
HAL Id: inria-00077120
https://inria.hal.science/inria-00077120v2
Submitted on 2 Jun 2006 (v2), last revised 4 Mar 2013 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Elimination theory in codimension one and applications
Laurent Busé

To cite this version:
Laurent Busé. Elimination theory in codimension one and applications. [Research Report] RR-5918,
2006, pp.47. �inria-00077120v2�

https://inria.hal.science/inria-00077120v2
https://hal.archives-ouvertes.fr


appor t  


de  r ech er ch e 


IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
59

18
--

F
R

+
E

N
G

Thème SYM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Elimination theory in codimension one and
applications

Laurent Busé

N° 5918

June 2006





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

�����������
	��
�������
��������������������������������� �!�����"	 �
��	�#
#$�����%	&�
�����
�

')(+*-,�.0/21
34*-5�6

798;:�<>= ?0@BADC�?FEHGJIK:�<4=LG)GKE0<NMPORQTSVU0WX=�G
Y[ZKO]\^=�I`_&abQVa]aRc

d)abe;ePORZJI)cH=�Zf=�gh8X=�Zfgh8;=ji+k-lbm;n�opC�qRWXiX=�rbsRs]t�CvuHw e;abxR=�G

y{z�|�}�~��X�]}]��� i�IK8X=LGJ=�iXObIf=�G����%={eXZf=�GK=�i0I�a�x]=�iX=�ZhabQ���Zhab<>=��%O]Zf��IfO�g�O]<>eXWHIf={If8X=$g�OHcHS�<4=�i;GKSTORi
ORiX=�e;a]ZJI
Ob��IK8;=�=�Q�S�<4S�i;abIKS�O]i�SVcH=�a]Q�O]� a�GJEHGJIK=�<�O]��8XO]<>O]xR=�iX=�O]W;G�ePORQTEFiXOR<4SVabQVG�� � I
SVG{M;aRGJ=Lc
ORi�IK8X=�g�O]<>eXWHIha�IKS�O]i�O]��If8X={GKOb��g�abQ�Q�=�c�A�a]g�d�ab=]� G&S�i0��a]ZKSVabi0IfGBIf8;a�I��%=���S�QTQ�O]MHIhabS�ipMFE�<>=Labi;G�O]�
cX=�IK=�ZK<>S�i;abi0IhG[O]��g�O]<>eXQ�=��H=LG����`WXZ9abeXeXZfORaRgh8><4O0G^IfQTE>W;GK=�G[IKOFORQ�G[��ZKOR<�g�O]<><NWHIfabIKS��]=�a]QTxR=�MXZhaX���p=
M+=�xRSTi���STIK8�GKO]<>=�M;aRGJSVg�G�O]i�=�Q�S�<4S�i;abIKS�O]i�IK8;=�O]ZfEpa]i;cpIK8X=�i�S�iRIfZKOHcHWPg�=>IK8;={A�a]g�d)ab=R� G�STiF��abZfS�a]i0I
a]i;c�If8X=�GJO]��g�abQ�QT=Lc�cH=�IK=�Zf<>STiPabi0IfG�Ob�+g�O]<>eXQ�=��H=LG���798X=9ZK=LG^I-Ob�XIf8X=�GK=%iXObIf=�G�STQ�Q�W;G^IfZfabIK=LG
ORWXZ abeXe;ZKO0a]gh8
If8XZfO]WXxR8
I^�%O�S�<4e+O]ZKIfa]i0I�=��Xab<>eXQ�=�G�¡�If8X=NA�a]g�a]WXQVa¢E+� G9Zf=�GKWXQ£Ihabi0I�O]�

n
8XOR<>O]x]=�iX=�ORW;G9e+O]Q�E0i;O]<>S�a]Q�G

S�i
n
��abZfS�a]MXQT=LG�a]i;c�If8X=�g�OR<4e;WHIfabIKS�O]i{O]��a]i{S�<4e;QTSVg�STI�=�U0W;a�IfSTORi{O]�
a4e;abZhab<>=�If=�ZfST¤�=�c>8FEFeP=�ZfGKWXZK�¥a]g�=

WPGJS�iXx�GJEF¤�E0xRST=LG��
¦¨§0©«ªf¬ ­ ~�®�|]�°¯ QTS�<>STi;abIKS�O]ipIK8X=�O]ZfE]�±8;O]<>O]xR=�iX=�O]W;G`ePORQTEFiXOR<>S�a]Q-GKEHG^If=�<�G��±ZK=LGJW;Q£Ihabi0IfG��±cH=�If=�Zf<>S£�
iPabi0IfG9O]��g�OR<>eXQT=��H=�G��Xg�O]<>eXWXIfa�IfSTORi;abQ±a]QTxR=�MXZhaX�FS�<>eXQTSVg�STIKS�¤�abIKS�O]i�Ob�-ZfabIKS�O]i;a]Q«80EFe+=�ZhGJW;ZJ�¥aRg�=�G��

²
³h´¶µJ·
³h¸X¹ºµ^»^´¶¼¢½¥µ^·�¾À¿ Á�µ^Â&Ãf´±´¶Ä¢µ�Å2Æ�Ç�ÈbÉ
ÊÌË�²�Í+Î¢Å±Ï
ÊÌÆ�Ð±É-²$·Ñ»ÑÄ¢³�³À¹0¿ºÂ&Ò]ÃhÂhÓÑÃhÂRÔ�ÆÌ½ÑÃhÂRÔ]Õ�¼L¹ Ö�×fÊ�ØÀØ9ØÀÙÀÙÀÚLÛ



� �������-��� �
� ����������������	&�
���������!�����������������������
���%�
	�#
#$�����%	&�
��� �
�

�
	 |���
 	 ��� a]i;G�g�=�G�iXObIf=�G��Ri;O]W;G�eXZ���GK=�i0IKORi;G�WXi;=Ba]eXeXZfOFgh8;=�abQ�x���MXZKSVU0WX=�e+O]WXZ9g�a]Q�g�WXQT=�Z�QVa�ePabZKIKS�=
cX=
g�OHcHS�<>=�i;GKS�O]i�WXi�c2� W;i SVc���a]Q%c2� ��Q�S�<4S�i;abIKS�O]i c2� WXi GJEHGJIK:�<>={cX=
e+O]Q�EFi��]<>=�G 8XO]<>ORx]:�i;=�G�� ¯ Q�QT=
Zf=�e+ORGK=�eXZfS�i;g�S�e;abQ�=�<>=�iRI>GJW;ZNQ�=�g�abQVg�WXQ9c2� STiF��abZfSVabi0IfGNcHS£IhG>cH=
A�aRg�d)a]=
U0WX=
iXO]W;GNO]MXIKS�=�i;cHZfO]iPG =�i
If=�Zf<>=�G�cH=
c���If=�Zf<4S�i;a]iRIhG�cH={g�O]<>eXQ�=��H=�G�� � abiPG�WXi�eXZf=�<>S�=�Z�If=�<>e;GNcH=�G�Z���GKWXQTIfabIfG�=LGKGK=�i0IKS�=�QVG�cH=
QVa�If8���ORZKS�=>cH=NQÑ� ��Q�ST<>S�i;a�IfSTORipGKO]i0I`ZhabeXe+=�Q���G`eXWXSVGBQT=LGBSTiF��abZfS�a]i0IfGBcH=4A�a]g�d�ab= =�IBQ�=�G&c���IK=�ZK<>S�i;abi0IfG
cX=
g�OR<>eXQT=��H=�G GKO]i0I4STi0IKZfOHcHWXSTIfG�����={Zf=�GJIK=
cX=
g�=LG i;ObIK=LG S�Q�QTW;GJIKZf=
g�=�IKIK=
a]eXeXZfOHgh8X={abW�IKZha¢�]=�ZhG�cH=
cX=�WH��=��H=�<>eXQ�=�G�¡>QT=
Z��LGJW;Q£Ihabi0INcH={A�a]g�a]WXQVa¢EpcH=

n
e+O]Q�EFi��]<>=LG�8XOR<4ORx]:�iX=�G�=�i

n
��abZfS�a]MXQ�=�G�eXW;S�G

Q�=>g�abQVg�W;Q-cX=NQÑ� �LU0W;a�IfSTORi�S�<4e;QTSVg�STIK=�c2� WXiX=48FE0e+=�ZhGKWXZJ�¥aRg�=Ne;abZhab<���IfZ���= =�i�WHIfSTQ�S�Gfabi0I&QT=LG&GJEF¤�EFxRST=LG`cH=
g�=�IKIK=�e;a]Zfa]<���IKZfS�Gfa�IfSTORi±�
� ­ }L| ª ��� 	 | � 798���O]ZfST=�cH=�Q¶� ��Q�ST<>S�i;a�IfSTORi±�`GKEHG^If:�<>=�G�cH=pePORQTEFi��R<4=LG{8;O]<>O]xR:�iX=LG��)Z���GKWXQTIfa]iRIhG��
c���IK=�ZK<>S�i;abi0IhG�cH=�g�O]<>eXQ�=��H=LG��Xg�abQVg�WXQ«��ORZK<>=�QÑ�XS�<>eXQTSVg�STIfabIKS�O]i$c2� 80EFe+=�ZhGJW;ZJ�¥aRg�=�G%Zha�IfSTORiXiX=�Q�Q�=�G��



�����������
	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� )

� i�If8X=�GK={i;ObIK=LG��-�%=�eXZf=�GK=�i0INa¨xR=�iX=�Zfa]Q ��Zhab<>=��%O]Zf�¨IKO�g�OR<4e;WHIK=�If8X=
g�OHcHST<>=�i;GJS�O]i�ORiX=�e;a]ZJI
O]��IK8X=$=�QTS�<>STi;abIKS�O]i�SVcH=LabQ9Ob��apGJEHGJIK=�< O]��8XOR<4ORx]=�iX=�ORW;G�e+O]Q�E0i;O]<>S�a]Q�G�� � I4SVGNM;a]GK=�c�ORi�If8X=�GKOb�
g�abQ�QT=Lc�A�a]g�d)ab=R� G�S�iF��abZfS�a]iRIhG&IK8Pa�INg�abi�M+=�O]MHIhabS�iX=�c�MFE�<>=�abiPG�Ob�)cH=�IK=�Zf<>STiPabi0IfG Ob�)g�OR<4e;QT=��F=LG��
�`W;Z`abe;eXZKO0a]gh8�<>ORGJIKQ�E�WPGJ=LG�IKOFORQ�G)��ZKOR< g�O]<>< WHIha�IfST�R= abQ�x]=�MXZfa�a]i;c$SVG�S�i;GKeXSTZf=�c$MFE
IK8X=N��ORZK�HG�O]�
qR=�a]iH��Y�ST=�ZKZf=&q]ORW;abiXORQTORW+*ºr]rF�Pr#)H�PrRl�,.-¥GK=�=�a]Q�GKO/* )Xn0,2��O]Z)a>GKST<>S�Q�a]Z�ePORSTi0I)Ob���FST=��21À�
��= M+=�xRSTi���STIK8pGJOR<4=�MPa]GKS�g�G)O]i¨=�QTS�<>STiPa�IKS�O]i$If8X=�ORZKER�)798X=�i��PS�i�GK=�gÀIfSTORi�rF�«��= STi0IKZfOHcHW;g�=�IK8X=

A�a]g�d�ab=]� G«S�i0��a]ZKSVabi0I±abi;cBIf8X=[GKOb��g�a]QTQ�=�c`cH=�If=�Zf<4S�i;a]iRIhG2Ob�Xg�O]<>eXQ�=��H=�G+If8;a�I���S�Q�QRabQ�Q�O���W;G±IKO)g�OR<>eXWHIK=
If8XSVG�S�iF�¢a]ZKSVabi0IL�`798X=NZK=LG^IBOb� IK8;=�GK= iXO]IK=�G`S�QTQ�W;GJIKZha�IK=LG�ORWXZ`a]eXeXZfORaRgh8
If8XZfO]WXxR8¨I^��O{=��Xab<>eXQ�=�G�¡9IK8X=
A�a]g�a]WXQVa¢E+� G%ZK=LGJW;Q£Ihabi0I)Ob�

n
8XO]<>O]xR=�iX=�O]W;G9e+O]Q�EFiXO]<>SVabQVG9STi

n
��abZfS�a]MXQ�=�G)a]i;c
IK8X= g�O]<>eXWHIha�IfSTORi�O]�

a]i>ST<>eXQ�S�g�S£I%=�U0W;abIKS�O]i>Ob�±a�e;a]Zfa]<>=�IK=�ZKS�¤�=Lc 8FEFe+=�ZhGJWXZK�¥a]g�=�W;GKSTiXx�GKEF¤�EFx]S�=�G��
798;=43;ZhG^I[ORiX=)SVG-IKZf=�abIK=Lc
S�i�GJ=LgÀIKS�O]i5)���8;=�Zf=��%=
��O]Q�QTO���If8X=$<>O]iXORx]ZhabeX86*ºr]r7,Ñ� 798X=¨GJ=Lg�O]iPc�O]i;=]��IfZK=La�If=�c�S�i�GJ=LgÀIKS�O]i�u;�
Zf=�e+O]ZKI�ORi�\^ORSTi0I9��ORZK�HG���S£If8
A�a]Zfg98�8;abZhcHS�i
abiPc{qR=�abiX�ÑY�S�=�ZfZf=�q]ORW;abi;O]Q�O]W:* wF�Fu;�Ho�,��<;)Q�Q±abQ�O]iXx IK8X=
�9a¢E]�R��=`��STQ�Q+ZK=Lg�abQ�QPGKO]<>=�IfOFO]QVG���ZfO]< g�OR<4<NWHIfabIKS��]=�a]QTxR=�MXZha�abiPc�abQ�x]=�MXZfa]S�g9xR=�OR<4=�IKZfEN��8;S�gh8�<�a¢E
M+=�W;GK=���WXQ±��O]Z�ObIf8X=�Z�e;WXZKe+ORGK=�G��

= � � ����� ���

>@? §BA�§ ~�����CÑ~���
 §0¬ ­ ~7D E

FHGJI § � �;� � � §LK |NM A
O �H~�M¥� A } P
rX�Tn@Q�ObIha�IKS�O]i$abiPc
e;ZK=�QTS�<>STi;a]ZKS�=�G �����B���&���&�����&���&���B���&�����&���&���&�����B��� t
rX� r � =�3PiXS£IfSTORi¨abi;c�eXZfO]e+=�ZKIKS�=�G����&�����B���&���&�����&���&���B���&�����&���&���&�����B��� o
rX� ) ;jg�O]i;GJIKZfW;g�IKS��]=�abeXe;ZKO0a]gh8 ���&�����B���&���&�����&���&���B���&�����&���&���&�����B��� nRn

RSGJI § � �;�]�����¥� ©<K |�~ § | � �¥}�� A } > E
);�Tn@T`ORGK¤�W;Q«a]i;c+U�=�gh8$g�OR<4e;QT=��F=LG �����B���&���&�����&���&���B���&�����&���&���&�����B��� n¢l
);� r � =�3PiXS£IfSTORi$Ob��IK8X=�Zf=�GKWXQTIfabi0I �&�����B���&���&�����&���&���B���&�����&���&���&�����B��� r]s
);� ) 798;=�ZK=LGJWXQTIfa]i0I�aRG�a>A�a]g�d)ab=R� G%S�i0��a]ZKSVabi0I �&�����&���&���B���&�����&���&���&�����B��� r#)
);� u 8�OR<>eXQT=�<>=�i0I�¡ <NWXQ£IfST��a]ZKSVa�If=&GKWXMXZf=�GKWXQTIfa]iRIhG �����&���&���B���&�����&���&���&�����B��� r]o

EWV 
YX��'M¥�#M¥}ZM'[]�H}�M ­�A�­ C9~��H}ZM ­LA ��� I © X § ~�|��
~�CÑ�;� § |\M A �]X
~ ­B^L§ �]}ZM OP§ |ZX-�X� § R�F
uP�Tn 798;=�cH=�xRZK=�=���ORZK<NWXQ�a��&���&���&�����B���&���&�����&���&���B���&�����&���&���&�����B���_)`)
uP� r ��STi;�{��STIK8$MXQ�O��9�ÑWXe$abQ�x]=�MXZha]G"�����B���&���&�����&���&���B���&�����&���&���&�����B���_)0l
uP� ) ;�eXeXZfO¢�HST<�a�IfSTORi�g�O]<>eXQ�=��H=�G �&�����B���&���&�����&���&���B���&�����&���&���&�����B���_)Ro
uP� u � <>eXQ�SVg�STIKS�¤�a�IfSTORi$M0E{<4=Labi;G9O]��Q�S�iX=�a]Z)GJEF¤�EFxRST=LG����&���&���B���&�����&���&���&�����B���vuFr

798XZfO]W;x]8XORWHI`If8X=�GK=>iXObIf=�G��±abQ�Q ZKS�iXx0G`��S�Q�Q MP=�a]GfGKWX<>=�c¨IfO$MP=>iXORiH�¶IfZKS��FS�a]Q g�O]<><NWHIfabIKS��]=4ZKS�iXxRG
��STIK8¨a]i
SVcH=�i0IfS£I^E
=�Q�=�<>=�i0I��

Ð
Ð Â�a;ÚÀ×�bdc



u � 	�� � �0�������B���

� 	 �����9�-	���
¢��	N���
� �����
��=�I

A
M+=�a>ZfSTiXxP����=�g�O]iPGJSVcH=�Z9If8X=�xRZfaRcH=�c{ePORQTEFiXOR<4SVabQ�ZKS�iXx

A[X1, . . . , Xn]
�P��S£If8

deg(Xi) = 1��ORZ)abQ�Q
i
�Xabi;c$cH=�iXObIf=�MFE

m
STIfG�S�ZKZf=�Q�=���a]iRI98XOR<4ORx]=�iX=�ORW;G%S�cH=LabQ

m := (X1, . . . , Xn)
����=�GJW;eXePO0GJ=

xRST�R=�i�a 3;i;S£If=�Q�E�xR=�iX=�ZfabIK=Lcp8;O]<>O]xR=�iX=�O]W;G&SVcH=�a]Q
I := (f1, . . . , fr) ⊂ m
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xR=�OR<4=�IKZfS�g�e+O]S�i0I{Ob���FST=����9��=�g�O]i;GKSVcH=�Z>If8X=�S�i;g�SVcH=�iPg�=�Gfgh8X=�<>=Y-¥ZK=�<4=�< M+=�Z{IK8;abI
B
SVG�x]Zha]cH=Lc

��� ZL� IL�FIK8X=
Xi
� G�1

Proj(B) ⊂ P
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A := Ker
(
A = Γ(Spec(A),OSpec(A))

can
−−→ Γ(Proj(B),OProj(B))

)
⊂ A

= Ker

(
A→

n∏

i=1

B(Xi)

)

= {s ∈ A : ∃k ∈ N
GKW;gh8�IK8Pa�I

mks =B 0} = (I :A[X] m∞) ∩A

= (I :A[X] m∞)0 = H0
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MFE�STIfG)ZK=LG^IfZKSVgÀIfSTORi;G�IKO�abQ�Q2IK8;=�O]e+=�i$GJ=�IfG

D+(Xi)
�
i = 1, . . . , n

1���d�=�g�abQ�Q«IK8;abI

H0
m(B) :=

⋃

k∈N

(0 :B mk) = {P ∈ B : ∃k ∈ N
GJWPgh8{If8;a�I

mkP = 0}.
-Jn]��n�1

;�QTQ±IK8X=LGJ=�g�ORi;GKS�cH=�ZfabIKS�O]i;G9g�abi�MP=�GKWX<><�abZfST¤�=�c
STi�IK8;=&��O]Q�QTO���S�iXxN�¥ab<>O]W;G
G I §F­ ~ § 
 >���>���� �'M 
YM A �H}�M ­�A } I §F­ ~ § 
! � �0�

K " �+	$# ��� ��	&���]�%��"#"��7�0�'&#�)(7�0� 	������*&��N�&�%+"��B� ���
ρ : A → K , ��-�� �0�5��	&��� ����	:�
"(���0��	����/.�	��
����� ��	%"*02143������65 � �(�7-������ �28<���*&���� 	�� �����0���'�N	��%�

�:9�� �)(7	&� �0���<;
-�S�1

ρ(A) = 0
1

-¥STS�1=3
�(�0� �!�?>`� ���'� 	&���?>`� �0�(�����&�
L
�@-

K , �A1��B1 L
� � " �&��� 	 K

+d	&� &`� " � 	+	��
�:	�#.�0� �:0 	����:	 �
���C+�'���)(���	���.���� �BD!��-
I
���

L
n 1

E ÉGF^µ^½¶³)³h¸H´¶Ä¢µ�¿IH¢µJÃh¹
I
¿ºÂ

K
n ¿º·
ÃhÂ`µ^¹ºµ�J�µ^Â�´ ξ ∈ K

n ·Ñ¼¢»ÑÄB´ÑÄ¢Ãf´ φ(P )(ξ) = 0
¸�³À½�Ãh¹º¹

P ∈ I
ÔLK�Ä¢µ^½¥µ

φ := ρ ⊗A

A[X] : A[X] → K[X]
¿º·2´ÑÄ¢µ µ<M�´Ñµ^Â¢·¶¿º³ÀÂ&³h¸H´¶Ä¢µNJ)Ã:O

ρ
´¶³�Ob³À¹ ÖLÂL³%J�¿ Ãh¹º·2¿ºÂ�´¶Ä¢µ

Xi P ·KÛ6Q±Ä¢µ µ^¹ºµ�J�µ^Â�´ (0, . . . , 0) ∈ K
n¿º·�»JÃh¹º¹ºµ@H�´¶Ä¢µ[´Ñ½¥¿ ÁL¿ Ãh¹RF^µ^½¶³¢Ô0·Ñ¿ºÂ¢»^µ�¿ ´-¿º·-Ãh¹ K2ÃJÖ�·�ÃSF^µ^½¥³B³h¸

I
¿ºÂ

K
n Ãh·-·¶³�³ÀÂ�Ãh· I

¿º·-¾À½¶Ã:H¢µ@H4ÃhÂBH
ρ(I ∩ A) = 0

ÛUT µ
·¶´¶½ÑÃh¿º¾ÀÄ�´¶¸T³À½VK±Ãh½WHL¹ Ö&µ<M�´¶µ^ÂLHB´¶Ä¢µ^·Ñµ�Â¢³h´ÑÃf´Ñ¿º³ÀÂL·
´¶³�ÃhÂ�Ö`µ<M�´¶µ^Â¢·Ñ¿º³ÀÂYX�µ^¹IH

L
³h¸

K
¼¢·Ñ¿ºÂ¢¾[´ÑÄLµ[¿ºÂL»J¹º¼L·Ñ¿º³ÀÂ

K ⊂ L
Û
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�����������
	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� l

-�S�STS�1=3
�(�N���`�%	&�
I
"��7���0�����0��� 	/�����C+ �'���)(���	�� .����%�\���

K
n 5 8 �����%�

K
�#�0����� ��� �����N	�� & � " � 	&���!�0� �7�%� � ��@-

K
1

��� �Z��-�1�798XSVG%ZK=�Q�abIKS��]=�QTENO]QVc�ZK=LGJW;Q£I%8;a]G�MP=Lg�OR<4=Babi�=�QT=�<>=�i0Ifa]ZKE4ZK=LGJW;Q£I%Ob�2IK8;=BGfgh8X=�<>=LG IK8;=�O]ZfE �0GK=�=
=R� xP� *Tn�w0�;gh8;a]eHIK=�Z �J� �HIf8X=�ORZK=�< u;� m�,��<; <4ORZK=�g�Q�aRGKGKS�g�abQ«eXZfOFOb��g�abi�MP=&��ORWXi;c�S�i�*�n�t�,Ñ�

2

798X=�ZK=���O]Zf=]���%=pcH=LcHW;g�=�IK8Pa�I]� �(���0����� ����	&�'���&� "
� ���%����� 8 �B�����48 � �����(�����`��� �%�&�(��� �����+��� � �(�
���&� " � � 	&�'���&���@-9� �(�

0th
&#� 	#�`�%�9"(	&������- � �(�

0th
� �Z��	�� ���Z�(�&�N�&� �?&&�/�N����� � � �@-

B
�

�`M;GK=�Zf�]=)IK8;abI
(I : m∞)/I ' H0

m(B)
If8XZfO]WXxR8>IK8X=&g�a]iXO]iXSVg�a]QX<�abe

A[X] → B
�Fa]i;c>If8X=�Zf=���ORZK=

If8;a�I�IK8XSVG)Q�OHg�abQ�g�OR8XO]<>O]Q�O]xRE�<>OHcHWXQ�=�S�G�QTS�iX�R=�c�IKO�IK8X=��0	&�W� � 	&�'���&��O]��If8X= SVcH=LabQ
I
-�ORWXZ�GKEFGJIK=�< O]�

e+O]Q�EFiXO]<>SVabQ2=LURWPa�IKS�O]iPG%1%��� Z�� I��;IK8X=�SVcH=LabQ±xR=�iX=�ZfabIK=�c�MFE�If8X=���abZfS�a]MXQ�=�G
X1, . . . , Xn

��=��%O]WXQVc�QTS��]=
IfON=�QTS�<>STiPa�IK=R����E>If8X=B�%a¢ER�R�%=`Zf=�g�abQ�Q;If8;a�I

Proj(B) = Proj(B/H0
m(B))

-���8XSVgh8{SVG%=�a]GKS�QTE�GK=�=�i
STi
If8X=�O]e+=�i$GK=�IfG

D+
Xi

�
i = 1, . . . , n

1�¡
B/H0

m(B)
SVG)g�a]QTQ�=�c{IK8;=�GKabIKWXZha�If=�c�<>OHcHWXQ�=�Ob�

B
�

��=&iXO���IKWXZfi�IfO4a4cH=LGKg�ZKS�eHIKS�O]i{Ob�
A
S�i�If=�Zf<�G�O]�
abi;iXST8;STQVa�IfO]ZhG����XORZ%a]QTQ2g�ORWXeXQ�=

(ν, t) ∈ N
2 ��=

cX=�3;iX=&If8X=
A
��Q�STiX=LabZ9<�abe

Θν,t : Bν → HomA(Bt, Bt+ν) : b 7→ (c 7→ b.c).

�%E�-^n]��n�1��XSTI���O]Q�QTO��)G%S�<4<>=LcHS�abIK=�QTE{IK8;abI���O]Z)abQ�Q
ν ∈ N

��=&8;a¢�R=

H0
m(B)ν =

⋃

t∈N

Ker(Θν,t).
-^n]�ºr#1

A�O]Zf=�O��]=�Z��P��O]Z�a]QTQ
(ν, t) ∈ N

2 ��=48;a¢�R= Ker(Θν,t) ⊂ Ker(Θν,t+1)
� � i;cH=�=�c2�2If8X=>< WXQTIKS�eXQ�S�g�a�IfSTORi

B1 ⊗ Bn → Bn+1
M+=�S�iXx�GKWXZ¥\^=LgÀIfST�R=]�±ST�

b ∈ Ker(Θν,t)
If8X=�i

b.c = 0
��ORZ�abQ�Q

c ∈ Bt+1+ν
GJS�i;g�=

c = c1 ⊗ cn
a]i;c

bcn = 0
MFE�8FE0e+ObIf8X=�GKSVG��

798X=�ZK=���O]Zf=]�±i;ObIKS�iXx�IK8Pa�I
annA(Bt) = Ker(Θ0,t)

��ORZ�abQ�Q
t ∈ N

-�Zf=�<>=�<NMP=�Z&IK8;abI
A ∩ I = 0��8;S�gh8�ST<>eXQ�S�=�G9If8;a�I

B0 = A
1À�X�%=&O]MHIhabS�i{If8;a�I

A := H0
m(B)0 =

⋃

t≥0

annA(Bt).
-^n]� )`1

��8;=�Zf=
annA(Bt) ⊂ annA(Bt+1)

��O]Z`a]QTQ
t ∈ N

�)798FW;G��PSTI��%O]WXQVc$M+= �]=�ZKE
W;GK=���WXQ
IKO��FiXO�� ST� IK8XSVG
aRGKg�=�i;cXSTiXx�gh8;a]STi�Ob� abi;iXST8;STQVa�IfO]ZhG�G^IfO]e;G�abI�GJOR<4=�e+O]S�i0I -���8XSVgh8$S�G�abWHIfO]<�a�IfS�gBST�

A
SVG�iXOF=�IK8X=�ZKSVabiL1

a]i;c
=�GKeP=Lg�SVabQ�QTE{abI)��8XSVgh8
Q�=��R=�QÑ�

� ~ ­ X ­ |ZM¥}ZM ­�A >C��F � ���
η ∈ N " � �%����� � �(	�� H0

m(B)η = 0
1 3
�����65C-���� 	&��� ����� � &`�0�

t ≥ 0
8 �9�(	2(7�

annA(Bη) = annA(Bη+t) = H0
m(B)0 =: A.

��� �Z��-�1 ��=�I
(ν, t) ∈ N

2 � � I9SVG�=La]GKE>IKO�gh8X=Lgh�>IK8;abI)S£� a ∈ annA(Bν+t)
IK8X=�i

aBν ⊂ Ker(Θν,t)
� � i

ePabZKIKSVg�WXQVabZL�0GKS�i;g�=B��=B�FiXO�� If8;a�I
annA(Bν) ⊂ annA(Bν+t)

�FIK8X=&=LURWPabQ�S£I^E
Ker(Θν,t) = 0

ST<>eXQ�S�=�G
If8;a�I

annA(Bν) = annA(Bν+t)
���%WHI�M0E�80EFe+ObIf8X=�GKS�G

H0
m(B)η = 0

�4798;=�Zf=���O]Zf=
Ker(Θη,t) = 0��ORZ)abQ�Q

t ∈ N
MFE -^nR� r#1À�X��8XSVgh8$g�O]iPg�Q�W;cH=�G%If8X=�eXZfOFOb�
��STIK8�-Jn]� )`1À�

2

Ð
Ð Â�a;ÚÀ×�bdc



t � 	�� � �0�������B���

798XSVG9eXZfO]e+ORGKS£IfSTORi
GK8XO��)G[IK8;abI9ORi;g�=BIf8X=�GJ<�abQ�Q�=�GJI%S�i0IK=�xR=�Z
η
GKW;gh8�If8;a�I

H0
m(B)η = 0

-¶GJWPgh8
abi
S�i0IK=�x]=�Z&SVG&Ob�ÌIf=�i�g�a]QTQ�=�c�IK8X=�Gfa�IfWXZha�IKS�O]ipSTiPcH=���O]�

B
1BS�G�g�O]<>eXWHIf=�c2�±IK8X=�ipIf8X=�=�Q�S�<4S�i;a]iRI�SVcH=�a]Q

ASVGBiXObIf8XS�iXx$MXWHI
annA(Bη)

� � i�IK8;=�g�a]GK= ��8;=�Zf=NIf8XSVG&S�cH=LabQ-SVG&eXZKS�i;g�STe;a]Q¶�«If8X=�i�O]i;=>g�abipx]=�I�M+ObIf8
η
abiPc

annA(Bη)
��ZfO]<va 3;iXSTIK= ��ZK=�=�ZK=LGJORQTWXIKS�O]i$Ob�

B
¡�IK8X= eXWXZfePO0GJ=�O]��If8X=�GK=�iXO]IK=LG�S�G)IKO�e;ZK=LGJ=�iRI

a]i;c
STQ�QTWPG^IfZfabIK=�GJWPgh8$aNIf=�gh8XiXSVU0WX=]�He;ZKO��FSVcHSTi;xNORi
If8X=��9a¢E>IK8X=�iX=Lg�=LGKGfabZfE>IKOFO]QVG��

� � ����� 	 ��� 	�� �^� �����B	�����	��N�

��=�I
A
M+=�a
ZfS�iXx;��798X=�A�aRg�d)a]=]� GBSTiF��abZfS�a]i0I��«IK8Pa�I���S�QTQ�M+=�cH=�iXObIf=�c

S(M)
��O]�9a

A
��<>OHcHWXQ�=

MW;i;cH=�Z�GKWXSTIfabM;QT=Ba]GfGJWX<>eHIfSTORi;G%S�G%g�ORi;GJIKZfW;gÀIf=�c{aRG�a]i{SVcH=�a]Q«Ob�
A
��8XSVgh8
cH=LGKg�ZKS�MP=LG�If8X=&g�OHcHS�<4=�i;GKSTORi

ORiX=�e;a]ZJI�O]�+If8X=�GKWXeXe+O]ZKI[Ob�
M
� � I 3;ZhG^I%abeXe+=�a]ZfG-S�i>IK8XSVG[��O]Zf< S�i:* r]m7,Ñ� � i�ORWXZ2-¥U0WXSVgh��� 1 =��He+ORGKS£IfSTORi

�%=4��STQ�Q�<�abS�iXQ�E$��O]Q�QTO�� IK8X=>�]=�ZKE¨i;S�g�=NIfZK=La�If<4=�i0IBxRST�R=�i�M0E+Q�O]ZKIK8;g�ObIKI&S�i5* )Rs7, ��O]Z&If8X=>=��HS�GJIK=�i;g�=
a]i;c�e;ZKOReP=�ZJIfST=LG`O]�[If8XS�G&S�i0IK=�ZK=LG^IfSTiXx�S�i0��a]ZKSVabi0I��47�O$g�OR<>eXWHIK=>STI��
��=4��STQ�Q W;GK=�a�If=�gh8XiXSVU0WX=>��8XSVgh8
xROF=�G`M;a]gh�$IfO:8%a¢EFQ�=�E¨abi;c�S�G�g�abQ�QT=Lc�iXO��9a]c;a¢EFG)IK8X=:�#�0� ����� ����	&��� ��-�	:�%�&� "
� �?>]�N�p=>��S�QTQ-��ORQTQ�O��
i;ObIK=LG-��ZfO]< � =�<�a]¤�WXZf=J*�n]n�,P��O]Z If8XS�G[ePORSTi0IL�]MXWHI�IK8XSVG[GKWXMH\^=LgÀI�8;aRG�M+=�=�i>IKZf=�a�If=�c4S�i�cHS
	«=�Zf=�i0I[e;Q�aRg�=�G
a]i;c�a�I�cHS�	+=�ZK=�i0I9Q�=��R=�QVG�¡ GK=�=&��ORZ�STi;GJIfa]i;g�=N*�n�uX��nLl�,��HO]Z *ºr&)7,�abi;c]* r0wZ,±��ORZ��]=�ZfE�x]=�iX=�ZhabQ±GK=�IKIKS�iXxRG��

��
�� ������������������� �"! #%$'&��)(*�)�+�,#%��$'-
F ��>���> GJI §/. M�}�}�M A�0 M A
O �H~�M¥� A }�| �
� �
φ : F → G

SVG)a4<�abe$Ob�
��ZK=�=
A
�Ñ<>OHcHWXQ�=�G��HIf8X=�i�IK8;=�S�cH=LabQ

detν(φ)
�P��8X=�Zf=

ν ∈ Z
�XS�G�IK8X=�S�<�abx]=

O]�
If8X=�<�abe
∧νF ⊗ ∧νG∗ → A

S�i;cHW;g�=�c$MFE
∧νφ

-¥��8X=�Zf=
G∗ GJIfa]i;cXG9��ORZ9IK8X= cXW;abQ±<>OHcHWXQ�=�Ob� G �SÑ� =]�

HomA(G,A)
1�� 8�8;O0O0GJS�iXx�MPa]GK=�G���ORZ�If8X=���Zf=�=N<>OFcXWXQT=LG

F
a]i;c

G
�+IK8X=�i

φ
SVG�Zf=�eXZf=�GK=�i0If=�c�MFE

a�<>abIKZfS£�¨abiPc$��= GK=�=�IK8;abI
detν(φ)

S�G`x]=�iX=�Zha�If=�c�MFE{If8X=NcX=�IK=�ZK<>S�i;abi0IhG)Ob��a]QTQ
IK8X=
ν × ν

�Ñ<>S�iXO]ZhG
O]�±IK8;S�G9<�a�IfZKST�2�FS£IhG%GKOb��g�a]QTQ�=�c

νth
cH=�If=�Zf<>STi;a]i0IfabQ«SVcH=�a]Q¶��1�=�Zf=�a��ÌIf=�Z9�%=`<�ab�R=)If8X=�g�O]iF�R=�i0IKS�O]i�If8;a�I

If8X=
0×0

��<�a�IKZfST�&8Pa]G[cX=�IK=�ZK<>S�i;abi0I)n �]If8XS�G�ST<>eXQ�ST=LG�S�i�e;abZKIKSVg�W;Q�a]Z-IK8;abI
detν(φ) = A

��ORZ[abQ�Q
ν ≤ 0

�

� ~ ­ X ­ |ZM¥}ZM ­�A F��'> � ���
M " � 	 # �L��� �0���7& �0���0� 	�� ��� A + �N����� � �9	&����� �0� φ : F → G →M → 0

	��
�

φ′ : F ′ → G′ →M → 0 " � �W8 �S# ����� � -�� ����"
� ���0�0��� 	��
�������J��- M 1 3
�����65C-�����	&���
ν ∈ N

8 �9�(	2(7�
detrank(G)−ν(φ) = detrank(G′)−ν(φ

′).

��� �Z��-�1�?H=�=�* )]sH����)X��n�,±abiPc]*�nLrH� �hrbs;� r�,Ñ�
2

��=�g�a]i{If80WPG)cH=�3PiX=&IK8X=&��ORQTQ�O���S�iXxNS�iF��abZfS�a]iRIhG%Ob� a 3PiXS£If=�Q�E{xR=�iX=�ZfabIK=�c
A
��<>OFcXWXQT=R¡

2�§43 A M�}�M ­�A F���F � ���
M " �2	 # ����� ���$� & ���
��� 	&� ��� A + ������� � �B1 3
�(�0�R5 " �9���(���7����� &J	��L� "
� ���0�0��� 	��
�����

φ : F → G → M → 0
��-
M
5
8 ���#�W# ����5�-�����	����

i ∈ N
5������

νth 5 ���'�
���*& ���C(7	&����	��L�2�@- M � � " �� �(� ���#��	&�

Fν(M) := detrank(G)−ν(φ).3
��� 5 ���
�'��� &+���C(7	&����	��L� F0(M)
8<����� " � �@-�� ��� �#�0����� ��� F(M)

	&�����%	&��� ���+� �(�!�������
��	�� 5 ���'�
���*& ���6+(�	�����	&���4�@-
M

1
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�����������
	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� w

1�=�Zf=�abZf=BGKO]<>=&W;GK=���WXQ±e;ZKOReP=�ZJIfST=LG9Ob��If8X=�GK=�S�i0��a]ZKSVabi0IfG�¡
� ~ ­ X ­ |ZM¥}ZM ­�A F�� R � ���

M " ��	Y# ����� �0��� &`�0���0� 	&� ��� A + �N����� � �B1
-�S�1=3
�(� # �
�'��� &����C(7	&����	����'� �@-

M
-��&���_	&�+�����0� ��	7����� &\�0�:9������
�%�

F(M) := F0(M) ⊆ F1(M) ⊆ F2(M) ⊆ . . .

5 � ��� �(�0������� ��5 � - M ��	�� " � &`�0���0� 	&� ��� " � q ��� �������L���:5 � �(�0� Fq(M) = A
1

-¥STS�1����)(7�0� 	&������	%"
A → R

��- �����*&&�:5N8 � ��	�(��%5�-�����	&���
ν ∈ N

5
Fν(M ⊗A R) = (Fν(M))R.

-�S�STS�1 5 �&����(7�0��� ν ∈ N
∗ 8 �J��	�(��

ann(M)Fν(M) ⊆ Fν−1(M)
1�� ���%�%�2(7�0�:5�� -

M
��	�� " � & �0���0�%+	�� ��� " � q ��� �0�����L���:5 � �(�0�

ann(M)q ⊆ F(M) ⊆ ann(M).

-¥ST�(1��V-
M
� �S# �L��� �0��� "
� ���0�0��� ������5 ������� ��	#���Y�@-\����� 5 ���'�
���*& ���6(�	�����	&���'��� �\	 # �L��� �0��� & ���
���%	�� �%�

���#��	�� �@-
A
1
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A
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���)S�i
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Ihab�FS�iXx abi{=�Q�=�<>=�i0Ifa]ZKE4Zf=�GKO]Q�WHIKS�O]iL1�� � i�IK8X=`��O]Q�Q�O���STiXxNGJ=LgÀIKS�O]i{��=`��STQ�Q+GK=�=`8XO�����=Bg�a]i�= 	«=�g�IKS��]=�Q�E
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�;ZKOR< iXO���O]i��0�%=`aRGKGKWX<>=`IK8;abI�If8X=`ZfS�iXx

A
� �J	\�`����	�����abi;c{��=&GKWXeXe+ORGK=�x]S��]=�i{a

A
�Ñ<>OHcHWXQ�=

M��8;S�gh8$a]cH<>STIfG)a�3;i;S£If=&��ZK=�=BZf=�GKO]Q�WHIfSTORi
O]�
Q�=�iXx]IK8
n ≥ 1

0 → Fn
φn
−−→ Fn−1

φn−1

−−−→ · · · → F1
φ1
−→ F0

φ0
−→M → 0

-ÑrH�ºr#1

a]i;c GKW;gh8 IK8;abI
Char(M) =

∑n
i=0(−1)iri = 0

����8X=�ZK=%��=%eXWHI
ri := rank(Fi)

��ORZ-a]QTQ
i = 0, . . . , n

�
��=�cH=Lg�O]<>e+ORGK=�If8X=�g�OR<>eXQT=��

F•
��ZfO]<�If8X=�QT=��ÌI�IKO>If8X=�ZKS�x]80I�a]G%��ORQTQ�O��)G��

��=�eXWHI
F

(1)
n = Fn

a]i;c
F

(0)
n = 0

��?FS�i;g�=&IK8X=�<�a]e
φn : Fn → Fn−1

SVG�STib\^=�gÀIfST�R=]�X�%=�cH=LcHW;g�=
��ZfO]< IK8X=�A�g78�O�E«� G%Q�=�<><�a4IK8;abI


 Fn−1
GKeXQ�S£IhG STi0IfO

F
(0)
n−1⊕F

(1)
n−1

��8;=�Zf=�If8X=�GK=9I^�%O&��ZK=�=%<>OHcHWXQ�=�G�8;a¢�]=9ZhabiX�
rn
abi;c

rn−1−rnZK=LGJe+=�g�IKS��]=�QTER�


 IK8X=�<�abIKZfS£�{O]� φn
S�G)Ob��If8X=&��O]Zf< ( cn

dn

) ��S£If8
det(cn) 6= 0

�

Q�O����±GJS�i;g�= If8X=>ZK=LG^IfZKSVgÀIf=�c¨<�abe
cn
SVGBMXS \^=�gÀIfST�R=>O��]=�Z

Frac(A)
abi;cpGJS�i;g�=

Im(dn) = Ker(dn−1)
�

�%=�cH=�cXW;g�=&If8;a�I


 Fn−2
GKeXQ�S£IhG�S�iRIfO

F
(0)
n−2 ⊕ F

(1)
n−2

��8X=�Zf=&IK8;=�GK=&I^��O>��Zf=�=�<>OHcHWXQ�=�G�8;a¢�]=�ZhabiX�
rn−1 − rn

abiPc
rn−2 − rn−1 + rn

ZK=LGJe+=�g�IKS��]=�Q�E]�


 IK8X=�<�abIKZfS£�{O]� φn−1
S�G)Ob��If8X=&��O]Zf< ( an−1 cn−1

bn−1 dn−1

) ��STIK8
det(cn−1) 6= 0

�

��=�g�a]i�g�O]i0IKS�iFWX=BIK8XSVG��9a¢E�abi;c
O]MXIfabS�i±�H��ORZ)abQ�Q
i = 0, . . . , n

�HIK8;abI


 Fi
GKeXQTSTIfG�S�iRIfO

F
(0)
i ⊕F

(1)
i

��8X=�ZK=�IK8X=LGJ=�I^��O���Zf=�=�<4OHcHW;QT=LG[8;a¢�R=)ZhabiX� ∑n−i−1
j=0 (−1)jri+1+jabi;c ∑n−i

j=0(−1)jri+j
ZK=LGJe+=�g�IKS��]=�QTER�


 IK8X=�<�abIKZfS£�{O]� φi
-
i ≥ 1

1%S�G9O]�
If8X=&��O]Zf< ( ai ci
bi di

) ��STIK8
det(ci) 6= 0

�

Q�ObIK=4If8;a�I�GKSTi;g�=
Char(M) =

∑n
j=0(−1)jrj = 0

��GKW;gh8�a
cH=Lg�OR<4e+ORGKSTIKS�O]i�<NW;GJI&=�i;cp��S£If8�a
<�abIKZfS£��Ob�

φ1
Ob�%IK8X=���O]Zf< (

a1 c1
) ��STIK8

det(c1) 6= 0
����8X=�Zf=�aRG&��=�GJIfa]ZJIf=�c���STIK8�a¨<�a�IfZKST�

O]�
φn
Ob�[If8X=>��O]Zf< (

cn dn
)t � � I�SVG&Ob�9g�O]W;ZfGK=Ne+ORGfGKSTMXQ�=4IKO¨cH=Lg�O]<>e+ORGK=4IK8X=�g�OR<>eXQT=��

F•
S�G�a

GKS�<4S�QVabZ��9a¢E>��ZKOR<�IK8X=�ZfS�x]80I9IKO4IK8X=�Q�=��ÌIL�
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S(M) =
det(c1)det(c3) . . .

det(c2)det(c4) . . .
.A =

(
n∏

i=1

det(ci)
(−1)i−1

)
.A ⊂ A.

� �&� ����(����:5 � -
A
� � &#� 	#�`���L5

M
� � 	7&#� 	`�#���

A
+ ���Z�2� � �9	��
�+-ÑrH�ºr#12� � 	�&&� 	`�#��� -�� ��� � ���0�&� � �'���&�R5 �������

8 �9�(	2(7��&#� 	#�`���\� �0�������
"��B� �����

S(M) '
n⊗

i=0

(
ri∧
Fi

)⊗(−1)i+1

' A(−d)

8 �����%�
d
�#�0����� ��� �������#� &#� �����@- ∏n

i=1 det(ci)
(−1)i−1

∈ A
	����

(−)⊗(−1) := (−)∗
5\����������	��

������� � �B1
��� �Z��-�1���=�GJIfabZKI�MFE�MXWXS�Q�cXSTiXx�a4iX=�� g�O]<>eXQ�=��
a�3;i;S£If=&��ZK=�=�<4OHcHW;QT=LG

0 → F (1)
n

ψn
−−→ F (1)

n ⊕ F
(1)
n−1

ψn−1

−−−→ · · · → F
(1)
2 ⊕ F

(1)
1

ψ1
−−→ F

(1)
1 ⊕ F

(1)
0 → 0

-ÑrH� )`1

��8;=�Zf=]�0��O]Z�abQ�Q2S�iRIf=�xR=�Z
i = 1, . . . , n

�FIK8X=&<�abe
ψi
abZf=BcH=03;iX=Lc{MFE�If8X=&<>abIKZfS£� ( 0 Id

0 0

)
,
��8;=�Zf=

Id
cX=�iXO]IK=�G�IK8X=�S�cH=�i0IKSTI^EN<�a�IfZKST�>Ob�«IK8X=`GJWXSTIfa]MXQ�=�GJS�¤�=R��798;S�G�g�O]<>eXQ�=��>SVG�O]MF�FS�O]W;GKQTE =��Xa]g�I -¥a]i;c>iXObI

ORiXQ�E
a]g�EHg�Q�S�g�1À��Q)O����X�%=�g�ORi;G^IfZKWPgÀI�a�<>O]ZfeX8XSVGK<
δ•
Ob� g�OR<4e;QT=��F=LG9��ZfO]< If8XSVG)iX=�� g�O]<>eXQ�=�� -¶rH� )`1

IfO4IK8X=�Zf=�GKO]Q�WHIKS�O]i -¶rX� r#1%Ob�
M
a]G%��ORQTQ�O��)G�¡


 δn := Id
��ZKOR<

F
(1)
n = Fn

IfO
Fn
�


 ��O]Z i = 0, . . . , n− 1
�FIK8X=�<�abe

δi : F
(1)
i+1 ⊕ F

(1)
i → Fi = F

(0)
i ⊕ F

(1)
i

�;S�G9=��Fe;QTSVg�STIKQ�E
cH=03;iX=Lc
MFE�IK8;=�GKU0W;a]ZK=N-�� 1N<>abIKZfS£� ( ci+1 0

di+1 Id

) �

7
O�=�i;GJW;ZK={IK8;abI
δ•
SVGNa¨<>ORZKeX8;S�GK<"O]��g�OR<4e;QT=��F=LG��%={8;a¢�R=�IKOpgh8X=�gh�pIK8;abI��-��ORZ4a]QTQ�STi0IK=�x]=�Z

i =
1, . . . , n,

�%=�8;a¢�R=
φi ◦ δi = δi−1 ◦ ψi

� � iPcH=�=Lc2�

(
ai ci
bi di

)(
ci+1 0
di+1 Id

)
=

(
0 ci
0 di

)
=

(
ci 0
di Id

)(
0 Id
0 0

)

GKS�i;g�=
φi ◦ φi+1 = 0

��ORZ)abQ�Q2STi0IK=�x]=�Z
i = 1, . . . , n− 1

�
Q�O����RGKSTi;g�=

det(ci) 6= 0
��ORZ[abQ�Q

i = 1, . . . , n
��=)cX=�cHW;g�=9IK8;abI

δi
�R��S£If8

i = 0, . . . , n
SVG S�i�\^=�g�IKS��]=

-¶abx0abS�i�MFE
IK8X=NA�g�8�O�E«� G�QT=�<><>a 1À��798X=�ZK=���O]Zf=]�H��ORZ`abQ�Q
i = 0, . . . , n

�%=�g�abi�cX=�3;iX=�IK8X=
A
�Ñ<>OHcHWXQ�=

Ki := Coker(δi)
��8XSVgh8�S�GNabi�=�Q�=�<>=�i0IhabZfE�<>OHcHWXQ�=]�¨A¨O]Zf=�O��R=�ZL�«��O]Z a]QTQ

i = 1, . . . , n
��If8X=�<�abe

φi : Fi → Fi−1
STi;cXW;g�=LG�a�<�a]e

∂i : Ki → Ki−1
abi;c$�%= ORMHIfa]STi�a>If8XS�Zfc�g�O]<>eXQ�=��

(K•, ∂•)
� � i

aRcXcHSTIKS�O]i±�+If8X=4GKWXZ¶\^=�g�IKS��]= <�a]e
φ0 : F0 → M

STiPcHW;g�=LG`a
GJW;Z¥\^=LgÀIKS��]=N<�abe
∂0 : K0 → M

� ��=�I&W;G
GKWX<><�abZfST¤�=�If8X=�GKS£IfW;a�IfSTORi���STIK8�If8X=&��O]Q�QTO���S�iXx>g�OR<4<NWHIfabIKS��]=�cHSVabxRZfa]<�¡
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0

��

0

��

0

��

0

��

0 //
F

(1)
n

ψn //

δn

��

F
(1)
n ⊕ F

(1)
n−1

ψn−1
//

δn−1

��

· · ·
ψ2//

F
(1)
2 ⊕ F

(1)
1

ψ1 //

δ1

��

F
(1)
1 ⊕ F

(1)
0

//

δ0

��

0

��

0 // Fn
φn //

��

Fn−1

φn−1
//

��

· · ·
φ2 // F1

φ1 //

��

F0

φ0 //

��

M
//

||

��

0

0 // Kn = 0
∂n=0

//

��

Kn−1

∂n−1
//

��

· · ·
∂2 // K1

∂1 //

��

K0

∂0 //

��

M
//

��

0

0 0 0 0 0

�;ZKOR< IK8;=�abM+O��]=�g�ORi;G^IfZKWPgÀIKS�O]iPG`�%=�x]=�I&IK8;abI abQ�Q IK8X=�g�O]Q�WX<>i;G�a]i;c�M+ObIf8�3;ZfGJI�IKORe�QTS�iX=�G�STi�IK8;S�G
cXS�a]x]Zhab<Da]ZK=�=��HaRgÀIL�
798XSVG�S�<>eXQTS�=�G�IK8;abI�IK8;=�IK8XS�ZhcpQ�S�iX=�SVG abQVGKO�=��Xa]gÀI!-¥W;GK=���O]Z�S�i;GJIfa]i;g�={a¨g�Q�aRG^�
GKSVg�abQ-Q�O]iXx�=��XaRgÀI�GJ=LU0WX=�i;g�=NO]��8XOR<>O]Q�O]x]E(1`abi;c�IK8X=�ZK=���O]Zf= If8;a�I�If8X=�g�OR<4e;QT=��

(K•, ∂•)
S�G�a!3;iXSTIK=

=�QT=�<>=�i0Ifa]ZKE�Zf=�GKO]Q�WHIfSTORi{Ob�
M
� �%E
cX=�3;iXSTIKS�O]i$O]�
If8X= A�aRg�d)a]=]� G�S�iF��abZfS�a]iRI�O]�

M
�X�%=�cH=�cXW;g�=&If8;a�I

-¥O]M;GK=�Zf�]=`IK8Pa�I
F(Kn) = F(0) = A

1

S(M) = F(K0)F(K1)
−1F(K2) · · ·F(Kn−1)

(−1)n−1

=

n−1∏

i=0

F(Ki)
(−1)i

.

�%WHI)MFE{g�O]i;GJIKZfW;g�IKS�O]i±�H�%=&8;a¢�]=`��O]Z)a]QTQ
i = 0, . . . , n− 1

�Xabi$=��Xa]g�I)GJ=LURW;=�i;g�=

0 → F
(1)
i+1 ⊕ F

(1)
i

δi=

0
@ ci+1 0
di+1 Id

1
A

−−−−−−−−−−−−−→ Fi = F
(0)
i ⊕ F

(1)
i → Ki → 0

-ÑrH� u 1

��ZfO]< ��=�cH=LcHW;g�=&If8;a�I
F(Ki) = det(ci+1).A

�;��8XS�gh8¨g�O]<>eXQ�=�IK=LG%IK8X=�e;ZKOFOb��Ob��IK8X= 3;ZhGJI�a]GfGJ=�ZJIfSTORi±�
Q�O���a]GfGKWX<>=[If8;a�I

A
�
M
abi;c/-¶rX� r`1�abZf=�xRZfaRcH=�c2�
798X=�i4S£I�SVG�=�aRGJE&IfO&GK=�=�IK8Pa�I-IK8X=�i;=�� g�O]<>eXQ�=��

-ÑrH� )#1%SVG�abQVGJO4x]Zha]cH=Lc2�Ha]G9�%=�Q�Q±a]G%If8X=�abM+O��]=BMXSTx�g�O]<>< WHIha�IfST�R=&cXS�a]x]Zhab<$� � I9��ORQTQ�O��)G%IK8;abI���=&8;a¢�R=
��ORZ)abQ�Q

i = 0, . . . , n− 1
�HxRZfaRcH=�c{S�GKO]<>O]ZfeX8XSVGK<>G

F(Ki) '
max∧

(F
(1)
i+1 ⊕ F

(1)
i ) ⊗

max∧
(Fi)

⊗(−1)
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��=�cH=LcHW;g�=BIf8X=&��O]Q�QTO���S�iXx>x]Zha]cX=�c�SVGKO]<>O]ZfeX8XSVGJ<�G

S(M) '
n−1⊗

i=0

(
max∧

(F
(1)
i+1 ⊕ F

(1)
i ) ⊗

max∧
(Fi)

⊗(−1)

)⊗(−1)i

'
n−1⊗

i=0

(
max∧

(F
(1)
i+1 ⊕ F

(1)
i )

)⊗(−1)i
n−1⊗

i=0

(
ri∧
Fi

)⊗(−1)i+1

'
n−1⊗

i=0

(
max∧

(F
(1)
i+1 ⊕ F
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A
M+=�a{ZfSTi;x;���XORZ&a]iFE�=�Q�=�<>=�i0I

x ∈ A
��=�cH=03;iX=�STIfG �(�&�N�&� �?&&����	��
	N�7��.�� � �����2"�� �?>�aRGBIK8X=

g�O]<>eXQ�=��

K•(x) := 0 → K1(x;A) = A
(x)
−−→ K0(x;A) = A→ 0,

��8;=�Zf=�If8X=pORiXQ�E iXO]iH��¤�=�ZKO�<�abe SVG
IK8X=�<NWXQ£IfSTe;QTSVg�abIKS�O]i M0E
x
S�i

A
� Q)O����`x]S��]=�i a GJ=LURW;=�i;g�=

x := (x1, . . . , xn)
Ob�
n
=�QT=�<>=�i0IfG��HS£IhG�8XOR<4ORQTORx]SVg�a]Q
T`ORGK¤�W;Q«g�O]<>eXQ�=��{SVG

K•(x) := K•(x1) ⊗ · · · ⊗K•(xn).

;�iXObIf8X=�Z&�9a¢E]�«<�a¢E$MP=><>O]Zf= =��Fe;QTSVg�STI��«IfO�cH=03;iX=4IK8;S�G9T`ORGK¤�WXQ-g�OR<4e;QT=���S�G&a]G���O]Q�Q�O��)G�¡)Q�=�I
Ki(x)M+=�If8X=�=��0If=�ZfSTORZ�e+O���=�Z

∧i(An)
� 798X=�i±��S£�

{e1, . . . , en}
cH=�i;ObIK=LG�If8X=�g�a]iXO]i;S�g�abQ)M;aRGJSVG�O]�

An
�

K0(x) = A
abi;c
��ORZ)abQ�Q

p ∈ N
∗

Kp(x) =
⊕

1≤i1<···<ip≤n

Aei1 ∧ · · · ∧ eip .

A�O]Zf=�O��]=�Z��¢If8X=&cHS
	«=�Zf=�i0IfS�a]Q;<�abe
dp : Kp(x) → Kp−1(x)

GJ=�i;cXG%a�M;aRGJSVG�=�QT=�<4=�i0I
ei1 ∧ · · · ∧ eip

IKO

dp(ei1 ∧ · · · ∧ eip) :=

p∑

k=1

(−1)k+1xikei1 ∧ · · · ∧ êik ∧ · · · ∧ eip .

� I9SVG�S�<><>=�cHSVa�If=)IKO>gh8X=Lgh�NIf8;a�I%IK8;S�G9cH=03;iX=�G9aNg�O]<>eXQ�=��2�0IK8Pa�I9S�G[IKO>GKa¢E4If8;a�I
dp−1 ◦ dp = 0
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M
MFE

K•(x;M) := K•(x)⊗AM = K•(x;A)⊗AM.
�XORZ�abQ�Q+S�i0IK=�x]=�Z

p
�%=B��STQ�Q±cH=�i;ObIK=BMFE

Hp(x;M)
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p ≥ 0

abiPc
j = 1, . . . , n

�
a]i;c�abQ�Q

x ∈ Kp(x;M)
��=�8Pa¢�]=

dp+1σ
j
p(x) + σjp1dp(x) = xjx,

��8;=�Zf=�IK8X=N<�abe
σjp : Kp(x;M) → Kp+1(x;M)

GJ=�i;cXG�If8X= MPa]GKS�G�=�Q�=�<>=�i0I
ei1 ∧ · · · ∧ eip

IKO{IK8X=
=�QT=�<>=�i0I

ej ∧ ei1 ∧ · · · ∧ eip
�

7
O
e;ZKO��R=�IK8X=>GK=�g�ORi;c�GJIfabIK=�<>=�iRIL�2��=NeXZfOFg�=�=Lc�MFE$STi;cXW;gÀIfSTORi�O]i
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n = 1
�+If8X=�i���=N8;a¢�]=

H1(x1;M) = Ker(M
×x1
−−−→ M) = 0

�\Q)O�����aRGKGKWX<>=4IK8;abI���=�8Pa¢�]=4eXZKO��R=�c -�S�S 1`��ORZ abQ�Q STi0If=�x]=�Z
1, . . . , t−1

a]i;c4eXWHI
x
′ := (x1, . . . , xn−1)

� � I�SVG�=La]GKE�IKO gh8;=�gh��If8;a�I[�%=�8;a¢�R=�If8X=���ORQTQ�O���STi;xB=��Xa]gÀI
GK=�U0WX=�i;g�=&O]��g�OR<>eXQT=��H=�G�¡

0 → K•(x
′;M) ↪→ K•(x;M)

π
−→ K•(x

′;M)[−1] → 0

��8;=�Zf=
K•[−1]

SVG9If8X=7�JQT=��ÌI�IKZhabiPGJQVa�IfSTORi �BO]�
K•

-�SÑ� =]�
Kp[−1] := Kp−1

abi;c
dp[−1] := dp−1

1�abiPc
If8X=

A
��QTS�iX=LabZB<>a]e

π
GJ=�i;cXG�a
M;a]GKS�G`=�Q�=�<>=�iRI

ei1 ∧ · · · ∧ eip
IKO
ei1 ∧ · · · ∧ eip−1

ST�
ip = n

�±ORZBs
O]IK8X=�ZK��SVGK=]�
798;S�G[=��Xa]g�I GK=�U0WX=�i;g�=�xRST�R=�G-ZfS�GK=9IKO&If8X=)Q�O]iXx�=��Xa]gÀI�GK=�U0WX=�i;g�=�O]�«8;O]<>O]Q�O]xRE�x]ZfO]WXe;G4-¥��=
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· · · → Hp(x
′;M)

×(−1)pxn
−−−−−−→ Hp(x

′;M) → Hp(x;M) → Hp−1(x;M) → · · ·

��8;S�gh8�S�<><>=�cHSVa�If=�Q�E$GK8XO��)G��;��STIK8�IK8X=NSTi;cXW;gÀIfST�R= 8FEFePO]IK8X=LGJSVG��PIK8Pa�I
Hp(x;M) = 0

��O]ZBabQ�Q
p > 1
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7
O 3;iXSVGJ8�If8X=�eXZfO0O]�^�H��=&=��Ha]<>STiX=BIf8X=�ZKS�x]80I�=�iPc
O]��If8X=�QTORiXx>=��Xa]g�I)GJ=LURW;=�i;g�=]¡

0 = H1(x
′;M) → H1(x;M) → H0(x

′;M)
×xn−−−→ H0(x

′;M) → · · ·

?HSTi;g�=
x
S�G`a]GfGJW;<4=Lc
IKO�M+=Na

M
��ZK=�x]WXQVabZ)GK=�U0WX=�i;g�=R�HIK8;=�i¨If8X=�<�abe¨ORi$IK8X=�ZfS�x]80I)S�G�STib\^=�gÀIfST�R= abi;c
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� �(�0�

x
� �/	

M
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a]ZK=48XOR<4ORx]=�iX=�ORW;GBOb��cH=�xRZK=�=
d1, . . . , dn

��Zf=�GKe+=�gÀIfST�R=�Q�E]�2If8X=�i�If8X=!T`ORGK¤�WXQ g�OR<>eXQT=���SVG�x]Zha]cH=Lc�MFE
K0(x;A) = A(0)

a]i;c2�H��ORZ)abQ�Q
p ≥ 1

�

Kp(x;A) =
⊕

1≤i1<···<ip≤n

A(−di1 − · · · − dip).

1�=�Zf=]�
A(ν)

cH=�iXObIf=�G%If8X=&I^��S�GJI)MFE
ν
Ob�
A
�XSÑ� =R�

A(ν)t = Aν+t
��ORZ�abQ�Q

(ν, t) ∈ Z
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k
M+=`a�ZKS�iXx�abiPc

P1, . . . , Ps
M+=)If8X=)8XOR<4ORx]=�iX=�ORW;G x]=�iX=�ZfSVg9ePORQTEFiXOR<4SVabQVG O]�2cX=�x]Zf=�=

d1, . . . , ds
�

Zf=�GKe+=�gÀIfST�R=�Q�E]�HS�i{If8X=�8XOR<4ORx]=�iX=�ORW;G%�¢a]ZKSVabM;QT=LG
X1, . . . , Xn

¡

Pi(X1, . . . , Xn) :=
∑

|α|=di

Ui,αX
α ∈ C := k[Ui,α : i = 1, . . . , s, |α| = di][X1, . . . , Xn].

��§ 
 
�� R � R �V-
s ≤ n

�������
P1, . . . , Ps
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C
1

��� �Z��-�1 �XORZ�abQ�Q
i = 1, . . . , s

��=�cHSVGJIKS�iXx]WXSVGK8
If8X=�e;a]ZJIfS�g�WXQVabZ)g�OF=���g�ST=�i0I
Ei := Ui,(0,...,0,di,0,...,0)

O]�
If8X=�<>O]iXOR<>S�a]Q

Xdi

i

O]��If8X=�e+O]Q�E0i;O]<>S�a]Q
Pi
�{798X=�i±�-abQ�Q IK8X=�Zf=�<�a]STiXS�iXx¨g�OF=���g�ST=�i0IfG

Ui,α
��ORZK<Da

Zf=�xRWXQVabZ`GK=�U0WX=�i;g�=R�±abi;c
Pi ≡ EiX

di

i

S�ipIK8X=�g�ORZKZf=�GKe+O]i;cHS�iXx{U0WXO]IKS�=�i0I
k[E1, . . . , En][X1, . . . , Xn]

�
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Fi = Xi − Ei
�
i = 1, . . . , s

�F��O]Zf<
a>Zf=�xRWXQVabZ)GK=�U0WX=�iPg�=]��798X=Ng�O]ZfZf=�GKePORi;cHS�iXx�URW;ObIKS�=�i0I)SVG�If8X=�i�SVGKO]<>O]ZfeX8XSVg`IKO

k[X1, . . . , Xn]
��8;=�Zf=

Pi ≡ Xdi+1
i

�
i = 1, . . . , s

��798X=LGJ=�QVa�If=�Z)��ORZK< abQVGJO�ORMF�0S�O]WPGJQ�E{a�Zf=�xRWXQ�a]Z)GJ=LU0WX=�i;g�=]�%�p=Ng�O]iPg�Q�W;cH=
MFE>W;GKSTi;xNZf=�<�abZf�N)X�ºr���8XSVgh8{Gfa¢EHG�If8;a�I9MP=�STi;x4aNZK=�x]WXQVabZ%GJ=LU0WX=�i;g�=`cHOF=LG�i;ObI�cH=�e+=�i;c{O]i{IK8X=BO]ZhcH=�Z
O]��If8X=�=�Q�=�<>=�i0IhG��

2

	 ­ ~ ­ � �¥�H~ © R � E ��� 	#�&���*& � �(�+"(�&�������&����	&�N�����*&
C

8<�����
deg(Ui,α) = 0

	&���
deg(Xj) = 1

5
� �(� 	N�7��.�� � �����2"�� �?>

K•(P1, . . . , Ps;C)
"�� �2(Z���`���:5Y-���� 	&���

s ≤ n
5N	 # ����� � -��%�%�]� ���0��� � �
����� �@-

C/(P1, . . . , Ps).
� i$ObIf8X=�Z��%O]ZhcXG��F��=&8;a¢�R=`If8X=�=��XaRgÀI)GJ=LU0WX=�i;g�=

0 → C(−d1−· · ·−ds)
ds−→ · · ·

d3−→
⊕

1≤i<j≤s

C(−di−dj)
d2−→

s⊕

i=1

C(−di)
d1−→ C →

C

(P1, . . . , Ps)
→ 0.

� i e;abZKIKSVg�WXQVabZL�
IK8X=
�]=�ZfiX=�Q[Ob�
d1
=LU0W;abQVG�If8X=
S�<�abxR=�Ob�

d2
� If8X=�Zf=���ORZK=

(h1, . . . , hs) ∈ Ker(d1)
ST�

a]i;c
O]iXQ�E�ST�
If8X=�Zf=&=��HS�GJIfG
(. . . , Fi,j , . . .) ∈

⊕
1≤i<j≤s C(−di − dj)

GKW;gh8
IK8;abI
d2(. . . , Fi,j , . . .) =

(h1, . . . , hs)
�HIK8Pa�I)SVG%IKO�Gfa¢E�S£� abi;c�ORiXQTE{S£�

M




P1���
Ps


 =

(
h1 · · · hs

)

��8;=�Zf=
M
SVG�aNGK�]=��9��GKEF<><4=�IKZfS�g)<>abIKZfS£� -¥S¶� =]� tM = −M

1À�Fi;a]<4=�QTE
M := (Fi,j)1≤i,j≤s

-�IK8XSVG9Q�aRG^I
=LU0WXST��a]QT=�i;g�=&SVG9=�a]GKS�QTE{gh8;=�gh�]=Lc�MFE{i;ObIKS�iXx4IK8Pa�I

d2(Fi,jei ∧ ej) = Fi,jfjei − Fi,jfiej
1À�

Ð
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nLo � 	�� � �0�������B���

R ��>�� R GJI §�� § � I � ­ 
�X � §�� �
��=�I

A
M+=�a$ZKS�iXxP�

x := (x1, . . . , xn)
a$GK=�U0WX=�iPg�=>Ob�9=�Q�=�<>=�i0IhG�STi

A
abiPc

M
a
A
��<>OFcXWXQT=R�{798X=

U�=Lgh8�g�O]<>eXQ�=���O]�
x
O��]=�Z

M
SVG%IK8;=�g�O]8;O]<>O]Q�O]xRS�g�abQPg�O]<>eXQ�=��

C•(x;M)
��8XO0GJ=BIf=�Zf<>G9a]ZK=�cH=03;iX=�c

MFE

C0(x;M) := M
abiPc

Cp(x;M) :=
⊕

1≤i1<···<ip≤n

Mxi1
xi2

...xip

��O]Z)abQ�Q
p = 1, . . . , n.

798;=&cXS
	«=�Zf=�i0IKSVabQVG
dp : Cp(x;M) → Cp+1(x;M)

abZf=BcH=03;iX=Lc
MFE

d0(m) =

p∑

i=1

m

1

abi;c
dp(mi1...ip) =

∑

k/∈{i1,...,ip}

(−1)t(k)φk(mi1...ip),

��8;=�Zf=
it(k) < k < it(k)+1

abi;c
φk(mi1...ip) ∈ Mxi1

...xk...xn
.
�`iX=)=La]GKSTQ�E�gh8X=�gh�HG�IK8;abI

dp+1 ◦ dp =
0
�FIK8;abI)S�G%IfO�GKa¢E>If8;a�I

C•(x;M)
SVG�a>g�OR<4e;QT=��«�

�;O]Z9abQ�Q;S�iRIf=�xR=�Z
p
��=���STQ�Q+cX=�iXO]IK=�MFE

Ȟp(x;M)
IK8X=

pth
g�OR8XO]<>ORQTORx]E

A
�Ñ<>OHcHWXQ�=�G�Ob�2If8X=9U�=Lgh8

g�O]<>eXQ�=��
C•(x;M)

�
� ~ ­ X ­ |ZM¥}ZM ­�A R ��� � ����� � �(�N	 " �2(7� �
��� 	��
�����R5 ����� � 	#�&����	��<�@-J� �(�����`�%	&� (x)

�@-
A
	��L��� � ��� 	�� ����	����

� �(� ���Z��������� �?&&�/�N����� � ���
Ȟ i(x;M)

�@- � �(��� �%���+���&� "
� ��>
C•(x;M)

1
��� �Z��-�1�?H=�=�*ºrF���%);� l�,Ñ�

2

� 8X=�i$IK8X=�ZfS�iXx
A
S�G

Z
��x]Zha]cH=Lc2�

M
SVG)a4x]Zha]cX=�c

A
��<4OHcHW;QT=�a]i;c�=�a]gh8�=�Q�=�<>=�iRI

xi
SVG�8XOR<4ORx]=��

i;=�O]WPG2Ob�HcH=�xRZK=�=
di
��If8X=�i&If8X= U�=Lgh8&g�O]<>eXQ�=��BS�G±g�abiXORiXSVg�abQ�Q�E)x]Zha]cH=Lc�MFE`eXWHIJIfSTi;x

deg( m
(xi1

...xip )α ) :=

deg(m) − α(di1 + · · · + dip)
-�IK8X=�cHS�	«=�Zf=�i0IKSVabQVG

dp
abZf=`If8FW;G�abQ�Q±Ob�-cH=�xRZK=�=&¤�=�ZfO 1��

R ��>�� E �[­ �R���9� ­ I ­ 
 ­ � ­ 0;©
;�xRa]STi±�FQ�=�I

A
MP=�aNZKS�iXx;�

I
MP=�a]i{SVcH=�a]Q+O]�

A
x]=�iX=�Zha�If=�c�MFE�a4GJ=LURW;=�i;g�=

x := (x1, . . . , xn)
abi;c

MM+=�a
A
��<>OFcXWXQT=R�

2�§43 A M�}�M ­�A R � P 3
�(�
pth

� �Z��	�� ���Z��������� �?&&�
A
+ �N����� � �78<��� �\�:��"`"(�&��� ���

I
� � �����

pth
���Z�(�&�N�&� �?&&�

A
+ �N����� � �

Ȟ i(x;M)
�@- � �(��� ���%� �%�&� "
� �?>

C•(x;M)
1 ��� 8<����� " � �#�0����� ��� " � Hp

I (M)
1

�`M;GK=�Zf�]=`IK8Pa�I)�%=B8Pa¢�]=]�HMFE{cX=�3;iXSTIKS�O]i��

H0
I (M) = {m ∈ M

GKW;gh8
IK8;abI
∃ν ∈ N : xνim = 0

��O]Z)a]QTQ
i = 1, . . . , n}.

�%EBIK8;=�eXZfO]e+ORGKSTIKS�O]i );� l9�%=9cH=�cHWPg�=%ST<><>=�cHSVa�If=�Q�EBIK8;abI-a]QTQ0IK8;=�Q�OHg�abQFg�OR8XO]<>ORQTORx]E�<>OHcHWXQ�=�G
Hp
I (M)8Pa¢�]= If8X=�S�Z GJWXe;ePORZJI g�ORiRIhabS�iX=�c&S�i

V (I)
�b��8XSVgh8 =��HeXQ�a]STiPG±If8X=�iPab<>=�xRST�R=�i&IfO�If8X=�GK=�<>OHcHWXQ�=�G�� �;ZKOR<

If8X=�cH=03;iXSTIKS�O]i±��S£I ��O]Q�QTO��)GBIf8;a�I�If8X=���WXi;g�IKORZ
Hp
I (−)

g�OR<4<NWHIK=LG&IKO�GKWX<�G�a]i;c�QTOHg�a]QTS�¤�abIKS�O]i±�{�p=
a]Q�GKO xR=�IL�0xRST�R=�i{a4GK8XO]ZKI�=��HaRgÀI�GJ=LU0WX=�i;g�=�O]�

A
��<>OFcXWXQT=LG

0 →M ′ →M →M ′′ → 0
�Ha QTORiXx =��HaRgÀI

GK=�U0WX=�i;g�=&O]�
Q�OFg�abQ±g�O]8XOR<4ORQTORx]E

0 → H0
I (M

′) → H0
I (M) → H0

I (M
′′) → H1

I (M
′) → H1

I (M) → · · ·

Æ�²�Ð±ÆÌÉ



�����������
	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� nLm

� ~ ­ X ­ |ZM¥}ZM ­�A R � � � ���
t " � 	&� ���L� � & ���!�:�����Y����	�� 1 ≤ t ≤ n

	��
� �#�W# ���/� �(�/�0�:9����0�����
xt
	��

(x1, . . . , xt)
1 �V-

xt
� �:	

M
+ � � &2� � 	&� ���:9������
��� �������

Hp
I (M) = 0

-���� 	&��� ����� � &`�0�
p
�%���%�5� �(	&�

0 ≤ p ≤ t− 1
1

��� �Z��-�1���=�eXZfOHg�=�=Lc�MFE�S�i;cHW;g�IKS�O]i�O]i
t
� � �

t = 1
�±If8X=�ip��O]Z�a]iFE

m ∈ H0
I (M)

IK8X=�ZK=>=��FSVGJIfG�abi
S�i0IK=�x]=�Z

ν
GJW;gh8&If8;a�I

aν1m = 0
��8;S�gh8�S�<>eXQTS�=�G���GJS�i;g�=�MFE`8FEFePO]IK8X=LGJSVG

a1
-¶abi;c�8X=�i;g�=

aν1
1«SVG±iXO]I
a�¤�=�ZfO

cXST�FSVGJORZ
S�i
M
�¢If8;a�I

m = 0
� Q)O�� aRGKGKWX<>=[If8;a�I�IK8;S�G-eXZfO]e+=�ZKI^E&S�G-e;ZKO��R=�c&��ORZ�a]QTQHS�i0IK=�xR=�Z

s
GJWPgh8�IK8Pa�I

s−1 < t
� � �

xs
SVG�a

M
�ÑZf=�xRWXQVabZ±GK=�U0WX=�iPg�=]�LIf8X=�i a)��O]ZKIKS�O]ZfS�IK8;=�GK=�U0WX=�iPg�=

(x2, . . . , xs)
S�G�a

M/x1M
�

Zf=�xRWXQVabZ[GK=�U0WX=�i;g�=���ZfO]< �%=`cH=LcHW;g�=]�0W;GJS�iXx IK8X=`STi;cXW;gÀIfST�R=�8FEFePO]IK8X=LGJSVG��RIK8Pa�I
Hp
I (M/x1M) = 0

��O]Z
a]QTQ

0 ≤ p ≤ s− 2
� 798X=&=��Xa]g�I)GJ=LURW;=�i;g�=BO]�

A
��<>OHcHWXQ�=�G

0 →M
×x1−−→M →M/x1M → 0

EFS�=�QVcXG
If8X=�Q�O]iXx>=��XaRgÀI)GJ=LU0WX=�i;g�=&Ob�
Q�OHg�a]Q±g�O]8;O]<>O]Q�O]xRE

0 → H0
I (M)

×x1−−→ · · · → Hs−2
I (M/x1M) → Hs−1

I (M)
×x1−−→ Hs−1

I (M) → · · ·

��8;S�gh8�GK8XO��)G���WPGJS�iXx&IK8;=�STi;cXW;gÀIfST�R=�80EFe+ObIf8X=�GKS�G��bIf8;a�I If8X=�< W;Q£IfSTeXQ�SVg�a�IfSTORi><>a]e>M0E
x1
S�i
Hs−1
I (M)SVG9S�i�\^=�g�IKS��]=]� �%WHI)GKSTiPg�=

x1
a]iXiXS�8XSTQVa�If=�G%If8XS�G9Q�OHg�a]Q±g�O]8;O]<>O]Q�O]xRE4<>OHcHWXQ�=]�XIK8XSVG9Q�abIK=�Z�< W;GJI�MP=�sX�

2

Q�ObIK=9If8;a�I-If8X=�QTOHg�abQXg�OR8XO]<>ORQTORx]E&<>OFcXWXQT=LG�abZf=9g�abi;O]iXSVg�a]QTQ�E�x]Zha]cH=Lc���8X=�i
A
S�G-xRZfaRcH=�cNabi;c

MSVG�a4x]Zha]cH=Lc
A
�Ñ<>OHcHWXQ�=�GJS�i;g�=&S�i�IK8XSVG�g�aRGJ=B��=�a]QTZf=�aRcHE�O]M;GK=�Zf�]=Lc�If8;a�I9IK8;=�U�=�gh8$g�O]<>eXQ�=���SVG9STIfGK=�QT�

xRZfaRcH=�c±�`A¨ORZK=�O��]=�ZL�HIf8X=4cX=�3;iXSTIKS�O]ipOb��Q�OHg�abQ-g�OR8XO]<>ORQTORx]E{<>OHcHWXQ�=�G`S�i�IK=�ZK<�G`Ob��If8X=Ng�O]8XOR<>O]Q�O]x]E
<>OHcHWXQ�=�G�Ob��IK8X=&a]GfGJOHg�S�abIK=�c!U�=Lgh8{g�OR<>eXQT=���E0S�=�QVcXG�ST<><>=�cXS�abIK=�Q�E>IK8;=`�%=�Q�Q£���FiXO���i�=��XaRgÀI%GK=�U0WX=�i;g�=

0 → H0
m(M) →M →

⊕

ν∈Z

Γ(Proj(A), M̃ (ν)) → H1
m(M) → 0

-')X��n�1

GKS�i;g�=>�%=�<>a¢E�S�cH=�i0IKST��E
Γ(Proj(A), M̃(ν))

��S£If8
Ker(C1 d1

−→ C2)
-ÌIf8X= �Jx]Q�WXSTi;x$g�O]i;cXS£IfSTORi;G<�%�
GK=�=

*�n¢wF��� �K� � l�,2��O]Z9IK8;=�cH=�3;i;S£IfSTORi�O]�
ZfSTi;xRG9Ob� GK=�gÀIfSTORi;G�1À�
� i�O]ZhcH=�Z�IfO�e;WHI�O]WXZ�cH=03;iXSTIKS�O]i�S�iRIfO$eXZfaRgÀIfS�g�=N�%=�g�O]<>eXWXIK=4IK8X=�Q�OHg�a]Q-g�O]8XOR<>O]Q�O]x]E$<>OHcHWXQ�=�G

O]�
If8X=�xRZfaRcH=�c
ZKS�iXx
A = k[X1, . . . , Xn]

-¶GJ=�=�i¨a]G)a>xRZfaRcH=�c
A
��<>OHcHWXQ�=�1À�P��8X=�Zf=

k
S�G)a>ZfS�iXx;�H��STIK8

GKWXeXe+O]ZKI�STi�If8X=�S�cX=�abQ
m = (X1, . . . , Xn)

� �%E¨IK8X=�a]MPO��R=>eXZKORePO0GJSTIKS�O]ip��=��FiXO�� IK8;abI abQ�Q-IK8X=LGJ=
<>OHcHWXQ�=�G�a]ZK=&¤�=�ZfON=��Hg�=�eHI

Hn
m(A)

� ��=�g�QVabS�< If8;a�I

Hn
m(A) '

1

X1 . . . Xn
k[X−1

1 , . . . , X−1
n ].

� i$e;a]ZJIfS�g�WXQVabZL�
Hn

m(A)ν = 0
a]G9GKO0ORi�aRG

ν > −n
�

� i;cX=�=�c±�Xabi{=�QT=�<>=�i0I%S�i
Hn

m(A)
S�G[IK8;=&g�Q�aRGKG�Ob��abi{=�QT=�<>=�i0I%S�i

AX1...Xn

<>OHcHWXQ�O�If8X=&ST<�a]x]=�O]�
If8X=�cHS�	+=�ZK=�i0IKSVabQ

dn−1 : ⊕ni=1AX1 ...cXi...Xn
→ AX1...Xn

��?HSTi;g�=
dn−1 SVG k ��QTS�iX=�a]Z��F�%=9\^W;GJI)8;a¢�]=BIKOcX=�IK=�ZK<>S�iX=�If8X=�g�QVa]GfG-Ob�±a&<>O]i;O]<>S�a]Q

Xα1

1 . . . Xαn
n

��8;=�Zf=
αi ∈ Z

��O]Z�abQ�Q
i = 1, . . . , n

� �%WHI�GKW;gh8�a
<>ORiXO]<>SVabQHSVG-STi4IK8;=�ST<�abxR=9Ob�

dn−1 S£�2abiPcNORiXQ�E�S£�+IK8;=�Zf=�=��HS�GJIfG abI�QT=La]GJI O]iX=9S�iRIf=�xR=�Z i ∈ {1, . . . , n}GKW;gh8
IK8;abI
αi ≥ 0

��798X=�ZK=���O]Zf=�If8X=
k
��QTS�iX=LabZ9<�abe

φ : Hn
m(A) →

1

X1 . . . Xn
k[X−1

1 , . . . , X−1
n ] : Xα1

1 . . . Xαn
n 7→

{
Xα1

1 . . . Xαn
n

ST�
αi < 0 ∀i

0
O]IK8X=�ZK��SVGJ=

Ð
Ð Â�a;ÚÀ×�bdc



r]s � 	�� � �0�������B���

SVcH=�iRIfS$3P=�G
Hn

m(A)
IKO
D := 1

X1...Xn
k[X−1

1 , . . . , X−1
n ]

-¥x]S��0S�iXx>STI�a�G^IfZKW;g�IKWXZf=&Ob�
A
��<>OFcXWXQT=�S�i�IK8X=

Gfab<>=BIKS�<>=�1���A¨O]Zf=�O��R=�ZL�0GKSTiPg�=
D
S�G)g�abiXORiXSVg�abQ�Q�E�x]Zha]cH=Lc2�F��=&8;a¢�R=&a4e+=�ZK��=�g�I)e;abS�ZKS�iXx��

Am ×D−m−n → D−n = k : (Xα, Xβ) 7→ Xα+β

��8;S�gh8�STiPcHW;g�=LG9IK8;=�cHW;abQ�STI^E

Am
∼
−→ D−n−m : Xα1

1 · · ·Xαn

n 7→ X−α1−1
1 · · ·X−αn−1

n .
��S�i;abQ�QTER�;�%=�<>=�i0IKS�O]i$If8;a�I�IK8X=�Q�OHg�a]Q�g�OR8XO]<>O]Q�O]xRE�<>OFcXWXQT=LG�a]ZK=�W;GKW;a]QTQ�E
cH=03;iX=Lc¨a]G�If8X=�ZfSTxR80I

cX=�ZfST�R=�c
��WXi;g�IKO]ZhG)O]� IK8X=���WXi;gÀIfO]Z
H0
I (−)

�2a]GfGJWX<>S�iXx>IK8Pa�I�If8X=�M;aRGJ= ZKS�iXx�SVG)iXOF=�IK8X=�ZKSVabi±� � I`IKWXZfi;G
ORWHI9IK8;abI)O]WXZ)cX=�3;iXSTIKS�O]i�Ob��IK8;=�QTOHg�a]Q2g�O]8;O]<>O]Q�O]xRE�<4OHcHW;QT=LG9=�i;g�abe;GKWXQVa�IK=LG�IK8X=�W;GKW;a]Q2O]iX=R�FIK8;abI)S�G
IfO¨GKa¢E�STI g�ORZKZf=�GKe+O]i;cXG`IfO$IK8X=�W;GKW;a]Q�O]iX=�aRG�GJOFO]i�a]GBIf8X=�ZfSTi;x

A
SVG�aRGKGKWX<>=�c�IKO$M+=�iXOF=�If8X=�ZfS�a]i

-¶GJ=�=&=]� x;� *ºrH����)X�ºl7,2O]Z * )]tH�XIK8X=�O]Zf=�< ; � o;� )&,�1��
��
 � � $�� � � ����������� � � $�#%$'- � & �������
��=�Ihab�]=�a]xRa]STi
IK8X=NGJ=�IJIKS�iXx�O]��If8X= GK=�g�IKS�O]i�n�MXWHI&a]GfGJWX<>=&iXO�� IK8;abI)IK8;=�ZKS�iXx

A
SVG9If8X=�WXiXS��]=�ZfGfabQ

ZfS�iXx¨Ob�)g�OF=���g�ST=�i0IfG�O]�%If8X=�e+O]Q�EFiXO]<>SVabQVG
f1, . . . , fr

�$A�O]Zf=�eXZK=Lg�SVGJ=�QTER���%={GKWXeXe+ORGK=�x]S��]=�i
r ≥ 18;O]<>O]xR=�iX=�O]W;G
ePORQTEFiXOR<>S�a]Q�G
Ob�+ePO0GJSTIKS��]=9cH=�xRZK=�=�G

d1, . . . , dr
�]Zf=�GKeP=LgÀIfST�R=�Q�EN-¶abQ��%a¢EHG
STiNIK8;=%��a]ZKSVabMXQ�=�G

X1, . . . , Xn
�;a]QTQ±aRGKGKWX<>=�c{IKO�8Pa¢�]=B��=�STxR8RI�n71À�

fi(X1, . . . , Xn) =
∑

|α|=di

Ui,αX
α, i = 1, . . . , r.

��=�eXWXI
A := k[Ui,α : i = 1, . . . , r, |α| = di]

��8X=�ZK=
k
cH=�iXObIf=�G
a 
 5
� ����� &b�j798X=�i

fi ∈
C := A[X1, . . . , Xn]

��ORZ4a]QTQ
i = 1, . . . , r

�Y;�GNSTi IK8X=$GJ=LgÀIfSTORi�nb�[��=�g�O]iPGJSVcH=�ZNIK8;=
SVcH=�a]Q
I :=

(f1, . . . , fr) ⊂ C
�+a]G9�%=�Q�Q�a]G%If8X=�xRZfaRcH=�c
URW;ObIKS�=�i0I)ZfSTi;x

B := C/I
abi;c
eXWHI

A := H0
m(B)0

�[798X=
a]ST< Ob��IK8XSVG�e;a]Zfa]x]ZhabeX8�SVG%IKO>eXZfO��]=`IK8;=
G I §F­ ~ § 
 R ��� �A-

r = n
� �(�0� � �(�/���`�%	&�

A
� �/	N"�������� 	&����"������
��� "�	�� ���#��	��4�@-

A
5 � �(� � ���)(����%+

�0	&� ���Z���5�0���0���N�����*& ��(��0�+����� 
 5
� ����� &
k
1 � �&� ����(����:5���� ��	7�]	 � ���A9���� & �0���0� 	�� ���:5\�#�0���&� ���

Res(f1, . . . , fn)
	��
�!��	���� �%�!� �(�NZK=LGJW;Q£Ihabi0I �@-

f1, . . . , fn
5<�%����� � �(	��

Res(Xd1
1 , . . . , Xdn

n ) = 1 ∈ k.
� � µ�´

R � µ�ÃhÂ�Ãh½ � ¿ ´¶½ÑÃh½�Ö&ÂL³ÀÂLÊ)F^µ^½¶³)»^³%J�J%¼L´ÑÃf´¶¿ Á�µ-½¶¿ºÂL¾¢Û«É '&�$� �$����
�� 	�������³À½ '&�$� �$����
��
	 
��$����� !
f : M × N → K¿º· Ã7J�¼¢¹ ´Ñ¿ ÊV¹º¿ºÂ¢µJÃh½
¸T¼¢Â¢»�´Ñ¿º³ÀÂ K�¿ ´ÑÄ�´¶Ä¢µ)Ã:HLH¢¿ ´¶¿º³ÀÂ�Ãh¹6O¢½¥³%O]µ^½�´ÌÖ��[¸T³À½ Ãh¹º¹

a ∈ R, m ∈ M,n ∈ N
K2µ9Ä�Ã^Á�µ

f(am, n) =
f(m, an) = af(m, n)

ÛYQ±Ä¢µ^½¶µ�¿º·[Ã�»KÃhÂL³ÀÂ¢¿º»JÃh¹ � ¿ Ó¥µ^»^´¶¿º³ÀÂ � µ�´)K2µ^µ^Â>·Ñ¼L»�Ä � ¿º¹º¿ºÂLµKÃh½�O¢Ãh¿º½¶¿ºÂ¢¾À·�ÃhÂLH J�³À½WO¢ÄL¿º· J�·-³h¸ R
ÊJ�³ H¢¼L¹ºµJ·

M⊗RN → K
ÛXÇ&³À½¥µ^³KÁ�µ^½JÔ�´¶Ä¢µ^½¶µ±¿º·XÃh¹º·¶³-Ã�»JÃhÂ¢³ÀÂ¢¿º»JÃh¹ � ¿ Ó¶µ^»�´Ñ¿º³ÀÂ � µ^´)K«µJµ^Â � ¿º¹º¿ºÂ¢µJÃh½6O¢Ãh¿º½¶¿ºÂ¢¾ f : M×N → RÃhÂLH J�³À½AO¢Ä¢¿º·WJ�·«³h¸

R
Ê)J�³�H¢¼¢¹ºµ^·

F : M → HomR(N, R) : m 7→ f(m,−)
ÛTNµ ·�Ã^Ö
´¶Ä�Ãf´&Ã � ¿º¹º¿ºÂ¢µJÃh½7O¢Ãh¿º½¶¿ºÂ¢¾ f : M × N → K

¿º· ������
 ��� ! �&������
�� ���¨¿ ¸
f(m, n) = 0

¸�³À½`Ãh¹º¹
n ∈ M

� ½¥µ^· O0Û m ∈ M � ¿IJ�O¢¹º¿ºµ^· m = 0 � ½¥µ^· O0Û n = 0 � Û�ÆV¸ f : M × N → R
¿º·�ÃNÂL³ÀÂLÊ)H¢µ^¾Àµ^Â¢µ^½ÑÃf´¶µ@H O�Ãh¿º½¥¿ºÂ¢¾N´¶Ä¢µ^Â

»J¹ºµJÃh½¥¹ Ö
F : M → HomR(N, R)

¿º·�¿ºÂhÓ¥µJ»�´¶¿ Á�µ��b·Ñ³9¿ ¸
M
ÃhÂBH

N
Ãh½¥µ�X�Â¢¿ ´¶µ ¸�½¥µ^µ

R
Ê)J�³�H¢¼¢¹ºµ^·KÔ�´ÑÄLµ[µ<M�¿º·¶´¶µ^Â¢»^µ�³h¸PÃ9Â¢³ÀÂLÊH¢µ^¾ÀµJÂLµJ½¶Ãf´¶µ�H�O¢Ãh¿º½¶¿ºÂ¢¾

f
¿IJ�O¢¹º¿ºµ^·]´ÑÄ�Ãf´

rank(M) = rank(N) � ¸T³À½ f ¿º·HÂ¢³ÀÂLÊ)HLµJ¾Àµ^Â¢µ^½¶Ãf´Ñµ@H�¿IJ�O¢¹º¿ºµ^·]´ÑÄ�Ãf´ g : N×M → RH¢µ<X�Â¢µ@H � Ö g(n, m) = f(m, n)
¿º·«Ãh¹º·Ñ³[Ã[ÂL³ÀÂLÊ)H¢µ^¾Àµ^Â¢µ^½ÑÃf´¶µ@H O�Ãh½¥¿ºÂ¢¾%ÃhÂBH`Ä¢µ^Â¢»^µ�´¶Ä�Ãf´

G : N → HomR(M, R)
¿º·2Ãh¹º·Ñ³

¿ºÂhÓ¶µ^»�´¶¿ Á�µ � ÛTNµ±·ÑÃJÖ�´ÑÄ¢Ãf´
f : M×N → R

¿º·;Ã�	 ����	������ O�Ãh¿º½¶¿ºÂL¾ ¿ ¸b¿ ´X¿º·;ÂL³ÀÂLÊ)H¢µ^¾Àµ^Â¢µ^½ÑÃf´¶µ@HBÃhÂBH%¿ ¸�´¶Ä¢µ±»J³À½¥½¥µJ·WOb³ÀÂLH¢¿ºÂ¢¾ � ¿ºÂhÓ¶µ^»�´¶¿ Á�µ �J�³À½WO¢ÄL¿º· J
F : M → HomR(N, R)

¿º·�ÃhÂ`¿º·Ñ³%J�³À½AO¢Ä¢¿º· J&Û
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	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� rXn

��=���STQ�Q±g�Q�ORGK=�Q�E>��O]Q�Q�O���IK8;=��JeXZf=�WX�R= ��Q ��<>=�i0Ifa]STZf=%�`xRST�R=�i
M0E
q]ORW;abiXORQTORW{S�i]*ºr]r7,Ñ� �%=���ORZK=Bx]ORSTi;x
��W;ZJIf8X=�ZNSTi0IKOpcH=�IhabS�Q�G�� ��={ePORSTi0I ORWHI If8;a�INIK8XSVG�If8X=�ORZK=�<"8;O]QVcXG���STIK8XORWHI4a]iFE�8FEFePO]IK8X=LGJSVG�ORi�IK8X=
ZfS�iXx

k
-�=��Xg�=�eXI[��O]Z�IK8;=�WXiXSVg�STI^E>Ob�«IK8;=�iXORZK<�abQ�S�¤�=�c>xR=�iX=�ZfabIKO]Z[��8XS�gh8�Zf=�U0WXS�Zf=�G If8;a�I

k
S�G%a�Zf=�cHWPg�=�c

ZfS�iXx 1��0�%=&ZK=���=�Z%IK8;=BS�i0IK=�ZK=LG^If=�c�Zf=�aRcH=�Z%IfO If8X=&<4ORiXO]xRZfa]eX8+*ºr]r�,2��ORZ�<>O]Zf=BcH=�Ifa]STQVG9abi;c
<�abiFE�<>O]Zf=
e;ZKOReP=�ZJIfST=LG�O]�
If8X=�Zf=�GKWXQ£Ihabi0I��

��S�ZfGJI�STi0IKZfOHcHW;g�=�c�MFE 1�WXZK��STIK¤R� �����0���'��	Y-��������BZf=��R=�a]Q+aNePO��%=�ZK��WXQ+IKOFORQ«IKO>G^IfW;cHE�If8X=&ZK=LGJWXQTIfa]i0I
SVcH=LabQVG��Xi;ObIfa]MXQ�E�STi$If8X= g�a]GK=

r = n
����=�ZK=Lg�a]QTQ«If8;a�I

m := (X1, . . . , Xn) ⊂ C
�PabiPc{If8;a�I

r
a]i;c

na]ZK=�	 "
���������«I^�%O�cHS�GJIKS�i;g�I)STi0IK=�x]=�ZfG��
2�§43 A M�}�M ­�A R ��� 3
�(�����`�%	&� ��-9�����0���'��	7-�������� �@- � �(� ���#��	��

I
8<��� � �%���
"��%�0� � ��� �(� ���#��	&�

m
� �

TFm(I) :=
⋃

t≥0

(I :C mt) = {f ∈ C : ∃ν ∈ N mνf ⊂ I} = π−1(H0
m(B)) ⊂ C,

8 �����%�
π
�`���
��� ��� � �(� �%	&���&������	��("�� � �0�%�0�
�����

C → B = C/I → 0
1

�`MPGJ=�ZK�R=�IK8;abI
TFm(I)

S�GBabip8XO]<>ORx]=�i;=�O]WPG�S�cX=�abQ-O]�
C
abi;c�IK8;abI

A = TFm(I)0 ⊂ A
�&�p=4x]S��]=

8;=�Zf=�a��ÌIf=�Z�GKO]<>=&eXZKOReP=�ZJIfST=LG9Ob�
IK8X=LGJ=�S�iX=�ZKIKSVaN��O]Zf<�G��
��§ 
 
�� R ��>�� � ���

j " � 	��L�S# >B���N����� � &`�0� ��� {1, . . . , n}
5<�������

TFm(I) =
⋃

t≥0

(I :C Xt
j) = {f ∈ C : ∃ν ∈ N Xν

j f ⊂ I} = Ker(C → BXj
).

-�)X�ºr#1

� �&� ����(����:5
TFm(I)

� ��	 "�������� ���#��	�� �@-
C , 	��
��� �(�0� �W-���� � A

� � 	 "������������#��	�� �@-
A
021

��� �Z��-�1 ��=�I
j
MP=]3X�H=�c STi

{1, . . . , n}
� �XORZ�a]QTQ

i = 1, . . . , r
�%=pcHSVG^IfSTi;x]WXSVGJ8 IK8X=�e;a]ZJIfS�g�WXQ�a]Z

g�OF=���g�S�=�i0I
Ei := Ui,(0,...,0,di,0,...,0)

Ob��If8X=�e+O]Q�E0i;O]<>S�a]Q
fi
��8XSVgh8¨g�abi�M+=�ZK=���ZKSTIJIf=�i�STi

C[X−1
j ]

a]G

fi = Xdi

j (Ei +
∑

α6=(0,...,0,di,0,...,0)

Ui,αX
αX−di

j ).

798;=�i���=�=La]GKSTQ�E�x]=�I�IK8X=�SVGJOR<>O]ZfeX8XSVGJ<�O]�
k
��abQ�x]=�MXZha]G

BXj

∼
−→ k[Ul,α : Ul,α 6= Ei][X1, . . . , Xn][X

−1
j ]

-�)X� )`1

Ei 7→ Ei −
fi

Xdi

j

= −
∑

α6=(0,...,0,di,0,...,0)

Ui,αX
αX−di

j

��ZfO]< �%=�cH=�cXW;g�=4IK8Pa�I
Xi
S�G&iXO]I�a
¤�=�ZfO�cXST�FSVGJORZBS�i

BXj

��O]Z�abQ�Q�g�ORWXeXQ�=
(i, j) ∈ {1, . . . , n}2 � � I

��ORQTQ�O��)G�IK8;abI)��=�GKW;g�g�=�GfGJS��]=�QTE�ORMHIfa]STi��H��O]Z)a]i0E�g�O]WXe;QT=
(i, j) ∈ {1, . . . , n}2 �XIK8X=�=LURWPabQ�S£IfST=LG

Ker(C → BXi
) = Ker(C → BXiXj

) = Ker(C → BXjXi
) = Ker(C → BXj

)

��8;S�gh8�eXZfO��]=NIK8X=�g�QVabS�<>=�c�cH=�Gfg�ZfS�eHIKS�O]i�Ob�
TFm(I)

��A¨O]Zf=�O��R=�ZL�2GJS�i;g�=
k
S�G�a$cHOR<�abS�i±�±STI���O]Q�QTO��)G

If8;a�I�If8X=
BXj

� G)a]ZK=&abQVGJO�cHOR<�abS�i;G9abi;c
IK8FW;G%If8;a�I
TFm(I)

SVG)a4eXZfST<>=�SVcH=�a]Q2Ob�
C
�

2

Ð
Ð Â�a;ÚÀ×�bdc



rRr � 	�� � �0�������B���

� ~ ­ X ­ |ZM¥}ZM ­�A R �'>L>���� �
~ ¬ M¥}Z[  �A-
r < n

�������
TFm(I) = I

1
��� �Z��-�1&��=�\^W;GJI&8;a¢�]=�IfO{eXZfO��]=�IK8;abI

TFm(I) ⊂ I
�PIf8X=4ObIK8;=�ZBSTi;g�QTWPGJS�O]i�M+=�S�iXx
O]MF�FSTORW;G�� �%E
If8X=

a]MPO��R=�Q�=�<><�a )X��n�sX�]�%=%i;=�=�c4IfO&eXZKO��R=%IK8;abI ��O]Z�abQ�Q
f ∈ C

GJWPgh8NIf8;a�I If8X=�Zf=�=��HSVG^IhG
s ∈ N

GKW;gh84IK8Pa�I
Xs
nf ∈ I

If8X=�i
f ∈ I

��798XSVG-eXZfO]e+=�ZKI^E�SVG-=��FS�cX=�i0I S£�
s = 0

a]i;cNa]iN=La]GKE�S�i;cHW;g�IKS��]=�abZfx]WX<>=�iRI GK8XO��)G
If8;a�I)ST�-��=&eXZfO��]=BS£I���ORZ

s = 1
If8X=�eXZfO]e+=�ZKI^E�S�G%IfZKW;=&��O]Z)abiFE

s ∈ N
-¥GKSTiPg�=

Xk
nf = Xn(X

k−1
n f)

1��
798FW;G��FQT=�I

f ∈ C
GKW;gh8�If8;a�I

Xnf = h1f1 + · · ·+hrfr ∈ I ⊂ C
� �%E�GJe+=�g�S�a]QTS�¤�S�iXx

Xn
IKONs ��=

cX=�cHW;g�=&IK8;abI
h1f1 + · · · + hrfr = 0

�H��8X=�Zf=&IK8;=
f i
� G)abZf=Bx]=�i;=�ZfS�gB8XOR<4ORx]=�iX=�ORW;G%ePORQTEFiXOR<4SVabQVG9S�i

n− 1
��abZfS�a]MXQ�=�G���798X=�ZK=���O]Zf=]�XMFE�QT=�<4<�a!)X� )4IK8X=�E{��ORZK<va>ZK=�x]WXQVabZ)GK=�U0WX=�i;g�= STi

A[X1, . . . , Xn−1]a]i;c$MFE�g�O]ZfO]Q�Q�a]ZKE/)X� uX�;If8X=�T`ORGK¤�W;Q�g�OR<4e;QT=��
K•(f1, . . . , fr;A[X1, . . . , Xn−1])

SVG�aRg�EHg�Q�S�g]� �XZfO]<
If8X=)Zf=�<�abZf����ORQTQ�O���S�iXx&IK8XSVG[g�O]ZfO]Q�Q�a]ZKE�)X� u���=�cX=�cHW;g�=�IK8Pa�I[If8X=�Zf=)=��FSVGJIfG�a�GK�]=��9��GKEF<><4=�IKZfS�g9<�abIKZfS£�
M
-�SÑ� =R� tM = −M

1À�XGKW;gh8{If8;a�I

(
h1 h2 · · · hr

)
= M




f1���
fr


 .

Q�O����XcH=�3PiX=&IK8X=�e+O]Q�EFiXO]<>SVabQVG
g1, . . . , gr ∈ A[X1, . . . , Xn]

GJW;gh8
IK8Pa�I

(
g1 g2 · · · gr

)
= M




f1���
fr


 .

?HSTi;g�=
M
SVG�GJ�R=��9��GJEF<><>=�IKZfSVgb�)STI�SVG
=�a]GKE IKO�gh8X=�gh��IK8Pa�I ∑n

i=1 gifi = 0
��A¨ORZK=�O��]=�Z��%��O]Z$abQ�Q

i = 1, . . . , r
�bGKSTi;g�=

gi = hi
�%=�cH=�cXW;g�= If8;a�I�IK8X=�ZK=�=��HS�GJIfG
a9ePORQTEFiXOR<4SVabQ

li
GKW;gh8BIK8;abI

hi−gi = Xnli
�

8�ORi;GK=�U0WX=�i0IfQTER�H��=&8;a¢�R=

Xnf = (g1 +Xnl1)f1 + · · · + (gr +Xnlr)fr =

n∑

i=1

gifi +Xn

n∑

i=1

lifi

��8;S�gh8NST<>eXQ�ST=LG
IK8;abI
f =

∑n
i=1 lifi ∈ A[X1, . . . , Xn]

-���O]Z
Xn

S�G�iXO]I-a`¤�=�ZKO�cXST�FSVGJORZ�1���S¶� =]�
f ∈ I

�
2

	 ­ ~ ­ � �¥�H~ © R ��>(F � ���%� �N�/� �(	��
r = n

	��
��� ���
f ∈ TFm(I) ⊂ A[X1, . . . , Xn]

1 3������ �0��� �(�0�
f ∈ I = (f1, . . . , fn)

���
f
�#� "(�0��������� 	���� � �(� ���Z��� �����0���'� �@-J��	#��� "����$������� ��	����

f1, . . . , fn
1

��� �Z��-�1 ��=�I%W;G9cH=�iXO]IK=`M0E
U := Ui,α

a g�O0=���g�S�=�i0I%O]�2IK8X=Be+O]Q�E0i;O]<>S�a]Q
fi
��ORZ%GKO]<>=

i ∈ {1, . . . , n}
�

�%=�eXWHI
gi = fi − UXα ���p=�aRGKGKWX<>=&IK8Pa�I�IK8;=�Zf=�=��HS�GJIfG f ∈ TFm(I)

S�i;cH=�eP=�i;cH=�i0I�O]�
U
a]i;c���=

��S�Q�Q±eXZfO��]=)If8;a�I
f ∈ I

�
?FS�i;g�=

f ∈ TFm(I)
� �%=��FiXO�� If8;a�I

X l
nf =

∑n
i=1 hifi ∈ A[X1, . . . , Xn]

��ORZNGKO]<>=
l ∈ N

�
8�ORi;GKS�cH=�Z%IK8X=

k
��abQ�x]=�MXZha�<>O]ZfeX8XSVGJ<

A[X1, . . . , Xn]
ϕ
−→ A[X1, . . . , Xn]X1X2...Xn

U 7→ −gi/X
α

Uj,β 7→ Uj,β
ST�

(j, β) 6= (i, α)

Xj 7→ Xj .
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	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� r#)

?HSTi;g�=
ϕ(fi) = 0

�;��=&8;a¢�R=

ϕ(X l
nf) = H1f1 + · · · +Hi−1fi−1 +Hi+1fi+1 + · · · +Hnfn ∈ A[X1, . . . , Xn]X1...Xn

.

�%WHI
X1 . . . Xn

SVG�iXO]I a$¤�=�ZfOb��cHS��FS�GKO]Z&S�i
A[X1, . . . , Xn]X1...Xn

abiPc
ϕ(X l

nf) = X l
nf
�
GKO$IK8X=�ZK=

=��HS�GJIfG�a4<>O]iXOR<>S�a]Q
Xβ GKW;gh8
IK8;abI

Xβϕ(X l
nf) = XβX l

nf = G1f1 + · · · +Gi−1fi−1 +Gi+1fi+1 + · · · +Gnfn ∈ A[X1, . . . , Xn],

If8;a�I�SVG4IKO�Gfa¢E�IK8Pa�I
f ∈ TFm(f1, . . . , fi−1, fi+1, . . . , fn)

-¥WXe IKO�a�g�=�ZJIhabS�i�=��FIK=�iPGJS�O]i Ob�BIK8X=
g�OF=���g�S�=�i0I�ZKS�iXxB1À� ��=&g�O]i;g�QTWPcH=&IK8;abI

f ∈ I
MFE�IK8;=Be;ZKORePO0GJSTIKS�O]i )X��n]n��

2

��� �Z��- �@-9� �(���&� ����� 1�� 1 �
S�ZhG^IL�HO]M;GK=�Zf�]=`IK8;abI
A 6= 0

GKS�i;g�=

Proj(k[X1, . . . , Xn]/(X
d1
1 , . . . , Xdn

n )) = ∅.
Q�O����Xgh8XOFORGK=�a4g�OF=���g�S�=�i0I

U := Ui,α
a]i;c$cH=�3;i;=&IK8X=�e+O]Q�EFiXO]<>SVabQ2ZfSTiXx

A′ GKW;gh8{If8;a�I A = A′[U ]-¥iXObIf= If8;a�I
A′ SVG&abQVGJO
a � � � ZfS�iXx 1�� ?FSTiPg�= I ∩ A = 0

�«�%=4cX=�cHW;g�= ��ZfO]< g�O]ZfO]Q�Q�a]ZKE�uP� u{IK8;abI&a]QTQ
i;O]iH��¤�=�ZKO

f ∈ A
8;a]G`a>ePO0GJSTIKS��]=NcH=�xRZK=�=�a]G)a�e+O]Q�EFiXO]<>SVabQ
STi

U
�PS¶� =]�

degU (f) ≥ 1
� ��=�I

s ≥ 1
M+=

If8X=�<>STi;ST<NWX< GKW;gh8$cH=�xRZK=�=&a]<>O]iXx>abQ�Q2iXO]iX�Ñ¤�=�ZfON=�QT=�<4=�i0I
f ∈ A

�
��=4g�Q�a]ST< If8;a�I`IK8X=�ZK=N=��HS�GJIfG`aN"
�����N�4=�QT=�<4=�i0I

R ∈ A
GJW;gh8$If8;a�I

degU (R) = s
� � i;cH=�=�c2�«Q�=�I

f 6= 0 ∈ A
GKW;gh8�If8;a�I

degU (f) = s
�{?FS�i;g�=

A′ SVG�a � � � ZKS�iXx;�±IK8X=�ZK=�=��FSVGJIfG�a¨cH=Lg�O]<>e+ORGKS£IfSTORi
f = q1 . . . qt

��8;=�Zf=
qj
abZf=�eXZfST<>=LG)S�i

A′[U ]
� �%WHIBGKS�i;g�=

A
S�G`a�eXZfST<>=�SVcH=LabQ�MFE�QT=�<><>a!)X��n�sH�P��=

cX=�cHW;g�=�If8;a�I%IK8;=�Zf=`=��FSVGJIfG
j ∈ {1, . . . , t}

GKW;gh8�If8;a�I
qj ∈ A

� A¨O]Zf=�O��R=�ZL�b�%=�8;a¢�R=
1 ≤ degU (qj) ≤

degU (f) = s
��abiPc�MFE¨IK8;=>cX=�3;iXSTIKS�O]i�Ob�

s
�%=NxR=�IBIK8;abI

degU (qj) = s
�±��8XSVgh8�ST<>eXQ�ST=LGBIK8;abI&IK8X=

=�QT=�<>=�i0I
R := qj

SVG�a]G�g�Q�a]ST<>=�c±�
��=�iXO�� GK8XO�� IK8X=BabM+O��]=�=�QT=�<4=�i0I

R
x]=�iX=�Zha�If=�G

A
� � i;cH=�=Lc2�HGJS�i;g�=

A′ 8;aRG�iXON¤�=�ZfOb��cHS��FS�GKO]ZL�¢��O]Z
a]QTQ

g ∈ A
�%=�8;a¢�R=

λg = uR+ v
��S£If8

λ ∈ A′ a]i;c




v = 0O]Z
degU (v) < s.

� I>��ORQTQ�O��)G�If8;a�I
v = λg − uR ∈ A

� � �
v 6= 0

� If8X=�i
degU (v) ≥ 1

MFE�eXZfO]e+ORGKS£IfSTORi uP� u;��abiPc
If8FW;G

degU (v) ≥ s
MFE�IK8;=
cH=03;iXSTIKS�O]i�Ob�

s
� If8XS�G x]S��]=LG�a�g�ORi0IKZha]cHSVgÀIfSTORi±��798;=�Zf=���O]Zf=]�

λg = uR
�

A�O]Zf=�O��]=�Z��
λ ∈ A′ ��8XS�gh8$cHOF=�G9i;ObI�g�ORi0IfabS�i U �XGJO R cHS��FS�cX=�G g �

��S�i;abQ�QTER�
R
SVG[W;iXS�U0WX=`WXe�IfO�< WXQTIKS�eXQ�S�g�a�IfSTORi�MFE>a]i�STiF�R=�ZKIKS�MXQT=�=�Q�=�<>=�i0I�O]�

A′ �F8X=�i;g�=)Ob� k �-798;S�G=�QT=�<>=�i0I�S�G�3;�F=Lc�IfO
1 ∈ k

MFE�IK8;=�iXO]Zf<�abQ�ST¤La�IKS�O]i
x]S��]=�i{S�i
If8XSVG9IK8X=�O]Zf=�<$�
2

��
�� � �+$ #�$ - � & ������� �,- ��� �
��� �,$
	 - ��� ���,#%�������
798;=�abS�<DOb�%IK8;S�G�GK=�g�IKS�O]i�SVG&IKO$eXZfO��]=4IK8Pa�I�IK8;=�ZK=LGJW;Q£Ihabi0I�S�cH=LabQ�O]�

n
8XOR<4ORx]=�iX=�ORW;GBePORQTEFiXOR<4SVabQ

S�i
n
8XO]<>ORx]=�i;=�O]WPG[��abZfSVabMXQ�=�G��F��8XS�gh8
��=&eXZfO��]=Lc>IK8Pa�I�S£I�SVG%eXZKS�i;g�STe;a]Q¶�HSVG%IK8;=&A�a]g�d�ab=]� G�STiF��abZfS�a]i0I

O]�9g�=�ZKIfa]STi�x]Zha]cX=�c�ePabZKIfG�O]�9a:T`ORGK¤�WXQ�g�O]<>eXQ�=��2�!;`G�a$MFE0e;ZKOHcHW;g�I��
��=�ORMHIfa]STi�abi�a]QTxRO]ZfS£If8X< IKO
g�O]<>eXWHIf=�If8X=BZK=LGJWXQTIfa]i0I

Res(f1, . . . , fn)
=�STIK8;=�Z�a]G%abi{a]Q£If=�Zfi;a�IfSTi;x eXZfOHcHW;gÀI9Ob��cH=�If=�Zf<4S�i;a]iRIhG[ORZ%a

x0g�c
Ob�-GJOR<4=�cH=�IK=�ZK<>S�i;abi0IfG9O]�-GKO]<>=&<�a��HS�<>a]Q2<>STiXORZfG9O]��a>GKSTiXxRQT=&<�a�IfZKST�2�

Ð
Ð Â�a;ÚÀ×�bdc
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��§ 
 
�� R ��> R 5 ��� 	&��� ����� � &`�0� ν ≥ η := d1 + · · · + dn − n+ 1
8 �9�(	�(��

H0
m(B)ν = 0

1
��� �Z��-�1-798X=�eXZfOFOb�FOb�0IK8XSVG±Q�=�<><�a)g�O]i;GKS�GJIfG«S�i�a�GJIfabiPcXabZhcBW;GJ= O]�FI^��O)GKeP=LgÀIfZfa]Q]GJ=LU0WX=�i;g�=�G2aRGKGKOHg�SVa�IK=Lc
IfO4IK8X=�cHORWXMXQ�=�g�OR<4e;QT=��

0 → C0
m(∧nE)

dn−→ . . .
d2−→ C0

m(∧1E)
d1−→ C0

m(C) → 0
↓ ↓ ↓

0 → C1
m(∧nE) −→ . . . −→ C1

m(∧1E) −→ C1
m(C) → 0

↓ ↓ ↓��� ��� ��� ���
↓ ↓ ↓

0 → Cnm(∧nE) −→ . . . −→ Cnm(∧1E) −→ Cnm(C) → 0

��8;=�Zf=
E
cX=�iXO]IK=�G`If8X=NxRZfaRcH=�c���Zf=�=

A
��<>OFcXWXQT=

E := ⊕ni=1C(−di).
798;= 3;ZhGJIBZfO�� S�G`IK8;= T`ORGK¤�WXQ

g�O]<>eXQ�=���a]GfGKOFg�S�abIK=Lc�IKO�If8X=$GJ=LURW;=�i;g�=
f1, . . . , fn

�[abi;c�S£IhG4g�O]Q�WX<>i;G4abZf= U�=�gh8�g�O]<>eXQ�=��H=LG����p=
�FiXO�� IK8;abI

K•(f1, . . . , fn;C)
S�G�aRg�EHg�Q�SVg4a]i;c�abQVGJO
IK8Pa�I

H i
m(C) = 0

ST�
i 6= n

� ¯ �Xab<>STi;STiXx$If8X=
I^�%O 3;QTIKZha�IKS�O]iPG�MFE
ZKO��)G9abiPc{MFE{g�O]Q�WX<>i;G��%=&cX=�cHW;g�=BIK8;abI��;a]<4ORiXx>ObIf8X=�Z�eXZfO]e+=�ZKIKS�=�G��

H0
m(B) ' Ker

(
Hn

m(∧nE) → Hn
m(∧n−1E)

) -�)X� u 1
��8;S�gh8$SVG)a>x]Zha]cH=Lc�S�GKO]<>O]ZfeX8XSVGK<�� ��E{IK8X=Ng�O]<>eXWXIfa�IfSTORi$��=�cHSVc¨a�I�If8X=�=�i;c$Ob� GJ=LgÀIfSTORi );�TnR� u;�X��=
�FiXO���IK8;abI

Hn
m(C)ν = 0

��O]Z)abQ�Q2S�iRIf=�xR=�Z
ν > −n

� 798X=�ZK=���O]Zf=]�XGKSTi;g�=

Hn
m(∧nE)ν = Hn

m(C(−d1 − · · · − dn))ν = Hn
m(C)ν−d1−···−dn

,

STI���O]Q�Q�O��)G[If8;a�I
H0

m(B)ν = 0
��O]Z)a]QTQ2S�i0IK=�xR=�Z

ν > d1 + · · · + dn − n
�

2

	 ­ ~ ­ � �¥�H~ © R ��> E 5 �&� 	���� ���L� � & ��� ν ≥ η
8 �9�(	2(7�

annA(Bν) = A = (Res(f1, . . . , fn)) ⊂ A
1

��� �Z��-�1 � I)SVG)a]i
S�<><4=LcHSVa�IK=�g�O]i;GK=�U0WX=�i;g�=BOb��IK8;=�eXZKORePO0GJSTIKS�O]ipn]�ºr4abi;c{IK8X=�a]MPO��R=`Q�=�<><�a�)X��nZ)F�
2

;`G a$g�ORi;GJ=LU0WX=�i;g�=]�
��=�ORMHIfa]STi�IK8Pa�I�IK8;=�STi;S£IfS�a]Q ��S£IKIKS�iXx�SVcH=�a]Q�Ob�%IK8X=
A
��<4OHcHW;QT=

Bν
�
��O]Z�a]QTQ

ν ≥ η
�PGKabIKSVG 3;=LG

A(ν+n−1

n−1 ) ⊂ F(Bν) ⊂ A,
��8;S�gh8�ST<>eXQ�S�=�G9If8;a�I

F(Bν)
abi;c

A = (Res(f1, . . . , fn))
8;a¢�R=�If8X=�GKa]<>=BZha]cXS�g�abQ<-¥aRG�S�cX=�abQVG%STi

A
1��

A�O]Zf=�eXZf=�g�SVGK=�Q�E]�
A
S�G�IK8X=4WXiXSVU0WX= �����L���N	&��"
�����N�4SVcH=LabQ-g�O]i0IhabS�iXSTi;x

F(Bν)
�BA�O]Zf=�O��]=�Z��;S£IBIKWXZfi;G

ORWHI9IK8;abI)S£I�g�O]i0Ifa]STiPG9S£I)��STIK8'�J< WXQTIKS�eXQ�S�g�S£I^E �BORiX=&STi�If8X=�GJ=�i;GK=`If8;a�I
lengthA/AA(Bν) = lengthAA/AAA

((Bν)A) = 1

-¥iXObIf=¨IK8Pa�I
Bν

8;a]G{a�g�abi;O]iXSVg�a]Q)G^IfZKW;g�IKWXZf=�O]�
A/AA

��<4OHcHW;QT=71��]� 798;S�G{S�G�IK8X=�g�O]i0IK=�i0I�Ob�&IK8X=
��ORQTQ�O���S�iXx If8X=�ORZK=�<$� �p= 3;ZhG^I)i;=�=�c{IK8;=�eXZK=�QTS�<>STiPabZfE

� +�½¥³%J Ã J�³À½¥µ�¾Àµ^³%J�µ�´Ñ½¥¿º»UOb³À¿ºÂ�´2³h¸FÁ�¿ºµ@K�Ô�´ÑÄL¿º·�O¢½¶³%Obµ^½�´ÌÖ7J�µJÃhÂ¢·P´ÑÄ�Ãf´2´¶Ä¢µUOL½¶³hÓ¥µ^»�´Ñ¿º³ÀÂ
Proj(B) → Spec(A/A)

¿º·
� ¿º½ÑÃf´¶¿º³ÀÂ�Ãh¹

Æ�²�Ð±ÆÌÉ



�����������
	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� rRl

��§ 
 
�� R ��> � 5 ���/	&��� ���L� � & ��� j = 1, . . . , n
	&���]	������%�2��"�� �

(α, β)
��-\� � ���'�)+ ���
�#�?> �:����� � �(	&�

|α| = |β| = dj ,
8 �9�(	2(7�

Xα ∂R

∂Uj,β
−Xβ ∂R

∂Uj,α
∈ TFm(I)

8 �����%�
R := Res(f1, . . . , fn) ∈ A

1
��� �Z��-�1 �%E
cH=03;iXSTIKS�O]i±�HIf8X=�Zf=�=��HSVG^IhG)a4<>O]iXOR<4SVabQ

Xγ abi;c�e+O]Q�EFiXO]<>SVabQVG ci
�
i = 1, . . . , n

�XS�i
A[X]GKW;gh8�IK8Pa�I

XγR =
∑n
i=1 cifi.

�%E
g�O]<>eXWHIfSTi;x�IK8X=4cH=�ZfS��¢abIKS��]=���STIK8¨Zf=�GKeP=LgÀI)IfO
Uj,α

abiPc�IKO
Uj,βORiX=&x]=�IfG9M+ObIK8$=LURWPabQ�S£IfST=LG

Xγ ∂R

∂Uj,α
= cjX

α +

n∑

l=1

∂cl
∂Uj,α

fl
a]i;c

Xγ ∂R

∂Uj,β
= cjX

β +

n∑

l=1

∂cl
∂Uj,β

fl.

��=�cH=LcHW;g�=&=La]GKSTQ�E�IK8Pa�I

Xγ

(
Xα ∂R

∂Uj,β
−Xβ ∂R

∂Uj,α

)
∈ (f1, . . . , fn)

a]i;c�g�O]iPg�Q�W;cH=&MFE{W;GKSTi;x4Q�=�<><�aN)X��n�sH�
2

G I §F­ ~ § 
 R ��> P 5 �&� 	���� ���L� � & ��� ν ≥ η
8 �9�(	2(7�

S(Bν) = A = (Res(f1, . . . , fn)) ⊂ A.
��� �Z��-�1 ��S�ZfGJI��0O]M;GK=�Zf�]=9If8;a�I%MFENIf8X=�M+=�8Pa¢�0S�O]Z[Ob�±A�a]g�d)ab=R� G[STiF��abZfSVabi0IfG�a]i;c�Zf=�GKWXQTIfabi0IhG WXi;cH=�Z�MPa]GK=
gh8PabiXxR=�G��0STI)SVG�GJW ��g�ST=�iRI�IfO>eXZKO��R=�If8XSVG9��O]Zf< WXQVa4STi�If8X=�g�aRGJ=B��8X=�Zf=

k = Z
�

��=��FiXO��jIK8Pa�I
S(Bν)

S�GBIf8X=�GJ<�abQ�Q�=�GJI&<>S�iXS�<>a]Q eXZfST<>=:-�=LURW;ST��abQ�=�i0IfQTE¨eXZfS�i;g�S�e;abQ�1`S�cX=�abQ�g�O]iH�
IhabS�iXS�iXx

F(Bν)
� 798;=�Zf=���O]Zf=]�-If8X=$g�QVabS�<4=Lc�Zf=�GKWXQTI4��S�QTQ9M+=$eXZKO��R=�c�ST�`�%=�GK8XO�� If8;a�I:-�Zf=�g�abQ�Q�If8;a�I

��STIJIfSTiXx�SVcH=LabQVG�abi;c�A�a]g�d)ab=R� G9S�iF��abZfS�a]iRIhG9abZf=BGJIfa]MXQT=�W;i;cH=�Z�Q�OHg�a]QTS�¤�abIKS�O]iL1

F(Bν)A = AAA.
7
O�eXZfO��]=BIK8;S�G��;�%=�eXWHIL�;��ORZ�GJS�<>eXQ�S�g�S£I^ER�

R := Res(f1, . . . , fn)
abi;c¨cH=�iXObIf=�MFE

Ej,l
IK8;= g�OF=��>�

g�ST=�i0I9O]�
If8X=�<>O]iXOR<>S�a]Q
XlX

dj−1
n

S�i{If8X=�ePORQTEFiXOR<>S�a]Q
fj
�F��O]Z�a]QTQ±g�O]WXe;QT=

(i, j) ∈ {1, . . . , n}
¡

fj(X1, . . . , Xn) := · · · + Ej,1X1X
dj−1
n + Ej,2X2X

dj−1
n + · · · + Ej,nX

dj

n .

�;ZKOR< iXO�� O]i±�HQ�=�I)W;G43X��IK8;=�STi0IK=�x]=�Z
j
�.8�ORi;GKS�cH=�Z%IK8X=�SVcH=�a]Q2Ob��IK8X=�U0WXO]IKS�=�i0I�ZKS�iXx

A/A

J :=

(
∂R

∂Ej,1
,
∂R

∂Ej,2
, . . . ,

∂R

∂Ej,n

)
⊂ A/A.

��=�g�a]i�cX=�3;iX=�a4xRZfaRcH=�c{<4ORZKe;8XS�GK< -¥Ob� cH=�xRZK=�=`¤�=�ZfO 1�Ob�
A
��abQ�x]=�MXZfaRG[MFE

Θ : C := A[X] → R := A/A ⊕ J ⊕ J2 ⊕ · · ·

Xi 7→ 0 ⊕
∂R

∂Ej,i
⊕ 0 ⊕ · · ·

Ð
Ð Â�a;ÚÀ×�bdc



r]t � 	�� � �0�������B���

��8;S�gh8�S�G�g�Q�=�abZfQ�E�GJWXZ¶\^=�g�IKS��]=R�
��=4g�Q�a]ST< If8;a�I`IK8X=�ZK=N=��HS�GJIfGBabi¨S�i0IK=�x]=�Z

j
GJWPgh8$IK8;abI ∂R

∂Ej,n
6= 0.

� iPcH=�=Lc2�«M0E$Q�=�<><�a!);�Tn¢l4��=
�FiXO���IK8;abI���O]Z)abQ�Q

j
a]i;c$abQ�Q2< WXQTIKST��STi;cX=��

α
GJW;gh8
IK8Pa�I

|α| = dj
�%=&8;a¢�]=

Xα ∂R

∂Ej,n
−Xdj

n

∂R

∂Uj,α
∈ TFm(I).

798;=�Zf=���O]Zf=]�HST� ∂R
∂Ej,n

= 0
��O]Z)a]QTQ

j
�;IK8X=�i ∂R

∂Uj,α
= 0

��O]Z�a]QTQ
j
abiPc�a]QTQ

α
��8XSVgh8$S�G�S�<>ePO0GKGKS�MXQT=�GKS�i;g�=

R 6= 0
-��%=�abZf=`S�i¨gh8;abZha]g�IK=�ZKSVG^IfS�g`¤�=�ZKOB1À�

Q�O����%ORiX=¨<�a¢E a]GfGKWX<>=$IK8;abI�IK8X=�S�i0IK=�x]=�Z
j
��=�gh8;ORGK=$IKO�cH=03;iX=

R
SVG�GKW;gh8 IK8;abI ∂R

∂Ej,n
6=

0
��798X=�i �%=�g�QVabS�< IK8;abI

Θ
S�i;cHW;g�=�G�a�x]Zha]cX=�c�S�GKO]<>O]ZfeX8XSVGK<

A[X]/TFm(I) ' R
-�iXO]IK=$If8;a�I

A[X]/TFm(I) = B/H0
m(B)

1À� � iPcH=�=Lc2�-QT=�I
F (X)

M+=
a¨8XOR<>O]x]=�iX=�ORW;G�e+O]Q�EFiXO]<>SVabQ�S�i
A[X]

Ob�
cX=�x]Zf=�=

d ≥ 0
GKW;gh8�IK8Pa�I

F ∈ Ker(Θ)
�XSÑ� =]�XGKW;gh8�IK8;abI

F

(
∂R

∂Ej,1
, . . . ,

∂R

∂Ej,n

)
∈ A.

��=�=�aRGJS�Q�E�cH=�ZfST�R=B��ZKOR< QT=�<><>a�);�Tn¢l�If8;a�I

Xd
nF

(
∂R

∂Ej,1
, . . . ,

∂R

∂Ej,n

)
−

(
∂R

∂Ej,n

)d
F (X1, . . . , Xn) ∈ TFm(I),

��8;S�gh8�ST<>eXQ�S�=�G�S�i$O]WXZ)g�a]GK=�If8;a�I

(
∂R

∂Ej,n

)d
F (X1, . . . , Xn) ∈ TFm(I).

�%WHI9MFE>80EFe+ObIf8X=�GKS�G��
0 6= ∂R

∂Ej,n
∈ A/A ↪→ B/H0

m(B)
�[?FS�i;g�=

B/H0
m(B)

SVG9aNcXO]<�abS�i±�0��=&cH=�cXW;g�=
If8;a�I ∂R

∂Ej,n

S�G9iXO]I�a4¤�=�ZfOb��cHS��FS�GKO]Z%STi
A[X]/TFm(I)

�;abiPc�If8X=�Zf=���ORZK=BIK8Pa�I
F ∈ TFm(I).

��S�i;abQ�QTER�2GJS�i;g�=
B/H0

m(B) ' R
-¥a�xRZfaRcH=�c$SVGKO]<>O]ZfeX8XSVGJ<\1��;�%= cH=�cXW;g�=R�+MFE�QTOHg�abQ�ST¤La�IKS�O]i�abI

A
�

If8;a�I
(
B/H0

m(B)
)

A
'
⊕

N

AA/AAA

-¶abx0abS�i�a�x]Zha]cH=Lc$S�GKO]<>ORZKeX8;S�GK<\1�GJS�i;g�=
JA = AA/AAA

�`798X=�ZK=���O]Zf=]�PGKS�i;g�=
H0

m(B)ν = 0
a]GBGJOFORi

aRG
ν ≥ η

����=
O]MHIhabS�i�IK8Pa�I
(Bν)A ' AA/AAA

��O]Z>abQ�Q
ν ≥ η

��?HSTi;g�=
A
SVG e;ZKS�i;g�S�e;a]Q¶� �%={xR=�I

F(Bν)A = AAA

�H��O]Z)a]QTQ
ν ≥ η

�
2

798XSVG If8X=�ORZK=�< S�<>eXQTS�=�G�IK8;abI IK8X=`A�a]g�abWXQVa¢E«� G-Zf=�GKWXQTIfabi0I[g�abi>MP=`g�O]<>eXWXIK=�c>aRG-IK8X=`cH=�If=�Zf<4S�i;a]iRI
O]�)g�=�ZKIfa]STi�xRZfaRcH=�c�e;a]ZJIhG�Ob�9If8X=!T`ORGK¤�WXQ[g�O]<>eXQ�=��

K•(f1, . . . , fn;A[X])
��aRG���=�QTQ%a]G�IK8X=�x0g�c�O]�

If8X=B<>ab�HST<�abQ+<>STi;O]ZhG[O]��S£IhG.3;ZfGJI9<>a]e]-¶GJ=�=BGK=�g�IKS�O]i
rX� );�TnZ1��<;)iXO]IK8X=�Z9g�O]i;GK=�U0WX=�i;g�=`S�G�If8;a�I9��=Bg�a]i
cX=�IK=�ZK<>S�iX=>IK8;={cH=�xRZK=�=]�±<>ORZK=�eXZf=�g�S�GK=�Q�E¨If8X=�< W;Q£IfS£��cH=�xRZK=�=>Ob�%IK8X=�Zf=�GKWXQTIfa]iRI�O]��If8X=�e+O]Q�E0i;O]<>S�a]Q�G
f1, . . . , fn

�

Æ�²�Ð±ÆÌÉ
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7
O�cHO¨If8XSVG��-O]MPGJ=�ZK�R=>IK8;abI IK8;=!T�O0GJ¤�WXQ
K•(f1, . . . , fn;A[X])

S�G
N
n+1 �ÑxRZfaRcH=�c±¡�S£I4S�G x]Zha]cH=Lc

��STIK8¨Zf=�GKe+=�gÀI�IKO�If8X=Ng�O0=���g�S�=�i0IfG�O]� =�a]gh8¨e+O]Q�EFiXO]<>SVabQ
fi
�PIK8X=

Ui,α
� G��;��O]Z

i = 1, . . . , n
�«abi;c���STIK8

Zf=�GKe+=�gÀI9IfO>IK8X=&��abZfS�a]MXQ�=�G
X1, . . . , Xn

� �p=�e;WHI

E := A(−1, 0, . . . , 0;−d1)[X] ⊕A(0,−1, 0, . . . , 0;−d2)[X] ⊕ · · · ⊕A(0, . . . , 0,−1;−dn)[X]

GKO4IK8;abI
K•(f1, . . . , fn;A[X])

S�G)Ob��If8X=&��O]Zf<

Kn := ∧n(E) → · · · → K2 := ∧2(E) → K1 := ∧1(E) ' E
(f1,...,fn)
−−−−−−→ K0 := A[X](0, . . . , 0; 0).

798;= IK8X=�O]Zf=�< )X��n�t9GKa¢EHG+If8;a�I±��ORZ�abQ�Q]S�i0IK=�x]=�Z
ν ≥ η := d1+· · ·+dn−n+1

If8X=�i&If8X=
νth x]Zha]cH=Lc�e;a]ZJI

O]�
K•(f1, . . . , fn;A[X])

�bGK=�=�iNaRG
a`g�O]<>eXQ�=��
N
��x]Zha]cH=Lc&STi IK8X=

Xi
� G���8;a]G�cH=�IK=�Zf<>STiPabi0I

S(Bν) = A��8;S�gh8&SVG�a�eXZfS�i;g�S�e;abQ]S�cH=LabQbxR=�iX=�ZfabIK=Lc`MFE`IK8X=[=�Q�=�<>=�i0I
Res(f1, . . . , fn)

�
798X=�ZK=���O]Zf=]�LMFE�eXZfO]e+ORGKS£IfSTORi
rX�Tn¢r`��=)8Pa¢�]=�a�g�a]iXO]i;S�g�abQXxRZfaRcH=�cNS�GKO]<>ORZKeX8;S�GK< O]�

A
�Ñ<>OHcHWXQ�=�G

A ' A(−δ1, . . . ,−δn)
��8X=�Zf=]�]��O]Z

a]QTQ
i = 1, . . . , n

�

δi :=
∑

J⊂{1,...,n}\{i}

(−1)|J|
(
ν − di −

∑
j∈J dj + n− 1

n− 1

)
∈ Z.

798;=`��ORQTQ�O���S�iXx�GJS�<>eXQT=�Q�=�<><�a48X=�Q�e;G9IfO>x]S��]=�a4<4ORZK=�g�O]<>e;a]g�I9��O]Zf< WXQVa���ORZ9IK8X=LGJ=�S�i0IK=�x]=�ZhG��

��§ 
 
�� R ��> � � ���
n, r1, . . . , rp " �!	:�$� ���9�@- "��7�����
�)(7�!����� � &`�0����	&���+���&�(�����#�0�������S-��&���N	&�<�0���������

S(T ) :=
∏p
i=1(1 − T ri)/(1 − T )n ∈ Z[[T ]].

3
�(�0�R5C-��&� 	���� ����� � & �0�
ν ≥ 0

5N8 �9�(	2(7�

S(T )|T ν =
∑

J⊂{1,...,p}

(−1)|J|
(
ν −

∑
j∈J rj + n− 1

n− 1

)
∈ Z

8 �����%�
S(T )|T ν

�#�0����� ��� � �(�]���Z���5�0���0���'�:��-
T ν

���
S(T )

5 8<��� � � �(�]�%�&�6(����L�'���&� ( q
n−1

)
= 0

� -
q < 0

1
��� �Z��-�1 � I�GKW ��g�=LG%IKO�cH=��]=�QTORe

S(T )
a]G

S(T ) =

p∏

i=1

(1 − T ri) ×
1

(1 − T )n
= (

∑

J⊂{1,...,p}

(−1)|J|T
P

j∈J
rj ) × (

∑

s≥0

(
s+ n− 1

n− 1

)
T s)

a]i;c�g�O]<>eXWXIK=&IK8;=�g�OF=���g�S�=�i0I�Ob��IK8;=�<4ORiXO]<>SVabQ
T ν
�

2

��=�cH=�cHWPg�=`IK8;abI
δi
SVG�IK8X=�g�O0=���g�S�=�i0I%O]�

T ν−di
S�i{If8X=BGK=�ZfS�=�G Q

n
j=1,j 6=i

(1−Tdi )

(1−T )n

��ORZ9a]iFE4S�i0IK=�x]=�Z
ν ≥ η

� � =�3PiXSTi;x>IK8X=�e+O]Q�EFiXO]<>SVabQ

H(T ) :=

n∏

j=1,j 6=i

(1 + T + · · · + T di−1) =

−di+d1+···+dn−n+1∑

s=0

NsT
s ∈ Z[T ],

Ð
Ð Â�a;ÚÀ×�bdc



r]o � 	�� � �0�������B���

�%=48;a¢�]=
S(T ) = H(T )/(1 − T )

�+If8;a�I�SVG�IfO�Gfa¢E
S(T ) = H(T ) × (

∑
s≥0 T

s).
� I`��ORQTQ�O��)G`IK8;abI��

GKS�i;g�=
ν−di ≥ η−di = deg(H)

�0��=�O]MHIhabS�i
δi =

∑deg(H)
s=0 Ns = H(1) = d1d2...dn

di

abiPc4IK8X=�ZK=���O]Zf=
cX=�cHW;g�=BIK8;abI)��=&8;a¢�R=&a4xRZfaRcH=�c{S�GKO]<>O]ZfeX8XSVGK<

(Res(f1, . . . , fn)) ' A(−d2 · · · dn, . . . ,−
d1d2 · · · dn

di
, . . . ,−d1d2 · · · dn−1).

��
�� � ��(*! &�$ ( $ ����� ( � & ��� �,�,#%������$ - ��� #%$'- � & ��������-
_BS��]=�i

n
8;O]<>O]xR=�iX=�O]W;G�ePORQTEFiXOR<>S�a]Q�G

f1, . . . , fn
STi
n
��abZfSVabMXQ�=�G

X1, . . . , Xn
Ob��cH=�xRZK=�=

d1, . . . , dnZf=�GKe+=�gÀIfST�R=�Q�E]�¢�%=�8;a¢�R=2\^W;GJI�GJ=�=�i�If8;a�I-IK8;=�S�Z
Zf=�GKWXQTIfabi0I-S�G�a`x]=�i;=�Zha�IKORZ±Ob�;IK8X=�A�aRg�d)a]=]� G±S�i0��a]ZKSVabi0I
O]�
a`x]Zha]cX=�c�e;a]ZJI-Ob�;IK8X=�U0WXObIfST=�i0I-a]QTxR=�MXZha

B
Ob�«cH=�xRZK=�=[x]Zf=�abIK=�Z�O]Z-=LURWPabQ0IKO

η := d1+· · ·+dn−n+1
�

; i;abIKWXZhabQXU0WX=LG^IfSTORiNSVG�IK8;=�i4IKO�a]GK����8;abI-�FS�i;c4Ob�+STiF��abZfS�a]i0IfG���S£�2abiFE]�ba]ZK=�aRGKGKOHg�SVa�IK=Lc&IKO&If8X=9x]Zha]cH=Lc
ePabZKIfG�O]�

B
Ob��cH=�x]Zf=�=�GK<�abQ�QT=�Z�IK8;a]i

η
��798XSVG U0WX=�GJIKS�O]i�Q�=�aRcXG�WPG�IKO�IK8X=�GJO]��g�abQ�QT=Lc � � ���
�)(7	&����	�� �

�%� " � ���:� �$� 	&���'�h�9a]G{cH=�3;i;=�c�MFE 8�8;a]ZfcXSTi�S�i *TnLs7,Ñ� ��=�8X=�Zf=�ab�ÌIK=�Z�x]S��]=¨a�U0WXSVgh��O��R=�Zf�0S�=�� Ob�&IK8X=cX=�3;iXSTIKS�O]i�abi;c{GJOR<4=BM;aRGJSVg)eXZfO]e+=�ZKIKS�=�G�Ob�2If8X=�GK=BSTi0IK=�ZK=LG^IfSTi;x =�Q�S�<4S�i;a]iRI9e+O]Q�E0i;O]<>S�a]Q�G��0=��]=�i�ST��IK8;=�E
a]ZK=�i;ObI Zf=�a]QTQ�E�S�iF�¢a]ZKSVabi0IhG�Ob�9IK8;={S�iXeXWHI4ePORQTEFiXOR<4SVabQVG��$798;=���O]Q�QTO���S�iXx�g�abi�M+=
GK=�=�i�aRG�a�cHS�Zf=�gÀI
=��FIK=�iPGJS�O]i�Ob�
IK8X=&If=�gh8XiXSVU0WX=�G)��=&W;GK=�c{IKO�cH=03;iX=BIK8;=�A�a]g�abWXQVa¢E«� G%Zf=�GKWXQ£Ihabi0IfG��

��=�I
k
MP=>a � � � ZfSTiXxP�)��=NGKWXeXe+ORGK= x]S��]=�i

s
xR=�iX=�ZKSVg�8XOR<>O]x]=�iX=�ORW;G�e+O]Q�EFiXO]<>SVabQVG)S�i

n
��abZfS£�

a]MXQ�=�G��XGJW;gh8
IK8Pa�I
n ≥ s ≥ 1

�HOb�-e+ORGKS£IfST�R=&cX=�x]Zf=�=
d1, . . . , ds

ZK=LGJe+=�g�IKS��]=�QTE

fi(X1, . . . , Xn) :=
∑

|α|=di≥1

Ui,αX
α, i = 1, . . . , s.

��=¨eXWHI
A := k[Ui,α : i = 1, . . . , s, |α| = di]

IK8X=¨WXi;ST�R=�ZhGKa]Q)g�OF=���g�S�=�i0I�ZfSTi;x�O��R=�Z
k
�
C :=

A[X1, . . . , Xn]
�
m := (X1, . . . , Xn)

abi;c
B := C/(f1, . . . , fs)

� ��O]IK8
C
a]i;c

B
abZf=>i;a�IfWXZfa]QTQ�E

xRZfaRcH=�c{<>OFcXWXQT=LG�MFE{GK=�IJIfSTi;x
deg(Xi) = 1

��O]Z)abQ�Q
i = 1, . . . , n

�
?FW;eXePO0GJ=�x]S��]=�i�abi�S�i0IK=�x]=�Z

ν ≥ 0
� �;ZKOR< QT=�<4<�a])X� u��%={�FiXO�� IK8Pa�I4IK8X= T�O0GJ¤�WXQ�g�O]<>eXQ�=��

K•(f1, . . . , fs;C)
S�GBa�xRZfaRcH=�c 3;i;S£If=���Zf=�=�Zf=�GKO]Q�WHIKS�O]i¨O]�

C
�Ñ<>OHcHWXQ�=�G`Ob�-IK8;=NU0WXObIfST=�i0IBabQ�x]=�MXZha

B
�

��=pcX=�cHW;g�=�If8;a�I{STIfG
νth x]Zha]cH=Lc�ePabZKI{S�G�abQVGKO a 3;iXSTIK=���ZK=�=�Zf=�GKO]Q�WHIKS�O]i O]� A �Ñ<>OHcHWXQ�=�G
Ob� Bν

�
798;=�Zf=���O]Zf=]�

Char(Bν) =
∑

J⊂{1,...,s}

(−1)|J|
(
ν −

∑
j∈J dj + n− 1

n− 1

)
= S(T )|T ν

��8;=�Zf=
S(T ) :=

∏s
i=1(1−T

di)/(1−T )n
�]If8X=)QVa]GJI[=�U0W;a]QTSTI^EN��O]Q�QTO���S�iXx&��ZfO]< QT=�<4<�aJ);�Tn�w0� 798X=�Zf=��

��ORZK=R�]�%=)cH=�cXW;g�=�If8;a�I
Char(Bν) = 0

O]iXQ�E ST�
d1 + · · ·+ds ≥ n

abi;c
ν ≥ d1 + · · ·+ds−n+1

-���O]Z
S�i;GJIfa]i;g�=R�0ST�

s = n
IK8X=�i

Char(Bν) = 0
O]iXQ�E�ST�

ν ≥ η := d1 + · · ·+ dn − n+ 1
1À� � I9��O]Q�QTO��)G�IK8Pa�I

S�i
GKO]<>=&g�aRGJ=LG�If8X=�A�a]g�d)ab=R� G�STiF��abZfSVabi0I�O]�
Bν

cHOF=�G%iXO]I%=��HS�GJIfG�� 7�O4x]=�I%ZfS�cX=`O]�±IK8XSVG�cHS/��g�WXQTI^E���=
g�O]i;GKSVcH=�Z�abi;ObIK8;=�Z)a]GfGKOFg�S�abIK=Lc�<>OHcHWXQ�=]�
?FW;eXePO0GJ={x]S��]=�i�a]i�STi0IK=�x]=�Z

ν ≥ 0
a]i;c�a�GK=�I

S
O]�

Char(Bν)
8XO]<>O]xR=�iX=�O]W;G&e+O]Q�EFiXO]<>SVabQ�O]�

cX=�x]Zf=�=
ν
S�i
k[X1, . . . , Xn]

IK8;abI4�%=$a]GfGJWX<>=
IKOpMP=���Zf=�=�STi
Bν

O��]=�Z
A
� �p=$cH=�i;ObIK=�MFE

〈S〉A
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�!	�"#"��$���%	&�'���&�(� r]m

If8X=4��ZK=�=
A
��GJWXM;<4OHcHW;QT=�O]�

Bν
��STIK8�M;aRGJSVG

S
a]i;c�g�O]iPGJSVcH=�ZBIf8X=

A
��<4OHcHW;QT=

Mν := Bν/〈S〉A
� � I

aRcH<>S£IhG�a�i;a�IfWXZfa]Q�3;iXSTIK=���Zf=�=�Zf=�GKO]Q�WHIKS�O]i&O]�
A
��<4OHcHW;QT=LG��¢i;a]<4=�QTE`IK8;=

νth x]Zha]cH=Lc&e;abZKI�Ob�FIf8X=.T`ORGK¤�WXQ
g�O]<>eXQ�=��

K•(f1, . . . , fs;C)
��8XO0GJ=�Q�aRG^I-<�abe ORi�If8X=9ZKS�x]80I
SVG g�O]�ÑZf=�GJIKZfSVgÀIK=LcBIKO

Cν/〈S〉A
� � I-��O]Q�QTO��)G

If8;a�I�If8X= ¯ WXQ�=�Z)gh8PabZha]gÀIf=�ZfS�GJIKSVg`Ob�
Mν

SVG9¤�=�ZKO�a]i;c�If8;a�I)STI)e+ORGfGJ=LGKGK=�G9a>A�a]g�d)ab=R� G9S�iF��abZfS�a]iRIL�

2�§43 A M�}�M ­�A R �'> � � � �#�W# �
�������
S
+ �%� " �%���%� ��� 	��L�N��-+� �(�!"��������
��� ��	�� f1, . . . , fs 5 	��
� 8 � 8<�����

�`���
��� � ��� " � ∆S(f1, . . . , fs)
54�&�J�����2"����

∆S
5 	7��	$& ���
���%	�� ��� ��- � �(� "
�������0� "(	&�<���#��	��

S(Mν)
1 ���

� ���#�W# �
�%� ��" � � 	������C(7�0���'� " � �/��� �0�����L� ��� k �
��� "(	&���'����� � 	��:5 ����� �(� � ���)(������0	�� ��	7�0�

k = Z
���4� �

� �L�A9����0���!�`�A# ����� ��"]� �!	���� &&� 1
;`G�a�g�O]iPGJ=LURW;=�i;g�=
O]��IK8;=�cH=�3;i;S£IfSTORi�O]�

∆S
���%=��0i;O�� IK8Pa�I

∆S
SVG�apx0g�c�Ob�&a�GKEHG^If=�< O]�

xR=�iX=�ZfabIKORZfG�Ob�
F(Mν)

����=�abZf=[iXO���x]ORSTiXx�IKO&=��HeXQ�SVg�STI�STIfG-Q�STi;����S£If8 If8X=�abiXi;ST8XS�QVa�IKORZ-Ob�
annA(Mν)

�
�%WHINMP=���O]Zf=]�-O]M;GK=�Zf�]=>If8;a�INS£�

s = n
a]i;c

ν ≥ η
If8X=�i

S
< W;GJINM+=�If8X={=�<4eXI^E�GK=�I4abi;c

∆{∅}
S�G

i;ObIK8;STiXx�MXWHI$IK8;=pZf=�GKWXQTIfabi0I�Ob��If8X=pe+O]Q�EFiXO]<>SVabQVG
f1, . . . , fn

-¥WXe�IfO a]i S�i0�R=�ZKIKS�MXQ�=�=�Q�=�<>=�iRI$S�i
k×
1À�)798X= ��O]Q�QTO���S�iXx�eXZfO]e+ORGKSTIKS�O]i±�PePORSTi0IK=Lc$O]WHI`IKO�<>=�MFE$q]=LabiH��Y�S�=�ZfZK=�qRO]WPabiXORQTORW�S�i�a�e+=�ZhGJORi;abQ

g�O]<>< W;iXS�g�a�IfSTORi±�H<�a¢E�MP=�GK=�=�i$aRG%IK8X=�<�a]STi�eXZfO]e+=�ZKI^E�Ob��IK8X=�<NWXQ£IfST��a]ZKSVa�If=&GKWXMXZf=�GKWXQTIfa]iRIhG��

� ~ ­ X ­ |ZM¥}ZM ­�A R �'> � � ���%� �N� ����	��
k
� �J	N�����0����������	&� 
 5
� ����� &!	��
�N� �(	�� Bν � � A + � �&�������&� -�� ���B13
�����]�����J���`�%	&�

annA(Mν)
� � 	 "
�������0� "(	&� ���`�%	&� ��-

A
1

��� �Z��-�1���=B��STQ�Q2cH=�iXO]IK=B8X=�Zf=�ab�ÌIK=�Z[MFE
P
IK8;=BGK=�I9Ob��e;ZKS�<>=�SVcH=�a]Q�G%Ob�

A
��8XSVgh8
abZf=�<>S�iXS�<>a]Q2ab<>O]iXx

If8X=�iXORiH�Ñ¤�=�ZfONe;ZKS�<>=�S�cH=LabQVG�Ob�
A
�XIK8;abI�S�G%IfO�GKa¢E�IK8X= GK=�I)O]��e;ZKS�<>=BSVcH=LabQVG�Ob�-8X=�S�x]80I)ORiX=]� ��=���S�QTQ

e;ZKO��R=�If8;a�I9IK8;=�GJ=�I
AssA(Mν)

Ob�-a]GfGJOHg�SVa�If=�c
eXZfST<>=�G9O]��If8X=
A
��<4OHcHW;QT=

Mν
SVG�g�ORi0IfabS�iX=Lc{S�i

P
�

��=�I
K
MP=9If8X=9��Zha]gÀIfSTORiJ3;=�Q�c4O]�

A
abi;c>g�O]i;GKS�cX=�Z�IK8X=

K
�Ñ�R=�g�IKO]Z-GKe;a]g�=

V := Bν⊗AK
���`M;GJ=�ZK�R=

If8;a�I�STIfG cHST<>=�i;GJS�O]i�=�U0W;a]Q�G
Char(Bν)

��8XSVgh8pSVG�=��XaRgÀIKQ�E¨If8X=�Zfa]iX��O]�[IK8;=>��ZK=�=
A
�Ñ<>OHcHWXQ�=

〈S〉A
�

?HSTi;g�=
Bν
S�G
A
�¶IfO]ZhGJS�O]i{��ZK=�=]�H�%=�cH=�cHWPg�=BIK8;abI9IK8X=�g�abiXORiXS�g�abQ«<�abe

Bν → V
SVG9STib\^=�gÀIfST�R=�-¥a]g�IKW;a]QTQ�E

STIfG��]=�ZfiX=�QHS�G-=��HaRgÀIfQTE IK8X=
A
�¶IfO]ZhGJS�O]iNOb�

Bν
1�abi;cN8X=�iPg�=�S�i;cHW;g�=�G�a]i4S�i�\^=LgÀIKS��]=�<�a]e

Mν ↪→ V/〈S〉A
�

798;=�Zf=���O]Zf=
AssA(Mν) ⊂ AssA(V/〈S〉A)

abiPc �%=�g�QVabS�< IK8;abI
AssA(V/〈S〉A) ⊂ P

�]��8X=�ZK=%��=9iXO]IK=
If8;a�I

V := Bν⊗K = 〈S〉A ⊗K =: 〈S〉K
-¥ZK=�<>=�< M+=�Z&If8;a�I

〈S〉A
S�G�a
��Zf=�=

A
��GKWXMX<>OHcHWXQ�=�Ob�

V��8;ORGK=BZhabi;��S�G-\^WPG^I�If8X=�cHS�<4=�i;GKSTORi
O]�
V
O��]=�Z

K := Frac(A)
1À�

7
O�GJ=�=BIK8XSVG��Pg�O]iPGJSVcH=�Z%If8X=�<�abe

V →
⊕

p∈P

V

〈S〉Ap

: x 7→ (. . . , xp, . . .)
-�)X�ºl#1

��8;=�Zf=
〈S〉Ap

:= 〈S〉A ⊗A Ap

��d�=�<�abZf��IK8Pa�I`GKSTiPg�=
A
SVG�a � � � ZfSTi;x+-¥abiPc$8X=�i;g�= a�T&ZfWXQTQ�ZKS�iXx 1

If8X=�i���O]ZBabiFE
x ∈ V

��=N8;a¢�]=
xp = 0

��O]ZBabQ�Q
p ∈ P

=��Xg�=�eXI`��ORZ`a�3PiXS£If=NiFWX<NMP=�Z`O]�[GJWPgh8�eXZfST<>=
SVcH=LabQ�S�i

P
-¶GJ=�=�=]� x;� *TnR�C� �J� ��n

no rX�XIf8���ORZK:�<4= u&, 1À��798X=N�]=�ZKiX=�Q�O]��-�);� l&1)S�GBg�Q�=�a]ZKQ�E ∩p∈P 〈S〉Ap��8;S�gh8$=�U0W;a]Q�G
〈S〉A

M+=�g�abW;GK=
A = ∩p∈PAp

-¶GJS�i;g�=
A
S�G`a�T&ZKW;QTQ±ZfS�iXx;�;GK=�=NabxRa]STi�*�n]�6� �J� ��n

no rH�
If8���ORZK:�<>=Bu#,�1%a]i;c

〈S〉A
SVG�a ��Zf=�=

A
�Ñ<>OHcHWXQ�=]��798;=�Zf=���O]Zf=B��=�cH=LcHW;g�=&If8;a�I

AssA(Mν) ⊂ AssA(V/〈S〉A) ⊂ ∪p∈PAssA(V/〈S〉Ap
).

Q�O����9QT=�I
W;G{eXS�gh��a�eXZfST<>=�SVcH=LabQ
p ∈ P

� � �
V/〈S〉Ap

= 0
If8X=�i

AssA(V/〈S〉Ap
) = ∅

� ?FO
aRGKGKWX<>=`IK8;abI

V/〈S〉Ap
6= 0

a]i;c�Q�=�I
0 6= q ∈ AssA(V/〈S〉Ap

)
-�ORM;GJ=�ZK�R=�If8;a�I

V/〈S〉A
SVG%IKORZfGKSTORiL1À�

Ð
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)Rs � 	�� � �0�������B���

?HSTi;g�=4a]iFE¨=�Q�=�<>=�i0I&Ob�
A \ p

S�GBS�iF�]=�ZKIKS�MXQ�= S�i
Ap

�±STIBSVG&g�Q�=�abZBIf8;a�I
q ⊂ p

abiPc��%=4g�O]i;g�QTW;cX= If8;a�I
AssA(V/〈S〉Ap

) = {p}.��=�8;a¢�R=[\^W;GJI�eXZfO��]=Lc�If8;a�I
AssA(Mν) ⊂ P.

��WXI�GJS�i;g�=
Mν

S�G)a
A
�Ñ<>OHcHWXQ�=�Ob� 3;iXSTIK=&I^EFe+=���=

cX=�cHW;g�=>IK8;abI
A/annA(Mν) ⊂ Ms

ν

� � iPcH=�=Lc2�
Q�=�I
m1, . . . ,ms

MP={a$GKEHG^If=�<DO]�%xR=�iX=�ZfabIKORZfG`Ob�
Ma]i;c4cH=�iXO]IK=�MFE

pi := annA(mi)
��O]Z�a]QTQ

i
�-798X=�i>�%=)g�Q�=�a]ZKQ�E�8;a¢�]=

annA(Mν) = ∩si=1pi
abi;c48X=�i;g�=

If8X=��]=�ZKi;=�Q«Ob��IK8X=�g�abiXORiXSVg�abQ«<�abe

A→ ⊕si=1Ami : a 7→ (am1, . . . , ami, . . . , ams)

=LU0W;abQVG
annA(Mν)

� � I���ORQTQ�O��)G9IK8Pa�I
A/annA(Mν) ⊂ Ms

ν

GKSTi;g�=
Ami

SVG�a{GJWXM;<4OHcHW;QT=�O]�
Mν

��O]Z
a]QTQ
i = 1, . . . , s

�-798X=�Zf=���ORZK=R����=9O]MXIfabS�i4IK8;abI
AssA(A/annA(Mν)) ⊂ ∪si=1AssA(Mν) ⊂ P

� ?FS�i;g�=
�%=�a]GfGJW;<4=Lc�If8;a�I

A
SVG aBiXOF=�If8X=�ZfS�a]i � � � ZfSTiXxP�¢IK8XSVG S�<>eXQTS�=�G IK8;abI

annA(Mν)
SVG a`e;ZKS�i;g�S�e;a]QHS�cH=LabQ

O]�
A
-¶GJ=�=�*Tnb�6� �J� � ��n]�

no wF�XeXZfO]e+ORGKSTIKS�O]i�nLs>abi;c �%);� no rH�FIf8���ORZK:�<4=>n0,�1��
2

� I�abeXe+=�a]ZfG�IK8Pa�IBIK8X=>abM;GK=�iPg�= O]�
A
�ÑIKORZfGKS�O]i¨Ob�%g�=�ZKIfa]STi�x]Zha]cH=Lc$e;abZKI`O]��IK8X=>U0WXObIfST=�i0I&a]QTxR=�MXZha

B
SVG�aN�]=�E4e+O]S�i0I�S�i�If8X=`=��HS�GJIK=�i;g�=BOb�±If8X=&GJWXM;ZK=LGJWXQTIfa]i0IfG

∆S
� 798X=`��O]Q�QTO���S�iXx�Q�=�<><�aX�0Ihab�]=�i���ZfO]<

*ºrHn]�PeXZfO]e+ORGKSTIKS�O]i�rH��nLr�, -¶GJ=�= abQVGJO * r#)H�«eXZKORePO0GJSTIKS�O]i:);�TnR� t;� , 1À�«gh8;abZha]g�IK=�ZKS�¤�=LG%IK8XO0GJ=�xRZfaRcH=�c$ePabZKIfG)O]�
B
��STIK8;O]WHI

A
�ÑIKORZfGKS�O]i±�

��§ 
 
�� R � F	� 3
�(�
A
+ ���Z�2� � �

Bν
� �J� �&��������� -�� ����� -��0���������

1 ≤ s < n
���
s = n

	����
ν < η :=

d1 + · · · + dn − n+ 1
1

��� �Z��-�1 ;�GfGJW;<4=!3;ZhG^INIK8;abI
s < n

� �XZfO]< Q�=�<><�a );�TnLs¨abi;c�e;ZKORePO0GJSTIKS�O]iY);�TnRn���=�cH=�cHWPg�=�If8;a�I
I := (f1, . . . , fs)

S�GNa$eXZfST<>=�SVcH=�a]Q�Ob�
C
��798X=�ZK=���O]Zf=

B = C/I
S�G a¨cHO]<�abS�i�abi;c�8X=�i;g�=

Bν
S�G

A
�¶IfO]ZhGJS�O]i{��ZK=�=�-�Zf=�<>=�<NMP=�Z9IK8;abI

k
SVG�a>cHO]<�abS�iL1���ORZ)abiFE�S�iRIf=�xR=�Z

ν
�

��=�iXO�� IKWXZfi�IKO$IK8;={GJ=Lg�ORi;cpg�a]GK=>��8XS�gh8�SVG�< WPgh8�<>ORZK=>S�iRIfZKSVg�abIK= �
�%=�a]GfGJW;<4=4If8;a�I
s = na]i;c��%= �9abi0I`IKO�eXZKO��R=�IK8Pa�I

Bν
S�G
A
�¶IfO]ZhGJS�O]i¨��Zf=�= ��O]Z�abQ�Q�STi0IK=�x]=�Z

ν
GJW;gh8�IK8;abI

0 ≤ ν < η
����=

3PZfGJI)g�QVabS�<�IK8;abI���O]Z)a]QTQ±S�i0IK=�x]=�Z
ν
GKW;gh8{If8;a�I

0 ≤ ν < η
IK8;=�e;abS�ZKS�iXx>Ob�

A
��<>OFcXWXQT=LG

Bν ×Bη−1−ν → Bη−1 : (x, y) → xy
-')X� t`1

SVG�i;O]iH��cH=�xR=�iX=�ZfabIK=Lc2� � iPcH=�=Lc2�)Q�=�I
x ∈ Bν

GJW;gh8�If8;a�I
xBη−1−ν = 0.

798;=�i STI
SVG{g�Q�=�a]Z�If8;a�I
mη−1−νx = 0

S�i
Bν
��?FO$��=�cH=LcHW;g�=>If8;a�I

x ∈ H0
m(B)ν

a]i;c�<>ORZK=>eXZf=�g�S�GK=�Q�E$IK8;abI
x
S�G&S�i�IK8X=

�R=�ZfiX=�Q«O]�
If8X=�g�a]iXO]iXSVg�a]Q«<>a]e

H0
m(B)ν → HomA(Bη−1−ν , H

0
m(B)η−1) : x 7→ (b 7→ xb).

��= �9abi0I�IfO{eXZfO��]=BIK8Pa�I�If8XSVG��R=�ZfiX=�Q±SVG`¤�=�ZfO;� �;ZKOR< If8X=Ng�O]<>eXWHIha�IKS�O]i¨�%= cHSVc¨a�I`IK8X=N=�i;c$O]� IK8X=
GK=�g�IKS�O]i!);�TnR� u;�H��=`�0i;O�� IK8;abI

H0
m(C)−n ' A

a]i�If8;a�I9��=B8;a¢�R=�SVGJOR<4ORZKe;8XS�GK<�G2-¶g�O]<>S�iXxN��ZKOR< IK8X=
e+=�ZK��=�g�I�cHW;a]QTSTI^E(1

H0
m(C)−m−n

∼
−→ HomA(Cm, H

0
m(C)−n) : x 7→ (c 7→ xc)

��ORZ)abQ�Q2ZK=�Q�abIKS��]=BSTi0If=�x]=�Z
m ∈ Z

�[�p=&If80WPG�cH=�cHWPg�=&IK8Pa�I

H0
m(C)ν−d1−···−dn

= H0
m(C)(ν−η+1)−n

∼
−→ HomA(Cη−1−ν , H

0
m(B)η−1).
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�����������
	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� );n

�%WHI)S�i
IK8X=�eXZfOFOb��Ob�-QT=�<4<�aN)X��nZ)X�X��=�GK8XO���i
IK8;abI

H0
m(B)ν ' Ker

(
Hn

m(C)ν−d1−···−dn

t(f1,...,fn)
−−−−−−−→ ⊕n

i=1H
n
m(C)ν−d1−···−dn+di

)
.

798;=�Zf=���O]Zf=]�F�%=&8;a¢�]=

H0
m(B)ν ' {u ∈ HomA(Cη−1−ν , H

0
m(B)η−1))

G�� IL�
u(xfi) = 0 ∀j = 1, . . . , n

abi;c
∀x ∈ Cη−1−ν}

��8;S�gh8$GJ8;O��)G%IK8;abI
H0

m(B)ν ' HomA(Bη−1−ν , H
0
m(B)η−1))

�
798X=
e;abZfS�iXx -')X� t#1�SVG�8X=�i;g�=
iXO]iX��cH=�x]=�iX=�Zha�If=�c2� � I ��ORQTQ�O��)G�If8;a�I ��O]Z>abQ�Q[S�iRIf=�xR=�Z

ν
GKW;gh8�If8;a�I

0 ≤ ν < η
�%=&8;a¢�]=&a�g�a]iXO]iXSVg�a]Q«STi;g�QTWPGJS�O]i

Bν ↪→ HomA(Bη−1−ν , Bη−1)

��8;S�gh8�ST<>eXQ�S�=�G&If8;a�I
Bν

SVG
A
�¶IfO]ZhGJS�O]i���ZK=�=4ST�

Bη−1
S�G GJOP�>798;=�Zf=���O]Zf=]�«IfO¨g�O]<>eXQ�=�If=>IK8X=�e;ZKOFOb�%S£I

ORiXQ�E�ZK=�<�abS�i;G%IKO>eXZfO��]=`IK8;abI
Bη−1

SVG
A
�ÑIKO]ZhGKSTORi{��Zf=�=R�-7
O�cHO>IK8;S�G��;g�ORi;GKS�cH=�Z%IK8X=�=��HaRgÀI)GK=�U0WX=�iPg�=

0 → H0
m(B)η−1 → Bη−1 → Qη−1 := Bη−1/H

0
m(B)η−1 → 0.

?HSTi;g�=
H0
m(B)η−1 ' A

�%=�cH=LcHW;g�=BIf8;a�I���ORZ)abiFE�SVcH=�a]Q
K
O]�
A
�%=&8;a¢�]=&abi$=��HaRgÀI)GK=�U0WX=�iPg�=

0 → H0
K(A) → H0

K(Bη−1) → H0
K(Qη−1).

�%WHI GKS�i;g�=
A
SVG�a¨cHOR<>a]STi

H0
K(A) = 0

��O]Z�abQ�Q�SVcH=�a]Q
K
�
A¨O]Zf=�O��R=�ZL�

A
abi;iXST8;STQVa�If=�G

Qη−1
-¥O]iX=

S�<><>=�cHSVa�If=�Q�E
gh8X=Lgh��IK8;abI
ABη−1 ⊂ H0

m(B)η−1
GJS�i;g�=

A = H0
m(B)0

1À�Pa]i;c�8X=�iPg�=
H0
K(Qη−1)

�PGKO
�%=�cH=�cXW;g�=&If8;a�I

AH0
K(B)η−1 = 0

abi;c{IK8;=�Zf=���O]Zf=BIK8;abI

H0
K(Bη−1) ⊂ H0

A(B)η−1.

� I%IKW;ZKi;G�O]WXI�If8;a�I
H0

A(B)η−1 = 0
¡�IK8XSVG[SVG9a g�O]i;GK=�U0WX=�i;g�=`Ob�2IK8;=`eXZfOFOb�±O]�±IK8X=`IK8;=�O]Zf=�< );�TnLt\-¥GK=�=

*ºr&)X�XQT=�<><4= );�TnR� l�,2��O]Z9IK8;=�cH=�IhabS�Q�G�1À�
2

	 ­ ~ ­ � �¥�H~ © R � F > � ���%� �N� ����	��
s < n

�&�
s = n

	&���
ν < η

1 3
�(�0�R5
∆S ∈ annA(Mν)

1 � ��� ����(��0�
� �(��"�������� �&�)(Z� �0��������-

∆S
	��%� � �(�9�0	&�N���@-9� �(� "
�����N�����)(�� �0�������@- 	&��� & ���
��� 	&� �&�J�@-

annA(Mν)
1

���N"�	����
����� � 	&�J� -
∆S

� � "
�����N��� �(�0�
(∆S) = annA(Mν)

1
��� �Z��-�1[798;=�GK=&a]ZK=&S�<><4=LcHSVa�IK=�g�O]i;GK=�U0WX=�i;g�=LG%Ob��IK8X=�eXZfO]e+=�ZKIKS�=�G%O]�-A�aRg�d)a]=]� G%STiF��abZfS�a]i0IfG��

2

	 ­ ~ ­ � �¥�H~ © R � F�F ����>������ } I §F­ ~ § 
 F  � �0�
K " � 	$#.�0� �Y	��
� ρ : A → K

	���	%" �@-/�����*&&� , 	�
"�������	&���/.�	��
����� �N	�" 0 1 3
�(�0� 8 �9�(	�(��
ρ(∆S) 6= 0 ⇐⇒ 〈S〉A + (ρ(f1), . . . , ρ(fs))ν = k[X1, . . . , Xn]ν .

Ð
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)0r � 	�� � �0�������B���

��=�I�WPG�g�O]<>eXWHIf=)IK8;=�< W;Q£IfS£��cH=�xRZK=�=)Ob�
∆S

S�i�IK8;=`g�OF=���g�ST=�i0IfG�O]�±=�aRgh8�ePORQTEFiXOR<4SVabQVG
f1, . . . , fs

�
7
O¨cHO�IK8XSVG����%=4WPGJ=>If8X=4�¥a]gÀI�If8;a�I

∆S
S�G�a�x]=�iX=�Zha�IfO]ZBOb�%IK8X=�A�a]g�d�ab=]� GBSTiF��abZfSVabi0I

S(Mν)
abiPc

�%={e;ZKOHg�=�=�c�aRG���ORZ If8X=
g�a]GK={Ob�)Zf=�GKWXQTIfa]iRIhG�¡:-¶GJ=�={If8X={=�i;c�O]��GJ=LgÀIKS�O]i )X� )#1À� ; GJIKZhabS�x]80IK��O]Zf�%a]Zfc
=��FIK=�iPGJS�O]i
Ob�±If8X=�g�O]<>eXWXIfa�IfSTORi;G%��=B<�a]cH=&a�I%IK8;=B=�i;c
Ob�
GK=�g�IKS�O]i/);� )4GK8XO�� ST<><>=�cXS�abIK=�Q�E�If8;a�I9��=
8Pa¢�]=&aNxRZfaRcH=�c
SVGJOR<4ORZKe;8XS�GK<

(∆S) ' A(−S(T )|T ν−d1 , . . . ,−S(T )|T ν−di , . . . ,−S(T )|T ν−dn ),

��8;=�Zf=
S(T ) :=

∏s
i=1(1 − T di)/(1 − T )n

�
��=�=�i;c{IK8;S�G�ePabZhabx]Zhabe;8�M0E{=�<>eX8;aRGJS�¤�S�iXx4IK8;abI9IK8X=�S�ZKZf=�cXW;g�S�MXS�QTSTI^E�Ob��IK8X=&<NWXQ£IfST��a]ZKSVa�If=&GKWXMXZf=��

GKWXQTIfa]iRIhG[GK=�=�<>G[IKONMP=Ba cHS/��g�WXQTI9eXZKORMXQ�=�<$� �;O]Z%iXO����]STI9S�G�O]iXQ�E4eXZKO��R=�c>S�i+*ºl7,+IK8;abI
∆S

S�G%a�eXZfS�<4=
=�QT=�<>=�i0I Ob�

A
ST�
k = Z

abiPc ST�
ν > η−mini{di}

-�IK8X=�ZK=9SVG abi4=��Xab<>eXQ�=�GJ8;O���STiXx`IK8Pa�I-IK8XSVG S�iX=�U0W;a]Q£�
STI^E>S�G%GK8;abZfe±�bIf8;a�I9SVG�IfO GKa¢ENIK8Pa�I%IK8X=�ZK=)=��HS�GJIfG%a�Zf=�cHWPg�S�MXQT=`GJWXM;ZK=LGJWXQTIfa]i0I���STIK8

ν = η−mini{di}
1À�

Y-ORSTi0I�ORWHI�If8;a�I�S�i\* m�,0S£I�S�G
eXZfO��]=�c`If8;a�I±If8X=
A
�Ñ<>OHcHWXQ�=

Mν
S�G

Z
�¶IfO]ZhGJS�O]iB��Zf=�=R�LSÑ� =]�

TorZ

1 (Mν , N) = 0��ORZ abiFE
Z
�Ñ<>OHcHWXQ�=

N
-�STINSVG�aRgÀIKWPabQ�QTEpeXZKO��R=�c�S�i * m7,�IK8;abI

TorZ

1 (Mν ,Z/pZ) = 0
��ORZ abiFEpeXZKS�<>=

S�i0IK=�x]=�Z
p
�X��8XSVgh8
SVG)GKW ��g�S�=�i0I9IKO�x]=�I9IK8X=�g�Q�a]ST<>=�c
Zf=�GKWXQ£I�1À�XST�

ν ≥ η − mini{di}
�

� � � #$�����%�h�
����	&������� � 
��-	&�
������	��>�4�>#p�9�-� �
��
�	��%������� 	 #
�-���±���[�
� ���
�±#$	��%�

��=�I
k
M+=4a!3;=�QVc�a]i;c

A
MP=>a

N
��x]Zha]cX=�c

k
��abQ�x]=�M;Zfa;�B?FWXe;ePO0GJ=Nx]S��]=�i�I^��O
STi0IK=�x]=�ZfG

n ≥ 2
�
d ≥ 1a]i;c{��O]Z)abQ�Q

i = 1, . . . , n
a]i$=�Q�=�<>=�i0I

fi ∈ Ad
��798X=�i±�HIf8X=

k
��abQ�x]=�M;Zfa <4ORZKe;8XS�GK<

h : k[T1, . . . , Tn] → A
-¥u;��n�1

Ti 7→ fi

xRST�R=�G%ZfS�GK=BIKO�a
k
��GKgh8X=�<>=�G%<>O]ZfeX8XSVGJ<

λ : Proj(A) → P
n−1
k

-�u;�ºr#1

x 7→ (f1(x) : f2(x) : · · · : fn(x))

��8;ORGK=
g�Q�ORGK=�c�ST<�abxR=]-�IK8X=¨GK<>a]QTQ�=�GJI
k
��Gfgh8X=�<4=
g�O]i0IhabS�iXSTi;x�IK8;=�S�<�abx]=71�SVG>cH=�3;i;=�c�MFE�If8X=
SVcH=LabQ

Ker(h)
�]IK8;abI�S�G-IfO�GKa¢E�IK8;abI IK8XSVG�g�Q�ORGK=�cNS�<>a]x]=9SVG

Proj(k[T]/Ker(h)) = Proj(k[T]/Ker(h)sat) ⊂
P
n−1
k

��d�=Lg�abQ�Q2If8;a�I�a]i�SVcH=LabQ±O]�
k[T]

cX=�3;iX=LG)a�g�Q�ORGK=�c$GKWXM;Gfgh8X=�<>=�S�i
P
n−1
k

WXe$IKO�Gfa�IfWXZfabIKS�O]i±� � i
ePabZKIKSVg�WXQVabZL�LIK8X=9MXS�x]xR=�GJI�SVcH=�a]QHcH=�3;i;STiXxBIf8X=�g�Q�ORGK=�c�S�<�abxR=[Ob�

λ
S�G

Ker(h)sat := Ker(h) :k[T] (T)∞
�

� ����=�a]GfGKWX<>=�If8;a�I
A
S�G9a>cHOR<>a]STi
Ob�
cXST<>=�iPGJS�O]i

n− 1
abi;c{IK8Pa�I%IK8X=�e;a]Zfa]<>=�IK=�ZKS�¤�abIKS�O]i�<�abe

λ
S�G9xR=�iX=�ZKSVg�a]QTQ�EN3;iXSTIK=&O]i0IfO4STIfG9S�<�abxR=]�FIK8;=�i$S£I�IfWXZfi;G9O]WHI9If8;a�I�If8X=�S�cX=�abQ

Ker(h)
S�G)a "
�����N� abi;c

"
�������0� "(	&�PSVcH=LabQFOb�
k[T]

��If8;a�I SVG�IKO&GKa¢E&If8;a�I-IK8;=9g�QTO0GJ=Lc�S�<�abx]=%Ob�
λ
S�G-a]i S�ZKZf=�cHWPg�S�MXQT=%8FEFeP=�ZfGKWXZK�¥a]g�=

S�i
P
n−1
k

� � i;cH=�=�c2�FSTI�SVG[a�e;ZKS�<>=�SVcH=�a]Q;M+=�g�a]W;GK=)��=�8;a¢�]=)a�g�abiXORiXSVg�abQPSTiPg�Q�W;GJS�O]i
k[T]/Ker(h) ↪→ Aa]i;c

A
S�G�a4cXO]<�abS�i±�;a]i;c�S£I)SVG)a>eXZfSTiPg�S�e;abQ2SVcH=�a]Q±M+=�g�a]W;GK=

dim(k[T]/Ker(h)) = dim(A) = n− 1-¶GJS�i;g�=
λ
SVG�x]=�iX=�ZfSVg�abQ�Q�E�3;iXSTIK=Y*�nLrH�)gh8;abeHIf=�Z{m&,�1>a]i;c IK8;=���=�QTQT���0i;O���i�eXZfO]e+=�ZKI^E Gfa¢EFSTiXx�If8;a�I
a

Æ�²�Ð±ÆÌÉ
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	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� )`)

g�OHcHST<>=�i;GJS�O]i�ORiX=�SVcH=LabQ+STi�a&�¥a]g�IKO]ZfSVabQ;ZfS�iXx SVG�a�eXZKS�i;g�STe;a]QPSVcH=LabQÑ� 8�ORi;GK=�U0WX=�i0IfQTER�0a]i0E4x]=�iX=�Zha�IfO]Z�O]�
Ker(h)

��STQ�Q±M+=�g�a]QTQ�=�c�abi���� "
�����0���4�:9���	��
�����pOb��If8X=�g�Q�ORGK=�c
S�<>a]x]=&Ob�
λ
�

798X=>abS�< Ob�[IK8XSVGBQ�aRG^I&e;abZKI&S�G�IKO�eXZfO��0SVcH= IK=�gh8;iXS�U0WX=LG`IKO �Jg�O]<>eXWHIf=%�NGKW;gh8pa
g�Q�ORGK=�c¨S�<�abx]=>a]G
a>A�aRg�d)a]=]� G%STiF��abZfS�a]i0I%��8X=�i

A
SVG%IK8;=�ePORQTEFiXOR<4SVabQ«ZfSTi;x

k[X1, . . . , Xn−1]
� 1)O��%=��]=�Z��HGKSTiPg�=�GJOR<>=

O]��IK8;=4Zf=�GKWXQTIfGBg�a]i�M+=>GJIfabIK=Lc¨��O]ZB<>O]Zf=NxR=�iX=�Zfa]Q
ZfS�iXxRG`��=4��S�QTQ-Ob�ÌIf=�i�eXZf=�g�SVGK=�IK8;=48FEFe+ObIK8;=�GKS�G`��=
Zf=�U0WXS�Zf=`ORi{If8X=�ZKS�iXx

A
�

� 
�� � �+$ � $�� #�$ $ � � #%( � &��
��=�abQ��9a¢EFG�GKWXeXe+ORGK=BIK8;abI

k
S�G�a 3;=�QVc¨abi;c��%=�cH=�i;ObIK=�MFE

C
IK8;=�ePORQTEFiXOR<>S�a]Q2ZKS�iXx

k[X1, . . . , Xr]��8;S�gh8�S�G
N
��x]Zha]cH=Lc�MFE�eXWHIKIKS�iXx

deg(Xi) = 1
��O]Z�abQ�Q

i = 1, . . . , r
�9�`WXZ�g�O]iPg�=�Zfi{8;=�Zf=`SVG%IKO4x]S��]=&a

��ORZK<NWXQVa���ORZ9IK8X=�cH=�x]Zf=�=&Ob�
IK8X=�g�QTO0GJ=Lc{S�<�abxR=BO]�
λ
-���8XSVgh8
��S�Q�Q±MP=�a48FEFeP=�ZfGKWXZK�¥a]g�=�1�eXZfO��0SVcHS�iXx


 IK8X=&ZfSTi;x A SVG�a N
��x]Zha]cH=Lc

k
��abQ�x]=�M;Zfa Ob�±If8X=&��O]Zf<

C/J
�F��8X=�ZK=

J
SVG�a 8;O]<>O]xR=�iX=�O]W;G�eXZfST<>=

S�cX=�abQ�Ob�
C
�


 Proj(A/I)
SVG�a{¤�=�ZfOb��cHST<>=�i;GJS�O]iPabQ
Gfgh8X=�<4= -�e+ORGfGKSTMXQ�E�=�<4eXI^E 1��±��8X=�ZK=

I
cH=�i;ObIK=LG`IK8X=>SVcH=�a]Q

(f1, . . . , fn) ⊂ A
�


 λ
S�G`x]=�iX=�ZfS�g�abQ�QTE!3;iXSTIK=NO]i0IKO�STIfG`S�<>a]x]= -�<>=�a]iXSTi;x�IK8;abI

Proj(A)
a]i;c�IK8;=NS�<�abx]= Ob�

λ
8;a¢�]=

IK8X=�Gfab<>=�cHS�<>=�i;GKSTORiL1À�
� i�O]ZhcH=�Z>IKO�G^Iha�If=$IK8XSVG>��O]Zf< W;Q�a��%=�i;=�=�c�IfO�Zf=�g�abQ�Q)U0WXS�gh�FQ�E�IK8;=¨iXObIfSTORi;G�Ob�&abQ�x]=�MXZfa]S�g�abiPc

xR=�OR<4=�IKZfS�gB<NWXQ£IfSTe;QTSVg�STIKS�=�G`abi;c$GJIfa�If= GKO]<>=&W;GJ=���WXQ�e;ZKOReP=�ZJIfST=LG����p=�Zf=���=�Z9IK8X= STi0IK=�ZK=LG^If=�c�Zf=�a]cX=�Z9IKO
*ºr�,±��ORZ)a>cH=�IhabS�QT=Lc{IfZK=La�If<4=�i0I9O]�
If8XSVG�GJWXMX\^=�gÀIL�

E ��>���> ? §0­ 
 § }�~�M¶� 
 � �¥}ZM X ��M¶�#M¥} © �
�;O]Z)a]QTQ

Z
��x]Zha]cH=Lc�3;i;S£If=

C
��<>OHcHWXQ�=

M
O]i;=�cH=�3;i;=�G%IK8;=�� ��� " �0��� �0�0��������Ob� M ¡

HM (T ) =
∑

ν∈Z

lengthk(Mν)T
ν =

∑

ν∈Z

dimk(Mν)T
ν .

� �
δ
cX=�iXO]IK=�G�IK8;= T&ZfWXQ�Q
cHS�<>=�i;GKSTORi�Ob�

M
�PIK8X=�ZK=N=��HSVG^IhG`a�W;iXS�U0WX=4e+O]Q�E0i;O]<>S�a]Q

LM (T )
GKW;gh8¨If8;a�I

LM (1) 6= 0
a]i;c

HM (T ) =
∑

ν∈Z

dimk(Mν)T
ν =

LM (T )

(1 − T )δ
.

798;=�i0W;< M+=�Z
LM (1)

SVG�abi�S�iF�¢a]ZKSVabi0I Ob�+IK8;=)<>OFcXWXQT=
M
g�abQ�QT=Lc If8X= � � ���'� "
�����0���'�4Ob�

M
�R�%=���STQ�Q;cH=��

i;ObIK=�S£I-MFE
mult(M) := LM (1)

� ;)iXO]IK8X=�Z
�9a¢E�IfO`ORMHIfa]STi�IK8XSVG�STiF��abZfS�a]i0I�S�G
If8X=��J��� " ����� "��������
��� ��	��O]�
M
�XcH=�iXObIf=�c

PM (X)
� � I�SVG9a e+O]Q�E0i;O]<>S�a]Q«Ob��cX=�x]Zf=�=

δ− 1
GJW;gh8
IK8Pa�I

PM (ν) = dimk(Mν)
��O]Z

a]QTQ±GKW ��g�S�=�i0IfQTE
Q�a]ZKxR=
ν ∈ N

��798;= 1)S�QTM+=�ZKI)ePORQTEFiXOR<>S�a]Q2S�G9O]�
If8X=&��O]Zf<

PM (X) =
aδ−1

(δ − 1)!
Xδ−1 + . . .+ a0,

Ð
Ð Â�a;ÚÀ×�bdc



)]u � 	�� � �0�������B���

a]i;c
��=&8;a¢�R=`If8X=�=�U0W;a]QTSTI^E
mult(M) = LM (1) = aδ−1

�
?FWPgh8{a�cH=03;iXSTIKS�O]i�O]�«<NWXQTIKS�eXQTSVg�STI^E4��O]Z

M
S�G�g�abQ�Q�=�c�a & ���������
�����`< WXQTIKS�eXQ�S�g�S£I^E>abi;c�S�G�abQVGJO�O]�ÌIK=�i

g�abQ�QT=Lc¨If8X=�cH=�xRZK=�= O]�
M
M+=�g�abW;GK=4Ob��STIfG&xR=�OR<4=�IKZfS�gN<>=�a]iXSTi;x;� � iPcH=�=Lc2��Q�=�I

J
M+=�a
xRZfaRcH=�c�S�cH=LabQ

O]�
C
a]i;c�g�O]iPGJSVcH=�Z&If8X={U0WXO]IKS�=�i0I�ZKS�iXx

R = C/J
� � �

δ
cH=�iXObIf=�G&If8X={cHS�<>=�i;GKS�O]i�Ob�

R
If8X=�i�If8X=

GKWXM;Gfgh8X=�<4=
Proj(R)

O]�
P
n−1
k

S�G�O]�&cXST<>=�iPGJS�O]i
δ − 1

� 798;=�cH=�xRZK=�=$Ob�
Proj(R)

O��]=�Z
P
n−1
k

S�G
cX=�3;iX=Lc
IKO>MP=&If8X=�iFWX< M+=�Z�O]��e+O]S�i0IfG�ORMHIfa]STi;=�c
M0E
g�WHIKIKS�iXx�O]WHI

Proj(R)
MFE

δ − 1
xR=�iX=�ZKSVgBQTS�iX=�a]Z

��ORZK<�G���7
O�MP= <4ORZK=�e;ZK=Lg�SVGJ=R�HS£�
l1, . . . , lδ−1

a]ZK=&xR=�iX=�ZKSVg&QTS�iX=LabZ9��O]Zf<�G�Ob�
P
n−1
k

�;IK8X=�i$IK8X=�Gfgh8X=�<4=
S = Proj(R/(l1, . . . , lδ−1))

S�G�3PiXS£If=�abi;c
�%=�GJ=�I

deg
P

r−1

k
(Proj(R)) := dimkΓ(S,OS) = dimk

(
Rν

(l1, . . . , lδ−1)ν

)

��ORZ)abQ�Q±GJWR��g�ST=�i0IKQ�E{QVabZfx]=
ν
� � I�IKWXZfi;G9ORWHI�IK8;abI�IK8XSVG9x]=�O]<>=�IfZKSVg&cH=�xRZK=�=`=LU0W;abQVG%IK8X=�<NWXQTIKS�eXQTSVg�STI^E{O]�

R
�HSÑ� =R�X�%=B8Pa¢�]=

deg
P

r−1

k
(Proj(R)) = mult(R) = LM (1) = ad−1.

7
O�GJ=�=&S£IL��\^W;GJI)O]M;GK=�Zf�]=`IK8;abI�IK8X=�=��Xa]gÀI)GK=�U0WX=�i;g�=

0 → R(−1)
×l1−−→ R → R/(l1) → 0

GK8XO��)G�IK8;abI
HR/(l1)(T ) = (1 − T )HR(T ) = LM (T )/(1 − T )δ−1 �N798X=4a]MPO��R= =LURWPabQ�S£I^E$SVG�If8X=�i

ORMHIfa]STi���STIK8¨abi�=�aRGJE�Zf=�g�WXZhGJS�O]i±�

E ��>�� F y � 0+§ z
~��(M¶� 
�����}�M X ��M¥�`M�} © �
��=�I

(R,m)
M+= a>Q�OHg�abQ�iXOF=�IK8;=�ZfS�a]i�ZfS�iXx�abi;c

M 6= 0
a 3;i;S£If=

R
�Ñ<>OHcHWXQ�=]� �±=�I

I ⊂ m
MP=Nabi$S�cX=�abQ

O]�
R
GJWPgh8�If8;a�I�If8X=�Zf=�=��HSVG^IhG�abi�S�iRIf=�xR=�Z

t
GKabIKSVG^��EFS�iXx

mtM ⊂ IM
-¥a]iFEpGKW;gh8�S�cH=LabQ�SVG�g�abQ�QT=Lcpa

cX=�3;iXSTIKS�O]i$SVcH=�a]Q2Ob�
M
1À�HIf8X=�iFWX<>=�ZfS�g�abQ+��WXi;g�IKS�O]i

length(M/IνM)
SVG)a4e+O]Q�E0i;O]<>S�a]Q+��WXi;gÀIfSTORi���O]Z

GKW ��g�S�=�i0IfQTE�QVabZfx]=N��abQ�WX=�G&O]�
ν ∈ N

��798XSVG&ePORQTEFiXOR<>S�a]Q¶�±cH=�iXObIf=�c
SIM (X)

�±SVG�g�a]QTQ�=�c�IK8X= � ��� " �0��� +� 	�� �����
ePORQTEFiXOR<>S�a]Q2Ob�
M
��STIK8$ZK=LGJe+=�g�I9IKO

I
� � I)SVG�Ob�-cH=�xRZK=�=

δ = dim(M)
abi;c
Ob��IK8X=B��ORZK<$¡

SIM (X) =
e(I,M)

δ!
Xδ + terms of lower powers in X.

798;=>a]QTxR=�MXZhabSVg�<NWXQTIKS�eXQTSVg�STI^E�O]�
I
S�i
M
S�G&If8X=>iFWX< M+=�Z

e(I,M)
abe;eP=LabZfSTiXx�S�i�If8XS�G�ePORQTEFiXOR<4SVabQÑ�

� STIK8pGJW;gh8pa�cH=�3PiXS£IfSTORi�Ob�[a]QTxR=�MXZhabSVgB< WXQTIKS�eXQ�S�g�S£I^E¨ORiX= g�abi�cH=03;iX=�If8X=Na]QTxR=�MXZhabSVg&< W;Q£IfSTeXQ�SVg�STI^E�O]�
a ¤�=�ZKO]��cHS�<>=�i;GKS�O]i;a]Q;GJW;M;GKgh8;=�<>=`aRG ��O]Q�Q�O��)G�¡�QT=�I

J
M+=Ba�x]Zha]cH=Lc�S�cX=�abQ+Ob��a

N
�ÑxRZfaRcH=�c4ZfSTi;x

R
�]If8X=�i

ST�
T = Proj(R/J)

S�G�a�3;iXSTIK=�GKWXM;Gfgh8X=�<4=&O]�
Proj(R)

�;S£IhG)abQ�x]=�MXZfa]S�g`< W;Q£IfSTeXQ�SVg�STI^E{SVG

e(T,Proj(R)) = e(J ], R]) =
∑

t∈T

e(J ]t ,OProj(R),t) =
∑

t∈T

e(Jt, Rt).

E ��>�� R GJI § ® § 0 ~ §F§ C ­ ~ 
����¥� �
��=&ZK=Lg�a]QTQPIK8;abI�S£�

λ
SVG�a]GfGKWX<>=�c>IfO4M+=Bx]=�i;=�ZfS�g�abQ�QTE 3;iXSTIK=&ORiRIfONSTIfG%S�<�abx]=R�0IK8X=�i{If8X=B��WXi;gÀIfSTORi!3P=�QVc

O]�
Proj(A)

SVG�a 3;iXSTIK=�=��FIf=�i;GKSTORi!3P=�QVc$Ob��If8X=&��WXi;g�IKS�O]i 3;=�Q�c�O]�
If8X=�ST<�a]x]=&Ob�
λ
abiPc{STIfG)cX=�x]Zf=�=&SVG
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g�abQ�QT=LcY� �(�\�`� &&� ���\��-
λ
-�iXO]IK=NIK8;abIB�%=4a]MXW;GK=Ni;ObIfabIKS�O]i�GJS�i;g�=N��=>GK8XO]WXQVc�Gfa¢E'��If8X=>cH=�xRZK=�= Ob��IK8X=

g�Ob��ZK=LG^IfZKSVgÀIfSTORi�Ob�
λ
IfO4STIfG)ST<�abxR=%�d1À� A¨ORZK=&eXZf=�g�S�GK=�Q�E]�FIf8X= 3;=�QVcXG�S�i;g�Q�W;GKSTORi
SVG�=��Fe;QTSVg�STIKQ�E{xRST�R=�i{MFE

0 → Frac(k[T]/Ker(h)) ↪→ Frac(A) : Ti 7→ fi.

G I §F­ ~ § 
 E ��> ����"#"��7�0�:� �(	&�
k
� � 	 #.�0� � 	���������	��

A
� �:	

N
+A&&� 	`�#���

k
+d	&� & � " � 	 ��- ����� -��&���

k[X1, . . . , Xr]/J
5�8 �(�0� �

J
� ��	."
�����N� ��������& �0�������B�����#��	���	&���J��	`�%�

Xi
� � �@-��#� &#� ���2���
� 1 � �0���&� �

" � δ � �(� ����������������� �@- A 	����+� �0�
I = (f1, . . . , fn) " �/	&� ���#��	&����- A �%���%�Y� �(	�� ��	#���

fi
� �/��-

�`� &&� ���
d ≥ 1

1 3
�����65 � -
T = Proj(A/I)

� ��# ����� � �2(7�0�
k
5 � �(� �6� � " �0�

dδ−1deg
P

r−1

k
(Proj(A)) − e(T,Proj(A))

�:9���	�� �
{

deg(λ).deg
P

n−1

k
(H) if λ

S�G9xR=�iX=�ZKSVg�a]QTQ�EN3;iXSTIK=

0 if λis not generically finite,8 �����%�
H
�`���
��� ��� � �(� ��� �7�0��������	�& � ��-

λ
1

��� �Z��-�1�798X=�eXZKOFO]� -¥��=)�FiXO��21�O]�«IK8XSVG If8X=�ORZK=�< SVG[U0WXSTIK=�If=�gh8Xi;S�g�abQ;a]i;c>MP=�E]ORi;cNIK8X=BGKg�O]e+=�Ob�«IK8X=LGJ=
i;ObIK=LG����p=NZK=���=�Z)If8X= S�i0IK=�ZK=LG^If=�c$Zf=�a]cX=�Z�IfO * w0�;If8X=�ORZK=�< rH�ºl7,
a]i;c�abQVGKO>IKO * )#)X�;If8X=�ORZK=�<>G`tX� u{abiPc
t;� t&,Ñ�

2

� 
 � � ������� � � � � &������ �+! ��& ��$ � #���-
� i{IK8XSVG�GK=�gÀIfSTORi±�H�%=BaRGKGKWX<>=�If8;a�I

k
S�G9aNZKS�iXx>abi;c

A
SVG�a

N
��x]Zha]cX=�c

k
��abQ�x]=�MXZfa GJW;gh8{IK8;abI

k = A0
�

��=�abx0abS�i
g�O]i;GKS�cX=�Z9IK8;=
k
��a]QTxR=�MXZha <>ORZKeX8;S�GK<

h : k[T1, . . . , Tn] −→ A
Ti 7→ fi,

��8;=�Zf=�abQ�Q)IK8;=
fi
� G
abZf=�GJWXe;ePO0GJ=Lc IKO�8;a¢�R=$IK8X=pGKa]<4=pcH=�xRZK=�=

d ≥ 1
� ��=���S�QTQ���OFg�W;G�ORi�I^��O

M;QTO��9��WXe�a]QTxR=�MXZha]G)aRGKGKOHg�SVa�If=�c�IKO
IK8;=NSVcH=�a]Q
I := (f1, . . . , fn)

O]�
A
�«If8X=4d)=�=�GBabQ�x]=�MXZha

ReesA(I)a]i;c{IK8X=�GKEF<4<>=�IKZfS�gBabQ�x]=�MXZfa
SymA(I)

�;abiPc
GK8XO���If8X=�S�Z)g�Q�ORGK=BZK=�Q�abIKS�O]i���S£If8
If8X=&S�cX=�abQ
Ker(h)

Ob�
k[T1, . . . , Tn]

�

E � F ��> GJI § �{§F§ |4� � 0+§ z�~�� �
798;=&d)=�=�G�abQ�x]=�M;Zfa Ob�

A
��S£If8�Zf=�GKe+=�gÀI9IfO>IK8X=�SVcH=�a]Q

I
S�G%If8X=�x]Zha]cX=�c

A
��a]QTxR=�MXZha

ResA(I) := A⊕ I ⊕ I2 ⊕ I3 ⊕ · · ·
� i0IfZKOHcHW;g�STi;x�a>iX=�� S�i;cH=�If=�Zf<>STi;abIK=

Z
�XIf8XS�G`abQ�x]=�MXZfa4SVG�g�Q�aRGKGKS�g�abQ�QTE{O]MHIhabS�iX=�c$a]G�IK8X=�S�<�abxR=�Ob�-IK8X=

A
��a]QTxR=�MXZha�<>ORZKeX8;S�GK<

β : A[T1, . . . , Tn] −→ A[Z]

Ti 7→ fiZ.

Ð
Ð Â�a;ÚÀ×�bdc



)Rt � 	�� � �0�������B���

� ipObIf8X=�ZB��ORZfc;G��
ReesA(I) ' A[T]/Ker(β)

a]G`MXST�ÑxRZfaRcH=�c��
A[T]

��<>OFcXWXQT=LG���A�O]Zf=�O��]=�Z��P��=N8;a¢�]=
If8X=&��O]Q�Q�O���STiXx>GKST<>eXQ�=�cH=�Gfg�ZfS�eHIKS�O]i�STi�If8X=�=��FIK=�i;cH=Lc{ZfSTi;x

A[T, Z]
¡

Ker(β) = (T1 − f1Z, T2 − f2Z, . . . , Tn − fnZ) ∩ A[T].
-¥u;� )`1

� ~ ­ X ­ |ZM¥}ZM ­�A E ��F � �����]� �(�!	 " ��(��N���&� 	&�'���&�R5 Ker(h) = Ker(β) ∩ k[T]
1 � ��� ����(��0�:5 � -

J
� �N	��

���`��	�� ��-
A
�%����� � �(	��

H0
J(A) = 0

5 �������G8 �9�(	2(7�
Ker(β) = Ker(β) :A[T] J

∞ 5.	&����� �(�0� �W-���� �
Ker(h) = Ker(β) ∩ k[T] = (Ker(β) :A[T] J

∞) ∩ k[T].

��� �Z��-�1 ��=�I
P ∈ k[T]

GJWPgh8$IK8;abI
β(P ) = P (f1Z, f2, Z, . . . , fnZ) = 0

STi
A[Z]

� �%E$GJe+=�g�S�a]QTS�¤�S�iXx
Z
IKOpn �%=NcH=LcHW;g�=�IK8Pa�I

P ∈ Ker(h)
�9Q)O����«Q�=�I

P ∈ Ker(h)
��?FS�i;g�=

Ker(h)
SVG`a{8XO]<>O]xR=�iX=�O]W;G

SVcH=LabQ2O]i�<�a¢E{a]GfGKWX<>=`If8;a�I
P
S�G)8XO]<>O]xR=�iX=�O]W;G�Ob� cH=�x]Zf=�=

n ≥ 0
� 798X=�i$�%=&8;a¢�]=

β(P ) = P (f1Z, f2Z, . . . , fnZ) = ZnP (f1, f2, . . . , fn) = 0.

d�=�xRa]ZfcHS�iXx{IK8X=�GK=�g�ORi;c¨e;a]ZJI&Ob�[IK8X=>eXZfO]e+ORGKS£IfSTORi±�«��=4O]i;QTE¨8;a¢�R=�IfO�e;ZKO��R=�IK8;abI
Ker(β) :A[T]

J∞ ⊂ Ker(β)
GJS�i;g�=4If8X=�ObIf8X=�Z&S�i;g�Q�W;GKSTORipSVG�S�<4<>=LcHS�abIK=R����=�I

P ∈ A[T]
GJWPgh8�IK8Pa�I�IK8;=�Zf=4=��HS�GJI

n ∈ N
��STIK8�IK8X=�e;ZKOReP=�ZJI^E

JnP ⊂ Ker(β)
�[798X=�i±�H��=�cX=�cHW;g�=BIK8;abI

JnP (f1Z, f2Z, . . . , fnZ) = 0 ∈ A[Z].

�%WHI
H0
J (A[Z]) = H0

J(A)[Z] = 0
M0E>8FEFePO]IK8X=LGJSVG��0a]i;c�STI���ORQTQ�O��)G If8;a�I

P (f1Z, f2Z, . . . , fnZ) = 0S�i
A[Z]

�
2

��=�I�W;G-e+O]S�i0I�O]WHI-I^�%O&g�O]i;GK=�U0WX=�i;g�=LG�Ob�;If8XSVG eXZfO]e+ORGKS£IfSTORi±� ��S�ZfGJI�� � �«�%=9GK=�=
Ker(β)

aRG a`xRZfaRcH=�c
A
�Ñ<>OHcHWXQ�=]�0If8X=�i

Ker(β)0 = Ker(h)
� � I[��ORQTQ�O��)G[IK8;abI%ORiX=�<�a¢E>O]MHIhabS�i{a�xR=�iX=�ZfabIKORZ[Ob�

Ker(h)
�HS�i

If8X=�g�a]GK=%STI[SVG�eXZfS�i;g�S�e;abQÑ�b��ZfO]< g�=�ZJIhabS�i4<>S�iXS�<>a]QPGKEHG^If=�<�G Ob�2xR=�iX=�ZfabIKO]ZhG
��O]Z
Ker(β)

���XO]Z[STi;GJIfa]i;g�=R�
aRGKGKWX<>=¨If8;a�I

A = k[X1, . . . , Xn−1]
a]i;c�IK8Pa�I

f1, . . . , fn
cH=03;iX=�a�Zha�IKS�O]iPabQ�8FEFe+=�ZhGJWXZK�¥a]g�=�S�i

Proj(k[T])
��798;=�i±�X_BZ��]MXiX=�Z[M;aRGJSVG[g�O]<>eXWHIha�IfSTORi;G�ORi�IK8X=`S�cX=�abQ -¥u;� )#1[��S£If8{a�Q�=��F��O]ZhcH=�Z[Gfa�IfS�GJ��EFSTi;x

X1 > X2 > · · · > Xn−1 > Z
��S�QTQHZf=�IfWXZfi4a`<>STiXS�<�abQXGKEHG^If=�< O]�Px]=�iX=�Zha�IfO]ZhG±O]�

Ker(β)
g�O]i0Ifa]STiXS�iXx

aNWXiXSVU0WX=B=�Q�=�<>=�i0I9STi
k[T]

��8XS�gh8
S�G9a]i{S�<4e;QTSVg�STI�=�U0W;a�IfSTORi{O]�±IK8XSVG98FEFeP=�ZfGKWXZK�¥a]g�=R�-?H=�g�ORi;c2�HabQ��9a¢EFG
W;i;cH=�Z&If8X=>eXZf=��FSTORW;G&a]GfGJW;<4eXIKS�O]i;GBO]ipIK8;=�ZKS�iXx

A
��Zf=�x0abZhcHS�iXx

ReesA(I)
aRGBa

A
�ÑxRZfaRcH=�c�<4OHcHW;QT=

�%=4=�a]GKS�QTE¨GK=�=NIK8;abI
H0

m(ReesA(I)) = (Ker(β) :A[T] m∞)/Ker(β) = 0
aRG&GJOFO]i�a]G

H0
m(A) = 0��8;=�Zf=

m = (X1, . . . , Xn−1)
�&798;=�Zf=���O]Zf=]�+W;GKSTi;x
GK=�gÀIfSTORi nN��=4cH=�cHWPg�=4ST<><>=�cHSVa�If=�Q�E�IK8;abI`��ORZBa]QTQ

ν ∈ N
�%=&8;a¢�]=

annk[T](ReesA(I)ν) = annk[T](ReesA(I)0) = Ker(β) ∩ k[T] = Ker(h).

;�Q£If8XO]W;x]8�If8X=�d�=�=LG�abQ�x]=�MXZfa�8;a]G`IK8;S�G&�R=�ZfE�i;S�g�=4e;ZKOReP=�ZJI^ER�PIf8X=�Zf=>S�G&a�GJS�x]i;S$3Pg�abi0I�cHZfa¢��MPa]gh�«¡)S�i
xR=�iX=�Zfa]Q¶�FIf8X=�Zf=�SVG)iXO��FiXO���i'�JWXiXS��]=�ZhGfabQ �`ZK=LGJORQTWXIKS�O]i$Ob��IK8XSVG�a]QTxR=�MXZhaX�[�p=�If8FW;G9IKW;ZKi$IfO�S£IhG)g�Q�ORGK=�Z
Zf=�QVa�If=�c
MXQ�O��9�ÑWXe$abQ�x]=�MXZhaX¡

� ´¶Ä¢µ^½¶µ�¿º·±Ã%¾À½¶Ã:H¢¿ºÂ¢¾%»J³%J�¿ºÂL¾�¸T½¶³%J
A
ÃhÂLH&ÃhÂ¢³h´¶Ä¢µ^½�¾À½ÑÃ:H¢¿ºÂL¾9»^³%J�¿ºÂ¢¾�¸T½¶³%J�´¶Ä¢µ

Ti P ·JÔL·¶µ^´¥´¶¿ºÂ¢¾ deg(Ti) = 1
¸�³À½±Ãh¹º¹

i = 1, . . . , n

Æ�²�Ð±ÆÌÉ
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E � F � F GJI § | © 
 
 § }�~�M¥����� 0P§ z�~�� �
798;S�G9�%=�Q�Q£���FiXO���i
a]QTxR=�MXZha4g�abi�M+=�cH=�Gfg�ZfSTM+=�c�MFE�If8X=�GJW;Z¥\^=LgÀIKS��]=&<>O]ZfeX8XSVGK< Ob�

A
��abQ�x]=�M;ZfaRG

α : A[T1, . . . , Tn] −→ SymA(I) → 0

Ti 7→ fi,

��8;ORGK=B�R=�ZfiX=�Q«SVG)cH=LGKg�ZKS�MP=Lc{MFE

Ker(α) = {T1g1 + . . .+ Tngn
GKW;gh8
IK8;abI

gi ∈ A[T]
abi;c n∑

i=1

figi = 0}.

798;=`GKE0<><>=�IfZKSVgBabQ�x]=�M;Zfa�O]�
I
abeXe+=�a]ZfG[i;a�IfWXZfa]QTQ�E>MFE4STIfG%Q�STi;����S£If8�IK8;=Bd�=�=�G9abQ�x]=�MXZha�Ob�

I
-¥GK=�=���O]Z

S�i;GJIfa]i;g�=N* )Rl�, 1À� ��=�8;a¢�]=BIf8X=&��O]Q�QTO���S�iXx>g�OR<4<NWHIfabIKS��]=�cHSVabxRZfa]<

Ker(β)

''OOOOOOOOOOO
Ker(α)

wwooooooooooo

?
_oo

A[T1, . . . , Tn]

α

wwooooooooooo
β

''OOOOOOOOOOO

SymA(I)
σ // // ReesA(I)

��8;=�Zf=
σ
cH=�iXO]IK=LG¨IK8;=�g�a]iXO]i;S�g�abQ�<�abe ��ZfO]<

SymA(I)
IKO

ReesA(I)
� � i �¥a]gÀI�IK8X= URW;ObIKS�=�i0I

Ker(β)/Ker(α)
8;aRG�M+=�=�i ��SVcH=�QTE�G^IfW;cHS�=�c�aRG�STI{x]S��]=LG�a�<>=�aRGJWXZf=¨Ob�&If8X=�cHS/��g�WXQTI^E�STi =��Ha]<4�

S�iXS�iXx¨If8X=
d�=�=�GNabQ�x]=�M;Zfa$O]�
I
�¨��={Zf=�g�a]QTQ�IK8;abI IK8;={SVcH=�a]Q

I
SVGNGfabSVc�IKO�MP=
Ob� ��������	&�!�
�%"(�
ST��IK8X=

g�abiXORiXSVg�abQ«<�abe
σ
S�G�a]i
SVGKO]<>O]ZfeX8XSVGJ<$�

��§ 
 
��:E � R � �0�
J " �J	&� ���`��	�� �@- A �%���%�/� �(	&�<�����9���#��	&� I � � �@- ��������	&� �
�%"(� ��� �'�����`� V (J)

�������

Ker(α) :A[T] J
∞ = Ker(β) :A[T] J

∞.

�A-9�N�&� ����(����
H0
J (A) = 0

� �(�0�
Ker(β) = Ker(α) :A[T] J

∞.

��� �Z��-�1�798X= 3;ZhG^I�a]GfGJ=�ZJIfSTORi�g�OR<4=LG)MFE�cH=03;iXSTIKS�O]i±¡)ST�
I
S�G`Ob��QTS�iX=�a]Z�I^EFe+= ORWHIfGKS�cX=

V (J)
If8X=�i�IK8X=

A[T]
��<4OHcHW;QT=

Ker(β)/Ker(α)
S�G)GKWXeXe+O]ZKIK=Lc{S�i

V (J)
�HIK8Pa�I)SVG

J.A[T] ⊂
√
J.A[T] ⊂

√
annA[T](Ker(β)/Ker(α)),

��8;S�gh8$S�<4e;QTS�=�G
Ker(α) :A[T] J

∞ = Ker(β) :A[T] J
∞ ��798X=�GK=�g�O]i;c$GJIfabIK=�<>=�iRI`S�G`a�g�O]iPGJ=LURW;=�i;g�=

O]��If8X=93;ZhG^I)ORiX=�abi;c
eXZfO]e+ORGKS£IfSTORi
uP� rF�
2

��=�a]ZK=
iXO���S�i e+ORGKS£IfSTORi�IKO�G^Iha�If=�IK8;=
�R=�E�ZK=LGJW;Q£I4Ob��ORWXZ4a]eXeXZfORaRgh8pIfO�If8X=�ST<>eXQ�S�g�S£IfST¤La�IfSTORi
e;ZKORMXQT=�<$�

Ð
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)Ro � 	�� � �0�������B���

� ~ ­ X ­ |ZM¥}ZM ­�A E � E �9�%�%� ����� �(	&�
k
� �\	 #.�0� �+	&���

A
� �N� �(�9"(�&�������&����	&�.����� &

k[X1, . . . , Xn−1]
1

� �0�
η " ��	��+���L� � & ��� �%����� ����	�� H0

m(SymA(I))ν = 0
-���� 	&���

ν ≥ η
5N8 �(�0� �

SymA(I)
� � �����0�]	7�J	

&#� 	`�#���
A
+ �N����� � � 1 3
�(�0�

Ker(h) ⊇ annk[T](SymA(I)ν)
-��&��	����

ν ≥ η.

� �&� ����(����:5 � -J�����J���`�%	&�
I
� � �@-9�����
�%	&�J�
�%"(� ��� �'�����#�

V (m)
5N8 �����%�

m = (X1, . . . , Xn−1)
5 � �(�0�

Ker(h) = annk[T](SymA(I)ν)
-��&��	����

ν ≥ η.

��� �Z��-�1-798XSVG±SVG�a)g�O]i;GK=�U0WX=�i;g�= ORi&IK8X=[cXS�Gfg�W;GfGKSTORi&a]i;c&eXZfO]e+=�ZKIKS�=�G±cX=��]=�QTOReP=Lc&STi&If8X=�xR=�iX=�Zfa]Q]GJ=�IJIfSTiXx
O]��GJ=LgÀIKS�O]i�n���STIK8

B := SymA(I)
ZK=�xRabZhcH=Lc
aRG)a�x]Zha]cX=�c

A
��<>OFcXWXQT=/-��%=��%a]i0I�IKO�=�QTS�<>STi;abIK= IK8X=

Xi
� G�1À� �%E{e;ZKORePO0GJSTIKS�O]ipn]�ºrF�HIK8;=�80EFe+ObIf8X=�GKS�G

H0
m(SymA(I))ν = 0

��ORZ)abQ�Q
ν ≥ η

ST<>eXQ�ST=LG9IK8Pa�I��F��ORZ
a]QTQ

ν ≥ η
�

annk[T](SymA(I)ν) = annk[T](SymA(I)η) = H0
m(SymA(I))0.

Q�O����-eXZKORePO0GJSTIKS�O]i u;�ºr¨GJ8;O��)G�� GKSTi;g�=
H0

m(A) = 0
�-IK8;abI

Ker(h) = (Ker(β) :k[T] m∞) ∩ k[T]
�

?HSTi;g�=&��=�a]QT�9a¢EHG[8;a¢�R=
Ker(α) ⊆ Ker(β) ⊆ A[T]

�X�%=�cH=�cXW;g�=BIK8Pa�I

Ker(h) = (Ker(β) :k[T] m∞) ⊇ (Ker(α) :k[T] m∞) = H0
m(SymA(I))0.

� �-<>O]Zf=�O��R=�Z
I
S�G)aRGKGKWX<>=�c{IKO>M+=�Ob�-QTS�iX=LabZ%I^EFeP=�ORWHIfGKS�cX=

V (m)
IK8X=�i$QT=�<4<�a>uP� )4S�<>eXQTS�=�G%If8;a�I

(Ker(β) :k[T] m∞) = (Ker(α) :k[T] m∞),

��8;S�gh8$g�OR<4e;QT=�IK=�G%If8X=�eXZfOFOb�^�
2

��i;cH=�Z IK8X=
8FE0e+ObIf8X=�GK=�G�Ob�9IK8XSVG�e;ZKORePO0GJSTIKS�O]i±���%=�cH=�cHWPg�=�If8;a�IN��O]Z a]QTQ
ν ≥ η

IK8X=
A�a]g�d)ab=R� G
S�iF��abZfS�a]iRI

S(SymA(I)ν)
=LU0W;abQVG

Ker(h)
WXe$IKO
a�g�=�ZJIhabS�i¨ePO��%=�ZL�%798;= eXWXZfe+ORGK=�Ob�-IK8X= ��O]Q�QTO���S�iXx

GK=�g�IKS�O]i4S�G IKO&eXZfO��0SVcH=9Ob�L3;iXSTIK=���Zf=�=9Zf=�GKO]Q�WHIKS�O]i4Ob�
SymA(I)ν

IK8;abI���STQ�QXM+=�W;GK=�cNIKO�g�O]<>eXWHIf=9a&xR=�iH�
=�ZfabIKORZ�Ob�;IK8XSVG A�a]g�d)ab=R� G
S�i0��a]ZKSVabi0I��¢SÑ� =R�babiNST<>eXQ�S�g�S£I =LURWPa�IKS�O]i Ob�;ORWXZ-e;abZhab<>=�If=�ZfST¤�=�c&8FEFeP=�ZfGKWXZK�¥a]g�=
S�<�abxR=BO]�

λ
�

� 
�� � ! ! #�� �+��(*��������� ����(*! &�$ � $ -
� i�IK8XSVG`GK=�g�IKS�O]i��%=�xRST�R=�IK8X=>cH=03;iXSTIKS�O]i�a]i;c�GKO]<>=�M;aRGJSVg�eXZfO]e+=�ZKIKS�=�G�Ob� If8X= 	�"#"��%��>`���N	&�'���&� ����� +
"
� �?> ���À��798X=LGJ={g�O]<>eXQ�=��H=�G �%aRG�S�iRIfZKOHcHWPg�=�c�S�i6* )Rr�,�abiPc�GJEHGJIK=�<�abIKSVg�abQ�Q�E�cH=��]=�QTOReP=Lc�STi *�n�o7,�abiPc
*�n�m�,Ñ� ;%I
If8X=�S�Z�<4O0G^I�I^EFeXSVg�abQÑ�¢IK8;=�E�abZf=[e;ZKO]\^=�gÀIfST�R=�Zf=�GKO]Q�WHIKS�O]i;G
Ob�HIf8X=�GJEF<><>=�IfZKSVg[a]QTxR=�MXZha]G�Ob�;SVcH=�a]Q�G
a]i;c¨abQ�Q�O�� a]i¨STiH��cH=�eHIK8�GJIKWPcHE$Ob�-IK8X=4g�a]iXO]iXSVg�a]Q±<>O]ZfeX8XSVGJ<

σ : SymA(I) → ReesA(I)
�«��8X=�Zf=

ISVG�abipS�cX=�abQ O]�%a
x]S��]=�i�ZfSTiXx
A
� � i���8;a�I&��O]Q�Q�O��)G`�%=4O]iXQ�E�cH=��]=�Q�O]e5-¥GKO]<>=�IfST<>=LG&��S£If8XO]WHI�eXZfOFOb�%1

If8XORGK=>eXZfO]e+=�ZKIKS�=�GBIK8Pa�I cHS�ZK=LgÀIfQTE�a 	+=LgÀI�If8X=�abeXe;QTSVg�abIKS�O]i;G&�%=�abZf=4S�i0IK=�ZK=LG^If=�cpSTi±� �XO]Z�a$g�O]<>eXQ�=�IK=
IfZK=La�If<4=�i0I9ORi{If8X=�GKWXMH\^=�g�I)��=&Zf=���=�Z9IK8X=�Zf=�aRcH=�Z%IKO4If8X=�eXZf=��FSTORW;GKQTE{g�S£If=�c$abZKIKSVg�Q�=�G��

Æ�²�Ð±ÆÌÉ
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	��
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E � R ��> 2
§43 A M¥}ZM ­�A �
��=�I

A
M+=�a�ZfSTi;x�a]i;c

J
M+=4a]i�SVcH=�a]Q-Ob�

A
x]=�i;=�Zha�IK=Lc¨MFE

r
=�Q�=�<>=�iRIhG

a1, . . . , ar
-¥��8XS�gh8p��=4��S�QTQ

O]�ÌIK=�i�a]MXMXZf=��FS�abIK=4��S£If8�If8X=>MPORQ�cpQ�=�IJIf=�Z
a
1�� �±=�I�a]Q�GKO

T := (T1, . . . , Tr)
MP=�a$GJ=LU0WX=�i;g�=NO]��iX=��

S�i;cH=�IK=�ZK<>S�i;a�If=�G��-7
O�M+ObIK8$abe;eXQTSVg�abIKS�O]i;G

u : A[T1, . . . , Tr]
r (a1,...,ar)
−−−−−−→ A[T1, . . . , Tr] : (b1, . . . , br) 7→

r∑

i=1

biai,

v : A[T1, . . . , Tr]
r (T1,...,Tr)
−−−−−−→ A[T1, . . . , Tr] : (b1, . . . , br) 7→

r∑

i=1

biTi,

�%=
g�abi a]GfGJOHg�SVa�If=�M+ObIK85T�O0GJ¤�WXQ9g�O]<>eXQ�=��H=LG
K(a;A[T])

abi;c
K(T;A[T])

��STIK8 Zf=�GKeP=LgÀIKS��]=�cHST�Ì�
��=�ZK=�i0IKSVabQVG

da
abi;c

dT
���`iX=pg�abi =La]GKSTQ�E gh8;=�gh��IK8;abI{IK8;=�GK=pcHS�	+=�ZK=�i0IKSVabQVG{Gfa�IKSVGJ��E�If8X=�e;ZKOReP=�ZJI^E

da ◦ dT + dT ◦ da = 0
�;abiPc�IK8X=�ZK=���O]Zf=`If8X=�Zf=�=��HSVG^IhG9IK8;ZK=�=�g�O]<>eXQ�=��H=LG��HIf8X= GKOb��g�a]QTQ�=�c�	%"#"
� ��>`����	�+

�
����� �����2"�� �?>B���À�X��8XSVgh8���=�cH=�iXObIf=
Z• = (Ker da, dT)

B• = (Im da, dT)

M• = (H•(K(a;A[T])), dT).

798X=
Z
��g�OR<4e;QT=��4=�i;cXG���S£If8�IK8;=`GK=�U0WX=�iPg�=

Ker(u)
v
−→ A[T1, . . . , Tr] → 0

��?FS�i;g�=`MFE>cX=�3;iXSTIKS�O]i

v(Ker(u)) =

{
r∑

i=1

biTi
GJWPgh8{If8;a�I r∑

i=1

biai = 0

}
,

�%=�cH=�cXW;g�=&If8;a�I

H0(Z) =
A[T1, . . . , Tr]

v(Ker(u))
' SymA(J).

;jGKS�<4S�QVabZ�abZfx]WX<>=�iRI)a]eXeXQ�ST=Lc�IfO>IK8X=
M
��g�OR<4e;QT=��{GJ8XO��)G%If8;a�I

H0(M) ' SymA/J (J/J2).

A�O]Zf=%xR=�iX=�Zfa]QTQ�E]�]O]iX=)g�abi�gh8X=Lgh��IK8;abI
v(Ker(u))

a]iXiXS�8XSTQVa�If=�G-If8X=�8XOR<4ORQTORx]E�<>OHcHWXQ�=�G -�O��R=�Z
A[T]

1
O]�

Z ,B
abiPc

M
��8XSVgh8¨abZf=&IK8X=�ZK=���O]Zf=B<>OHcHWXQ�=�G)O��]=�Z

SymA(J)
��798X=LGJ=�8;O]<>O]Q�O]xRE�<>OFcXWXQT=LG�8;a¢�R=

If8X=N��O]Q�QTO���S�iXx�S�i0IK=�Zf=�GJIKS�iXx
eXZKOReP=�ZJI^ER�P��8;S�gh8�SVGBeXZfO]M;a]MXQTE�O]i;= Ob�[IK8X=4<>ORGJI`S�<4e+O]ZKIfa]i0I`Ob�[IK8X=>abeH�
e;ZKO¢�HS�<>abIKS�O]i�g�O]<>eXQ�=��H=LG�¡
� ~ ­ X ­ |ZM¥}ZM ­�A E ��� 3
�(� �(�&�N�&� ��&#�:���Z�2� � �����@-

Z ,B
	&���

M
�#� ���&�2�#� "(�0��� ����� �(� & ���
���%	��
���*&

�0�0� ���(�����0�$-���� � �(� ���#��	��
J
1

��� �Z��-�1�?H=�=�eXZfO]e+ORGKS£IfSTORi/);� rX� t>abiPc
g�O]ZfO]Q�Q�a]ZKE�)X�ºrH� w�Ob��* )0l�,�O]Z9*ºrbsH� �%)�,��
2

Ð
Ð Â�a;ÚÀ×�bdc



u0s � 	�� � �0�������B���

E � R � F � ~ ­ X § ~{| §�� � §BA � § |>� A ® � A �X� © � ��M¶�#M�} © �b~�M�} § ~7M ­LA �
798;=`a]g�EHg�Q�S�g�S£I^ENOb�2IK8;=`g�OR<>eXQT=��

Z•
M+=�abZhG[aNG^IfZKS��FSTi;x�ZK=LGJ=�< MXQVabi;g�=�IKO�IK8;abI�Ob��a]i�O]ZhcHS�i;abZfE�T`ORGK¤�WXQ

g�O]<>eXQ�=��2�2��STIK8pIK8X=>ZfO]Q�=NO]�[ZK=�x]WXQVabZ&GK=�U0WX=�iPg�=�GN-¶GJ=�=NeXZfO]e+ORGKSTIKS�O]i );�Tn>abi;c�a�IKIfaRgh8X=�c¨Zf=�<�a]ZK�+);� r&1
M+=�S�iXx>eXQVa¢E]=Lc{MFE�If8X=�GJO]��g�abQ�QT=Lc�eXZfO]e+=�Z)GK=�U0WX=�i;g�=LG -¥GK=�=N*ºrbsH���ht�, 1À�
2�§43 A M�}�M ­�A E � P � ���

A " � 	!�����*& 	��
���%��"#"��7�0��&#�)(7�0� 	\�0�:9����0����� x1, . . . , xr
��- �0� �����0���'�9���

R
1

3
� � � ���:9������
��� � � ��	���� ��� 	{e;ZKOReP=�Z9GK=�U0WX=�i;g�=!� -
xi+1Hj(x1, . . . , xi;A) = 0 for i = 0, . . . , r − 1 and j > 0,

8 �����%�
Hj(x1, . . . , xi;A)

�#�0���&� ���:5 	7� ��� �0�%�0�
����� �*1���5 � �(�
jth

�(�&�N�&� ��&#� &#� ����" ��- ����� 	N�7��.�� �
���&� "
� ��>

K•(x1, . . . , xi;A)
1

G I §F­ ~ § 
 E ��� � ���
A " � 	������*& 	��
� I " ��	��]���#��	�� �@- A 1�� �&�(�����#�0�J� �(� -������ �28<���*&/��� 	&� �0�����L����;

-�S�1
I
� �Y& ���
���%	�� �%� " �!	9"�� ��"(�0� �0�:9����0������5

-¥STS�1]���������&� "
� ��>
Z(I)•

� � 	#�0�#�������B1
3
����� , � 0J��� "
������� , ��� 021 � ��� ���2(7�0�:5 � - A � � 	 � ����	���������� �(�0����	�� �����*& (A,m, k)

8<��� �����B# ����� �2� �������2���
# ��� �L5�������� , � 0 	��
� , ��� 0 	�� ���:9�� �)(7	&� ���L� 1G3
��� �0	����J�(��� �7��� -

A
� � 	$&&�%	#�#��� ����� &�5
8 �(�0� �

A0 = k� � 	&�]���B# ����� � #.�0� �!	&���
m
� �J���'� ����� �0� ��(�	��L�����#��	��I5 8 �B����� � � # ����� �0��� &`�0���0� 	&� ���!	���	��

A1
+d	�� & � " � 		&�����:����� � �(	&� 	&���

xi ∈ m
� � 	��(�&�N�?& ���
�%�2�B����� �������L� ��- "(�������'�)(��N�#� &&�%�%�B1

��� �Z��-�1�798XSVGBS�G&eXZfO��]=Lc¨S�i *ºrbs7,��N798;=�3PZfGJI�a]GfGJ=�ZJIfSTORi�S�G`If8X=4IK8X=�O]Zf=�< n¢rH�ºl+-ÌIf8X=�ab<NMXST=�i0I&ZfS�iXx
AcXO0=LG-iXObI iX=�=�cNIKO&M+=�iXOF=�If8X=�ZfS�a]i±�b��8XSVgh84S�G�If8X=9��Zfa]<>=��%O]Zf�BO]� *ºrbs�,Ñ����ORZ-IK8;abI�e;abZKIKSVg�W;Q�a]Z�e;ZKOReP=�ZJI^E(1À�

a]i;c{IK8X=�GK=�g�O]i;c�a]GfGJ=�ZJIfSTORi{SVG%IK8X=&If8X=�ORZK=�< nLrX� m;�
2

��=�W;GK=`If8X=�abM+O��]=&a]g�EFg�QTSVg�STI^E�g�ZfSTIK=�ZfS�O]i�IfO�cH=�ZfST�R=BIK8X=B��O]Q�Q�O���STiXx4O]i;=B��8;S�gh8�S�G9�%=�Q�Q±GKWXS£If=�c{��O]Z
If8X=Na]eXeXQ�S�g�a�IfSTORi$IKO�If8X= S�<>eXQ�S�g�S£IfST¤La�IKS�O]i�eXZKORMXQ�=�< IK8;abIB�%=�8;a¢�R=�STi�<4S�i;c2� 1)O��%=��R=�ZL�;�%=�iX=�=Lc$IKO
Zf=�g�abQ�Q+IK8X=

� ~ ­ X ­ |ZM¥}ZM ­�A E ��� � ���
A " � 	 ����� & 	&��� x := (x1, . . . , xn)

	 �0�:9����0����� ���
A
& ���
���%	��
���*&N	 "
� �%"����

���`��	��
I
���
A
1��V-

y1, . . . , ym
� � 	

A
+ � � & � � 	�� ���:9������
��� &`�0���0� 	��
���*&:	&���/���#��	&�

J
�%�&��� 	����
�%� ��� � �(�

���`��	��
I
� �(�0�

Hn+1−i(x;A) = 0
-�����	&���

i = 1, . . . ,m,
	��
�

Hn−m(x;A) ' ExtmA (A/I,A) ' HomA(A/I,A/J) ' (J : I)/J.

��� �Z��-�1�?H=�=&��O]Z�S�i;GJIfa]i;g�=BIK8;=�O]Zf=�<Dn]� tX��n�tNSTi *ºr�,Ñ�
2

� ~ ­ X ­ |ZM¥}ZM ­�A E ��� � ���
k " ��	&� ���B# �L��� � #.�0� �5	��
�5�`�A# ��� A := k[X1, . . . , Xn−1]

	&���
m :=

(X1, . . . , Xn−1)
1 �C��"`"(���0� &&�)(���� 	&�]���`��	��

I = (f1, . . . , fn)
�@-
A
�%����� ����	��

P := Proj(A/I)
� �

# ����� �%5<� �(�0� � �(� -������ �28<���*&/��� 	�� �������L���J	��%���:9�� �)(7	&� ���L� 1
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�����������
	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� uPn

-�S�1
Z•
� � 	`���#�0������5

-¥STS�1
Z•
� � 	`���#�0��������� �'�����#�

V (m)
5

-�S�STS�1]�����J���`��	��
I
��	�� " � & ���
��� 	&� ��� " �!	9"�� ��"(�0� �0�:9����0������5

-¥ST�(1]������"
� � �0���0�'�)(�� �0�%�������
P
��	&� " �J� �Z��	����$� &`�0���0� 	&� ��� " �!	 "
� �%"��0� �0�?9����0����� ��� Proj(A)

5
-��(1]������"
� � �0���0�'�)(�� �0�%�������

P
��	&� " �J� �Z��	����$� &`�0���0� 	&� ��� " � n− 1

�:9���	��
�������9���
Proj(A)

1
��� �Z��-�1
8�Q�=�a]ZKQ�E -¥S 1

⇒
-¥STS�1�abi;c!-�S�STS�1

⇒
-�S�� 1��]<>O]Zf=�O��R=�ZL��MFEBIK8X=�O]Zf=�< uP�ºw���=�8;a¢�]=2-¥S 1

⇔
-¥STS�S�1
a]i;c\-¥STS�1

⇔
-�S�� 1��

798;=�Zf=���O]Zf=]�FSTI)ZK=�<�abS�i;G%IKO�GK8XO����F��O]Z�S�i;GJIfabiPg�=]�FIf8;a�I -¥ST�(1
⇒
-¥� 1

⇒
-¥STS�S 1��

Y�ZfO��FSTi;x&IK8;abI -�S��(1-S�<4e;QTS�=�G -��(1-SVG[g�QT=LabZfQTE4a�QTOHg�abQ;e;ZKOReP=�ZJI^E4a�I[=La]gh8>ePORSTi0I
p ∈ P

��?FO�Q�=�I
(R, p)M+=�a&Q�OHg�abQ
8�O]8X=�iH��A�a]g�a]WXQVa¢E�ZKS�iXx\-¥O]M;GK=�Zf�]=%IK8Pa�I

A
SVG 8�OR8X=�iX��A�aRg�a]WXQ�a¢E(1�Ob�±cHS�<>=�i;GKSTORi

n−2
abi;c

��STIK8>S�i 3;iXSTIK=�Zf=�GKSVcHWX= 3;=�QVc2� ?FWXeXe+ORGK=9x]S��]=�i4a]iNSVcH=�a]Q
I ⊂ p

O]�+g�OHcHS�<>=�i;GKS�O]i -¥abiPc 8X=�i;g�=)cX=�eHIf8L1-a�I
Q�=�aRG^I

n− 2
��8XSVgh8¨g�abi�M+=�x]=�i;=�Zha�IK=Lc�MFE
a4eXZfO]e+=�Z�GK=�U0WX=�i;g�=R��798X=�i±�HORiX=�<�a¢EN3;i;c$a>x]=�iX=�Zha�IfSTi;x

e;ZKOReP=�Z`GK=�U0WX=�iPg�=
g1, . . . , gn

GJW;gh8�IK8;abI�IK8;=4GK=�U0WX=�i;g�=
g1, . . . , gn−2

S�G
R
�ÑZf=�xRWXQVabZL��798X=�Zf=���ORZK=R�;MFE

e;ZKORePO0GJSTIKS�O]i
u;� o4a]i;c{IK8X=�cH=03;iXSTIKS�O]i$u;� t4Ob�-a>eXZKOReP=�Z�GJ=LURW;=�i;g�=]�
gn
< W;GJI)abiXiXS�8XS�Q�abIK=LG

H1(g1, . . . , gn−1;R) ' ((g1, . . . , gn−2) : (g1, . . . , gn−1))/(g1, . . . , gn−2).

Q�O���� GJS�i;g�=�IK8X=
S�cH=LabQ
(g1, . . . , gn−1)

S�GNWXiX<>ST�F=Lc -�STI4SVG
p
�ÑeXZfS�<>a]ZKE(1`If8X=�i±�-MFE * )]tH�-eXZfO]e+ORGKS£IfSTORi

);� rX� )$a]i;c�g�ORZKORQTQVabZfE+)X�ºrH�ºr7,����%=��FiXO�� If8;a�I�If8X={a]iXiXS�8XSTQVa�IfO]Z�O]�
H1(g1, . . . , gn−1;R))

SVG�=��XaRgÀIKQ�E
(g1, . . . , gn−1)

STIfGK=�QT�^� � I���O]Q�QTO��)G%If8;a�I
gn ∈ (g1, . . . , gn−1)

�
Q�O����)a]GfGJWX<>= -¥�(1À� ?FS�i;g�=

k
SVG�S�i 3;iXSTIK=�abi;c�If8X=�GKWXeXe+O]ZKI
O]�

P
SVG�3;iXSTIK=R�)O]i;=�g�a]i 3;i;c�a

GK=�U0WX=�i;g�=
Ob�)8XOR<>O]x]=�iX=�ORW;G�=�QT=�<4=�i0IfG
(g1, . . . , gn)

S�i
A
xR=�iX=�ZfabIKS�iXx

I
GJW;gh8�IK8;abINIf8X=�GK=�U0WX=�i;g�=

g1, . . . , gn−1
cX=�3;iX=LG

P
�;IK8;abI�S�G�IKO{Gfa¢E�If8;a�I

((g1, . . . , gn−1) : m∞) = (I : m∞)
STi
A
�+a]i;c$GJW;gh8

If8;a�I
g1, . . . , gn−2

S�G`a
A
�ÑZf=�xRWXQ�a]Z)GJ=LU0WX=�i;g�=!-¥a]i;c$8X=�i;g�=

g1, . . . , gn−1
S�G`a�eXZfO]e+=�Z�GK=�U0WX=�i;g�=71À� � I

��ORQTQ�O��)G�If8;a�I
gn ∈ ((g1, . . . , gn−1) : m∞)

-¶GJS�i;g�=4STIBSVG�ORMF�0S�O]WPGJQ�E
S�i
(I : m∞)

1�a]i;c¨IfO
g�ORi;g�Q�W;cH=
If8X=�eXZfOFOb�^�H�%=Bi;=�=�c
IfO>GK8XO�� IK8;abI

gn
abi;iXST8;STQVa�If=�G

H1(g1, . . . , gn−1;A)
� �%WHI�a]G9M+=���ORZK=R�H��=&8;a¢�R=

H1(g1, . . . , gn−1;A) ' ExtA(A/(g1, . . . , gn−1), A) ' ExtA(A/((g1, . . . , gn−1) : m∞), A)

' ((g1, . . . , gn−2) : ((g1, . . . , gn−1) : m∞))/(g1, . . . , gn−2)

-¥��=Ng�abipGKabIKWXZha�If=&IK8X=NS�cH=LabQ
(g1, . . . , gn−1)

IK8;a]iX�HG)IfO�IK8;= ¯ �FIfG`eXZfO]e+=�ZKIKS�=�G �+GK=�=/* )RtH�+=�i;c¨O]� IK8X=
e;ZKOFOb�-Ob� eXZfO]e+ORGKSTIKS�O]i )X�ºrH� )�, 19abi;c���ZfO]< * )RtH�;eXZfO]e+ORGKSTIKS�O]i:)X�ºrH� )>abi;c¨g�O]ZfO]Q�Q�a]ZKE\);� rX� r�,���=�xR=�I)If8;a�I
STIfG�abiXiXS�8XS�Q�abIKORZ%SVG9=��XaRgÀIKQ�E

((g1, . . . , gn−1) : m∞)
-¥��8XSVgh8�SVG)a]i
WXi;<4ST�H=�c�SVcH=�a]Q 1��

2

�
§ 
��H~7D E ��>�� ���/� �(� 	 " �2(7� "
� �%"��7�����
�����65 �
��� � ����	�� �����
�����
�����(� , � 0B5 , ��� 0 	��
� , (�0�	��%� � ��	�� �%�0� �%�
" �:��>`� ���������&� �@- � �(� " 	7�0�Y#.�0� � 1�3
�(�0� �W-���� ��52� �(�!�:9�� �)(7	&� �0�����!��-�� �(���0�N� �B� ���\	��%�0�0���'���&�(�N� �0�N	&���(�
�
�%��� � -�8 � ���%�%"������ � �%"(�&��������� � � �(	&� � �(� #.�0� �

k
� � ��� # ����� � 1

Ð
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� 
�� �4(*! &�� � � ���
� ��������� ����(*$ ��� - ��� &���� $ �,# -�� ��� ����$'-
� IBS�G�iXO�� IKS�<>= IfO�xRabIK8X=�Z)IK8;= ��abZfSTORW;G�Zf=�GKWXQTIfG)�%=�ORMHIfa]STiX=Lc¨S�i¨IK8X=4abM+O��]=�GK=�g�IKS�O]i;G��)d�=�g�abQ�Q�If8;a�I
�%=)GJIfabZKIK=LcN��ZKOR< IK8;=)ZfabIKS�O]i;a]QH<�abe

λ
-¥u;�ºr#1-��8XO0GJ=9S�<�abx]=�Q�S��]=�G�STi

P
n−1
k

abiPc>��8XS�gh8>SVG�g�a]iXO]i;S�g�abQ�QTE
aRGKGKOHg�SVa�If=�c�IKO$a

k
��a]QTxR=�MXZha�<>O]ZfeX8XSVGJ<

h
-�uP�Tn�1���ZfO]<

k[T]
IKO
A
� 5 � ���_�
��8 ����8 �$8<����� 	����:� ���

� �(	&�
A
� �9� �(� "����$������� ��	�� �����*&

A := k[X1, . . . , Xn−1] , n ≥ 3
0 �0�N� �(	&� � �(����� ���0�%�\���N	 &`� �@-

λ
� �

	&� ����� ���2����� " � � �B�%"������%� �V-�	`�%� H ���
P
n−1
k

�
��=�I W;G-cH=�i;ObIK=9MFE

I
IK8;=%SVcH=LabQFOb�

A
x]=�iX=�Zha�If=�c M0E&If8X=98XO]<>ORx]=�i;=�O]WPG�e+O]Q�EFiXO]<>SVabQVG

f1, . . . , fn ∈
A
�+a]QTQ�a]GfGJW;<4=Lc
IKO�8;a¢�R=�cH=�xRZK=�=

d ≥ 1
�PcH=03;iXS�iXx�If8X= Zha�IfSTORi;abQ±ePabZhab<>=�If=�ZfST¤La�IKS�O]i

λ
�)d�=�g�abQ�Q±IK8Pa�I

Ker(h) ⊂ k[T]
SVG%IK8;=�cH=�3;i;STiXx�SVcH=LabQ2Ob�

H
STi

P
n−1
k

� � i�IK8X=�eXZf=��FS�O]W;G9GK=�g�IKS�O]i;G��H��=&eXZfO��]=Lc�If8;a�I


 Ker(h)
SVG)a4eXZfSTi;g�STePabQ±abiPc{eXZfS�<4=�SVcH=LabQ2Ob�

k[T]
�


 798X=�Zf=&=��HSVG^IhG)abi�STi0If=�x]=�Z η GKW;gh8{If8;a�I���ORZ)abQ�Q±S�iRIf=�xR=�Z ν ≥ η
�%=&8;a¢�]=

Ker(h) ⊇ annk[T](Sym(I)ν)

��S£If8$=�U0W;abQ�STI^E�S£�
I
SVG9Ob�-QTS�iX=LabZ9I^EFeP=�ORWHIfGKSVcH=

V (m)
-¥GK=�=&eXZfO]e+ORGKSTIKS�O]i�u;� u`1À�


 Z•(I)
S�G%a�eXZfOb\^=LgÀIfST�R=)MXST�ÑxRZfaRcH=�c4Zf=�GKO]Q�WHIKS�O]i�O]�

Sym(I)
a]G�GJOFO]i�aRG

Proj(A/I)
SVG 3;i;S£If=`abiPc

QTOHg�abQ�QTE{cX=�3;iX=Lc�M0E
a�I)<>ORGJI
n− 1

=�U0W;a�IfSTORi;G��
;�QTQHIf8X=9STi;x]Zf=�cHS�=�i0I abZf=�xRST�R=�i�IfO&O]MHIhabS�i4a]i S�<4e;QTSVg�STI�=�U0W;abIKS�O]i O]�

H
�bIK8;abI-SVG�IKO�Gfa¢E�a�xR=�iX=�ZfabIKORZ

O]�2IK8X=BSVcH=�a]Q
Ker(h)

�Ha]G%a A�aRg�d)a]=]� G�S�iF�¢a]ZKSVabi0I[O]�
a g�=�ZKIfa]STi�xRZfaRcH=�c�ePabZKIfG�O]�
a
Z
��a]eXeXZfO¢�HST<�a�IfSTORi

g�O]<>eXQ�=��2� � i�IK8XSVG-abS�<����%=[��S�Q�Q08;=�Zf=�a��ÌIf=�Z�abQ��%a¢EHG�aRGKGKWX<>=�If8;a�I
k
� � 	U#.�0� �[a]i;c�If8;a�I
IK8X=%eXZfOb\^=LgÀIKS��]=

Gfgh8X=�<4=
Proj(A/I)

� � # ����� � 	����\� ���%	&����� �`�A# ����� " �/	&�.���7��� n− 1
�:9���	��
�����(�%��If8XS�G)<4=Labi;G�IK8;abI

If8X=4S�cH=LabQ
I
cH=�3PiX=�GBO]i;QTE¨a!3;iXSTIK=4i0W;< M+=�Z&Ob�[SVGKO]QVa�IK=Lc¨e+O]S�iRIhG��2e+ORGfGKSTMXQ�= ¤�=�ZfO;�«S�i

P
n−2
k

a]i;c¨If8;a�I
abI�=�a]gh8$GKW;gh8
e+O]S�i0I)S�G9Q�OHg�a]QTQ�E�x]=�iX=�Zha�If=�c
MFE{a�I�<>ORGJI

n− 1
=�U0W;a�IfSTORi;G��

E � E ��> � ­ � A ® ­�A } I § |��H} ��~��H}�M ­�A M A ® §�� �
��=�iX=�=�c$IfO�eXZfO��FS�cH=�a]i¨WXeXe+=�Z`MPORWXi;c¨O]��If8X=NGfa�IfWXZha�IKS�O]i$S�i;cH=���O]�

Sym(I)
��S£If8¨ZK=LGJe+=�g�I)IKO{IK8X=

xRZfaRcHW;abIKS�O]i�O]�
A
��IK8Pa�I�S�G>a�M+O]WXi;c�O]i�IK8;=�S�i0IK=�x]=�Z

η
GKW;gh8�IK8;abI

H0
m(SymA(I))ν = 0

��O]Z�abQ�Q
ν ≥ η

�-��=�Zf=�g�abQ�QHIK8;abI�ST�
M
SVG%a

N
�ÑxRZfaRcH=�c4<>OHcHWXQ�=)O��]=�Z[a

N
��x]Zha]cH=Lc4ZKS�iXx�If8X=�i�STIfG[STi;S£IfS�a]Q+cH=�x]Zf=�=

SVG
indeg(M) := min{ν ∈ N : Mν 6= 0}.

��§ 
 
��:E ��>�> � ���`�A# ��� �����J���L� � & ���
η := (n− 2)(d− 1) − indeg(I :A m∞) ∈ N.

3
�����65C-���� 	&��� ����� � &`�0�
ν ≥ η

8 �9�(	�(��
H0

m(SymA(I))ν = 0
1

��� �Z��-�1[798;S�G%Q�=�<><�a4g�abi
MP=&eXZfO��]=Lc��]=�ZKE�GKST<>S�Q�a]ZKQ�E>IKO4QT=�<><>aN);�Tn�)�MXWHI�SVG%< W;gh8�<>O]Zf=)IK=Lgh8XiXSVg�a]Q¶�
��=�Zf=���=�Z9If8X=&ZK=La]cH=�Z9IKO * u&,��

2
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�����������
	��
������������������������������������������������� 	��
�!	�"#"��$���%	&�'���&�(� u )

E � E � F GJI § 
��(M A } I §F­ ~ § 
 �
��=�abZf=&iXO�� Zf=�aRcHE�IfO�G^Iha�IK=BIf8X= g�=�i0IKZhabQ2Zf=�GKWXQ£I�O]�
If8XS�G)e;abZKI�����=�Zf=�g�a]QTQ«If8;a�I���ORZ�=�aRgh8
e+O]S�i0I

p ∈
P := Proj(A/I)

�XOb�ÌIf=�i¨g�a]QTQ�=�c�a " 	7�0��"������L�9Ob��If8X=�e;a]Zfa]<4=�IK=�ZKS�¤�abIKS�O]i λ �X�%=`I^�%O>< WXQTIKS�eXQ�S�g�S£IfST=LG�¡

 IK8X=Y�KcH=�x]Zf=�=%�À�0IK8;abI)��=&��S�QTQ
cH=�iXO]IK=&MFE dp

�X��8XSVgh8
dimAp/pAp

Ap/Ip


 IK8X=Y�J< W;Q£IfSTeXQ�SVg�STI^E ����8XSVgh8
=LU0W;abQVG e(Ip, Rp)
a]G�cH=03;iX=Lc
S�i$e;abZhabxRZfa]eX8�uP�TnR� r0�

A�O]Zf=�O��]=�Z��F�%=�abQ��%a¢EHG%8;a¢�R=
ep ≥ dp

abi;c
If8XS�G�STi;=�U0W;abQ�STI^E{SVG)abi$=�U0W;a]QTSTI^E{ST��abi;c�ORiXQTE
S£�
p
g�abi$MP=

xR=�iX=�ZfabIK=Lc�MFE{a>Zf=�x]W;Q�a]Z%GK=�U0WX=�i;g�=���-¥GK=�=N* rX�Xg�ORZKORQTQVabZfE>u;�ºlH��n�s�, 1À�

G I §F­ ~ § 
 E ��>(F�� ��� � � �(� 	 " ��(������&� 	&�'���&�R56-���� 	���� ���L� � & ��� ν ≥ η
8 �9�(	2(7�

Ker(h)deg(λ) ⊇ S(SymA(I)ν) = S(SymA(I)η) ' k[T](−dn−2 +
∑

p∈Proj(A/I)

dp)

8 �����%�N�����N� 	����2� ���&�N�&�
"(� � ��� � �N	 &&� 	`�#��� � �0�������
"��B� ��� �@-
k[T]

+ ���Z�2� � ����1 � ��� ���2(7�0�:5 �����N� �B� ���
-��&��� ��8<��� &/��� 	&� �0�N�0���'�J	�� � �:9�� �)(�	�� �0���'�
-�S�1

Proj(A/I)
� �9� �Z��	����$�/�@- �$������	�� �
�%"(��5

-¥STS�1
Proj(A/I)

� �9� �Z��	����$�/	/���&� "
� ��� � ����� �����0�����
����� 1
-�S�STS�1]������	 " ��(�� ���
��� �B�����&� � � 	�� �:9���	&�����'�
� �#�0� �%�:��-."�� ���@-�1[��=BZf=���=�Z%IK8X=�Zf=�aRcH=�Z�IKO *ºw7,�abi;c]* u�,2��O]Z�a>g�OR<4e;QT=�IK=BeXZKOFO]�
Ob��IK8XSVG%IK8X=�O]Zf=�<�If8;a�I
�%=&��STQ�Q±ORiXQTE{O]WHIfQTS�iX=]�
��=�abQ�ZK=La]cHE��FiXO���IK8;abI

S(SymA(I)ν)
SVG�g�O]i0IhabS�iX=�c
STi

Ker(h)
��ORZ�abQ�Q

ν ≥ η
��7�O>eXZfO��]=`IK8;abI

STI)SVG�a]gÀIfW;abQ�Q�E{g�ORiRIhabS�iX=�c
SVG
Ker(h)deg(λ) ��=&iX=�=�c
IKO>eXZfO��]=`IK8;abI

length((SymA(I)ν)Ker(h)) ≥ deg(λ) = length((ReesA(I)ν)Ker(h))

��8;=�Zf= If8X=NQVa]GJI�=�U0W;a]QTSTI^E¨g�O]<>=LG -¥ST<>eXQ�SVg�STIKQ�E 1`��ZfO]<vIf8X=�cH=�xRZK=�=���ORZK<NWXQ�a
G^Iha�If=�cpSTi�IK8X=�O]Zf=�<$�2MXWHI
If8XSVG�S�G�a>g�O]i;GK=�U0WX=�i;g�=&Ob�
IK8X=�aRcXcHSTIKS��FS£I^E
Ob��If8X=

length
�

7
Opg�O]<>eXWHIf={If8X=�cX=�x]Zf=�={Ob��a�xR=�iX=�ZfabIKORZ Ob�
S(SymA(I)ν)

��IK8;abI4�%={��S�QTQ9cH=�iXObIf=
MFE
δ
� ��=

��S�Q�Q
W;GK=�If8X=���ORZK<NWXQ�a�x]S��]=�i¨S�i�eXZfO]e+ORGKSTIKS�O]i�rH��nLrF���p=4GKa¢� IK8;abI�If8X=
Z
��a]eXeXZfO¢�FS�<�a�IfSTORi�g�O]<>eXQ�=��

aRGKGKOHg�SVa�If=�c¨IfO
I
SVG�a�eXZfOb\^=�g�IKS��]=>Zf=�GKO]Q�WHIKS�O]i�Ob�

SymA(I)
� �%EpGK8XST�ÌIKS�iXx�g�ORZKZf=�g�IKQ�E¨IK8X=

Zi
� G���STI�S�G

aRgÀIfW;abQ�QTE�aNMXST�ÑxRZfaRcH=�c{ZK=LGJORQTWXIKS�O]i�O]�
SymA(I)

�HIK8;= 3PZfGJI%xRZfaRcHS�iXxNM+=�S�iXx4��� ZL� I��FIK8;=BxRZfaRcHS�iXxNS�i
IK8X=
Xi
� G)a]i;c{IK8X=�GK=�g�O]i;c
x]Zha]cHS�iXx4��� ZL� I�� IK8X=

Ti
� G �HS£I)SVG�Ob�
IK8X=&��ORZK<

0 → Zn−1((n− 1)d;−(n− 1)) → · · · → Z2(2d;−2) → Z(d;−1) → Z0(0, 0) = A[T]

-¥ZK=�<>=�< M+=�Z IK8;abI STIfG4cHS
	«=�Zf=�i0IfS�a]Q�GNabZf=�QTS�iX=�a]Z�S�i�IK8X=
Ti
� G abiPc�IK8;abI

Zi ↪→ A[T](−id; 0)
��O]Z4abQ�Q

i ≥ 0
1��
798X=�ZK=���O]Zf=]�LIfa]�FSTiXx�IK8X=9cH=�x]Zf=�=

ν ≥ η
ePabZKI
Ob�;IK8XSVG
g�O]<>eXQ�=�����STIK8 Zf=�GKe+=�gÀI�IKO�IK8X=%x]Zha]cXSTiXx�STi

� Ï�Â¢µ�Ãh¹º·Ñ³9³h¸£´¶µJÂ`·�Ã^ÖL·±´ÑÄ¢Ãf´
´¶Ä¢µ � Ãh·¶µ�O]³À¿ºÂ�´ p
¿º·±¹º³�»JÃh¹º¹ Ö�Ã%»^³%J�O¢¹ºµ�´¶µ ¿ºÂ�´¶µ^½¶·¶µ^»^´¶¿º³ÀÂ

Ð
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If8X=
Xi
� G��HORi{x]=�I9a 3;iXSTIK=N�����
��	�����Zf=�=BZf=�GKO]Q�WHIKS�O]i�O]�

k[T]
�Ñ<>OHcHWXQ�=�G%Ob�

SymA(I)ν
��ZKOR<���=&cH=LcHW;g�=

If8;a�I

δ :=

n−1∑

i=1

(−1)i+1idimk((Zi)ν+id).

��=�8;a¢�R=Bg�abiXORiXS�g�abQ«x]Zha]cX=�c
=��Xa]g�I�GK=�U0WX=�i;g�=LG��
i = 0, . . . , n− 1

�

0 → Zi+1 → Ki+1 → Bi(−d) → 0

a]i;c
0 → Bi → Zi → Hi → 0

��8;S�gh8�GJ8;O��)GBIK8;abI
δ
g�a]ipM+=�=��HeXZf=�GfGK=�cpSTi�IK=�ZK<�G&O]�[IK8;= 1)S�QTM+=�ZKI�ePORQTEFiXOR<>S�a]Q�G&O]��If8X=

Ki
� G�abiPc

If8X=
Hi
� G��%798X=Ng�O]i0IfZKS�MXWHIfSTORi�O]�
If8X=

Ki
� G�O]iXQ�E
cX=�e+=�i;cXG�O]i

n
abi;c

d
�PabiPc$8X=�i;g�=�=�U0W;a]Q�G9IfO

dn−2

-���O]Z
ν � 0

1�a]G`S£I&S�G`If8X=4g�a]GK=���8X=�i
P
SVG�=�<4eXI^EY-�S�ipGKW;gh8�g�aRGJ=

SymA(I)
SVGBOb��Q�STiX=LabZ`I^EFeP=>abi;c

If8X=�Zf=BS�G9iXO4M;aRGJ=&e+O]S�iRIhG��XGK=�= * w0�HIK8;=�O]Zf=�< lX� r�,�1�� 798X=�g�O]i0IfZKS�MXWHIfSTORi{Ob��IK8X=
Hi
� G9O]i;QTE�g�O]<>=�G���ZfO]<

Z1
abi;c

Z2
GKSTiPg�=

Hi = 0
��O]Z)a]QTQ

i ≥ 3
abiPc
a]i�=La]GKE�g�OR<4e;WHIfabIKS�O]i$GJ8XO��)G%If8;a�I)STI)SVG

(H0)ν+d − 2((H1)ν+2d − (H0)ν+2d).

;`G
degH1 = 2degP

-�O]i;=N<�a¢E¨W;GK=���ORZB=��Xab<>eXQ�= If8;a�I
(H0)ν − (H1)ν + (H2)ν = 0

��O]Z
ν � 0a]i;c{IK8;abI

H2 ' ωR/I
�HIK8;=�g�abi;O]iXSVg�a]Q+<>OHcHWXQ�=]�;WXe�IKO�a>cH=�xRZK=�=&GK8XST�ÌI�1��HIK8XSVG)g�O]i0IKZfSTM;WHIKS�O]i�S�G9=LU0W;abQ

IfO
−degP = −

∑
p∈P dp

��O]Z
ν � 0

�
��=�iXO�� IfWXZfipIfO$IK8X=�e;ZKOFOb�%Ob��IK8X=�=LURW;ST��abQ�=�iPg�=>Ob�%IK8X=>If8XZf=�=�G^Iha�If=�<>=�i0IfG!-�S�1À�.-¥STS�1�a]i;c -¥STS�S�1À�

��=�I
X := Proj(ReesA(I)) ⊆ Y := Proj(SymA(I)) ⊂ P

n−1 × P
n � � � P S�GNQTOHg�abQ�QTE�Ob�)Q�STi;=�abZ

I^EFe+=]�PIK8X=�i
X = Y

�2GJO�If8;a�IL�PMFE¨g�OR<>e;abZfSTi;x�cH=�xRZK=�=�GJ-¶GJ=�=/-¥u;� u`1d1��
S(SymA(I)) = Ker(h)deg(λ) �

dp = ep
��O]Z4abiFE

p ∈ P
abi;c

P
SVG Q�OHg�a]QTQ�E�a�g�O]<>eXQ�=�If={S�i0IK=�ZhGK=�gÀIfSTORi±��?FOp��=�\^WPG^I>eXZfO��]=�cpIf8;a�I

(i) → (iii) → (ii)
��798X=��¥aRgÀI If8;a�I

(ii)
ST<>eXQ�S�=�G

(i)
��O]Q�Q�O��)G&��ZKOR< GJIfa]i;cXa]Zfc�eXZfO]e+=�ZKIKS�=�G�Ob��IK8;=

M
��abe;eXZKO¢�HS�<�a�IKS�O]i
g�O]<>eXQ�=��2�XaRG9eXZKO��R=�c{STi * w0� 3;ZhG^I�Q�STi;=�G�O]��IK8;=�eXZKOFO]�
Ob��IK8;=�O]Zf=�< lH� w�,

2

d�=Lg�a]QTQ«If8;a�I)�%=&�0i;O�����ZfO]<�If8X=�ORZK=�< u;��nBIK8;abI

Ker(h)deg(λ) ' k[T](−dn−2 +
∑

p∈Proj(A/I)

ep)
-�u;� u 1

��8;=�Zf=)IK8;=`QVa]GJI�SVGJOR<>O]ZfeX8XSVGJ< SVG�a]xRabS�i�aNx]Zha]cH=Lc>S�GKO]<>O]ZfeX8XSVGK<�� � I%��O]Q�QTO��)G�IK8;abI%��8X=�i
g�O]<>eXWHIfSTiXx
S(SymA(I)η)

a]G�If8X=�cH=�IK=�ZK<>S�i;abi0I�Ob�+IK8;=
ηth
��x]Zha]cH=Lc ePabZKI�Ob�

Z•
��=�xR=�I[a]i4S�<>eXQ�S�g�S£I[=LU0W;a�IfSTORi4O]�

H
IfO)If8X=[e+O���=�Z

deg(λ)
IKS�<4=LG
a]i�=��FIKZhabi;=�O]WPG28XO]<>ORx]=�i;=�O]WPG2=�Q�=�<>=�i0I�Ob�;cH=�x]Zf=�= ∑

p∈Proj(A/I) ep−

dp

-¥��8XSVgh8
=LURWPabQVG9¤�=�ZfO�a]G�GKOFO]i
aRG%IK8X=�MPa]GK=Be+O]S�i0IfG)a]ZK=BQ�OFg�abQ�QTE
g�O]<>eXQ�=�If=&STi0IK=�ZfGK=�g�IKS�O]iL1��

� ��
��9�-���
�%���
*Tn0, Q�S�g�O]QVa]G �%O]WXZfM;ab�FSÑ��� � �������L���N�#�N��	�� �R�0�N	&�'�A9�������A�a]GfGJORi±�+Y-a]ZKSVG��
nLm]oRlX� ;�QTxR:�MXZf=Ng�O]<>< WH�
Iha�IfST�R=]��8�8;a]eXSTIKZf=�G�l���wF� *�8�O]<>< WHIha�IfST�R=&a]QTxR=�MXZhaX��8�8;a]eHIK=�ZfG�l��Xw�,��Xd�=�eXZKS�i0I��
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