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Abstract: In this report, we study the problem of the three-dimensional reconstruction of the electrical
activity of the brain from electroencephalography (EEG) and magnetoencephalography (MEG). We use a
variational approach based upon three main methods and ideas. The first one is the optimal control of
systems governed by elliptic partial differential equations, the second is the regularization of the solutions
while preserving the discontinuities (the edges), and the third one is the use of geometric information obtained
from magnetic resonance images (MRI) to constrain the solutions in an anatomically “reasonable” way.
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Problémes inverses en EEG et MEG : méthode de I’état adjoint
I : le cas continu

Résumé : Dans ce rapport, nous étudions le probléme de la reconstruction tridimensionnelle de I'activité
électrique cérébrale a partir de mesures d’électroencéphalographie (EEG) et de magnétoencéphalographie
(MEG). L’approche proposée est variationnelle. Elle utilise trois types de méthodes et d’idées. La premiére
est le controle optimal de systémes gouvernés par des équations aux dérivées partielles elliptiques, la seconde
est la régularisation des solutions avec préservation des discontinuités (les contours) et la troisiéme celle de
l'utilisation d’information géomeétrique issue d’imagerie par résonance magnétique (IRM) pour contraindre
les solutions de maniére “raisonnable” anatomiquement.

Mots-clés :  Electroencéphalographie, EEG, Magnétoencephalographie, MEG, Imagerie par Résonance
Magnétique, Equations aux dérivées partielles elliptiques, problémes inverses, régularisation, mesure de
I’activité cérébrale



1 Introduction

Electro-Encephalo-Graphy (EEG) and Magneto-Encephalo-Graphy (MEG) are two noninvasive means of
measuring some of the electrical activity of the brain. These techniques are fairly recent: Hans Berger,
a German neuropsychiatrist, recorded in 1929 the first human EEG while the first measurements of the
magnetic field induced by the brain’s electrophysiological events were performed in 1968 by D. Cohen [7] at
MIT. The next major advance in biomagnetic technology was the development and successful testing in 1969
of the SQUID (superconducting quantum interference device) by Zimmerman and colleagues [48]. Operating
at liquid helium temperatures, the SQUID achieved an unprecedented sensitivity to weak magnetic fields.
These two techniques have found many clinical applications which are reviewed in chapters 8 and 9 of [38].
From the outset researchers have been concerned with the problem of relating the measurements (electric
potentials for EEG, magnetic fields for MEG) to the spatiotemporal distribution of the cerebral current
sources, a problem known as the inverse EEG or MEG problem. This problem is made difficult by the fact
that the relationship between the distribution of current sources and the electromagnetic field is not one to
one. For example, it has been known since the time of Helmholtz that there are current distributions which
are either magnetically or electrically silent, or both, outside the conductor [23]. This is an indication of the
fact that the solution to the inverse problem is not unique. Other difficulties are the high level of noise in
the measurements and the small number of measures, though this last problem has tended to be less severe
with the advent of new systems with more sensors [22]. Nonetheless this is an indication of the fact that
the inverse problem is also ill-posed: small variations in the measurements due to noise may cause unwieldy
variations of the solution. This can be partially combated by regularization techniques [4, 37, 11, 3].
Another serious difficulty is the modelling (physical and geometric) of the electrical effects that supposedly
give rise to the measurements. Concerning physical modelling, we will see in Section 2 that these effects are
due to the electrical activity of some populations of neural cells and in Section 3 that this activity can be
(coarsely) modelled by assuming a distribution of conductivities and of primary source currents in the head.
In the inverse EEG and MEG problems, one usually assumes that the distribution of conductivities is known
but this is usually a gross approximation. As for the geometrical modelling, it is only recently [10, 3, 33], and
because of the availibility of Magnetic Resonance Images (MRI) that anatomical constraints, making use of
the actual shapes of the head, skull, and brain have been taken into account, e.g. to constrain the position
and orientation of the estimated primary source currents. Sophisticated image processing and segmentation
algorithms can be applied to the MRI data to extract detailed volume and surface models [46] of the persons’
head prior to recording their activity through EEG or/and MEG measurements. Despite the use of these
constraints, the spatial resolution of the reconstructed activity (the primary source currents) remains poor
compared with what is judged to be acceptable (of the order of 5mm). On the other hand, the temporal
resolution is of the order of 1ms and considered to be more than what is needed for functional studies (of
the order of 5ms). This is in contrast to other functional brain imaging techniques such as position emission
tomography (PET), single photon computed tomography (SPECT) and functional MRI (f-MRI) which have
acceptable spatial resolutions but unacceptable time resolutions (Imn in PET/SPECT and 1s in £ MRI).

2 Neural origin of the brain electromagnetic fields.

The brain is the most complex organized structure known to exist; we can convince ourselves of this by
examining the following numbers. There are approximately 10'2 neurons in the central nervous system with
at least 10! in the outermost cortical layer. Moreover there are roughly 105 synaptic connections between
these neurons that use more than 10'® chemical neuro-transmitters/second each built of complex amino-acid
chains. This means that approximately 10?* elementary molecules/second are contributing to the brain
activity. Even though we do not adhere to the simplistic view that the brain is a computer, the comparison
is interesting. Let us assume that each molecule "carries" one bit of "information" (note the quotes), then
we have to think in terms of a machine capable of processing 10'? giga-bits/second, weighing 1 — 2 Kg and
consuming less than 10 — 15 Watts!

Furthermore, this “topographical” complexity is complemented by the fact that the human brain has a
very long “history”: it is the result of an evolution process which probably started over 200 million years ago
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[6]- It is also most of the time in interaction with a complex and variable environment from which it receives
of the order of 10® — 10'? bits of information/second.

These numbers point to the fact that only “macroscopic’ models of such an intricate system can be
considered. Moreover, since each neuron is connected to 10% — 10* other neurons in the central nervous
system individual neuron activity, cannot be considered alone as a relevant indicator of the brain activity.
Thus we are pushed again into considering macroscopic models of the brain behavior as means of capturing
some aspects of its functioning. It turns out that MEG and EEG do capture some macroscopic properties
of the brain activity that can hopefully be used to build such models.

We now briefly turn to the biological bases of the electrical activity of the brain which is due to ion

mechanisms through the neuron membrane, see figure 1 and [6, 24].
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Figure 1: Extracellular current sources and sinks in the axon.

Signal reception In a very simplified manner, when a neuro-transmitter molecule touches a neuron, the
membrane permeability is altered for specific ions (Na+ and K+) for which the concentration was
originally maintained out of equilibrium by Na-K “pumps” so that they suddenly rush through the
membrane and give rise to a post-synaptic potential of about 10mV with a duration of 10ms.

The key-point is that this mechanism has a simple geometric structure and can be represented as a
dipolar field, decreasing as the inverse of the square of the distance.

The related current-dipole moment which models this effect is of the order of 10nA m, so that about
10% neurons must be activated simultaneously to generate a measurable electro-magnetic field.

With thousands of synapses per neuron (pyramidal cells in fact), and an average density of 10% neurons
per mm?2, one would expect to be able to detect activations of areas smaller that 1mm?2, but in practice,
because of partial cancellation of the electro-magnetic field, experimental studies (see [22] for a review)
show that only activities of areas of 40 — 200mm? are detectable.

Signal emission The second source of electro-magnetic fields is due to action potential as detailed in fig-
ure 1, when the neuron is propagating a signal along its axon. A similar Na-K “pump” mechanism is
at the origin of these currents whose frequency (not amplitude) encodes the neuronal information.

The important point is that this phenomenon is well modeled by a quadripolar structure (i.e. two
oppositely oriented dipoles whose actions cancel each other) generating a field decreasing as the inverse
of the cube of the distance. Its effect is thus negligible with respect to the post-synaptic potential when
measured outside the cortex, even if its amplitude is higher.

Furthermore, the time constant of this phenomenon is an order of magnitude smaller (1ms) than post-
synaptic potentials (10ms). It thus contributes to higher-frequency fields which tend to cancel each
other when averaged over time.
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In summary, even though action-potentials do contribute to the electromagnetic fields outside the head
they are not yet measured by current technology in EEG and MEG (contrary to what could be done
in the peripheral nervous system).

To refine a little our analysis, it is important to note that not all neurons generate a measurable elec-
tromagnetic field. In the central nervous system, because the field generated by dipoles decreases with the
inverse of the square of the distance, only currents present in the cortex will be measurable.

Furthermore, not all cortical cells will induce fields measurable through EEG or MEG. For instance
stellate cells generate “closed fields” in the sense that their synapses have a homogeneous density because
the neuron dendrites which receive the synaptic junctions have ramifications in all directions. Anatomically
it is only the pyramidal cells (as shown in figure 2.A) which generate a relevant electromagnetic field, since
they have a “dipolar” configuration, see figure 2.B. Those cells, mostly present in the 3rd of the 6 cortical
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Figure 2: Pyramidal cells in the cortex.

layers for the visual cortex or in the 5th layer (pyramidal Betz cells) of the motor cortex mainly relay “local”
information within the different cortical layers and constitute almost 70 % of neo-cortical neurons. They thus
yield information about the internal “vertical” activity below the cortex surface in a given cortical column.

Considering that the average behavior of a population of such cells is modeled as an electrical dipole
with a normal magnetic field and a tangential electric field (as shown in figure 2.C), we easily deduce that
EEG measurements will be mainly related to the activity of these cells in cortical gyri (parallel to the skull)
whereas MEG measurements will be mainly related to the activity of these cells in cortical sulci (normal to
the skull).

In conclusion, EEG and MEG are complementary measures of some of the cortex electrical activity due
to the variations of the post-synaptic potentials of the pyramidal cells in the cortical columns.

3 Macroscopic physical models of brain activity

3.1 Notation.

Vectors and matrixes are denoted in boldface. The vector of R?® indicating the position of the point 7 (resp.
r') will be denoted r (resp. r'). V denotes the usual “nabla” operator. It is such that for a real function
f(x) (resp. f(r')), Vf (resp. V'f) is the gradient of f, i.e. the vector whose coordinates are the partial
derivatives of f with respect to the coordinates of r (resp. of r’). For a given smooth vector field X(r) V-X
is the divergence of this field (a scalar) and V x X is the curl of this field (a vector).

Given two points r and r’, the vector R = r — r’ and its norm R = ||[R|| play an important role in
the sequel. The function % is a function of r and r'. We can therefore consider its gradient, noted V (%)

with respect to r and its gradient, denoted V' (%), with respect to r’. The relation between the two is

straightforward:
TR 1I\_R
\Y% ( =-V = —3- (1)
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3.2 The Maxwell equations.

We start from Maxwell’s equations in a void:

p OB
E=" VxE=-2" 2
v - x 5 (2)
with the electrical permittivity eq ~ 8.85 10712F m™!, and
OE
V-B=0, VxB:uo(JjLeoE) (3)

with the magnetic permeability py = 4w10~"H m~!. We note that the permeability of tissues in the head is
that of empty space, i.e. u = uo and that £ g c¢® = 1, where ¢ = 3.00 108 m s~ is the velocity of light in a
void.

Here, the charge density p and the current density J are related by

dp

Furthermore, in a passive (no charge, nor current generator) non-magnetic medium, J is the sum of the
ohmic volume current and the polarization current, respectively:

oP
J—O’E+E, (4)

where P = (¢ — ) E is the polarization and o (expressed in 27! m~!) and ¢ are the conductivity and the
permittivity of the material, respectively.

3.3 Quasi-static approximation of the Maxwell equations.

The quasi-static approximation (justified in [22] and appendix A) allows us to neglect all time derivatives in
those equations. Since the curl of the electric field E is zero, that field is the gradient of a potential V:

E=-VV.
In the quasi-static approximation, Maxwell’s fourth equation becomes
VxB= /L()J,

which, combined with the third equation, implies the Biot-Savart law for computing the magnetic field at
any point r from the current density J:

B(r) = Z—fr /QJ(r’) x V' (%) dr' . (5)

See appendix A for a review.

3.4 The current-law and the EEG problems.

Although the term %—E’ is null in equation (4) using the quasi-static approximation, this current law must be
modified because the brain is not a passive medium, but is subject to an electrical activity reflected by a
primary current, noted JP. We thus have to write:

J(r) =J?(r) + o(r) E(r) = JP(r) — o(r) VV (1) (6)

The primary current distribution is precisely what EEG and MEG are trying to estimate.
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If we now use the fourth of Maxwell’s equation, V x B = g J, take the divergence of both sides, and use
the fact that V - (V x B) = 0, we obtain a very important equation that connects the primary current J?,
the electric potential V' and the conductivity o:

V- (eVV)=V-J7. (7)
We make use of the relation V - (6VV) = Vo - VV 4+ 0 AV to rewrite this equation:
Vo -VV +cAV =V - J?P. 8)

The direct problem in EEG is that of computing the potential V' (r) given the primary current J?(r) and
the conductivity o(r). The inverse problem in EEG is, given measures of the potential V at some points
ri,...,In,, and the conductivity o(r), to estimate the primary current J?(r).

3.5 The Biot-Savart law and the MEG problems.

If we now replace the current J by its value (6) in the Biot-Savart equation (5), we obtain

B(r) = By(r) — Z—;; /ch(r') V'V x V' (%) dr', 9)
with
Bo(r) = Z—;/QJ”(I*’) x V' (%) dr' (10)
where By is the magnetic field produced by the primary current J?, or equivalently
_ Ho v 1 /
B(r) = By(r) + —/ V(' \WVexV (—) dr', (11)
Y Q R

as shown in appendix A.2.

Equations (9) and (11) are just as important for MEG as equation (7) is for EEG. Note however that there
is a major difference between those equations: while equation (7) is implicit (i.e. allows the computation of
V), equations (9) and (11) explicitly define B(r) in terms of V, o and J?. For this reason, equation (7) also
plays a fundamental role in the case of MEG and will play the central role in the remainder of this report.

The direct problem in MEG is to compute the magnetic field B(r) given the primary current J?(r), and
the conductivity o(r) and the potential V(r). It is solved in a straightforward fashion from equations (9)
and (11). The inverse problem in MEG is, given measures of some components of the magnetic field at
some points qi, ... ,dn,, and the conductivity o(r), to estimate the primary current J?(r). Note that this
requires the computation of the potential V (r).

In some cases [9, 34, 22, 40|, we may have measurements of both the electric potential and some com-
ponents of the magnetic field. The inverse EEG+MEG problem is, given those measurements and the
conductivity o(r), to estimate the primary current J?(r).

3.6 The surface approach

Our knowledge of the conductivity of the brain tissues is very limited [22]. Therefore, in EEG or MEG
studies, it is often assumed that the head is made out of a number n of disjoint homogeneous regions
Q1,...,Q, with boundaries S; = 99Q4,...,5, = 9Q,. Those regions are usually chosen to be the scalp,
skull, cerebrospinal fluid, gray matter and white matter. The conductivity o(r) is constant in each of the
regions, equal to o; in Q;, and therefore its gradient, which appears in equations (8) and (11), is nonzero
only on the boundaries S;. This has allowed researchers in the fields of EEG and MEG to replace those
equations by simpler ones, involving only surface integrals of the electric potential. An example of typical
conductivity values are .33, .0042 and .33 Q~1m~! for the scalp, skull and brain respectively [35, 3] (In [30],
the human skull phantom has conductivity values of 53, 1 and 100 for scalp, skull and brain respectively).
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Concerning the role of anisotropies in the conductivity values, one can refer to [33], where the authors study
the influence of skull anisotropy on the forward and inverse problem in EEG and conclude that this influence
is important for the forward problem, while the question remains open for the case of the inverse problem.

Before we write these equations, we introduce some notation. If regions Q; and Q; are adjacent, we
denote by S;; their common boundary, i.e. S; N S;. We also denote by n;(r) the unit normal vector to .S;
at the point r of S; oriented toward the outside of ©; and by n;;(r) the unit normal vector to S;; at the
point r of S;; also oriented toward the outside of ;. ds;; denotes the area element of S;;. Surface elements
referring to integration with respect to the variable r (resp. r’) will be denoted by ds (resp. ds’).

It is known ([18] and appendix B) that equation (8) for the potential becomes

1 1
r € Sij = (0i+0;) V(r) = 200Vo(r) — o %: (0% — 01) - V)V (E) g (r') dsjy - (12)
The sum is taken over all pairs of adjacent regions Sy and S;. Vj is defined by
1 1 1 v'.JP
W = =) -JP(y = _ i/ ! 13
o(r) 4mog /QV <R> P () dr drog Jo R " (13)

where g9 = 1. V} is the potential due to the primary current J? in a medium of unit conductivity.
Note that equation (12) is of the form

FV)+ Uy = AV,

with Uy = 209Vp, A = 0; + 0 and f is an integral operator:
V@ = [ K@V,
S=USk;

where K(r,r') = —5-(ox — 01)V' (§) - nu(r’) for r' € Si. This is a Fredholm integral of the second type
I8, 13].
Similarly ([18] and appendix B), equation (11) can be replaced by

B(I‘) = BO(I') + Z—fr Z(O’k - 0’[)/ V(r')nkl(r') x V' (%) dsﬂcl y (14)

ki Sk

with By still given by equation (10).

4 The thrust of the paper

The methods that have been proposed for solving the inverse EEG and MEG problems fall into several
main categories. The approach can be probabilistic/bayesian including maximum a posteriori estimates [3],
maximum-likelihood [20] estimates, or it can be deterministic. It may assume a discrete [47, 41, 42, 36] or
distributed [21, 3] source model. In the case of a distributed source model various steps have been taken
to regularize the solution by choosing minimum-norm solutions [21, 39] or by limiting the spatial-temporal
variation of the solution except at edges [3]. Recently, anatomical and physiological constraints [10, 16, 17, 3]
have also been introduced to prevent the solutions from appearing in unrealistic areas of the head.

The thrust of this paper is to propose a new approach for solving the EEG, MEG and EEG+MEG inverse
problems in a very general framework. In particular, we do not assume that the conductors involved have
special shapes, e.g. spheres, but our framework allows us to incorporate any a priori information concerning
those shapes, e.g. information from anatomical MRI, see section 9. We do not assume either that the
primary current J?(r) is a finite set of dipoles. In fact we assume that it is a general function, but our
framework allows us to incorporate any a priori information concerning this current, e.g. that it is localized
in the cortex and can have "sharp" edges.

The approach is variational and uses recent advances in computer vision where variational approaches and
Partial Differential Equations (PDE’s) have been used succesfully to solve a number of difficult problems such
as computation of optical flow, restoration, segmentation, stereo [27, 29, 15]. It also borrows from optimal
control theory where the estimation of distributed parameters in systems driven by PDE’s has received
considerable attention in the last thirty years [31, 32, 5].
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5 The adjoint state approach

We now give a general description of the method we propose to use in order to solve the inverse EEG, MEG
and EEG+MEG problems. We consider a set W of real functions that form a real Hilbert space, i.e. it is a
complete normed real vector space with an inner product. In our case, we will consider real square integrable
functions defined on an open bounded region €2 equipped with the inner product

(u, v) = /Qu(r)v(r)dr,

which defines the L? norm as:
ull® = (u,u) .

In practice we will have to consider somewhat more complicated functional spaces, such as the Sobolev
spaces H'(Q) and H}(Q) [44, 32|, but we can ignore this difficulty at this level of detail.

Let the vector p represent a set of parameters which can be scalar or vector functions defined in some
functional space, denoted W3. For any p in W3, we consider the (hopefully unique) function v of W which
satisfies the state equation

A(p)v = f(p), (15)

where A(p) is a linear operator from W to another set Wi C W and f is a function of W;. We rewrite this
state equation using a variational formulation,

(A(p)v — f(p),w) =0 forall w in Wy, (16)

where the space W5 for the test functions w depends on the application and is generally related to W.

This defines a mapping p — v(p) where the solution v(p) of equations (15) and (16) is called the state
function. To give some intuition, in the EEG case the state function v is the electrical potential V' and the
vector p is the conductivity o(r) and the primary source current vector J?(r). The state equation is either
equation (7) or equation (12).

We also make measurements which can be modeled as the application of a linear operator, denoted M(p),
to our state functions v. This operator maps W to R™. Examples of such operators are given in equations
(23) and (24). We define the measurements error functional

1 .

J(p) = 5[M(p)v - ml?, (17)
where || - ||? is, for example, the usual Euclidean norm in R", and m is a given vector of measurements. The
inverse problem of finding the parameter p that would best reproduce the measurements m is then defined
as the minimization of the error J with respect to the parameter p. This corresponds to the constrained
minimization problem

pIirnli1£1V3 J(p) subject to v =wv(p) solution of (15) or (16). (18)
We propose to solve the minimization problem by a descent algorithm using the information on the gradient
and we compute the gradient of the error criterion with the adjoint state approach. This amounts to consider
Lagrange multipliers which, in this continuous setting, become a function w "living" in the space of test
funcions W5. We form the Lagrangian by adding the error criterion, expressed in terms of the state function,
and the constraining state equation, expressed in the variational form:

1
£ =L(v,w;p) = 5[[M(p)v — m|* + (w, A(p)v - f(P))- (19)
This Lagrangian is a functional from the cartesian product W x Wy x W3 into R which we assume to
be differentiable. This implies the existence of G-derivatives (G for Gateaux) with respect to all three

"coordinates" v, w, p. We remind the reader of the definition of Gateaux- or G-derivative of a functional F’
from a normed vector space W into R.
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Definition 1 F is G-derivable at v € W if
1. VéweW the limit 6F =limg_q gz “H0W=FC)  ppighs.
2. The application F'(v) : dw — 6F is linear and continuous from W to R (In the case where F is is
differentiable, it is simply its derivative at v).

As soon as v = v(p) is solution of the state equation, we have

J(p) = L(v(p), w; p). (20)

We assume that the mapping p — v(p) is differentiable and take the the G-derivative with respect to p of
both sides of the previous equation. This yields the relation

oL oL

6T = %(v(p),w; p)év + g(U(P)auﬁp)éP (21)

which holds for all w in W5. We choose the Lagrange multiplier w so that the first term vanishes, i.e. defined
by

oL
6—(v(p)7w;p)§v =0 forall év.
v
We now use the fact that in a Hilbert space, if H is a linear operator, the inner product (z, Hy) is equal to
(H*z,y), where H* is the linear operator adjoint to H.

We thus introduce the two adjoint operators M(p)* and A(p)
(M(p)*(M(p)v — m), vy + (A*(p)w,év) =0 for all v,

* and rewrite the previous equation as

which is equivalent to
A*(p)w + M*(p) (M(p)v — m) = 0. (22)
This equation is called the adjoint state equation.
Therefore, if v(p) and w(p) are respectively solutions of (15) and (22), the relation (21) reduces to

oL
8T = 5, (v(p), w;P)ép.
Hence the gradient of the error criterion can be computed from the sole derivatives of M(p), A(p) and f(p)
with respect to p.
To summarize, the minimization problem (18) is solved by the following steps

1. Start from an estimate po. Set i = 0.

2. Solve the state equation (15) and obtain a solution v;.

3. Solve the adjoint state equation(22) with this value of v; and obtain a solution w;.
4

. With those values of v; and w; determine the gradient %—‘g at point p; and determine a new value p;41
of p,set i =1+ 1.

5. If p;41 is significantly different from p; then go to 2, else stop.

The previous discussion shows that the main advantage of the adjoint state method is to reduce the cost
of the computation of the derivative %. If n is the size of p, the traditional technique (which computes

the gradient by finite differences) requires to solve the state equation (15) n times to obtain g—g: basically

if p; is the i-th component of p then for each i, we have to replace p; by p; + dp; and solve equation (15)
to get the i-th component of of the derivative g—‘g. In the technique described in this section, the adjoint
state equation (22) has to be solved only once to get this gradient. As the adjoint equation is usually very
similar to the state equation, solving those requires basically the same amount of time which means that the
computational time of estimating g_y is divided by n.

The derivations of this section are done in the continuous case. This can also be done in the discrete case
and will be the subject of a future report. But it is known that it is unadvisable to discretize the continuous
adjoint equations. It is rather recommended to reestablish them from the original discretized problem to

ensure the convergence of the minimization algorithm (which operates on the discrete equations) .
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6 Application to the EEG and MEG inverse problems

Let us now be more specific about the measurements. As we said earlier, we measure the difference of poten-
tial at some locations ry, ... ,r,, on the scalp and at a reference ro. Let vy, ...v,, be those measurements.
In the EEG case, we would like our source current J? to "explain" those measurements as best as possible.
This means that if we compute the potential V' (r) with equation (7) or (12), we want the quantity

ny
To =5 3 (Vlrs,) = Viro) = vi, )%, (23)
1y =1
to be as small as possible.

Similarly, in the MEG case, we measure the components of the magnetic field at some other locations
di,...,0dn, in the directions dy,... ,d,, . We would like our source current J? to "explain" those measure-
ments as best as possible. Let by, ...b,, be those measurements. If we compute the potential V' (r) through
equation (7) or (12), and then the magnetic field through equation (11) or (14), respectively, we want the
quantity

1 &
Jp = 5 Z (B(qip) - dip — biB)27 (24)
ig=1
to be as small as possible.
In the case where we have simultaneous EEG and MEG measurements, what we call the EEG+MEG
case, the goal is to find the distribution of source current that minimizes the sum Jy + Jp.
Referring to section 5, the state equation is (7) or (12), depending upon what model we choose for the
conductivity.

7 The volume approach

In this section, we consider the inverse EEG, MEG and EEG+MEG problems in the case where we make no
assumption on the conductivity o(r) and on the primary source current J?(r). In fact, as we will see next,
the method can be used in principle to estimate o(r) as well as J?(r). The state equation is equation (7)
together with a boundary condition on S, the boundary of 2. In practice, 2 represents the head and part
of S will contain the scalp, see figure 3. The state function is the electric potential V' (r) which satisfies the
following state equation and boundary condition:

V-(cVV) = V-JF in Q

a—V:VV-n =9 on S =00 (25)
On

Because we assume that the primary source current is located within the brain we assume that
JP=0 on S. (26)

The parameter p is the conductivity function o(r) and the primary source current vector J?(r). The function
g defined on S is unknown; it is zero everywhere except perhaps in the neck area. In practice, its effect is
neglected, i.e. we can take g = 0. However, for the sake of generality, it is kept in the following derivations.
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Qy: skull

Figure 3: The various regions ;. Q@ = Q; U...U Q4.

7.1 The inverse EEG volume problem

In the inverse EEG problem, we have access only to the measurements v;,,,iv = 1,...,n;,. Therefore, we
form the Lagrangian

Ly =Ly(V,w;o,IP) =Ty +/(V (eVV) =V - JP)wdr,
Q
where w(r) is the adjoint function. In order to determine the equation it must satisfy we transform [, (V -
(cVV) =V - JP)wdr by using the formula V- (zY) =2V -Y + Vz-Y (for a function x and a vector field
Y):

/Q(V-(UVV)—V-J”)wdr=/QV-(wUVV)dT—/QaVV-deT—|—/

J? - Vwdr — / V - (wIP)dr
Q Q

We next use the formula fQ V- Xdr = [, ¢ X - nds to transform two of the volume integrals into surface
integrals:

/ V- (weVV)dr = / woVV - nds / V- (wI?)dr = / wJ? - nds
Q s Q 5
Because of our boundary condition the first integral is equal to |, g wogds while the second one is equal to 0
as we have assumed that J? = 0 on S (equation (26)).
Our Lagrangian has become

Ly =Jv — /o*VV-der+/agwds+/J”-der‘ (27)
Q s Q

This form of the Lagrangian is suitable for computing Gateaux derivatives with respect to o.
One more iteration of the same process on [, 0 VV - Vw dr yields an expression for the Lagrangian that
is suitable for taking Gateaux derivatives with respect to V:

Ly =Jv + /V~(0Vw)Vdr—/aV(V'w~n) ds—i—/
Q s

ngd3+/Jp~der. (28)
s Q
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We impose Vw -n = 0 on S. The adjoint state equation is obtained by taking the Gateaux derivative of Ly
with respect to the function V(r):

g—éév = iZ(V(r,-V) — V(ro) — i, )(6V (rs, ) — 6V (r0)) + /Qv (o Vw) 6V dr

This must be equal to 0 for all variations 6V of V', hence the adjoint state equation:

V-(cVw)+sgpgg = 0 in Q
(29)
Vw-n = 0 on S
spea(r) =3, (V(ri,) = V(ro) —viy ) (6(r — 15, ) — 6(r —10)) , (30)

where §(r) is the usual Dirac delta function (a distribution [43, 8]).
The G-derivative of the Lagrangian with respect to the primary source current J?(r) is readily obtained
from equation (27) since, according to equation (23), Jv does not contribute

oLy
oJp

=Vw. (31)

This equation says that in order to find the primary source current that yields a potential V' that minimizes
Jv, we should follow the direction of descent —Vw at every point r of the volume of interest.

As we said earlier, the method can in principle be used to estimate or refine an initial estimate of the
conductivity o(r). For this purpose, we can compute the G-derivative of the Lagrangian with respect to the
conductivity o(r) which is readily found from equation (27) to be equal to

6;1_0\/ =—-VV -Vw+ g(r) w(r)és(r), (32)

where é5(r) is the distribution such that [, f(r)és(r)dr = [ f(r)ds.

7.2 The inverse MEG volume problem
In the inverse MEG problem, we have only access to the measurements b, , therefore we form the Lagrangian
L =Lp(V,w;0,J°) = Tp +/(V (oVV) =V -JP)wdr,
Q
where w(r) is, as in the previous case, the adjoint function. Just as in the previous section, we use an

alternate form,

Lp =T+ /V-(an)Vdr—/aV(Vw-n) ds+/
Q s

agwd5+/Jp-der,
s Q
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of the Lagrangian to compute the adjoint state equation. It is obtained by making explicit how Jp depends
upon the potential function V' (r). This is achieved by using equation (11) which yields the Gateaux derivative
of B(q,,) - di, with respect to V:

a(B(qu ) ) diB )
ov

! ! Qip—r' !
_mg Y (Jo VOV x g dr') (r) = Y0y, (4% < 4 )

= i = X
(r) = g din v in iy — |

The adjoint state equation is thus found to be

V'(O’Vw)+VO"SMEG = 0 in Q
(33)
Vw-n = 0 on §,
where
swEea(r) = 4230, (B(diy) - diy = biy) g 2 X diy - (34)

Equation (33) is very similar to equation (29), the difference being in the source term Vo - syrg versus
SEEG-

The G-derivative of Lp with respect to the primary source current J? is seen to be equal to the G-
derivative of Ly plus the G-derivative of Jp (since we have seen that %2¥ = 0). Equations (11) and (10)
tell us that this last derivative arises from the field By and is equal to sy, gg. Hence we have

oL oL
szﬁ‘;‘*'SMEG:V?U"‘SMEG- (35)

We can also compute the G-derivative of the Lagrangian with respect to the conductivity ¢ using another
form of the Lagrangian, similar to (27)

Lp=Jp— /0VV~der+/agwds+/Jp-der,
Q s Q

and equation (9):

oL oL
8—03 = é)—ov ~VV.sypc = —-VV - (Vw +syrc) + g(r)w(r)ds(r). (36)

7.3 The inverse EEG+MEG volume problem

The results obtained in the previous two sections have prepared the ground for the case where we have access
to simultaneous electric potential and magnetic measurements. We form the corresponding Lagrangian

EV+B=£V+JB:£B+JV=Jv+JB+/(V~(UVV)—V~J”)wdT.
Q
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The adjoint state equation is

V'(UVw)+SEEg+VU~SMEG = 0 in Q (37)

Vw-n = 0 on S.

We can also find the values of the G-derivatives of the Lagrangian with respect to the primary source current
and the conductivity:

OCvis _ OLp
Jr B P
OLvyp ggB
o T 90

7.4 Regularization of the primary source current: the volume case

The approach that we have outlined in the previous three sections can easily be extended to include regular-
ization constraints on the primary source current J? (and for that matter on the conductivity function o, but
we will not discuss this here). In particular, since noise is present in the measurements, the primary source
current is likely to be noisy. One may therefore add to the Lagrangians Ly, Lp or Ly a regularization
term of the form

/Qi’(IIV(IIJ”(r)II)II)dr- (38)

The classical choice for the function ® : R — R* is # — 22 i.e the one related to the well-known
Tikhonov regularization term [45]. In that case, we would be searching for the function J? which will be
simultaneously close to the measurements and smooth enough, since we are actually minimizing the gradient
of the magnitude of the primary source current. If the function J? is known to have sharp discontinuities,
and this is a more realistic assumption in our application, the Tikhonov based regularization approach will
not take care of these discontinuities and will definitely destroy this important information by isotropically
smoothing the solution.

One way to prevent the destruction of such primary source current discontinuities is to choose the function
® in such a way that the smoothing process will act isotropically in the regions with low gradient magnitude
for the primary source current, and only in the direction normal to the gradient vector in the regions with a
high gradient magnitude. Many functions ® have been proposed in the literature (see [12, 2, 1, 27, 26, 28, 25]).

Once we have chosen such a function ®, the adjoint state approach extends readily: the adjoint space
equation is unchanged and it is only the derivatives of the Lagrangians with respect to the primary source
current that needs to be changed to take into account the regularization term (38). Let us denote by DJ?
the 3 x 3 matrix representing the derivative of the function J? : R® — R3. It is easy to show that

SO 122 (0
IVOT @I = g0

It is seen that this expression is a function of J* and its first order derivatives DJ?. Let us denote by Ji,k =
1,2, 3, the three coordinates of J? and rewrite ®(||V(||J?(x)|)|) = @(%) as F(J?,VJP ,VJIY, VJIE).
We must therefore add to the gradient of the Lagrangians which we have computed in the previous sections

the vector whose kth coordinate is
OFy, 9w, 9Fy,
oz dy 0z

FJE— k=1,2,3,
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which can also be rewritten in a more compact form:

oF
Fpp—V- ———" k=1,23.

7.5 A comparison with other approaches: the volume case

We do this comparison in the EEG case but it is also valid for the MEG and EEG+MEG cases. We assume
that the conductivity function is known. The "traditional" inverse EEG problem is that of minimizing 7y
with respect to J? given the fact that the potential V' satisfies equation (25) and is therefore, indirectly, a
function of JP. In order to minimize Jy with respect to J? one has to compute its gradient with respect to J?
and hence the gradient of V' with respect to J?. In other words one has to solve the problem of determining
how the solution of the Partial Differential Equation (25) varies when one varies J? in the righthand side.
This is a hard problem which should be compared to the one consisting in a) solving the adjoint state
equation (29) for the adjoint state function w and b) computing its gradient Vw since, according to equation
(31), it is equal to the G-derivative of Jy with respect to J?.

8 The surface approach

This section tackles the same three problems than the previous ones but the assumptions change from the
most general ones to more specific. In effect, we assume that the conductivity o(r) is constant within each
region ); where it is equal to o;. As we saw in section 3, it is sufficient to know V' on the surfaces S;;.
The state equation (25) now becomes equation (12), Vo being given by (13). The unknowns are the primary
source current J?(r) and possibly the n conductivities o1, ...0,. The data terms Jy and Jp are unchanged.

8.1 The inverse EEG surface problem

Similarly to the volume case, we form a Lagrangian, noted Lyy:
Ly, =Ly, (Vyw;o1,... ,00,37) =Ty +

Z/S (0i + 0;)V(r) = 200Vo(r) — L Z(Uk — o) V')V (i> “ny(r') dsﬁcl] w(r)ds;;,

2w ol Skt R
where w(r) is a function that needs only to be defined on the interfaces S;;. In order to obtain the adjoint
state equation satisfied by w, let us expand the previous equation into

Ly, =Jv + Z/s ((0i +0)V(r) = 200Vo(r)) w(r)dsi; +

%ZZ(% —az)/ ( . V(r") w(r) V' (%) 'nkl(rl>ds;cl> dsij.

ij ki Sij
Let us now switch the two summation and integral signs in the righthand side:
Lo =T+ Y [ (o4 a)V() = 200Va(e) wie) dsy +
— JS;.
1] *y

%; [ |- oovema): 3 / RN () dss || s
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In the second summation we exchange the indexes (k,1) and (i, j) and the variables r and r':

Ly, =Jv + Z/ (i + o)V (r) = 200Vo(r)) w(r)dsi; —

L5 e (S wwrw(3) o] w o

The — sign arises from the fact that exchanging r and r’ transforms R into —R in (1). Now that we are done
with this exercise in rewriting, we can compute the Gateaux derivative of Ly, with respect to the function
V(r):

oLy, oJv
SRSV = 5 6V+Z/ (0i +0;) 6V (r)w(r)dsi; —

ST Jomeomono- (T [ w0 (3) o)

This must be equal to 0 for all variations §V (r) of V and we obtain the adjoint state equation:

r € S;; = (05 +0;)w(r) + sgea(r) = aiQ_Waj n;;(r) - (Z/S w(r') V' (%) ds§d> . (40)
Kl ¥ Sk

Note that the source term sgge has the same value as in the volume case and is O for all surfaces S;; except
the one corresponding to the scalp.

Next we obtain the G-derivative of Ly, with respect to the primary source current. Since the term Jy
does not contribute, the sole contribution comes from the term Vj in equation (39):

—2002/ <4MO /QJ”(r’)-V’ (%) dr’) dsi;.

We exchange the two integral signs and the variables r and r’:

_LW/QJP( / ( )ds” dr' = %LJp(r). ZJ/S W)V’ (%) dsl; | dr.

Therefore we obtain

oL 1 1
8.]‘;5 (r) = > Z/s w(r)V' (E) ds;;. (41)
1] 23

The gradient of the Lagrangian with respect to the conductivities ¢; can also be computed. The term Jy
does not contribute:

oLy,
B0 T 2 /

7 adjacent to 1

s (B e () i)} | @
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8.2 The inverse MEG surface problem

Similarly to the volume case, we form a Lagrangian, noted Lp,:

LBS :£BS(V,w;01,... ,Un,Jp)IjB—{—

w(r) is the adjoint state function whose equation is obtained by computing the Gateaux derivative of £p,
with respect to the potential V. We only need to compute the Gateaux derivative of the term Jp which is
obtained through equation (14) which yields the Gateaux derivative of of B(q;,) - d;, with respect to V'

9(B(qiz) - ds

1B) MO / Qi —
§V(r)=d,, - 2 SV (r)ny;(r) x X2 "L g
ov () ir PR () X g, e

(0: +0;)V(r) —200Vo(r) — % Z(ak —07) V(') Vv (%) “ng(r') dskl] w(r) ds;;.

kl Ski

This shows that the term coming from [Jp is given by

Ho iz —
re Sij = E(Ui - JJ)Z(B(qu> dip — biB) | dip ni]( ) ”(1;57_1‘“3 |7
B
where | xy z | is the 3 x 3 determinant of the three vectors x, y, z. This is precisely equal to (o; —0;)n,;(r)-
syea(r). Where sy pa(r) has been defined in section 7.2. The adjoint state equation is obtained

I‘GSij=>

O'Z'—an” r) - r l l !
(03 +03) w(x) + (0 — 03)n55(x) - Sarm(x) = 50) (Z / K W( ) d)

27 R

(43)

Next we obtain the G-derivative of Lp, with respect to the primary source current. It is equal to the sum
of the derivative of Ly, plus the contribution of the term Jp which arises solely from the term By defined
by equation (10). It is found to be equal to

0Js
aoJp

(I‘) = SMEg(I').

Therefore

OLp, . 0Ly,
o1 V= o3

(r) + smEec(r). (44)

The derivatives of the Lagrangian with respect to the conductivities ¢; can also be computed. Since we saw
in the previous section that the term Jy did not contribute, it is the sum of the derivatives of Ly, with
respect to o; and the derivative of Jp with respect to o;. Using equation (14), we obtain

0JB _ po / _Qip —T
=23 (Blaiy) - diy — biy) diy - V(r i (t)dsi; |
60’1' A g( (q B) B B) B ]adjacent o “qu —I'||3 X 1’1](1-) Sij

which is equal to

— Z L V(r)ng(r) - spec(r)dsi;.

jadjacent tos P17
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Therefore

OLp OLy,
jadjacent toi ¥ ¥

8.3 The inverse EEG+MEG surface problem

To conclude this section, we go through the case where we have access to both electric potential and magnetic
measurements. We form the corresponding Lagrangian

Lysyps =Lve +Ip=Lps +Iv =Jv +Is +
1
XJ:/S (04 0,)V (1) = 200Vo(x) — 5= (04~ m)/

kl Sk
The adjoint state equation is

re Sij =
(0i +0j)w(r) + sppa(r) + (05 — 0j)n;(r) - sype(r) =

T Ty (r)- (%j [ v () ds@) -

(46)

We also find the values of the derivatives of the Lagrangian with respect to the primary source current and
the conductivities

oL oL oL

% (r) = &ﬁf (r) = 8.]‘:’5 (r) + syea(r)

aLVS+BS _ aEBS _ aEVS : : / B . .
80’1' - 30,' - 50’1' j adjacent to Sij V(r> " (r) SMEG(r)dS” ‘

8.4 Regularization of the primary source current: the surface case

The regularization approach that has been sketched out in section 7.4 in the volume case can be extended to
the surface case in a relatively straightforward fashion. We postpone a detailed discription of this extension
to a future report.

9 Incorporating constraints on the primary source current

Many authors [22] have pointed out that the primary source current could be in many cases considered to be
a distribution of dipoles. Most of the time there is a finite number of such dipoles which can be constrained
in position, orientation or both [36, 10]. Our approach allows to introduce such constraints very naturally.
For example, we may want the primary currents to be located on the cortex. We thus take

J7(r) = Q(r)és. (r).

where S, is the surface of the cortex obtained, e.g. from the segmentation of anatomical MR images.
As an illustration of this, figure 4 shows a sagittal cross-section of an anatomical MR volume image of a
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human head showing clearly the different anatomical regions sketched in figure 3 (and many more). Figure
5 shows a comparison, in another cross-section of the same volume, of different segmentation techniques
aimed at recovering an accurate geometric description of the two surfaces (internal and external) of the
cortex: referring to figure 3, these surfaces are S34 and Sy5. The left column of figure 5 shows three partial
cross-sections where the cerebrospinal fluid, the gray and white matter are quite visible; the second column
shows the result of applying a simple threshold to the image to separate the various components; the third
column shows the result of looking explicitely for the two surfaces S34 and Sy5 using a pair of coupled Partial
Differential Equations [19]. Figure 6 shows a 3D representations of those surfaces: Sz4 is on the left, S45 on
the right of the figure.

Figure 4: Sagittal cross-section of an anatomical MR volume image.

Returning to our mathematical analysis, the terms that change in the previous analysis are V) and By
which become

Vi) = o [V (%) Qe

Bo(r) = 42 /S Q') x V' (%) ds'.

This has only the effect of multiplying the various derivatives of the Lagrangians with respect to the primary
source current by 8¢, (r) which means that instead of having to compute a volume distribution of primary
source current, we only have to compute a surface distribution of vectors.

Next we may assume that the dipoles Q are normal to the surface of the cortex, hence we write

J7(r) = AMr)n(r)és. (),

where n(r) is the unit normal to the surface S, at point r and A(r) is the intensity of the dipole at that
point. This has only the effect of having to take the dot product of the previous derivatives with the normal
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Figure 5: Finding the regions 2; from the MR image of figure 4.

Figure 6: Left: The surface S34 between the cerebrospinal fluid and the gray matter. Right: The surface
S5 between the gray and white matter.
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n(r) at the point r of S.. For example we have

%(r) = %n(r) . ; /Si]- w(r")V' (%) ds;; | 8s.(r).

In this particular case we only have to compute a surface distribution of scalars, i.e. a function defined on
Se.

We may also want to regularize the primary source current to reduce the effect of the noise while preserving
its discontinuity which may signal some important phenomena. This is analogous to the problem of image
restoration in the presence of noise and has been studied in computer vision [27]. Let us see how we can
adapt this formalism to the case where we seek a function A defined on the surface S.. We add to the
Lagrangians a regularization term of the form

[ aUva@ias,

Se

where VA is the gradient of the function A taken on the surface, see for example [14].

10 Conclusion

We have considered the problem of reconstructing the three-dimensional electrical activity of the brain from
measurements of the electrical potential at some points on the surface of the scalp or/and from measurements
of the magnetic field induced by this activity at some points around the head.

Starting from the Maxwell equations, we have justified the assumptions that allow us to assume that the
electrical field induced by this activity derives from a potential field V' (quasi-static hypothesis) and that the
corresponding magnetic field is given by the Biot-Savart law. In this framework, two parameters are relevant:
the primary source current J? and the conductivity o as functions of space. These parameters control the
values of the potential V' and the magnetic field B through a second order elliptic partial differential equation
if we assume no spatial constraint on the conductivity and through a integral Fredholm equation of the second
kind if we assume that the conductivity is piecewise constant.

The application of standard methods developed for the control of systems governed by such equations
has led us to attack the problem of estimating the primary source current, i.e. the electrical activity of the
brain, by the adjoint state method which has potentially two advantages. First it can significantly reduce
the amount of computation required to obtain the 3D reconstruction and second, it naturally offers the
possibility of estimating the conductivity as well.

We have also considered the problem of constraining the solutions either geometrically, using anatomical
and functional data, or/and by forcing them to have sharp edges, a problem that some of us encountered in
some of our previous work on image restoration. We have shown that the adjoint state method was quite
suitable for taking such nonlinear constraints into account.

Much remains to be done. Our list of task includes the problems of the discretization of our equations,
their implementation and testing on groundtruth data (phantoms), their comparison with other methods
and their testing on real data. Taking into account the time variation is also certainly an important issue
that we have not touched upon here.
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A Quasi-Static approximation of the Maxwell equations and deriva-
tion of the Biot-Savart law.

A.1 Approximations to the Maxwell equations
Two approximations of the full-fledged Maxwell equations are often useful. They are described as follows

The quasi-stationary approximation corresponds to the fact that we neglect the term ¢ %—}f in the fourth
Maxwell equation (3).
V x B = pod.

In a passive non-magnetic medium, where V x B = py (0 E+¢ %—?), this assumption means neglecting

98 with respect to ohmic currents, i.e. |le 22| << ||oE||.

The quasi-static approximation corresponds to the fact that we neglect both the term ¢ 2£ in the fourth

ot
Maxwell equation and the term —%—? in the second one which becomes:

VXxE=0,
so that E is obtained from a scalar potential V , written E = —VV.

Following [22], let us show that, considering the average order of magnitude of the brain tissues permittivity
¢ = 10%¢¢ and conductivity ¢ ~ 0.3Q 'm™!, the quasi-static approximation is valid for electromagnetic
waves with time frequencies in a range of 0 to 100 Hz.
To verify this, we decompose the electric field in the Fourier domain and consider a planar wave of the
form:
E(r,t) = Ey(r) ?™/?,

where f is the temporal frequency, and Eg(r) is a real amplitude vector not depending upon time. The
quasi-stationary approximation, i.e. ||e %—}EH << ||lo E||, is thus equivalent to k = |27 fe/o| << 1. In our
case, k ~ 21072 and the approximation is valid.

The quasi-static approximation is verified as follows. We let Eq(r) = G €>™F*. G is a real amplitude
vector and F a real spatial frequency vector satisfying the orthogonality condition F - G = 0.

Because V - Eqg(r) = 27j(F - G)e?™FT = 0 we obtain

V xV x Eo(r) = V(V . Eo(r)) - AE()(I') = —AE(](I').

Hence ||AEq(r)|| = |k|||Eo(r)|| or ||F||? = % The spatial wavelength magnitude Ap = ﬁ = |277r| is of the
order of 417 m, negligible with respect to the head dimensions. The approximation V x E = 0 is therefore

valid.

A.2 From the quasi-static approximation to the Biot-Savart law.

The Biot-Savart law can be derived under the weaker quasi-stationary assumption i.e. % =0.

Thanks to the third Maxwell equation, B always derives from a vector potential, say A i.e.:
V-B=0=>B=VxA with V-A=0.

The second condition, called a gauge condition, avoids the indetermination related to the definition of A.
If we introduce A in the fourth Maxwell equation:

VxB=VxVxA=V(V-A)-V?A.

We now use the relations V- A = 0 and V2A = AA to obtain the equation AA = —poJ whose solution
satisfying A(oco) = 0 (no magnetic field at infinity) is given by Poisson’s formula for harmonic functions ([8]):

A(r) = Z—; /Q 3y

e —='[|
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Taking the curl, we obtain the Biot-Savart law
Ho ! (I‘ - I'/) !
B = = N "/
(r) 47r/QJ(r)x ||r—r’||3dr’
with (2=5m = V/ ().
If in addition we consider a quasi-static approximation the current law takes the form of equation (6)
J(r) =3°(r) + o(r) E(r) = J?(r) — o(r) VV(x),

so that we can write the Biot-Savart law as in equation (9)

with

1
Bo(r) = Z_fr /QJ”(r’) x V' (§> dr'.
We also need a slightly different version of this equation in this paper. To get it, we make use of the formula
V(e V)=V Vo +0oVV to write:

- /Q o)V x V' (%) dr' = /QV(r’)V’U X V' (%) dr' - /Q V(oV) x V' (%) ar'.

We then make use of the formula V x (6VV (%)) = V(6V) x V() and of the formula [,V x Xdr =
/. g X X nds to transform the second integral into a surface integral

/Sa(r’)V(r’)V’ (%) « n(r')ds’,

where S is the boundary of 2 and n its normal. If we assume that the conductivity ¢ is null on S, this
integral is zero.
We thus obtain

B(r) = Bo(r) + /Q V')Ve x V' (%) dr',

which is the expected equation (11).

Since the surface S usually crosses the neck (see figure 3), it might be more reasonable to assume that
o is either known or unknown but non-zero on parts of S. This has the effect of adding more terms in the
equations that we have derived. In this report, we assume that o is 0 on S leaving the other cases for future
research.

B Proof of equations (12) and (14)

We use Green’s formula

f,Gav =) o= (577 =T Gv) n
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and the fact that Q = UpQ;. We decompose the first term on the lefthand side on the different volumes €;:

/—A’Vdr —Z/ TEAV dr'
Qe

/ = V' (6xV'V)dr' because o} is constant and A =V -V
Qk

/ —V'-JPdr'" because V- (0, VV) =V -JP

SLr ) ELm G) e
/ —J7. nkds—Z/ ( )-der'.

The surface integrals cancel pair by pair on the corresponding surfaces since the normals are opposite.
Moreover, the primary source current is null on the last surface (assumed to be the scalp). One thus obtains

o AVARRIN |4 1
I NV = ' =— [ v (=) -37a0.
/QR " /a R /QV(R> ’

We consider now the second term of the lefthand side. In each volume 2 o is constant, hence

/ R V(') A (l) dr' = 4o, V(r),
o R

because A’ (%) = —476(R), as the reader can easily verify, and one obtains

Il

I
TTM: ||M: uMa n

/Q o) V(') A (%) dr' = dno(x) V(x).

We now consider the righthand side which we decompose on each surface S,

1 1
Z/ (E ox ViV — oV’ (Tz) V) -ngds'.
e Sk

Since the gradient of the potential is a priori discontinuous when one goes from €2, to the neighbouring
region (2; (since the conductivity is discontinuous), V) indicates that the component of the gradient along
the normal ny is computed at point r} of Sj as the limit

i V() = V(rj, — Ang)
A—0+ A

This is not required for the term V' (%) which is continuous in general on Sy. Grouping pairs of terms in
the previous sum, we obtain

Z/S [ ( ViV — VV'<R>>—JZ<%V;V—VV'<%)>]-nkl(r’)ds’.

In this equation, the normal vector ny; points eway from Q. The terms oy VLV - ny and o; V]V - ny are
respectively equal to the current going out of Q2 and Q;. Their sum is therefore equal to 0 (the current
density is continuous). Since ny; = —nj;, we have

i 1
[ VkV Ny = 0] VIV-nkl,
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and the corresponding terms add to 0 in the sum. We are therefore left with the second terms which we can
group

—§(ak - m)/sk, 4COA% (%) -0 (1) dsy.

Note that the surface integrals are well-defined if r does not belong to any of the surfaces Si;. But we are
precisely interested, to establish equation (12), in points r that do belong to these surfaces. The final result
will be obtained by taking a limit.

If we combine these three results we obtain

_/Qv’ (%) -IPdr' +4mo(r)V(r) = — ;(ak —ov) /skl
or

o) V() = o0 Tiolr) — 1= Do —on) [

Kl S

) V(') V' (%) -y (1) dsjy, (47)

where Vj is the previous value.
As we said earlier, this is valid if r does not belong to any of the surfaces Si;. Consider now the integral

g9(a) = /S

and assume r € S;;. One can show that limq_,r g(q) = =27V (r) + fsi]- V(r') ﬁ -1 (r') ds’.
If we use this result in equation (47), we have

1 o
vV () o) as = [ V6 ST nsas, ag sy,

i

47

1 1
a;V(r) = a9 Vo(r) + 5(@- —0)V(r)— — Z(ak —a) V)V (E) ‘N dsy T €S,
kl Sk

from which equation (12) results. The sum Zkl is taken over all the surfaces, ng; is the normal to Sy
oriented from k to .
Let us now prove equation (14). We start with the Biot-Savard equation

B(r) = Z—; @7 =0V V' (%) dr',

which we split into a sum of integrals taken over the volumes y:
B(r) = By(r) — Ho zn:ak V'V xV 1 dr'.
471' 1 Qk R

Using the two relations V x (VV (%) = VV x V(%) and [, V X udr = [;n x uds (n is the normal to S
pointing away from ), we get

S 1
B(r) = By(r) + Z—; ;Uk 5 V"V (E) x ng(r')ds),,

and, by grouping as usual pairs of surfaces, the final result comes out easily

B(r) = Bo(r) + 42 (o0~ o) |

1
V(v (—) x ng (r')ds,.
kl Sk R
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