{+�Zw�xYh¤�+zIs�iPr�suegi� c~Yw�s�xY��|}~�¢²x� 

i
°R®�eg|}wueZ|¥s?Á+{+~y¢¥¢£p$®��u|¦suivr?~Yr

|¥sur8xyzIsu�gzIsP¨ \	i��uiy°
Fac

r�egxyz+¢£��§Ri�r�i�iv{º~yr8~a�yi�{+i��u|£w2w�xyh0�gzIs*~<su|¥xY{Er�|¥h0�g¢£i�i�{gxyz+�ye9suxZ�g�uivr�i�{Qs
w�xy{+w�|}r�i�¢£p�xYzg��suivw*eg{g|}»Yz+ivrv¨0k? ¬w�xYzg�ur�iy° ~yrG¢¥xY{g�$~Yr?suegi�pÀ~y��i�i��I�g��iPr�r�iv�Z|£{Às�egi0�g�ui�±q|£xyz+rGr�pq{Ys*~*��°
h8z+w*e�h0xy�ui�w�xYh0�g¢¥i���~y{+����iP~�¢£|£r�s�|}wGw�xyh0�gzIs*~<su|¥xY{+r�w�~�{$§Ri�s��uiv~�s�iv�$~Yr¬®¬i�¢£¢B¨

Fac = read(i) ;
if i > 10 then i := 10; o := 1; else o := 1;
for l = 1 to 10 do

if l <= i then o := o ∗ l; else skip;
write(o);

d!egi2r�|¥h0�g¢£ivr�s�r�su~�s�ivh¤iv{Ys�x� %suegi0¢}~�{+�yz+~y�yi�|}r
skip

´¡s�egi 1 :�9¼|£{+r�s��uz+w�su|¥xY{�µ�°²®�e+|£w*e9i��q|}r�sur�xY{
~y¢¥¢��g�uxIw�ivrur�xy�urv¨ � i$s*~�«yi$s�e+i aic3ade`x� �s�egi

skip
w�xyh0h2~�{+�¼s�x�§Ri�s�egiazg{g|¥s©xy �s�|£h¤iZ~y{+�¹®%i

~Yr�r�zgh0i2sue+~<s�suegi�i��Iivw�zIs�|£xy{Esu|¥h0ivr�xy ?~�¢£¢%x�suegi��¤r�su~�s�ivh¤iv{Ys*r�~y��i©h8z+¢¦su|¥�+¢¥i$x�  adc3aie6´
skip

µ�¨��
h0xy�ui7 ¡zg{+�g~�h0iv{Ysu~y¢:~Yr�r�zgh0�Is�|£xY{�|}r	s�e+~�s?s�egi�i��Iivw�zgs�|£xy{�su|¥h0ivr¤´¡§Ri8|¥s adc3ade"°lfhgAade"°Rxy� jkglade�µ�xy 
~y{Qp�r�su~�s�ivh¤iv{Ys8´cxy��i��q�+��ivrur�|¥xY{�µ

S
wv~�{$§Ri7i�±�~�¢£z+~<suiv��¨Md!egi fhglade ~y{+~�¢£pIr�|£r¬|}r!s�egi�suxy�g|}w�x� :h8z+w*e

®%xY��«Z´cr�i�i�� �Mz+ruwueg{+i��?~�{+�CB¬zg�u{+rv°��
��� �q°#� | i�s?~�¢^¨£°+���Y� �
"� ¡xy�!|¥{�rts*~�{+w�iPµ�(I®%i7r�e+~y¢¥¢�{gxys��I®%iv¢¥¢�zg�RxY{
sueg|£r�|}rur�zgi7~y{Qp©  z+��suegi��P¨
¶gxy�!s�e+i��ui�h2~�|£{g|£{g�¤x� �s�e+i7~���su|£w�¢¥iY°q®%iGÁ��©suegi�i��qiPw�zIsu|¥xY{�su|¥h0iPr!xy :r�su~�s�i�h0iv{Ysur!s�x0§Ri2´c|¥{$s�|£h0i

zg{g|¥s*ruµ%suegxYr�i�x� "d:~y§g¢¥i��Y¨

adc3aie
(skip) =

jkgAaie
(skip) =

fhglade
(skip) = 1adc3aie

(read) =
jkgAaie

(read) =
fhglade

(read) = 3adc3aie
(write) =

jkglade
(write) =

fhgAade
(write) = 3adc3aie

(x := e) =
jlglade

(x := e) =
fhgAaie

(x := e) = 3adc3aie
(S1;S2) =

adc3aie
(S1) +

adc ade
(S2)jkgAaie

(S1;S2) =
jkgAaie

(S1) +
jkglade

(S2)fhglade
(S1;S2) =

fhglade
(S1) +

fhgAaie
(S2)fhglade

(if B then S1 else S2) = 1 + max(
fhglade

(S1),
fhglade

(S2))jkgAaie
(if B then S1 else S2) = 1 + min(

jkgAaie
(S1),

jkgAaie
(S2))adc3aie

(for i = n1 to n2 do S) = (n2 − n1 + 1) × (3 +
adc3ade

(S))jkgAaie
(for i = n1 to n2 do S) = (n2 − n1 + 1) × (3 +

jlglade
(S))fhglade

(for i = n1 to n2 do S) = (n2 − n1 + 1) × (3 +
fhgAaie

(S))

d:~�§g¢£iC� ' G �g~yw�sP° ®%xY�ur�s�w�~Yr�iY° ~�{+�À§RiPrts��[wv~yr�i�i��Iivw�zIs�|£xy{Àsu|¥h0iPrGxy %xyzg���g�uxy�Y�u~�h0h0|¥{+��¢}~�{g�yz�~��yiY¾ r
r�su~�s�i�h0iv{Ysurv¨
k? Mw�xYzg�ur�iy°+®�egiv{�suegi adc3ade9x� ª~©rts*~<s�ivh0i�{Ys�|}r?«Q{+x�®�{ °�|¥s�|£r�~�¢}r�x2iv»Qz+~y¢ s�x©|¥s*r fhglade�~y{+��|¥sur

jkglade:¨9d!egi�~y§Rx�±yi2Á��yzg�uivr�~��ui©±<~�¢£|}�9 ¡xY�¤~�{Qp )�r�|¥h0�g¢£i�+�i��I�g�uivrur�|£xy{+r
e
xY�

b
¨���r�|£{g�Zsui�h0�Rxy�*~��up
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±<~y��|}~y§g¢¥iPr�°+|¦sG|£r�~y¢¥®¬~�pIr��RxQr�r�|¥§+¢¥i7sux�r��g¢£|¦sGw�xyh0�g¢£i��a~��u|¦suegh0i�su|£w8~�{+�a§Rxqxy¢£iv~y{�i��I�g�uivrur�|£xy{�r�r�x2s�e�~<s
suegi�p¸�ui�h2~�|£{`r�|£h0�g¢¥i9i�{gxYzg�ye¯´c~Yr�|£{ sueg��ivi��­~y�g�g��ivrur�w�xI�Ii�µ�¨ d!egi fhglade ´c��iPr�� ¨ jlglade µ�x� �suegi
for

rts*~<sui�h0i�{Qs�|}r	w�xyh0�gzIsuiv�$|¥{$s�e+i7ru~�h0i�®¬~�py°I§qp©�ui��+¢£~Yw�|£{g�sadc3adeÀ§Qp�fhgladeÀ|£{�s�e+i7��|£�yeQs��[e+~�{+�
�+~y��s�´c��iPr�� ¨Ajlglade µ�(+ru~�h0iGs�e+|¥{g�0 ¡xy��s�egi��
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(F [S])
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(F [S])
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S
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(F [S]) =
fhglade

(F [S]) =
aic3ade

(F [S])
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& � È � Ä ��� Å � ∀S,
fhglade

(S) =
fhglade

(F [S])
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S = if B then S1 else S2
¨ d!egi |£{+�Iz+w�s�|£xy{`eQpq�Rxys�egiPr�|}r�|}r�s�e+~�s fhglade

(S1) =fhglade
(F [S1]) = δ1

~y{+�)fhglade
(S2) =

fhglade
(F [S2]) = δ2
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fhgAaie
(F [S]) = 1 + max

(

δ1 + max(0, δ2 − δ1), δ2 + max(0, δ1 − δ2)
)

= 1 + max
(

max(δ1, δ1 + δ2 − δ1),max(δ2, δ2 + δ1 − δ2)
)

= 1 + max
(

max(δ1, δ2),max(δ2, δ1)
)

= 1 + max
(

δ1, δ2

)
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(S) = 1+max(

fhglade
(S1),

fhglade
(S2))
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S = for i = n1 to n2 do S1
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(S1) =fhglade
(F [S1])
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(F [S]) = (n2 −

n1 +1)×(3+
f glade

(F [S1]))
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(S) =
(n2−n1 +1)× (3+

fhglade
(S1))
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(F [S])
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S = S1;S2
¨ d!e+ia|£{+�Iz+w�s�|£xy{¸eQpq�Rx�suegivr�|}r2|£r2s�e+~�s�fhgAaie

(S1) =
fhglade

(F [S1])
~�{��

fhglade
(S2) =

fhgAaie
(F [S2])
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(F [S]) =fhglade

(F [S1])+
f glade

(F [S2]).
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(S) =fhglade
(S1) +

fhgAaie
(S2)
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(F [S])

¨
d!eqz+r�°g®%i�w�xY{+w�¢£z+�IiGsue+~<s� ¡xy�	~y{Qp

S
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(S) =
fhglade

(F [S])
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Fac

�g�uxI�Iz+w�ivr¬s�egi7{giv® �g�uxy�Y�u~�h
Fac1

'

Fac1 = F [Fac] =read(i);
if i > 10 then i := 10; o := 1; else o := 1; skip3;
for l = 1 to 10 do

if l <= i then o := o ∗ l; else skip3;
write(o);
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1. IT
c (S, t) = S

/ � adc3ade
(S) < t

2. IT
c (S, t) = c;IT

c (S, T − adc ade
(c) + t)

/ �
t ≤ 0

3. IT
c (a, t) = a;c

/ �
0 < t ≤ adc3ade

(a)';1 �
a
/ � '*+.:�� / 6

4. IT
c (S1;S2, t) = IT

c (S1, t);IT
c (S2, t1)� /2+<$

t1 = t − adc3ade
(S1)

/ � adc3ade
(S1) < t� /2+<$

t1 = T − adc3ade
(c) − r

/ � adc3aie
(S1) = t + q(T − adc3ade

(c)) + r� /2+2$
q ≥ 0 0 ≤ r < T − adc3aie

(c))

5. IT
c (if b then S1 else S2, t) = if b then IT

c (S1, t − 1) else IT
c (S2, t − 1)

6. IT
c (for l = n1 to n2 do S, t) = Fold(IT

c (Unfold(for l = n1 to n2 do S), t))
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UnfoldxY�Ri��u~�s�xY�*µ�°%�Ri��� ¡xy�uh2r¤s�egiZ|¥{+r�i���s�|£xy{ |£{ suegiazg{+��xY¢¥¢£iv�¹�uivr�zg¢¥s�|£{g���g�uxy�Y�u~�h�´¡egiv{+w�ias�egi 〈S′|t′〉 =
IT

c (S′′, t)
µ�°Y~y{+��suegi�{� c~Yw�suxy�u| %vivr"w�xI�Ii!§Qp7 ¡xY¢£�g|¥{g�7w�xg�Ii¬|£{

for
¢£xqxy�+r"~Yr:h8z+w*e0~yr:�RxQr�r�|£§g¢¥i�´¡s�e�~�{g«Ir

sux�suegi
Fold

xY�Ri��*~<s�xY�*µ�¨7d!egi
Unfold

~y{+�
Fold

xY�Ri��*~<s�xY�ur�~��ui¤�Ii�Á+{+iv�À§qp�suegi¤ ¡xy¢£¢¥x<®�|¥{+��s��*~�{+r��
 ¡xY��h2~<su|¥xY{��uzg¢¥iPr�'

# �<� � �%$ È �*�º�g��� È � �*
 B Ä � m

1. Unfold(for l = n1 to n2 do S) = l := n1; S; l := n1 + 1; . . . l := n2; S

2. Fold((for l = n1 to n2 do S);l := n2 + 1;S;) = for l = n1 to n2 + 1 do S

�!w�s�z+~y¢¥¢£py°"|¥s�®¬xyzg¢}��§Ri��RxYrur�|£§g¢£i2s�xÀi��I�g�uivrur�suegi©s��*~�{�rt ¡xY��h2~<su|¥xY{ I r�z+w*e�sue+~<s�|¥s�h0|£{g|¥h2~y¢¥¢£pzg{g�uxy¢£¢}r!¢£xqxy��r�~�{+���IxqiPr!{+x�s	{giviv�� ¡xY¢£�I|£{g��¨ \?x�®¬i�±yi��P°qsuegi7s��*~�{+r� ¡xy�uh2~<s�|£xy{��uzg¢£ivr�®%xyz+¢£�$§Ri7h8z+w*e
h0xy�ui�w�xyh0�g¢£i���°g~y{+��®%i�wuegxQr�i�|¥{�rtsuiv~y�$~0r�|£h¤�+¢¥iv���g�uivr�i�{Ys*~<su|¥xY{�|£{Q±yxy¢£±q|¥{+��s�e+i

Fold
xy�Ri��*~<suxy�P¨

d²�*~�{+r� ¡xy�uh2~<s�|£xy{a�uzg¢£ivr��©~Yr�r�zgh0i�sue+~<sGs�egi¤�Ri��u|¥xg�
T
|£r��Y��iP~<sui��	sue+~�{Zsuegi¤i��Iivw�zIs�|£xy{Zs�|£h0i�xy 

suegi�w�xYh0h0~y{+�
c
°�354H6�4,8

T >
adc3ade

(c)
¨¬k?suegi��u®�|£r�iy°qsuegi7|£{+r�iv��su|£xy{$h0~�p�¢¥xIxy�$§Qp�|£{+r�i���s�|£{g�

c
®�|¦sueg|¥{

c
~y{+�$r�x¤xY{ ¨
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c (F(S), T )

� +<$#&='"6�+ ��';>�+ / � & /21 +%&�) �*'*>
∆
-(&�+�� &(&�1�+<$#&

-(&03"/21�1 /2143 : � + � :�����6�6(&��R�,/$� &@6�:���� '*1��#�
c
/ � ����6�$ +<$#';+ '

T − ε ≤ ∆ < T + ε

� /2+<$
ε
-�&�/2143 +2$�& adc ade :=� +<$#&�� :#�,+ &:_,9�&�1��,/ �*&@';+%:7� / 6 /21��,+0)���6�+0/ :*1 � '#�R�,/ 3;1 �@&�1�+ :;)�+.&��,+��@/21 +2$�&

9 )!:�3;)7'7�  
 >�&�'���&
'*>9��: 1�:*+.&@+2$�'*+ ��:;) +<$#&�� )R�(+
c
/21���&�),+%& � /21�+<$#&59 )7:73;)7'7� �

∆
/ � �"&�� 1 & � '#�����.�(+

+<$#& -�&%3;/21 1�/2143
+0/ � & : �
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j%egivw*«q��xY|¥{Qs�|£{g�8~�{+�0egiP~���s�§Riv~�s�|£{g��~��ui��Ri��� ¡xy�uh¤iP�¤z+r�|£{g�7s�e+i�su�u~y{+rt ¡xY��h2~�s�|£xy{ I ¨ªj%egivw*«q�Rxy|£{Ys*r~y��i8|£{+r�iv��suiv�aÁ+�*rts�~�{��aegiP~���s�§RiP~<sur?¢}~yr�sv¨7d!egi��Ri��u|£xI�a§Ri�st®%i�iv{Zst®%x$wue+ivw*«Q�RxY|¥{Qsur�h8z+r�s�s*~�«yi�|¥{Qs�x

~Yw�w�xYzg{Ys?s�egi�x<±yi��uegiv~Y��s�e+~�s�®�|£¢£¢�§Ri�~Y�g�IiP��§qp$e+iv~���s�§RiP~<s*r?~<  s�iv��®!~��*��¨	d!egi�x�±yiv��e+iv~y��~Y�g�IiP��§qp
egiP~���s�§Riv~�s�|£{g�a�Izg�u|¥{g�

X
zg{g|¥sur�x� ¬s�|£h0i2|}r Xh

THB−h

®�|¥s�e
h =

fhglade
(hbeat)

¨$oqx+°�|¥ 
TCP

|£r�suegi
�IiPr�|£�uiv���Riv��|£xI��x� "w*egivw*«q�Rxy|£{Ysurv°I®%i7h8z+r�s	z+r�i�s�egi7�Riv��|£xI�

T ′
CP

�gi�Á+{giP��§qp©s�egi7iP»Yz�~<s�|£xY{ '

T ′
CP = TCP − T ′

CP h

THB − h
⇐⇒ T ′

CP

(

1 +
h

THB − h

)

= TCP ⇐⇒ T ′
CP =

TCP

1 + h
THB−h

´^�yµ
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� |¥s�e�s�egiPr�i2{gxysu~�s�|£xy{+rv° s�egi©|¥{+r�i���s�|£xy{9xy !w*egivw*«q�Rxy|£{Ys*r7~y{+� egiP~���s�§Riv~�sur�|}r��Iivruw��u|¥§RiP� §QpÀs�egi0 ¡xY¢¦�
¢£x�®�|£{g�2l ��w�xI�Ii�'

¢£i�s
(S′,−) = IT ′

CP

checkpt(S, T ′
CP )

|£{
¢£i�s

((S′′;hbeat),−) = ITHB

hbeat(hbeat; S′, THB)
|£{

S′′;hbeat(k)

d!egiGÁ+�*rts�egiv~y��su§Riv~<s!|}r!~Y�g�Iiv���u|£�yeYs	~<s¬suegi�§Ri��Y|¥{+{g|¥{g�0x� 
S′
°qs�e+i�x�s�e+i��*r¬~y��iG|¥{+r�i���s�iP��§Qp I °qs�egiv{suegi2¢}~yr�s7egiv~y��su§Riv~<s7|}r7��iv�g¢£~Yw�iP�À§Qp

hbeat(k)
¨ � i©wv~�{�~y¢¥®¬~�pIrGiv{+r�zg�ui¤s�e�~<s

S′
Á+{g|}r�e+ivr7®�|¦sueE~

egiP~���s�§Riv~�s²§qpG�+~Y�g�I|£{g���Izgh0h8p7w�xI�Iiª~�s²s�e+iªiv{+��¨:d!egi%w�xyh0h2~�{+�
hbeat(k)

|}r�~?r��Rivw�|}~�¢YegiP~���s�§Riv~�s
sue+~<s	r�i�sur¬s�egi�±�~��u|£~y§g¢¥i?sux

k
|£{+rtsuiv~Y��x� 

1
°<354 67498 �����

[i] := k
¨M¶+xy¢£¢¥x<®�|¥{+�8s�e+|£r!¢}~yr�s!egiv~y��su§Riv~<sP°Qs�e+i

h0xy{+|¦suxy�M®�|¥¢£¢gs�e+i���i� ¡xy�ui��IiPw��uiv~Yr�i¬suegi?r�e+~y��iP��±<~y��|}~�§+¢¥i�~�{+�0®�|¥¢£¢+��iPr�zgh0i�iv���uxy�M�Ii�suivw�su|¥xY{0®�egiv{¤suegi
±<~y��|}~y§g¢¥i0§Rivw�xYh¤iPr

0
~y�Y~�|£{ ¨�d!eg|£r�h¤iPwue�~�{g|}r�h ~ywvw�xyzg{Qsur� ¡xy�7s�egi©|}�I¢£i2|¥{Qs�iv��±�~�¢Uxy ¬s�|£h0i2§Ri�s­®%ivi�{

suegi�s�i��uh0|£{+~<su|¥xY{�xy 
S′′

~�{+�$suegi8§Ri��Y|¥{+{g|¥{+�©x� "suegi8{gi��qs��Ri��u|¥xg��¨?\	iv{+w�iY°
k
e�~yr�s�x�§Ri�w�xyh0�gzIsuiv�

~Yr�'

k =

⌈

T − fhglade
(S′′;hbeat)

THB

⌉ ´ �Yµ

�	  s�i�� suegiM|¥{Qs��uxI�Iz+w�s�|£xy{�x� qe+iv~���s�§RiP~<s*r�°�s�egiM�Riv��|£xI��§Ri�s­®%ivi�{�wue+ivwu«q�RxY|¥{Qsur�®�|£¢£¢�§Ri
T ′

CP

(

1 + h
THB−h

) °
354 67498

TCP
¨Mlaxy�uiG�+��iPw�|}r�iv¢¥pY°q|¥s� ¡xy¢£¢£x�®	r¬ ¡�uxyh �ª��xY�Ri���s­p ��sue+~<s�'

& � È � Ä ��� Å�� 	 $�&�'"6�+ ��';> +0/ � & /21�+.&�) �*'*>H�
∆CP

'*1��
∆HB

-(&�+ � &�&�1 +�� :C����6�6(&�� �,/$�*&
6($#&(6(8�9#:;/21 +;�
';1 � $#&�';),+%-(&�';+;� '*)7& ����6($ +2$�'*+ '

TCP − ε ≤ ∆CP < TCP + ε + h
'*1��

THB − ε ≤ ∆HB < THB + ε
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CP

checkpt(S, T ′
CP )

°q�ª��xY��iv��stp �
�Y|¥±yiPr�'

T
′

CP − ε ≤ ∆
′

CP < T
′

CP + ε
´c�Qµ

��r�r�zgh0|¥{+�9suegi f glade x� Gs�e+iah0xYr�s©i��I�Ri�{+r�|£±yia~�s�xyh0|}w�w�xyh0h2~�{+� x� 
checkpt

|}r2¢¥iPr�r0sue+~�{·xY�
iP»Yz�~�¢Rsux

ε
°g~<  sui��!s�egi�r�iPw�xy{+�©su�u~y{+r� ¡xy�uh0~�s�|£xy{ ° ITHB

hbeat(hbeat; S′, THB)
°g�M�uxy�Ri���stp �¤ru~<su|£r�Á+ivr%suegi

w�xy{+�I|¥s�|£xy{
THB − ε ≤ ∆HB < THB + ε

¨¬d!egi�r�ivw�xy{+��s��*~�{+r� ¡xy�uh2~<su|¥xY{ °Iegx�®¬i�±yi��P°+wue+~y{g�yiPr
∆

′

CP�Y|¥±yiv{2|¥{ Gª»Qz+~�s�|£xy{À´¡�Qµ"sux
∆CP

r�z+w*e2s�e+~�s%iv~yw*e2�RxY��su|¥xY{0®�|¥s�e2suegi	su|¥h0i?|£{Qs�i��u±<~y¢
T

′

CP

|£{2s�egi?Á+{+~�¢
�g�uxy�Y�u~�hn®�|¥¢£¢M§Ri©|¥{�r�iv��suiv� T

′

CP

THB−h
hbeat

w�xYh0h0~y{+�grv¨�d!egi��ui� ¡xY��iY° §qpZ ¡xY¢¥¢£x�®�|£{g�1G%»Yz�~<s�|£xY{·´^�yµ�°

T
′

CP +
T

′

CP

THB−h
.h
¢¥iP~y�gr%s�x

TCP
°<354 67498Is�e+i��Iivr�|£��iP�©±<~�¢£zgi�xy �w*egivw*«q�Rxy|£{Ysu|¥{g�¤|¥{Qs�iv��±�~�¢^¨"�	¢¥s�e+xyzg�Ye�®%i

s*~�«yi¬|£{Ysux7~yw�w�xyzg{Qs"egiv~y��su§Riv~�s�|£{g��|£{�s�egi!Á+�ur�s"s��*~�{+r� ¡xy�uh2~<s�|£xy{ °�s�egi�egiv~y��su§Riv~<su|¥{+�Gw�xYh0h0~y{+�
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TCP

|}rUr�eg|¥  s�iP��zg�Q®!~��*�gr:§Qp
h
¨E�­{�suegi!§Rivr�sMw�~yr�iy°<s�eg|}rUr�eg|¥ }sM|}r %vi��ux+¨�d!egiv��i� ¡xy�uiy°<§Qp�r�eg|¥  s�|£{g��zg��suegi

¢£x�®¬i���~�{+��z+�g�Ri���§Rxyzg{��gr xy 
∆CP

®�|¥s�e
[0, h]

°�®%iMÁ+{+~�¢£¢£pG�Iiv��|£±yi
TCP −ε ≤ ∆CP < TCP +ε+h
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�?r��Rxy|£{Ys�iP�9xyzgs8~�§Rx<±yiy° suegi2s��*~�{+r� ¡xy�uh0~�s�|£xy{ I ��iP»Yz+|¥�uivrGsuegi2�Riv��|£xI�Àsuxa§Ri2§g|£�y�Yi���sue+~�{9suegiw�xYr�s!xy �s�egi�w�xyh0h2~�{+��¨M¶gxY�	wuegiPwu«q�Rxy|£{Qs�|£{g�2~�{+��egiP~���s�§RiP~<s�|£{g�¤®¬i�h8z+r�s	i�{+r�zg�ui�sue+~<s�'

T ′
CP >

fhglade
(hbeat)

~�{+�
THB >

fhglade
(checkpt)

d²x0|£¢¥¢£z+r�s��*~<suiGs�egiPr�i�s��*~�{+r� ¡xy�uh2~<s�|£xy{�r%xy{$xYzg���g��iv±q|¥xYz+r¬i��g~yh¤�+¢¥iY°I®%iGs*~�«yi�'
aic3ade

(hbeat) = 3
adc ade

(checkpt) = 10 TCP = 80 THB = 10

oqx+°g®%i��Yi�s
T ′

CP = 80 − 3∗T ′

CP

10−3

354 67498
T ′

CP = 56
~y{+� I56

checkpt(Fac1, 56)
�g��xg�Iz+w�iPr�'

Fac2 = read(i);
if i > 10 then i := 10; o := 1; else o := 1; skip3;
for l = 1 to 6 do

if l <= i then o := o ∗ l; else skip3;
l := 7; if l <= i then checkpt; o := o ∗ l; else checkpt; skip3;
for l = 8 to 10 do

if l <= i then o := o ∗ l; else skip3;
write(o);

�¯r�|¥{g�Y¢¥i
checkpt

|}r�|¥{+r�i���s�iP�Z~�  s�i��
56
su|¥h0i¤zg{g|¥surv°�®�e+|£w*eÀe+~��+�Ri�{+r�®�|¥s�eg|£{Zsuegi¤w�xy{+�g|¦su|¥xY{+~�¢

xy ²s�e+i$?Psue�|¥s�iv�u~�s�|£xy{�x� �s�e+i
for

¢£xqxy�²¨"d!egi7w*egivw*«q�Rxy|£{Ys�|}r!|¥{+r�i���s�iP��i��g~Yw�su¢¥p�~<s!s�egi��Iivr�|¥�uiv���RxY|¥{Qs
|£{¼§Rx�s�e¼§g�*~�{+w*egiPr8x� �suegi$w�xy{+�I|¥s�|£xy{�~�¢^¨9d!egi�s��*~�{+r� ¡xy�uh2~<s�|£xy{E�g�uxIw�iviv�gr8§QpEzg{g�uxy¢£¢¥|£{g�Zs�egi$¢¥xqxY� °
|£{+r�i���s�|£{g�

checkpt
~�s8s�e+i���|£�yeQs��g¢£~Yw�iPr�¨À�"xy��s�|£xy{+r8xy �s�egi$w�xI�Ii�~��ui2suegi�{º ¡xY¢£�IiP��suxÀh2~�«yi©st®%x

for
¢£xqxy�+rv¨
¶gxy�Ms�egi?{gi��qs%r�s�iv� °Y®¬i?r�zg�g�RxQr�iY°� ¡xY�Usuegi?ru~�«yi�x� �s�e+i	i��g~yh¤�+¢¥iY°�sue+~<s

checkpt
°Y®�e+|£w*e0su~y«yivr �P�

zg{g|¥s*r¬x�  su|¥h0iy°gwv~�{�§Ri�r��g¢£|¥s¬|£{�s­®¬x��+~y��s*r
checkpt = checkpt1;checkpt2

®�egi��ui
checkpt1

~y{+�
checkpt2

su~y«yi���iPr��Rivw�s�|£±yi�¢£p ?�~y{+�C��s�|£h¤i7zg{+|¦s*r�i��g~yw�s�¢£py¨ �­{$xys�egiv��®%xy�*�grv°Qs�egi7¢}~��u�yiPrts fhgAaieZxy 
~y{¤~<s�xYh0|£w%|£{+r�s��uz+w�su|¥xY{���ivh2~�|£{+r �¤´¡|¥sU®%xYzg¢}�8§Ri �v��|¦ 

checkpt
®¬~Yr"~<s�xYh0|£wPµ�¨ � i�~y�+��~�egiP~���s�§Riv~�s

~Yr�~�Á+�*rts7|£{+r�s��uz+w�su|¥xY{9~y{+��°²|¥{�xy�*�Ii��Gs�x$Á�{g|£r�e9®�|¥s�eE~$egiv~y��su§Riv~<sP° ®%i0h8z+r�s8~y�g� �
skip

~�s�s�e+i
iv{+��¨Ud!egi	su�u~y{+r� ¡xy�uh0~�s�|£xy{ I10

hbeat(Fac2, 10)
|£{+r�i���s*r%~7egiP~���s�§RiP~<sªiv±yi��up �P��s�|£h0i?z+{g|¦s*r¬~�{+�2pq|¥iv¢£�+r�'

Fac3 = hbeat; read(i);
if i > 10 then i := 10; hbeat; o := 1; else o := 1; hbeat; skip3;
for l = 1 to 6 do

if l <= i then hbeat; o := o ∗ l; else hbeat; skip3;
l := 7;if l <= i then hbeat; checkpt1; hbeat; checkpt2; o := o ∗ l;

else hbeat; checkpt1; hbeat; checkpt2; skip
3;

for l = 8 to 10 do

hbeat; if l <= i then o := o ∗ l; else skip3;
write(o); hbeat; skip5; hbeat;
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� x�su|£w�i¤s�e+~�s�s�e+i0i��g~Yw�s�|£{Ysui��u±<~�¢U§Ri�st®%i�iv{�~�{qp�st®%xar�z+w�w�ivrur�|£±yi
hbeat

|}r7~�¢£®¬~�pIr�iv»Qz+~y¢:sux �v�
su|¥h0i7zg{g|¥surv°gi��Iw�i��Is?~<s�s­®%x2�Rxy|£{Ys*r�'

�
B¬i�st®%ivi�{Zsuegi

hbeat
¢¥xgw�~<suiv�a§Ri�s­®¬i�i�{

checkpt1

~y{+�
checkpt2

°�~y{+�as�e+i
hbeat

¢¥xIwv~<suiv�
|£{+r�|£�Ii�s�e+i�r�iPw�xy{��

for
¢£xqxy� °+s�egi8|£{Ysui��u±<~y¢²|£r$�P�¤s�|£h¤i�zg{g|¥surv¨	d!eg|}r	|}r��Izgi�s�x©s�egi� c~Yw�s?s�e+~�s
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x);

®�egiv��i
restart (τx,

g���� e adc e
x)
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egxY¢£�+r²s�egi¬|£�gi�{Ysu|¦ÁRw�~<su|¥xY{8{Qz+h8§�iv�:xy gs�egi% c~�|£¢¥iP�7su~Yr�«�¨ ����
�� a�
 = 0
|£{+�I|£wv~<suivr²sue+~<s:s�egiv��i%|}r�{gx? c~y|¥¢£iv�

�g�uxIw�iPr�r�xy�v¨ ����
�� a�
 = x ∈ {1, 2, . . . , n} |£{+�I|}w�~<suivrMsue+~<s τx
e+~yrM c~y|¥¢£iv��~�{+�2e+~Yrª§Ri�i�{��uivrts*~���s�iP�¤xY{

suegi¤r��+~��ui��+��xIw�ivrur�xy�P¨?d!egi��uivw�x�±yiv��p�su|¥h0i$´B�Ii�{+x�s�iP�Z®�|¥s�e
β
µ?~<  sui���~2 c~y|¥¢£zg�ui8xIwvw�zg�u��iv{+w�i8wv~�{Z§Ri

�Ii�Á+{giv�Z~yr�s�egi�r�zgh³x� "s�e+i7 c~�|£¢£zg��i8�Ii�suivw�s�|£xy{�su|¥h0i8�g¢¥z�r�s�e+i7s�|£h0i7sux©��i��^i��qiPw�zIsui�s�egi8�+~���s	xy :suegi
w�xI�Ii¤~�  s�iv��suegi¤¢}~Yrts7wuegiPwu«q�RxY|¥{Qsv¨ �[ ¬®%i0�Ii�{+x�s�i�suegi�su|¥h0i¤ ¡xy�7w�xY{Ys�i��qs���iP~y�I|£{g��§Qp

LC
°�s�egiv{Àsuegi

®%xY�ur�s�wv~yr�iG�uivw�x<±yi��up0s�|£h¤i
β
|}r�'

β = 3

(

THB + ε + max
1≤i≤n

ξi

)

+ TCP + Lr + Lw + LC +
fhglade

(Det) +
fhglade

(Rec)
´c�Qµ
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(S′′, T )

°Is*~�«q|£{g�0|¥{Qs�x2~Yw�w�xyzg{Qs!s�egi7�uivw�x<±yi��up¤su|¥h0iY°g|}r!�Y|¥±yiv{�§qp Gª»Qz+~<su|¥xY{�´�?yµ%§Riv¢¥x<® '

fhglade
(S′′) =

fhgAaie
(S)+

⌊ fhglade
(S)

TCP

⌋

× fhgAaie (checkpt)+

( fhglade
(S)

THB
+ 1

)

× fhglade (hbeat)+β
´5?�µ

� x�s�i0s�e+~�s�sueg|}r fhglade¼|£{+w�¢£z+�IiPr�§Rxys�e suegi2i��u��xY���Ii�suivw�su|£xy{ su|¥h0i©~�{�� ��iPw�x�±Yi���p�s�|£h0iy¨�k�{gi0h2~Pp
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f(TCP , THB) =

fhglade
(S) × fhgAaie

(checkpt)

TCP
+

fhglade
(S) × f glade

(hbeat)

THB
+3THB +TCP +K

´ FYµ
®�egiv��i

K
|£r¬~8w�xY{+rts*~�{Qs�´Br�i�i�¶:|£�yzg�ui	�� ¡xY�¬~$�8�I|¥h0i�{�r�|£xy{©�+¢¥xys%x� 

f
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suegi
Fac

i��g~yh¤�+¢¥i�µ�¨ � x�sui�sue+~<s%{giv�y¢£ivw�su|£{g�7s�egi���xqxy�M ¡zg{+w�su|¥xY{©|£{ G%»Qz+~<su|¥xY{Z´�?yµU|£rM ¡xy�ªs�egi?�+zg���RxQr�i
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f(TCP , THB)
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sux$s�egi©w�xI�Ii0|¥{�r�iv��su|¥xY{ h0iv~y{+rGs�egi©r�h2~�¢£¢¥iPrts fhgladeº ¡xy�
S′′
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f
¨ � x�®7° suegi
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∂f

∂TCP
= 1 −

fhgAade
(S) × fhglade

(checkpt)

T 2
CP

~�{�� ∂f

∂THB
= 3 −

fhglade
(S) × fhgAaie

(hbeat)

T 2
HB ´ �Yµ

oq|£{+w�i	suegi	s­®¬x8r�iPw�xY{+�¤�+~y��su|£~y¢��Ii��u|¥±�~<s�|£±yivrª~��ui��RxYr�|¦su|¥±Yi�|£{0suegi
(0,+∞)× (0,+∞)
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f
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T ?
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HB
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suegi�s­®¬x¤Á+�*rts�xY�u�gi��!�+~y��su|£~y¢��Iiv��|£±<~�s�|£±yivrG¨R\?i�{+w�i '

∂f

∂TCP

∣

∣

∣

∣

TCP =T ?

CP

= 0 =⇒ T ?
CP =

√ fhglade
(S) × fhgAaie

(checkpt)
´ �P�Yµ

∂f

∂THB

∣

∣

∣

∣

THB=T ?

HB

= 0 =⇒ T ?
HB =

√

1

3

fhgAade
(S) × fhglade

(hbeat)
´ ���Pµ

� |¥s�e xyz+�
Fac
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T ?

CP =
√

84 × 10 ' 28.98
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HB =

√

84×3
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f(TCPi
, THBi

) < Ti, ∀i ∈ {1, 2, . . . , n} ´ ���yµ
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β
�y|£±yi�{9|¥{ Gª»Qz+~�s�|£xy{·´c�Qµ��ui�¢£|£ivr�xy{ Á#�Iiv�9egiv~y��su§Riv~<su|¥{+��~�{+�9w*egivw*«Q�
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TCP
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THB
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d!egi�h0xy{g|¥s�xY��|£{g�Z~y�g�g¢£|£wv~<s�|£xy{ºw�xY{+r�|}r�sur�x� 
n
�Ii�suivw�s�xy��s*~yr�«Ir7�g¢£z+r8xY{gi©��iPw�x<±yi��upas*~yr�«R¨���i�suivw�s�xy�

s*~yr�«qrU~y��i!�Ri��u|¥xI�g|£w!~�{+�¤|¥{��Ii��Ri�{��Ii�{Qsv°Y®�egiv��iP~yr�suegi��uivw�x�±yiv��p�su~Yr�«8®�|¥¢£¢g§Ri�i��Iivw�zIs�iP��i��g~Yw�s�¢£p�xY{+w�iY°
~�s?s�egi�iv{+�axy "suegi�h0xy{g|¥s�xY��|£{g��~��g�+¢¥|}w�~�s�|£xy{º´c®�egi�{ ~2 c~�|£¢£zg��i8|}r��Ii�s�ivw�s�iP�+µ�¨�d!egi��ui� ¡xy�uiy°�|¥s�w�~y{a§Ri
�I|}r���iv�Y~��*�Iiv��|¥{ºsuegi$ruwue+iv�Izg¢}~�§+|¥¢£|¦stpE~y{+~�¢£pIr�|}rv¨ � i�s�eqz+r�e�~P±yi©suegi�s*~yr�«�r�i�s

Γ ={(Det1, THB1
)
°

(Det2, THB2
)
°
. . .
°
(Detn, THBn

) � sue+~<s	h8z+r�s?ru~<s�|}r� ¡p '

∀i ∈ {1, 2, ..., n}, fhglade (Det i) ≤ THBi
.

´ �
�Qµ
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t = 0
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"[°R�	l&|}r�s�egi8h0xYr�s
w�xyh0h0xy{�r�w*egiP�Izg¢£i��¬|£h0�g¢£i�h0i�{Ysuiv��|£{�w�xyh0h0i��*w�|}~�¢��"d?k�o2«yi��u{giv¢£rv¨ �­{�xyzg�!w�xy{Qs�i��qsP°q|¦s��yz+~y�u~y{Ysui�ivr
sue+~<s

Γ
|}r	r�w*egiv�Iz+¢£~y§g¢¥i7|¦  '

n
∑

i=1

f glade
(Det i)

THBi

≤ 2(21/n − 1)
´=���qµ
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Γ
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n
∑

i=1

fhglade
(Det i)

THBi

≤ 1
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d:~yr�«©{+~�h0i f gladeÀxY{�¶ ����� xy{�� � ��� xY{���k7kGd xy{�laxy{+|¦suxy�
eQ§RiP~<s
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µ

hbeat → monitor ∆hbeat = 0.12
checkpt → cpsave ∆checkpt = 0.15k?s�e+i���h0ivrur�~y�yivr

∆ = 0.15
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S̄1
°
S̄2
°q~y{+�

S̄3
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(S1)

°�fhglade
(S2)

°�~�{+� fhgAaie
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§Ri�¢£x<® '
S̄ = max(S̄1, S̄2, S̄3)
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S̄1 = 4.19

°
S̄2 = 3.05

°
S̄3 = 4.10

°�egi�{+w�i
S̄ = 4.19
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S1
°
S2
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su|¥xY{ ¨

B%i� ¡xy�ui©~��+�g¢¥pq|£{g�Zxyzg��su�u~y{+rt ¡xY��h2~<su|£xy{+rv°²®%i�h8z+rts¤~y¢£r�xZw�~y¢}w�zg¢}~<sui0s�e+i�xy�Isu|¥h2~�¢%egiv~y��su§Riv~�s�|£{g�
~y{+��w*egivw*«Q�RxY|¥{Qs�|£{g�?�Ri��u|£xI�gr²§Qp�h0xI�I|¥ ¡pq|£{g�	s�e+i¬w�xYh¤�gzgsu~<su|£xy{+r²�g�uivr�i�{Qs�iv��|¥{�s�e+i%�g��iv±q|¥xYz+r²r�ivw�s�|£xy{+rv¨
¶:|£�ur�sv°�suegi0®%xY�ur�s�wv~yr�i�iv���uxy���Ii�s�ivw�s�|£xy{ s�|£h0i2~�{+�Às�egi2��iPw�x�±Yi��up�su|¥h0i0�Y|¥±yiv{À®�|¥sue Gª»Qz+~<su|¥xY{+r0´ �yµ
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αi < THBi
+ ε + ξi + Lr + Lw

´ �#?yµ

β = THB + ε + max
1≤i≤n

ξi + TCP + Lr + Lw + LC +
fhgAaie

(Det) +
fhglade

(Rec)
´ ��FYµ

®�egiv��i
n
|}r!s�egi�{Qzgh8§Riv�	x� "�g�uxIw�iPr�r�xy�ur�°

∆max
|}r!s�e+i�s��*~�{�r�h0|}r�r�|£xy{�s�|£h0i7xy �suegi7¢£xy{g�Yivr�s�h0ivrur�~y�yi

~y{+�
∆hbeat

|£r�s�e+i©s��*~�{+r�h0|£rur�|¥xY{ su|¥h0i�xy 
hbeat

h¤iPr�ru~��Yiy¨ad!egi���iP~yr�xy{�®�eQp suegi�)=��+0 c~yw�suxy�8|£{
Gª»Qz+~�s�|£xy{�´ �yµ²e+~yr�§Ri�iv{8�ui�h0x�±yiP�7|£{$Gª»Qz+~�s�|£xy{�´ ��?�µ |}r²sue+~<s:s�egi%s*~yr�«qr ������������	

i
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~y{Qpqh0xy�ui�®�|¥s�e9~��	~<sui¤laxy{gxys�xY{g|}w��Rxy¢£|£w�pE´¡|£h0�g¢£pQ|£{g��~�w�xyh0�g¢£i�sui�¢£~Ywu«�xy %r�pq{+w*eg�uxy{g|&%v~<su|£xy{a®�|¥s�e
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�Iiv�Ri�{+�Iiv{+w�|£ivr7i��I�g��iPr�r�iv� |¥{9suegi©~y�g�g¢£|£wv~<s�|£xy{9�Y�u~y�ge+rGxy !¶:|£�yzg�ui ��´c|¥h0�g¢£pq|£{g�Z~�r�pq{+wue+��xY{g| %P~<su|¥xY{
§Ri�st®%ivi�{$iv~yw*e©s*~yr�«������	� �

i
~�{+��|¥sur�w�xY���uivr��Rxy{+�I|£{g��su~Yr�« ����� ��� � 	

i
µ�¨Md!egi���iP~yr�xy{g|£{g�8|}r%s�egi7ru~�h0i

§Ri�st®%ivi�{1Gª»Qz+~<su|¥xY{+r7´B�Yµ!~�{+�9´=�
FQµ�¨
d!egi7w�xYr�sur!x� :xY{gi

checkpt
~�{+��xY{gi

hbeat
sux¤s�e+i7w�xyh0�g¢£i�su|¥xY{�s�|£h¤i�~y��i���iPr��RiPw�s�|£±yi�¢£p '

c̄ =
fhglade

(checkpt) + ∆checkpt

h̄ =
fhglade

(hbeat) + ∆hbeat

� x�sui8sue+~<sGs�e+i�s�|£h¤|£{g��~�{�~�¢£pqr�|}r?�g��iPr�iv{Ysuiv�Zegi��ui¤�IxqiPr�{gx�s�z+r�i0~�{Qpa«q{gx�®�¢£iv�g�yi8xy Ms�egi¤|£{g|¥s�|}~�¢
r�su~�s�|}w	ruwue+iv�Izg¢£i�~�{+�©~yrur�z+h¤iPrUs�egi�®%xy�*rts%wv~yr�iy°�354 67498I~�¢£¢��g�uxIw�iPr�r�xy�urM~�{+�©w�xyh0h8zg{+|£wv~<s�|£xy{2§+z+r�iPr%~���i
 ¡zg¢£¢£pZzIsu|¥¢£|&%�iv� ¨0d!egi��ui� ¡xY��iY°

h̄
~y{+�

c̄
~��ui8suegi0h2~*�I|£h8zgh w�xQrts*rGx� ¬xy{gi

hbeat
~�{��

checkpt
¨ � i

w�xyh0�gzIs�i%suegi!w�xYh¤�+¢¥i�s�|£xy{�su|¥h0i¬xy gs�egi!~y¢¥�Yxy�u|¦suegh |£{8s�egi!�g��iPr�iv{+w�i%x� �xy{giª c~y|¥¢£zg�ui%§Qp Gª»Qz+~�s�|£xy{$´ �
�Qµ
§Ri�¢£x<® '

f(TCP , THB) = S̄+
S̄1

TCP
c̄+

S̄2

TCP
c̄+

S̄3

TCP
c̄+

S̄1

THB
h̄+

S̄2

THB
h̄+

S̄3

THB
h̄+THB +TCP +K

′ ´ �
�Qµ

oq|¥h0|£¢£~y��¢£pY°
f
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T ?
CP =

√

(S̄1 + S̄2 + S̄3) × c̄
´^���Qµ

T ?
HB =

√

(S̄1 + S̄2 + S̄3) × h̄
´B�<��µ

d�~y«q|¥{g�$|£{Ys�xZ~yw�w�xyzg{QsGs�e+i0±<~y¢¥z+ivrG�y|£±yiv{ |¥{�d:~�§+¢¥iPr ��~�{+� �+° ®%i¤Á+{��Às�e�~<s
c̄ = 0.18 ms

~�{+�
h̄ = 0.21 ms

¨Md!egi��ui� ¡xY��iY°

T ?
CP =

√

(4.19 + 3.05 + 4.1) × 0.21 = 1.54 ms

T ?
HB =

√

(4.19 + 3.05 + 4.1) × 0.18 = 1.42 ms
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�[ ²®%iG~��+�g¢¥p¤suegi?su�u~y{+rt ¡xY��h2~�s�|£xy{+rUs�x�|¥{�r�iv��s
hbeat

~y{+�
checkpt

s*~yr�«Irª®�|¦sue©s�egiG�Ri��u|¥xI�+rMxy 
T ?

HB~y{+�
T ?

CP
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checkpt ; hbeat ;
{gxy� 26; hbeat ;

{gxy�
; checkpt ;

{gxy� 25;
w�s��u¢



�
; checkpt ;

¢£�I 


�
;
¢£�I 


�u�

;�I|}r��
; hbeat ;
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6.21 ms
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6.21 − 4.1 = 2.11 ms
¨
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¨ B!~yr�|£wv~�¢£¢¥pY°�suegi 	�)7'"6(&��2 ¡zg{+w�s�|£xy{�zg{I ¡xY¢£�9¢£xqxY�+r�~y{+� ��iv�g¢}~yw�iPr�w�xY{I�

�I|¥s�|£xy{�~�¢}r7§QpÀsuegi2s­®%xZ�RxYrur�|£§g¢£i0i��Iivw�zgs�|£xy{+r��Iiv�Ri�{+�I|£{g�Zxy{9suegi2s�iPrtsP¨$¶+xy�uh0~y¢¥¢£pY°²|¦s8|}r��gi�Á+{giP�E~yr
 ¡xY¢¥¢£x�®	r
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# �<� � �%$ È �*�º�g��� È � �*
 B Ä � �

1. Traces(a) = {a} / �
a
/ � '*+.:�� / 6

2. Traces(S1;S2) = {T1;T2 | T1 ∈ Traces(S1), T2 ∈ Traces(S2)}
3. Traces(if b then S1 else S2) = {skip;T | T ∈ Traces(S1) ∪ Traces(S2)}
4. Traces(for l = n1 to n2 do S) = Traces(Unfold(for l = n1 to n2 do S))
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skip

|¥{���zg¢£i ��~�§Rx<±yiª��iv�g��iPr�iv{Ysur²s�egi%s�|£h0iªs*~�«yiv{�§qpGsuegi%s�ivr�sP°�354 67498yxy{giªs�|£h0i¬zg{g|¦sP¨
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τ
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xy 
S
¨7d!egi�|£h0�Rxy��su~y{YsG�Rxy|£{YsG|}r?sue+~<s7r�z+w*eÀi��IiPw�zIsu|¥xY{asu�u~Yw�ivr

τ
e+~�±yi�~ 6�:;1��,+.'*1�+?i��Iivw�zIs�|£xy{Zs�|£h0i

´;3�4H6�4,8ljkgAade
(τ) =

fhglade
(τ) =

adc3ade
(τ)
µ�°�~�{+��h0xy�ui�x<±yi��!®%i�e+~�±yiG ¡xy�	~y{Qp

τ
'

τ ∈ Traces(S) =⇒
{ jkglade

(S) ≤ adc ade
(τ) ≤ fhglade

(S)
~y{+�

jkglade
(S) =

fhglade
(S) ⇒ adc3aie

(τ) =
adc3aie

(S)
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void
°Rr�|£h0|¥¢}~��	s�x

skip
i��gw�i��Is?s�e+~�s adc3ade

(void) = 0
¨

d!egi7�ui�¢}~<s�|£xy{ .
=
|}r�r�z+wue$s�e+~�s
'

(τ1;τ2);τ3
.
= τ1;(τ2;τ3) τ

.
= (void;τ)

.
= (τ ;void)
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(0)
jkgAaie

(S) =
fhglade

(S) (1)
adc3aie

(c) + ε < T

(2) t ≤ adc3ade
(S) (3) −ε < t ≤ T

	 $#&�1 ∀τ ∈ Traces(IT
c (S, t))

�
τ

.
= S1;c;S2 . . . c;Sn (1 ≤ n)

';1 � � &�),/ � &�� '

t ≤ adc3ade
(S1) < t + ε (Init)

T − ε <
adc3ade

(c;Si) ≤ T + ε (1 < i < n) (Period)
r − ε <

aic3ade
(Sn) ≤ r

�;� adc3ade
(S) = t + q(T − adc3ade

(c)) + r (End)� /2+<$
0 ≤ q

'*1��
0 ≤ r < T − adc3aie

(c)
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c
~�{+��suegi��ui� ¡xY��i%s�e+i!�g�uxy�y�*~�h
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t
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�g¨�d!egi8su|¥h0i��uivr�|}�Iz+~�¢
t
h¤|£�yeQsG§Ri�{gi��Q~<su|¥±yi8§gzIs�{gx�¢¥iPr�r?s�e+~y{

ε
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0 < t ≤ T
°g§qp�rtsu��z+w�s�zg�*~�¢�|£{+�Iz+w�s�|£xy{�xy{

S
¨

� � ��a S = a
' B¬p�eQpq�Rxys�egiPr�|}r�°

0 < t ≤ aic3ade
(a)
°qr�x IT

c (a, t) = a;c
¨Ud!egi	xY{g¢£p�i��Iivw�zIs�|£xy{0su�u~Yw�i

|}r
a;c

.
= a;c;void

°g®�eg|}w*e�ru~<su|£r�Á+ivr¬s�e+i7�g��xY�Ri���s­pY¨ �­{+�gi�iv��'

�
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ε
° aic3ade

(a) ≤ ε
~�{+� °I§Qp�eqpQ�Rxys�egiPr�|}rv°

0 < t
~y{+�

t ≤ aic3ade
(a)
°Isuegi��ui� ¡xY��i '

t ≤ adc3ade
(a) < t + ε (Init)

�
¶+��xYh adc3ade

(a) = t + r
®�|¥s�e

0 ≤ r < ε
~�{+� aic3ade

(void) = 0
°g|¥s� ¡xy¢£¢¥x<®	r¬s�e+~�s
'

r − ε <
aic3ade

(void) ≤ r (End)
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� � ��a S = S1;S2
' d!egiv��i7~y��iGs­®%x©r�z+§I�[wv~yr�ivr!�Iiv��iv{+�I|£{g�2xy{

t
¨

�y¨ adc ade
(S1) < t

'8d!egi��ui� ¡xY��i IT
c (S1;S2, t) = S1;IT

c (S2, t −
adc3ade

(S1))
§�iPw�~yz+r�i2x� !��zg¢£ivr �

~y{+���+¨
j%xY{+�I|¥s�|£xy{Ê´B�Yµ�i�{I ¡xy�*w�iPr�s�e+~�s

t <
adc3ade

(S1;S2) =
adc3ade

(S1) +
aic3ade

(S2)
°�suegi��ui� ¡xY��i

t − adc3ade
(S1) <

adc3ade
(S2)

¨)j%xy{+�I|¥su|¥xY{ ´ �Yµ�i�{I ¡xY�uw�ivr©sue+~<s
t ≤ T

~�{+��°�§Qp¸eQpq�Rx�suegi��
r�|£rv° adc3aie

(S1) < t
suegi��ui� ¡xY��i

0 < t − adc3aie
(S1) ≤ T − adc3ade

(S1) ≤ T
¨ \?i�{+w�iy°

S2ru~<su|£r�Á+ivr�s�e+i9|¥{+�gz+w�su|¥xY{`eqpq�Rx�s�e+ivr�|}rv°�~�{+� ∀τ2 ∈ Traces(IT
c (S2, t −

adc3aie
(S1))), τ2

.
=

S2,1;c;S2,2 . . . c;S2,n (1 ≤ n)
~y{+��±yi��u|¥Á+ivr
'

t − adc ade
(S1) ≤

aic3ade
(S2,1) < t − aic3ade

(S1) + ε (Init)
T − ε <

aic3ade
(c;S2,i) ≤ T + ε (1 < i < n) (Period)

r − ε <
adc3aie

(S2,n) ≤ r
�[ Radc3ade

(S2) = t − adc3ade
(S1) + q(T − adc ade

(c)) + r®�|¥s�e
0 ≤ q

~�{��
0 ≤ r < T − adc ade

(c) (End)
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τ
xy  IT

c (S1;S2, t)
|£r8h2~y�gi�x� ?~�{ºi��Iivw�zgs�|£xy{Es��*~yw�i

τ1
x�  IT

c (S1, t) ¡xY¢¥¢£x�®¬iv�`§Qp`~�{ i��IiPw�zIsu|¥xY{ su�u~Yw�i
τ2
x�  IT

c (S2, t −
adc3ade

(S1))
¨ �­{ x�s�e+i���®%xy�*�grv°

τ
.
=

τ1;S2,1;c;S2,2 . . . c;S2,n
¨:d!e+i¬�g�uxy�Riv��stp7|£rUr�~�s�|}r�Á+iv�8|¥ 

t ≤ adc3aie
(τ1;S2,1) < t+ε

°�®�eg|}w*e8 ¡xY¢¦�
¢£x�®	r� ¡�uxyhKs�e+i¬ c~yw�s"sue+~<s"s�e+i 	�)7'"6(&��! ¡zg{+w�s�|£xy{0ru~<su|£r�Á+ivr�suegi!�M�uxy�Ri���stp©´B�y�Yµ�°7354 674988adc3ade

(τ1) =adc ade
(S1)

°+~y{+��s�e+i7eQpq�Rx�suegivr�|£r aic3ade
(S1) < t

¨
�I¨

t ≤ aic3ade
(S1)

' �­{$s�eg|}r	wv~yr�iy°qsuegi��ui7®�|¥¢£¢ §Ri�~�s	¢¥iP~yr�s�xy{+i�|£{+r�iv��su|¥xY{$x� 
c
|£{

S1
°+~�  s�iv�

t
s�|£h0i

zg{+|¦s*r�°+~y{+���RxYrur�|¥§g¢£p©x�suegi���|£{+r�i���s�|£xy{+r!i�±yiv��p
T
su|¥h0i7zg{g|¥s*r�'

IT
c (S1;S2, t) = IT

c (S1, t);IT
c (S2, t1)®�|¦sue adc3aie

(S1) = t + q(T − adc ade
(c)) + r, 0 ≤ q, 0 ≤ r < T − adc ade

(c))
t1 = T − adc ade

(c) − r

oq|£{+w�i
t ≤ adc3ade

(S1)
°
S1
r�~�s�|}r�Á+ivr"suegi	|£{+�Iz�w�s�|£xy{©eQpq�Rx�suegivr�|£rª~�{�� ∀τ1 ∈ Traces(IT

c (S1, t))
°

τ1
.
= S1,1;c;S1,2 . . . c;S1,m (1 ≤ m)

~�{+��±yiv��|¥Á+ivr
'

t ≤ adc3ade
(S1,1) < t + ε (Init1)

T − ε <
adc3ade

(c;S1,i) ≤ T + ε (1 < i < m) (Period1)
r − ε <

adc3ade
(S1,m) ≤ r (End1)

d!egiªsu�u~y{+r� ¡xy�uh0~�s�|£xy{7|£r²suegi�{¤~��g�g¢£|£iv��xy{
S2
®�|¥s�e�suegiªsu|¥h0i%�uivr�|}�Iz+~�¢

t1 = T− adc ade (c;S1,m)
¨

d!egiv��i7~y��iGs­®%x©r�zg§g�[w�~Yr�iPr!�Ii��Riv{+�I|£{g�2xy{�s�e+i�i��Iivw�zgs�|£xy{�s�|£h0i7x� 
S2
¨

´B~Yµ
T − adc3aie

(c) − r ≤ adc3ade
(S2)

'
d!e+|£rG|}r�w�xY{+�I|¦su|£xy{¹´^�yµ	sux$~y�g�g¢£p�s�egi0|¥{+�gz+w�su|¥xY{ eQpq�Rx�suegivr�|£rGxy{

S2
¨0j%xy{+�I|¥s�|£xy{ ´;�Qµ?|£r

−ε < T − adc3ade
(c) − r ≤ T

°�®�eg|}w*e� ¡xY¢¥¢£x�®	r� ¡�uxyh)s�egi� c~Yw�s?s�e+~�s aic3ade
(c)

~�{��
r
~��ui

�RxQr�|¥s�|£±yi¬~�{+�
r < T− adc3aie

(c))
¨ B¬p�|£{+�Iz�w�s�|£xy{�eQpq�Rx�suegivr�|}r�° ∀τ2 ∈ Traces(IT

c (S2, T−
(
adc3aie

(c) + r))), τ2
.
= S2,1;c;S2,2 . . . c;S2,n (1 ≤ n)

~�{+��±yiv��|¥Á+iPr�'

T − aic3ade
(c) − r ≤ adc3aie

(S2,1) < T − adc3ade
(c) − r + ε (Init2)

T − ε <
adc3ade

(c;S2,i) ≤ T + ε (1 < i < m) (Period2)
r2 − ε <

adc ade
(S2,n) ≤ r2

�[  aic3ade
(S, 2) = T − adc3ade

(c) − r + q2(T − adc3ade
(c)) + r2®�|¦sue

0 ≤ q2
~�{+�

0 ≤ r2 < T − adc ade
(c) (End2)

"$# I%"$&



��� 9 >�&�� &�1�+0/2143�� '���> +��
	�:*>?&�)7'*1 6�&@-���
 )7:73")7'���	�)7';1�����:*)�� '*+0/ :*1�� ���

�?{Qp�i��Iivw�zIsu|£xy{�s��*~yw�i
τ ∈ Traces(IT

c (S1;S2, t))
|£r�x� �suegi� ¡xy�uhC'

τ
.
= S1,1;c;S1,2 . . . c;S1,m;S2,1;c;S2,2 . . . c;S2,n

� i"�tz+r�sMe+~�±yi¬s�x7w*egiPwu«�s�e+~�s
T −ε <

adc3ade
(c;S1,m;S2,1) ≤ T +ε

®�e+|£w*e� ¡xY¢¥¢£x<®	r� ¡�uxyh1'

(End1) r − ε <
adc3aie

(S1,m) ≤ r

(Init2) T − adc3ade
(c) − r ≤ adc3aie

(S2,1) < T − adc3ade
(c) − r + ε

� i7�yi�s
T − ε <

adc3ade
(c) +

aic3ade
(S1,m) +

aic3ade
(S2,1) < T + ε

°+~y{+��s�egi�w�xyh8§g|£{giv�
su�u~Yw�i

τ
r�~�s�|}rtÁ+iPr¬s�egi7�g�uxy�Riv��stpy¨

´¡§�µ aic3ade
(S2) < T − adc ade

(c) − r
'

�?{Qp�i��Iivw�zIsu|£xy{�s��*~yw�i
τ ∈ Traces(IT

c (S1;S2, t))
|£r�x� �suegi� ¡xy�uhC'

τ
.
= S1,1;c;S1,2 . . . c;S1,m;τ2

oI|¥{+w�isadc3ade
(S1) = t + q(T − adc3ade

(c)) + r
°
exet(S1;S2) = t + q(T − adc ade

(c)) +
r +

adc3ade
(S2)

~y{+�
0 ≤ r +

adc3ade
(S2) < T − exect(c)

¨ � i�e�~P±yiGs�x©wue+ivw*«2sue+~<s

r +
adc3ade

(S2) − ε ≤ adc3aie
(S1,m;τ2) < r +

adc3ade
(S2)

®�e+|£w*e0 ¡xY¢¥¢£x�®	rª�I|£�uivw�su¢¥p� ¡��xYh
(End1)

~y{+�¤s�e+i� c~Yw�sªs�e+~�sMsuegi1	�)7'"6(&��? ¡zg{+w�s�|£xy{�ru~<s�|}r�Á+ivr
suegi7�M�uxy�Ri���stpÀ´B�y�Yµ�°�3�4H6�4,8ladc3ade

(τ2) =
adc ade

(S2)
¨

� � ��a S = if b then S1 else S2
¨ �	ivw�~y¢¥¢�s�e+~�s
'

IT
c (if b then S1 else S2, t) = if b then IT

c (S1, t − 1) else IT
c (S2, t − 1)

\?i�{+w�iY°Ps��*~yw�ivr²~��uiUxy qs�egiM ¡xY��h
τ = skip;S1,1;c;S1,2 . . . c;S1,m

xy�
τ = skip;S2,1;c;S2,2 . . . c;S2,m

¨
oq|£{+w�i

t > 0
~�{+�

ε ≤ 1
°I®%i�e+~�±yi

t − 1 > −ε
°gr�x�suegi�|£{+�Iz+w�s�|£xy{$eqpQ�Rxys�egiPr�|}r!~y�g�g¢£|¥iPr¬xY{

S1
´c��iPr��²¨

S2
µ�¨ªd!egi��ui� ¡xy�uiy° ∀τ1 ∈ Traces(IT

c (S1, t)), τ1
.
= S1,1;c;S1,2 . . . c;S1,m (1 ≤ m)

~y{+��±yi��u|¥Á+ivr
'

t − 1 ≤ adc ade
(S1,1) < t − 1 + ε (Init1)

T − ε <
adc3ade

(c;S1,i) ≤ T + ε (1 < i < m) (Period1)
r − ε <

adc3ade
(S1,m) ≤ r

�[  adc ade
(S) = t − 1 + q(T − adc3ade

(c)) + r (End)®�|¥s�e
0 ≤ q

~�{��
0 ≤ r < T − adc ade

(c)

�[sG ¡xy¢£¢£x�®	r?sue+~<s
t ≤ adc3aie

(skip;S1,1) < t + ε
~y{+�asuegi0w�xYh8§g|¥{+iv�asu�u~Yw�i�ru~<su|}rtÁ+iPr	suegi¤�g�uxy�Ri���stpy¨

d!egi7�uiv~yr�xy{g|£{g��|}r!s�egi�ru~�h0i�®�|¦sue
S2
¨

� � ��a S = for l = n1 to n2 do S
' �	ivw�~y¢¥¢�sue+~<s�'

IT
c (for l = n1 to n2 do S, t) = Fold(IT

c (Unfold(for l = n1 to n2 do S), t))

IEIKJ7L�M�N=O�PRQ�S�T�URV�W



�q� � �"'���� � )7'��"&�+��
	 /2)7'���> +

�[s� ¡xy¢£¢£x�®	r¬s�e�~<s
'

Traces(Fold(IT
c (Unfold(for l = n1 to n2 do S), t)))

= Traces(IT
c (Unfold(for l = n1 to n2 do S), t))

= Traces(IT
c (l := n1; S; . . . , t))

d!egi�xY�Ri��*~<s�xY�
Unfold

�ui��g¢}~yw�ivr!  xY���[¢£xqxy�$§Qp�r�iP»Qzgi�{+w�ivr�xy Uw�xyh0h2~�{+�grv¨¬d!eg|}r?w�~Yr�i7§RxY|¥¢}r?�Ix�®�{�s�x
suegi�~�¢£��iP~y�Ip0su��iP~<suiv�$w�~yr�i

S = S1;S2
¨

�

& � È È $����:�I� & � È � Ä ��� Å � � È BcÉ:� $ È � ��Ä � �I����� Ä ��� � Ä � Ä �!�cÉ�
���Bc��� ¶gxY� −ε < t ≤ 0
®¬i�e+~�±yi

IT
c (S, t) = c;IT

c (S, T − aic3ade
(c) + t)

¨�oq|£{+w�i¤�M��xY�Ri���s­pa��egxy¢}�gr? ¡xy�G�RxYr�|¥s�|£±yi�s�|£h0i¤��iPr�|}�Iz+~�¢}rv°R|¦s
 ¡xY¢¥¢£x�®	rG ¡�uxyh adc3aie

(c) + ε < T
~�{�� −ε < t

s�e+~�s
T − adc3ade

(c) + t
|}r7�RxYr�|¦su|£±yi2~�{+� s�egi��ui� ¡xY��i

∀τ ∈ Traces(IT
c (S, T − adc3aie

(c) + t)), τ
.
= S1;c;S2 . . . c;Sn (1 ≤ n)

~y{+��±yi��u|¥Á+ivr
'

T − adc3ade
(c) + t ≤ adc3ade

(S1) < T − adc3ade
(c) + t + ε (Init)

T − ε <
adc3aie

(c;Si) ≤ T + ε (1 < i < n) (Period)
r − ε <

adc3ade
(Sn) ≤ r

�[ nadc3ade
(S) = T − adc ade

(c) + t + q(T − aic3ade
(c)) + r (End)®�|¥s�e

0 ≤ q
~�{+�

0 ≤ r < T − adc3ade
(c)

d!egi�s��*~yw�ivr¬|£{
Traces(IT

c (S, T − adc3ade
(c) + t))

~y��i�x� �s�e+i� ¡xy�uhC'

c;S1;c;S2 . . . c;Sn
.
= void;c;S1;c;S2 . . . c;Sn

oq|£{+w�i adc ade
(void) = 0

~y{+��°g§Qp�eQpq�Rx�suegivr�|}r�° −ε < t ≤ 0
°g®¬i�e+~�±yi '

t ≤ adc3ade
(void) < t + ε (Init)

�[s!��ivh2~�|£{+rMsux¤r�e+x�®·sue+~<s¬s�e+i
(Period)

w�xY{+�I|¥s�|£xy{�egxY¢£�grv°@354H6�4,8
T − ε <

adc3aie
(c;S1) < T + ε

¨ � i
e+~�±yi '

T − adc3ade
(c) + t ≤ adc3ade

(S1) < T − adc3ade
(c) + t + ε

oq|£{+w�i adc ade
(c;S1) =

adc3aie
(c) +

adc ade
(S1)

~y{+� −ε < t ≤ 0
°g®%i7w�xy{+w�¢¥z+�gi '

T − ε < T + t ≤ adc ade
(c;S1) < T + t + ε ≤ T + ε

�

"$# I%"$&



Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)���������	�
���
����� ������� ��� ���

ISSN 0249-6399


