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y�p}u�norxnx~�s�yWu{rxj�~v��e�£
h�s0~vszp}uvj�h0wzpguvwzy�j
u{rxs � jip}�}nofih0j

£i¦Wp�s�uvnxwzy�¤
t = tn+ 1

2
j
y�p}uvnxrxnx~�s�yWu�pgy5~v��e�£
h�sq�
j
yWuv��£ �.¥ wI� � �vj��}¶}ygwIp�~:wz³guvj
y�wzy�~¬rxj�~���eg£ih0s-uvwzu�szrojihGjiyWu

� nt~v�
�v£
uvnt~"£ �






















































ρj

un+1
j − 2un

j + un−1
j

∆t2
−

σn
j+ 1

2

− σn
j− 1

2

h
= fn

j ,

σn+1
j+ 1

2

+ σn
j+ 1

2

2
+ τ0,j+ 1

2

σn+1
j+ 1

2

− σn
j+ 1

2

∆t
=

µj+ 1
2

h

[

τ1,j+ 1
2
(
un+1

j+1 − un
j+1

∆t
−

un+1
j − un

j

∆t
)

+
un+1

j+1 + un
j+1

2
−

un+1
j + un

j

2

]

,

u0
j = u0,j , u1

j = ũ1
j , σ0

j+ 1
2

= σ0,j+ 1
2
,

i��]��l

w!,
fn

j

ji~"u:r ¥ s�|g|g��w��}noh�s�uvnxwzy � j
f(xj , t

n)
j�u

ũ1
j

ji~"u{pgygj�s�|�|g�vw��}nxh�sMuvnxwzy � j
u(xj , ∆t)

�µ¥ wI� � ��j�� �

ũ1
j = u0

j + ∆t u1,j +
∆t2

2ρjh
(σ0

j+ 1
2
− σ0

j− 1
2
).

� �J  � 	1c.� � C0/�;21 � � ���k
�� �����������H� �H��/�� ���k
 
�	 � ��	 ���43^��	 ����� /0���V��� �65 � �&� 
&���������V� ��7� "�
	�/�	 � �85 ���  "� �>�
	 �K����� /0�&����	��0� 
&�V�g�b) �&� ��� �k�+���97;: � ) ����� �����-����� ��� 1

(h2, ∆t2) <
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xj

���������	��
	�
u
�
����������� •

◦

•
× ×◦

xj− 1
2

xj+ 1
2

����� � �#��� 
�� /���� �+�
un+1

j

���������"/���	���� ���

un
j , un−1

j , σn
j− 1

2

���
σn

j+ 1
2

tn−1

×

���
��������
��
σ
�������������

∗

xj− 1
2

◦

xj xj+1xj+ 1
2

tn

tn+1◦ ∗

◦ ◦

� ����� 2�� � 
&� /���� �+�
σn+1

j+ 1
2

���!�����"/���	���� �+�

un+1
j+1 , un+1

j , un
j+1, u

n
j

���
σn

j+ 1
2

	�
#" $ � �&%(' ��!*) ! � ���,+.��%�� ���
C0/ : /�; Gµ¼ � � 9^¿�9Ä¼]�e? � 	.-�ºK� 	&9 � 	

�Dwzpg��h0wzyWuv��j
�{rts(~"u�sz³gnorxnouv£-|Bs�� ��wzpg��nxj
�©y�wzp�~���wzyB~"n � £
��wzyB~�rojq|g��wz³grxf
h0j � szy�~{p�y¯h0norxnojip¯egwIhGwI�zfiygj
nxy}®�ygn>§K��y�noyWu��vw � pgnou�roj]~�ji~v|�sI��ji~¬ygwI�vh0£]~ � nx~�����j�u�~ �

L2
h,0 = {uh = (uj)j∈Z,

∑

j

|uj |2 < +∞}.i��z�1l

L2
h, 12

= {σh = (σj+ 1
2
)j∈Z,

∑

j

|σj+ 1
2
|2 < +∞}.i��]��l

h-p�ygnx~ � ji~:|g��w � pgnou�~�~��
szrxszno��ji~

(uh, vh)0 = h
∑

j

uj v̄j , (σh, τh) 1
2

= h
∑

j

σj+ 1
2
τ̄j+ 1

2

j�u � ji~:ygwI�vh0ji~�sI~v~vw}��nx£
j]~

||uh||20 = h
∑

j

|uj |2, ||σh||21
2

= h
∑

j

|σj+ 1
2
|2.

«µj�~���eg£
h�s i��]��l,ji~"u©s�rxwz��~¬£i¦Wpgnx�Ms�rxj
yWu{¤��










































ρ
un+1

h − 2un
h + un−1

h

∆t2
= Bσn

h ,

σn+1
h + σn

h

2
+ τ0

σn+1
h − σn

h

∆t
= µτ1B̃(

un+1
h − un

h

∆t
)

+µB̃(
un+1

h + un
h

2
),

u0
h, u1

h, σ0
h

� wzy�yg£
j]~
,

i��.2�l

s��zj]�
uh = (uj)j∈Z ∈ L2

h,0, σh = (σj+ 1
2
)j∈Z ∈ L2

h, 12
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j�u






B : L2
h, 12

−→ L2
h,0

σh −→ (
σj+ 1

2
− σj− 1

2

h
)j∈Z

i��ik%l







B̃ : L2
h,0 −→ L2

h, 12

uh −→ (
uj+1 − uj

h
)j∈Z

i����+l

«µj�~v�}~�u�f
h0j i��.2�l¬~ ¥ £i�
�vnou � j�h�s�ygnxf
��jZ£i¦Wpgnx��szrojiyWuvj�~vwzp�~¬rtsG±Äwz��hGj �














un+1
h = −un−1

h + 2un
h +

∆t2

ρ
Bσn

h , (i)

σn+1
h =

2τ0 − ∆t

2τ0 + ∆t
σn

h + µ
∆t + 2τ1

2τ0 + ∆t
B̃un+1

h + µ
∆t − 2τ1

2τ0 + ∆t
B̃un

h. (ii)

i��.S�l

¢{wIp�~:h0wzyWuv��wzyB~:rxs��
< 	Mº�?,ºB�.9Ä¼.9²º"8 C0/�;�� ���-�# ����#
&� �����0�

B
���

B̃
,&����	 3 �����^�����g "�#�# "��	���� ���5����	 ,&
&��� �����

� �
B̃ = −B∗ �

� � ‖B‖ ≤ 2

h

�

F �W OºV8��
¼ 	��}¼�9^ºV8�¡
mJwInªu

(uh, σh) ∈ L2
h,0 × L2

h, 12

¶gwIy�s �
�I§

(B̃uh, σh) 1
2

= h
∑

j∈Z

uj+1 − uj

h
σj+ 1

2

=
∑

j∈Z

uj+1σj+ 1
2
−

∑

j∈Z

ujσj+ 1
2

=
∑

j∈Z

ujσj− 1
2
−

∑

j∈Z

ujσj+ 1
2

= −h
∑

j∈Z

uj

σj+ 1
2
− σj− 1

2

h

= −(uh, Bσh)0.

�g§

(Bσh, uh) 1
2

= h
∑

j∈Z

σj+ 1
2
− σj− 1

2

h
uj

≤
(

∑

j∈Z

|σj+ 1
2
− σj− 1

2
|2

)
1
2
(

∑

j∈Z

|uj |2
)

1
2

≤ 1

h

[(

h
∑

j∈Z

|σj+ 1
2
|2) 1

2 +
(

h
∑

j∈Z

|σj− 1
2
|2

)
1
2
](

h
∑

j∈Z

|uj |2
)

1
2 =

2

h
‖σh‖ 1

2
‖uh‖0

��j�¦Wpgnµh0wzyWuv��j�¦Ip�j ‖B‖ ≤ 2

h
�
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mJwInªu
Kh = [−π

h
,
π

h
]
¶gwzy�noyWu��vw � pgnou{rxji~¬uv��s�yB~�±ÄwI�vh0£
j]~ � j �gwzp��vnxj
� � nt~�����f�uvj]~ �























Fh,0 : L2
h,0 −→ L2(Kh)

uh −→ Fh,0uh = ûh

ûh(k) =
1√
2π

∑

j

uje
−ikxj h

i��&U�l

j�u






















Fh, 12
: L2

h, 12
−→ L2(Kh)

σh −→ Fh, 1
2
σh = σ̂h

σ̂h(k) =
1√
2π

∑

j

σj+ 1
2
e
−ikx

j+ 1
2 h

i��._�l

«µj(~���eg£ih0s�i"��2�lZj]~�u-~"u�sz³grxj(~"nYrts5~vwzrxp}uvnxwzy
(un

h, σn
h)
ji~"u�³BwI�vyg£ij�noy � £
|Kj
y � j
h0h0j
yWu � j]~�|�sz~ � j � nt~v�
�v£
­

uvnt~�sMuvnxwzy
h
j
u

∆t
§���wIpg��h0wzyWuv��j
��¦Wpgj�rts�~"wIrop}u�nowIy � nx~�����f�u�jGj]~�u�³Kwz��yg£ij � s�y�~

L2
h,0 × L2

h, 12

¶µnxrS~"pg¸Gu � j
h0wzyWuv��j
��¦Wpgj�~�s�u���szy�~�±ÄwI�vh0£ij � j ��wzpg��noji� � nx~�����f�u�j�j]~�u�³Kwz��yg£
j � szy�~

L2(Kh)×L2(Kh)
§B��y�s�|�|gront¦Wpgj�¤

i��.S�l ­
(i)

rts-u���szy�~"±Äwz��hG£ij � j��gwzp��vnxj
�-i"�1U�l,j
u©¤ei"��S%l@­
(ii)

rtsGuv��s�y�~"±Äwz��h0£
jki��._�l8¶}wIy�wI³}uvnxj
yWu��














ûn+1
h = −ûn−1

h + 2ûn
h +

∆t2

ρ
B̂ σ̂n

h ,

σ̂n+1
h =

2τ0 − ∆t

2τ0 + ∆t
σ̂n

h + µ
∆t + 2τ1

2τ0 + ∆t
ˆ̃
Bûn+1

h + µ
∆t − 2τ1

2τ0 + ∆t
ˆ̃
Bûn

h,

i��]��l

w!,
B̂
j�u ˆ̃

B
~"wIyWu:��ji~v|Kji�8u�no�Ij
h0j
yWu�rxji~{~v�Jh-³Kwzrxji~ � ji~{wz|K£
��sMuvjipg��~

B
j�u

B̃
§ � rx~:�I£
��nª®Bj
yWu��

B̂(k) =
ˆ̃
B(k) =

2i

h
sin(α), α =

kh

2
.

��y�|BwW~"j

wn
h =





ûn−1
h

ûn
h

σ̂n
h





rxj�~"�}~"uvf
h0j�i��]��l,ji~"u{£i¦Wpgnx�Ms�rxj
yWu{¤

Cwn+1
h = Dwn

h

i^�z��l
s��zj]�

C =





1 0 0
0 1 0
0 c32 1





j�u
D =





0 1 0
−1 2 d23

0 d32 d33





s��zj]�














































c32 = −i
2µ sinα

h
(
2τ1 + ∆t

2τ0 + ∆t
),

d23 = i
2∆t2

ρh
sin α,

d32 = i
2µ sinα

h
(
∆t − 2τ1

2τ0 + ∆t
),

d33 =
2τ0 − ∆t

2τ0 + ∆t
.
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«�sGh�sMu��vnt��j
C
£�u�s�yWu{��rts�nx�vjihGjiyWu:nxyJ�zji��~vno³�rojI¶ i>���%l¬ji~"u:£]¦Wpgno�MszrojiyIu{¤��

wn+1
h = Gwn

h

w!,
G = C−1D

ji~"u{rxsGh�sMu��vnt��j �.¥ �g  ?D¿�9�O�¾ �}¼�9^ºV8,§
«�s0~"u�sz³gnorxnouv£ � p5~���eg£
h�sqji~"u©s�rxwz��~,rxnx£
j�s�p}��|g�vwI|g��no£
uv£i~ � ji~:�Ms�rxj
pg��~:|g��wz|g��ji~ � j

G
¶g|grxp�~�|��v£]��nt~"£ihGjiyWu��

� �¯�]¾1I��J  ��� ;���� �J�i¼G�i¼ � � ¿ �5�.9 �I¼�� �J��¿ �W  �%8U¼q��9
ρ(G) ≤ 1 ∀k ∈ R

¶
w!,

ρ(G)
ji~"u�roj���s��zwIy�~v|Bj]�8uv��s�r � j

G
�

ρ(G) = max{|λ|/λ
�Ms�rxj
pg��|g��wz|��vj � j

G}.
«µj�|Kwzrx�Jy��zh0j��
sz��sI�8u�£
��nx~"uvnt¦Wpgj�sI~v~vw}��nx£Z¤0rtsGh0s�uv��nx�
j

G
j]~�u � wIygyg£�|�sz���

PG(λ) = −(2τ0 + ∆t)λ3 +
[

∆t + 6τ0 − β2(2τ1 + ∆t)
]

λ2 +
[

∆t− 6τ0 + β2(2τ1 −∆t)
]

λ + 2τ0 −∆t

s��zj]�
β =

2c∆t

h
sin α, c =

√

µ

ρ
.

mJn�wzy � £i~vnx�zygj�|�sz�
c∞ = c

√

τ1/τ0
rts��Jnouvji~�~vj � ji~�wIy � j]~{¤�e�szp}uvj]~:±Ä�v£]¦Wpgj
y��
ji~i¶grts���wzy � nªu�nowIy5yg£i�
ji~�~vszno��j

j�u©~vp}¸(~�s�yWuvj � j�~"u�s�³�norxnªu�£�ji~"u � wzy�yg£
j�|�sz��rxsG|g��wz|KwI~vnªu�nowIy�~vpgnx��szyWuvj
�
< 	Mº�?,ºB�.9Ä¼.9²º"8 C0/�C � � ��/�������
;: �
	 < ���0� ��� 

�����5��	^���^������� ��������� ��	

∆t

h
≤ CFL =

1

c∞
.

i^�g�.l

F �W OºV8��
¼ 	��}¼�9^ºV8�¡
«µj�|Kwzrx�Jy��zh0j

PG

�I£
��nª®Bj
�

PG(1) = −2β2∆t < 0, PG(−1) = 16τ0 − 4β2τ1 = 16(τ0 −
c2∆t2τ1 sin2 α

h2
).

i^�I�+l

�I§ Gµ�K?K?,ºB�]ºV8��Pc.� �¯¿ �´¾IºV8 "L9Ä¼�9^ºV8
CFL

� C*;�� �J�
¼P\B��	&9NOD� �K§
��y5�vjih0sz��¦Wpgjq¦Ip�jq��j
u"u�jq��wIy � nouvnxwzy¯nxh0|BwW~"jq¦Ip�j

PG(−1) ≥ 0 ∀α ∈ R (∀k ∈ R)
§.«�j-|Kwzrx�Wy��zh0j

PG

j]~�u�s�rxwz��~�y�£
�Is�uvno±©j
y ��j
uG|KwI~vnªu�nª±�j
y·­��z§ � r:s � h0j�u � wIy��(pgy��
£i�vw´�v£ij
r
λ0

� s�yB~qr ¥ noyWuvji�v�Mszrorxj
[−1, 1]

§}¢{w�u�wzy�~:|Bs��
λ0, λ1

j
u
λ2
rxji~:��sz�
noy�ji~ � j

P
¶gjirorxji~:�I£
��nª®�jiyWu��

λ0λ1λ2 =
2τ0 − ∆t

2τ0 + ∆t

i^��2%l

��j�|g��w � pgnªu{�I£
��nª®Bj
�

PG(
2τ0 − ∆t

2τ0 + ∆t
) = 4

2τ0 − ∆t

(2τ0 + ∆t)2
β2∆t(τ1 − τ0).

i^�Mk>l

��y � nt~���p}u�j�~"pgnx�Ms�yWu�roj�~vnx�zygj � j
2τ0 − ∆t

�

��9
2τ0 − ∆t > 0

� 2τ0 − ∆t

2τ0 + ∆t
∈ [0, 1]

j
u �.¥ s�|g��fi~�i^�Mk>l
PG

ji~"u©|KwI~vnªu�nª±3jiy ��j�|KwznxyWuHiÄ|�pgnx~�¦Wpgj
τ1 >

τ0
l8§W«µj{|Kwzrx�Jy��zh0j

PG

s�s�rxwz��~3s�p�h0wInoy�~Ypgy��
£i�vw���£
jir
λ0 ∈

[2τ0 − ∆t

2τ0 + ∆t
, 1

] ¶I�
j©¦Wpgn�nxh0|grxnx¦Wpgj
�
i²s�l�~vn

λ1, λ2 ∈ C
¶

λ = λ1 = λ̄2
j�u©�
wzh0h0j

λ0 ≥ 2τ0 − ∆t

2τ0 + ∆t

¶gwzy�s |λ| ≤ 1
�.¥ sz|g��fi~5i^�+2�l�§
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iÄ³Vl�~vn
λ1, λ2 ∈ R

¶ �.¥ s�|��vf]~�ygw�u��vj-�vjih0sz��¦Wpgj�|��v£]��£ � j
yWuvj�jirorxji~�~"wIyIu©~vwznou{u�wzp}u�ji~{rxji~ � j
pg� � j
h0w � pgrxj-nxy}±Ä£
��nojipg�©¤5�I¶B~vwznou{uvwIp}uvj]~�rxji~ � j
p}� � j-h0w � pgrxj-~vpg|K£
��nojipg�©¤5�I§U°,j � ji�vy�noji�©�
sI~
ji~"u{nxhG|KwI~�~vno³grxj��
sz� �.¥ sz|g��fi~5i^�+2�l,rxjZ|��vw � pgnou � j�rxj
pg��~:h0w � pgrxji~ � wInªu �
uv��jZnxy}±Ä£i�vnxj
pg�{¤��I§

��9
2τ0 − ∆t < 0

�¬wzy ~vpgnou�rts h �ihGj � £
h�sz����egj!¦Wpgj � szy�~�roj´|g�vjih0noji���isz~(j
u�wIyah0wzyWuv��j ¦Wpgj
ρ(G) ≤ 1

§
��9

2τ0 − ∆t = 0
�
λ0 = 0

j�u
λ1, λ2

~vwzyWu{~vwzrxp}uvnxwzy�~ � jZr ¥ £i¦Wp�sMu�nowIy �

T (λ) = −2τ0λ
2 + [4τ0 − β2(τ1 + τ0)]λ + β2(τ1 − τ0) − 2τ0 = 0.

#Yrxroj]~��z£i�vno®�jiyIu �

λ1λ2 = 1 − β2 τ1 − τ0

2τ0
≤ 1 ∀k ∈ � � .

i^�z��l

i²s�l�~vn
λ1, λ2 ∈ C

(25) ⇒ λ1λ2 = |λ|2 ≤ 1.
iÄ³Vl�~vn

λ1, λ2 ∈ R
§B��y���j
h�sz��¦Wpgj�¦Wpgj
�

T (1) = −2β2τ0 ≤ 0, T (−1) = 2β2τ1 − 8τ0 = 8τ0(
c2
∞∆t2

h2
− 1) ≤ 0.
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1
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∆t >

h

c∞

�

PG(−1) < τ0 cos2 α = τ0 cos2(
k∆x

2
) = 0 ∀k ∈ M = {(2p + 1)

π

h
/p ∈ Z}.

j�u��
wzh0h0j
PG
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� j
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j
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(‖ûn
h‖L2 + ‖σ̂n

h‖L2) ≤ C1(‖û0
h‖L2 + ‖û1

h‖L2 + ‖σ̂0
h‖L2), ∀n ∈ � ¢ ,
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(‖un
h‖L2

h,0
+ ‖σn

h‖L2

h, 1
2

) ≤ C1(‖u0
h‖L2

h,0
+ ‖u1

h‖L2
h,0

+ ‖σ0
h‖L2

h, 1
2

), ∀n ∈ � ¢ .
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(‖u0
h‖L2

h,0
+ ‖u1

h‖L2
h,0

+ ‖σ0
h‖L2

h, 1
2

) ≤ C2(‖u0‖L2 + ‖u1‖L2 + ‖σ0‖L2)
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∆t

j
u
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 � �
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{

ρ ∂2
ttu − ∂xσ = f

σ + τ∂tσ = µ∂2
xtu

i^��S%l

��� � ) ��7�� ������	��&� ��� ��/�������
 : � 	 < 
&�H "�#� ��� � ��� : ��� < �


















ρj

un+1
j − 2un

j + un−1
j

∆t2
−

σn
j+ 1

2

− σn
j− 1

2

h
= fn

j ,

σn+1
j+ 1

2

+ σn
j+ 1

2

2
+ τj+ 1

2

σn+1
j+ 1

2

− σn
j+ 1

2

∆t
=

µj+ 1
2

h

[un+1
j+1 − un

j+1

∆t
−

un+1
j − un

j

∆t

]

.
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1� � ���k�#$ � � � ��	H���P������� ���������H�0	 ∆t

,1����	 3 �h� 

/#���"��	 ��	���� �+����� 
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∆t ≤ h
√

τ

c
, c =

√

µ

ρ
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 � ��� �

{

ρ ∂2
ttu − ∂xσ = f,

σ = µ∂xu + µτ∂2
xtu.

i^���%l

��� � �5��/�� ���k
 ����������	������H
1�0����/�	�� �



















ρj

un+1
j − 2un

j + un−1
j

∆t2
−

σn
j+ 1

2

− σn
j− 1

2

h
= fn

j ,

σn+1
j+ 1

2

+ σn
j+ 1

2

2
=

µj+ 1
2

h

[

τj+ 1
2
(
un+1

j+1 − un
j+1

∆t
−

un+1
j − un

j

∆t
) +

un+1
j+1 + un

j+1

2
−

un+1
j + un

j

2

]
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 ����� 	 �"/0�&� �&	 �'	��&��� ��� ���������V� 	 � ��� 
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����&��� 
&�V�

ε∂tσ
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���	���� ��� :�� 	 < � � 	K�"�&�>� ���'	 � 	����&��� � ) 
# � "� � 7�	%$�k
���	����h/0���V��� �0�-���

ε∂tσ(xj+ 1
2
, tn+ 1

2 ) ≈ ε(σn+1
j+ 1

2

− σn
j+ 1

2
)/∆t

:
ε → 0 < 5X���5��/�� ���k
 �����g�0����	 ,1
�� �����

� : � 	 < ��� /0��� ��	��+��� 
&�V� τ0 = ε
���

τ1 = τ
�
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E(t) =
1

2

[

‖∂tu‖2
ρ + ‖∂xu‖2

µ + ‖s‖2
τ0

µ(τ1−τ0)

]

�z£i�vno®�j
�
dE(t)

dt
= −‖s‖2

1
µ(τ1−τ0)s��zj]�

s = σ − µ∂xu, ‖v‖2
ω =

∫

Ω

ω(x)|v(x)|2 dx ∀ (v, ω) ∈ L2(Ω) × L∞(Ω), ω ≥ 0.

¢{wIp�~ � £
®�ygnt~v~vwzy�~:rtsG�Ms���nxsz³groj � nt~�����f�uvj�¦Wpgnµ�
wz���vj]~"|Kwzy � ¤
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sn
h = σn

h + A−1B∗ un
h.

«µj�~���eg£
h�s i��]��l,ji~"u{£i¦Wpgnx�Ms�rxj
yWu{¤��






















Mu

un+1
h − 2un

h + un−1
h

∆t2
− B σn

h = fn,

Mτ

sn+1
h + sn

h

2
+ Ms

sn+1
h − sn

h

∆t
+ B∗ un+1

h − un
h

∆t
= 0,

A σn+1
h − A sn+1

h + B∗ un+1
h = 0,

i�2��.l

s��zj]�

Mu uh = (ρjuj)j∈Z, ∀uh ∈ L2
h,0,

Mτ σh =
( 1

µj+ 1
2
(τ1,j+ 1

2
− τ0,j+ 1

2
)
σj+ 1

2

)

j∈Z
, ∀σh ∈ L2

h, 1
2

,

Ms σh =
(

τ0,j+ 1
2

µj+ 1
2
(τ1,j+ 1

2
− τ0,j+ 1

2
)
σj+ 1

2

)

j∈Z
, ∀σh ∈ L2

h, 1
2

,

A σh =
( 1

µj+ 1
2

σj+ 1
2

)

j∈Z
, ∀σh ∈ L2

h, 1
2

,

B
ji~"u � wzygy�£
j�|�s��-i"�
k>l

.
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En+ 1
2 =

1

2
‖un+1

h − un
h

∆t
‖2

Mu
+

1

4

(

‖sn+1
h ‖2

Ms
+ ‖sn

h‖2
Ms

)

+
∆t2

4

(

B∗ un+1
h − un

h

∆t
,
sn+1

h − sn
h

∆t

)

+
1

2

(

M−1
σ B∗ un+1

h , B∗ un
h

)
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&,&�0/
{ ‖uh‖2

Mu
= (Muuh, uh) = ut

hMuuh, ∀uh ∈ L2
h,0,

‖sh‖2
Ms

= (Mssh, sh) = st
hMssh, ∀ sh ∈ L2

h, 12
.
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2
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= −1

8
(‖sn+1

h + sn
h‖2

Mτ
+ ‖sn

h + sn−1
h ‖2

Mτ
)
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∆t

2
‖B‖ ≤ 1.

i�2I��l

&,&�0/

‖B‖ = sup
uh 6=0,σh 6=0

(Bσh, uh)

‖uh‖Mu
‖σh‖K

���
� �

= (A−1 + M−1
s )−1.
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σh = (αj+ 1

2
σj+ 1

2
)j∈Z, ∀σh ∈ L2

h, 12
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αj+ 1

2

ji~"u{pgygj�sz|g|g��w��}noh�sMu�nowIy � j
α = µ

τ1

τ0

szp�|KwznxyWu
xj+ 1

2
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[xj , xj+1]

l �

αj+ 1
2

=
1

h

∫ xj+1

xj

α(x) dx
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ρj
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ρj =
1

2h

∫ xj+1

xj−1

ρ(x) dx =
1

2
(ρj+ 1
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+ ρj− 1

2
)
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(B σh, uh) = (σh, B∗ uh)

=
1

h

∑

j∈Z

σj+ 1
2
(uj − uj+1)

≤ 1

h
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∞

∑

j∈Z

α
− 1

2

j+ 1
2

σj+ 1
2

ρ
1
2

j+ 1
2

(uj − uj+1)

≤ 1

h
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∞
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∑

j∈Z

α−1
j+ 1

2

|σj+ 1
2
|2

)
1
2
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∑

j∈Z

ρj+ 1
2
|uj+1 − uj |2

)
1
2
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∞ = sup

x∈Ω
c∞(x) = sup

x∈Ω
c(x)

√
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τ0(x)
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j∈Z
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Mu = ρ I , Ms =
τ0

µ(τ1 − τ0)
I ,

A =
1

µ
I .
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���	�� $�	�'0�����

¢{wzuv��j�wz³}��j]�8u�nª±�ji~"u � j � £
�zjirowI|g|Kj
��pgy�j(h0£�uve�w � j(yJpgh0£
��nx¦Wpgj�j
¸��isz�
j�|BwIpg����£i~vwzp � ��j0roj�|g�vwI³grxf
h0j
h0w � f
rxj�i��1l8§W¢{wzpB~Ys � sz|}uvwIy�~3rxji~3£iro£ih0j
yWu�~Y®�ygnt~3h0nª�Juvj]~Ss��Iji�:��wIy � j
yB~vs�uvnxwzy � j{h�sz~�~vj�|g�v£]~"jiyWuv£i~ � s�y�~ dÏ�1f
|Kwzpg��r ¥ £]¦Wp�sMu�nowIy � j�r ¥ £irxsI~�u�w � �Jy�s�h0nt¦Ip�jZszp�|g��wz³grxf
h0j � j�rtsq�Jnt~v�
wJ£
rtsz~"uvnt��nouv£z§}«�sq³Bsz~vj � j��
j�u"u�j�h0£�uve�w � j
ji~"uDpgygj,±Äwz��h-pgrtsMu�nowIy�hGno�Juvj � p-|��vwI³grofih0j � szy�~�rtsz¦WpgjirorxjSrxj,uvj
yB~"jipg� � ji~D��wIyIu���sznoyWu�ji~

σ
ji~"u���ji��egji����e�£ � s�yB~

r ¥ j]~"|�sI��j
L2 � ji~{uvjiy�~"jipg��~{¤ � nx�zji�v�Ij
y��
j L2 j�u�~"�Jh0£�u��vnt¦Wpgji~©¦Ip ¥ wIy�y�w�uvj Hsym(div)

j
u©rxj � £
|�rxsI��j
h0jiyIu
u
� szy�~

L2 §

"�
�� � !�� � ��,��	% ����� � � )��$& ����+	%
	%,2!
�Dwzpg��pguvnxront~"ji�-��j
u"u�j(h0£�uve�w � j � s�y�~�roj(�isz~ � j�rts��Jnx~���wJ£irxsI~�u�nx�
nªu�£z¶µwIy!|Bsz~�~"j0|�sz��pgygj(��j�±ÄwI�vhqpgrxs�uvnxwzy

� p(|��vwI³grofih0j©��jZ¦Ip�n���j
�JnojiyWu,¤���£
£]����no��j�rxs�rowIn � jZ��wzh0|Kwz�vuvjihGjiyWu,��wIyIu���sznoyWu�j�­ � £�±ÄwI�vh�sMu�nowIyG~vwzpB~Yrts�±Äwz��h0j
�.¥ pgygj�rxwzn � £
±Äwz��h�sMuvnxwzyg­@�
wzyWuv��s�nxyWuvjz§M°,ji�
n}ji~"uY|BwW~v~vno³�roj:j
yGnxyIu��vw � p�nx~�s�yWu3¤�y�wzpg�Ijis�p

s = σ−Cε
�
wzh0h0j:rxs

� noÁK£i�vjiy���j�jiyWuv��j�rxs��
wzyWuv��s�nxyWuvj��Jnx~���wJ£
rtsz~"uvnt¦Wpgj�j�u©rts���wIyWuv��s�nxyIu�j � s�y�~{roj��isz~�|gp��vjihGjiyWu{£
rtsz~"uvnt¦Ip�jz§�RZs�y�~
rxj��
sz~©��wzyWu�noyJpµ¶ � s�y�~�rts � £ihGwIy�~"uv��sMuvnxwzy � j]~���£i~vpgrªu�sMu�~ �.¥ j��}nx~"uvjiy���j�j
u �.¥ pgygnt��nouv£ � j�rxs�~vwzrxp}uvnxwzy�j
u � j�rts
� £]����wznt~v~�s�y��
j �.¥ £
y�j
���znxjz¶g��j
u"u�j�ygwzpg�Ij
rxroj��Ms���nts�³grxjZsZ��wIpg£�pgy�� �Iroj�nxh0|BwI�"u�s�yWu5d �.f@§

��y���wzyB~"n � f
��j�roj�|g��wz³�rofihGj�h0w � f
rxj � szy�~:pgy�wzpg�Ij
�vu¬³Kwz��yg£
Ω ⊂ � � 2















ρ
∂2u

∂t2
− "L9N\

σ = f,

σ + τ0
∂σ

∂t
= Cε(u) + τ0Dε(

∂u

∂t
),

i�2�_�l

s��zj]�©rxji~��
wzy � nªu�nowIy�~�nxygnªu�nxszroj]~ �

u(t = 0) = u0 ; σ(t = 0) = σ0 ;
∂u

∂t
(t = 0) = u1

i�2I��l

j�u{rts0��wIy � nouvnxwzy�s�p}��rxnxhGnouvj]~

σ.n = 0
~vpg�

∂Ω,
iÄkI�%l
w!,

n
ji~"u:rts0ygwI�vh�s�rxjZ£��Juv£i�vnxj
pg��j�s�p � wzh�sznoygjI§

#Yy�nxyIu��vw � p�nx~�s�yWu�rxsGygwIpg�zjirorxj��Ms���nxsz³groj
s
¶grxj�~"�}~"uvf
h0j�i�2�_�l � ji�Wnxj
yWu��

ρ ∂2
t u − "K9�\

σ = f,
iÄk��]s�l

Mτ s + M ∂ts = ε(∂tu),
iÄkB�
³Vl

Aσ −A s = ε(u),
i²k��]��l
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n

Ω

∂Ω

� �����.�#���P�&��
&	 � �k�*) ���������

s��zj]�
M = Z−1, Mτ = Z−1

τ = τ−1
0 M, A = C−1.

RZs�y�~Du�wzp}uS�
j�¦Ip�n�~"p�nªuYygwIp�~3|g��j
y � �vwIy�~D��wIhGh0j:|g��wz³grxf
h0j�h0w � f
rxj:roj�|��vwI³grofih0j i²k��1lDs��zji�,rxji~Y�
wzy � nouvnxwzyB~
nxygnªu�nxszroj]~5i�2I��l8¶�rxs0��wIy � nouvnxwzy

s(t = 0) = s0 = σ0 − Cε(u0)
iÄkJ�+l
j�u{rts0��wIy � nouvnxwzy�s�p}��rxnxhGnouvj]~-iÄkW��l�§
� �J  � 	1c.� �m: /�;21 ��� ����
&�#�����P�����

� � ) 	 ���'� �.�&��/���	���� ������
 ,&
&��	�

��� � s
� � �������k��� ) ���h���&� �H	 �V� �����k�0��	�
&	 � �  ��&�����
��� ���V	 �-� 
	���&���P��� 
&�'	��&�

�H	 7�� �H��� � 
 ��	���/�� ���'	���
���	����(��� ���' �
+/0� �������>�-,1����� ��� �H��� ) �&�  ����� �#�#����	 � �  
���� 
 ����	 � �H� �H� �&� ��� �
�+��� 	 � /0�&���V����� � �����97e��� ��� 	 �H	 � 
&�V�

σ
���

s
���m� ���  "� 
��.
���� � ) ���"�H��� ���&� /��'	��&���+�H� ) 
&���'� � �

� � 
k�#� �������H��� 
���	��������P "� �
��� � ��� $����"��� 
&�
	���� : � < ������
�	 � �+��� 
 �����k�-�k
���	 � � � �


























ρ ∂2
t u −

L
∑

l=1

"L9N\
σl = f,

Ml,τ sl + Ml ∂tsl = ε(∂tu), ∀l = 1, · · · , L,

Al σl −Al sl = ε(u), ∀l = 1, · · · , L,

iÄk�2%l


&,&�#/

Ml = (Dl − Cl)
−1, Ml,τ = τ−1

0,l Ml, Al = C−1
l , ∀l = 1, · · · , L.

"�
)	 � � ��,���%��#����� ��� � ��� ����� ���'� ! %�% ! )'�0&	%��(��!%,2!%���
	 ��� �������(������!
��y���wzyB~"n � f
��jZroj]~�ji~v|�sz�
ji~,±ÄwzyB�8uvnxwzy�ygj
rt~ � j�uv��s��Ms�nxr!�

M = (L2(Ω;
� � n))n, H = L2(Ω;L(

� � n)),
iÄkIk%l
ygwIp�~ � £�®Bygnx~�~vwzy�~:r ¥ j]~"|Bsz��j � j]~¬uvjiy�~"jipg��~

X = {σ ∈ H /
"K9�\

σ ∈ M}i²kW��l
j�u©szp�~�~"n.r ¥ j]~"|Bsz��j � j]~:uvjiy�~"jipg��~�~"�Jh0£�u��vnt¦Wpgji~

Xsym = {σ ∈ X / σ ∈ Lsym(
� � n)}.iÄk%S�l

��y5wz³guvnxj
yWu©rtsG±Äwz��h-pgrtsMu�nowIy�h0no�Juvjz¶Kj
y¯sz|g|grxnx¦Wp�szyWu©¤�r ¥ £i¦Wp�s�uvnxwzy iÄkB�is%l¬roj�|��vw � pgnou©|�sz�
ũ ∈ M

¶B¤ iÄkB�
³Vl
|�sz�

s̃ ∈ Xsym ¶D¤(i²k��i�.lZ|�s�� σ̃ ∈ Xsym j�u-jiy·noyWuv£i�z��s�yWu-~vpg�
Ω
§��{|g��fi~-pgygj�nxyWuv£i�z��sMuvnxwzy!|�sz�-|�sz�"u�noj]~

ÂÄÃ�ÅµÂÇÆ
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� j]~{h0j
hq³g�vj]~ � j � �vwInªu�j � j]~ � jip}� � j
��ygnofi�vj]~�£i¦Wp�s�uvnxwzy�~HiÄrxji~{uvj
��h0ji~©w!,5nxyIu�j
���JnojiyIu�roj�u�j
y�~vj
p��
ε(u)

l:wIy
wz³guvnxj
yWu{rxsq±ÄwI�vhqpgrxs�uvnxwzy�hGno�Juvj�~vpgnx��szyWuvj
�







































d���wzpg�Ij
�
(u(t), p(t), σ(t)) : [0, T ] −→ M × Xsym × Xsym u�j
rt~{¦Wpgj
�

d2

dt2
(u(t), ũ) − b(ũ, σ(t)) = (f, ũ), ∀v ∈ M,

mτ (s(t), s̃) +
d

dt
m(s(t), p̃) +

d

dt
b(u(t), s̃) = 0, ∀s̃ ∈ Xsym,

a(σ(t), σ̃) − a(s(t), σ̃) + b(u(t), σ̃) = 0, ∀σ̃ ∈ Xsym,

iÄk�U�l

s��zj]�






















































(u, ũ) =

∫

Ω

ρ u.ũ dx, ∀(u, ũ) ∈ M × M,

m(s, s̃) =

∫

Ω

M s : s̃ dx, ∀(s, s̃) ∈ H × H,

mτ (s, s̃) =

∫

Ω

Mτ s : s̃ dx, ∀(s, s̃) ∈ H × H,

a(σ, σ̃) =

∫

Ω

Aσ : σ̃ dx, ∀(σ, σ̃) ∈ H × H,

iÄk%_�l

j�u

b(u, σ) =

∫

Ω

"K9�\
σ.u dx, ∀(u, σ) ∈ M × H.

iÄkI�%l

"�
#" � !#,2� 	 ) ���+����������������� � �"!%�$!%��&'�(��!
¢{wIp�~�~vpg|g|KwI~vwzyB~�nx�
nZ¦Wpgj roj � wzh�s�nxygj

Ω
j]~�u�pgygj p�ygnowIy � j ��ji��u�szyg�zrxji~�j
u�ygwIp�~��
wzy�~vn � £
��wzy�~(pgy

h�s�nxrorts��Ij-��£
�Ipgronxj
�
(Th)

� j
Ω
��wIhG|KwI~v£ � ji~��
sz�v��£i~

K
� jG�
w�u�£

h > 0
§���y nxyIu��vw � p�nªu�roj]~Zji~v|�sz�
ji~ �.¥ s�|}­

|g��w��}noh�sMu�nowIy�~ � j � nxhGjiy�~vnowIy�®Bygnoj]~ �

Mh ⊂ M, Xh ⊂ X, Xh
sym = Xh ∩ Xsym.

i^�z��l

«µj |g�vwI³grxf
h0j s�|�|g�vw}��eg£ � j¯rts ±Äwz��h-pgrtsMu�nowIy iÄk�U�l��
wzy�~vnx~"uvj´¤ ��egj
����egji�
(uh(t), sh(t), σh(t)) ∈ Mh ×

Xh
sym × Xh

sym ¦Ip�nµ�z£i�vno®�j
yWu��







































d���wzpg�Ij
�
(uh, ph, σh) : [0, T ] −→ Mh × Xh

sym × Xh
sym u�j
rt~�¦Wpgj
�

d2

dt2
ρ(uh, ũh) − b(ũh, σh) = (f, ũh), ∀ũh ∈ Mh,

mτ (sh, s̃h) +
d

dt
m(sh, s̃h) +

d

dt
b(uh, s̃h) = 0, ∀s̃h ∈ Xh

sym,

a(σh, σ̃h) − a(sh, σ̃h) + b(uh, σ̃h) = 0, ∀σ̃h ∈ Xh
sym.

i^�g�.l

�Ypgnt~�¦Ip ¥ nxrJy ¥ ��szp���pgy�j,��wIyWuvnxyWp�nªu�£Sj��}nx�z£ij � szy�~�r ¥ ji~v|�sz�
j
M

i
(L2(

� � n))n
l�¶�norJ~"ji��s©s�|g|g��w}��eg£Ss��Iji� � j]~µ±ÄwIy��8­

uvnxwzyB~ � nx~���wIyWuvnxyWp�ji~i§M�Dsz�Y��wIy�~"£]¦Wpgj
yWu3rxsZh�sMu��vnt��j � j�h�sI~v~vj�sz~�~"w}��nx£
j:¤
ρ
ji~"u � nxsz�zwzyBs�rxj,|�sz�Y��wIy�~�u��vpB�8uvnxwzy�§

��®By �.¥ s��zwIno��rxs���wIy � j
yB~vs�uvnxwzy � jGh�sz~�~"jq|BwIpg��rxji~Zh�sMu��vnt��j]~�sI~v~vw}��nx£
j]~©s�pg��±ÄwI�vh0j]~©³gnxrxnoyg£]s�nx�vj]~
mτ

¶
mj�u

a
¶3ygwzpB~qpguvnxront~"wIy�~0r ¥ j]~"|�sI��j �.¥ s�|g|g��w��}noh�s�uvnxwzy

Xh
sym � £]����nªu � s�yB~ d �.f@¶Ys��zj]���
j5��egwzno�.¶�rxji~Gj]~"|�sI��j]~

�.¥ s�|g|��vw��}nxh0s�uvnxwzy�s�³�~"uv��s�nou�~:~vj
��wzyWu � £�®�y�nx~:|�sz���

Mh = {uh ∈ M / ∀K ∈ Th, uh|K ∈ Q0},
Xh = {σh ∈ X / ∀K ∈ Th, σh|K ∈ Q1},
Xh

sym = {σh ∈ Xh / σh ∈ Lsym(
� � n)},

i^�I�+l
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w!,
Q0

j
u
Q1

~"wIyIu�rxji~�j]~"|Bsz��j]~ � ji~:|Kwzrx�Jy��zh0ji~ � £�®�ygnt~�|Kwzpg�
k = 0

wIp
1
|�sz���

Qk = {p / p(x, y) =
∑

i,j≤k

aijx
iyj , aij ∈ � � }.

���zji���
j-��egwInª�.¶grxj � £i|grxsI��jihGjiyWu
uh

ji~"u���wIy�~�u�s�yWu{|�sz�{£
rx£
h0j
yWu©j
u©rxj�uvjiy�~"jipg� � j]~©�
wzyWuv��s�nxyWuvji~
σh

i²�vj]~"|µ§
sh

l¬j]~�u�pgy�j�±ÄwIy��8u�nowIy�³�norxnoy�£is�nx��j�~v�Jh0£�uv��nt¦Ip�j � szy�~
H(div)

¶���j�¦Wpgn.nxhG|KwI~vj�rtsq�
wzyWuvnxyJpgnªu�£ � j
σii

� s�y�~¬rts
� nx�vj]�8u�nowIy

xi

j�u�rxs0��wIyWuvnxyWp�nªu�£ � j
σij = σji

i
i 6= j

l � szy�~�rxji~ � jip}� � no��ji��uvnxwzy�~
xi

j
u
xj

§ #Sy¯��wzyB��rxp�~"nxwzy�¶
ygwIp�~Ys��zwIy�~D��nxy�¦ � j
�z��£i~ � j�rxnx³Bji�"u�£{|�s��Y~vwzh0h0j�uY|Kwzp��

σh

i²�vj]~"|�§
sh

l�j
uYpgy � j
�I�v£ � j�rxnx³Bji�"u�£�|�s��3£iro£ihGjiyWu
|Kwzpg�

uh

iÄ�Iwznx� ��nx�zp��vj5SG|BwIpg�
n = 2

l�§

σb

σ
11

12
σ σ

22
σ

22

σ

12
σ
σ

11

σ
11
b

12
2222 σ

11

σ
12

l

t

lr

t

r

u

σ

σ

t

22
b

rσ

11

22

11

12

σ

σ

lσ

� �����"S � � �������'$+� �����+�H� 	 �0����� �  �����
Xh

sym ���
Mh

«µj]~:h�sMuv��nt��ji~ � j�h�sI~v~vj�~"wIyIu{szrowI��~:�
szrx�
pgrx£
ji~:¤0r ¥ szn � j � j�rxsq±Äwz��h-p�roj � j���s�pB~v~"­@«�wz³�s�u"u�w �

m(σh, σ̃h) ≈ mh(σh, σ̃h) =
∑

K∈Th

∮

K

Mσh : σ̃h,

mτ (σh, σ̃h) ≈ mτ h(σh, σ̃h) =
∑

K∈Th

∮

K

Mτ σh : σ̃h,

a(σh, σ̃h) ≈ ah(σh, σ̃h) =
∑

K∈Th

∮

K

Aσh : σ̃h,

s��zj]� ∮

K

f =
h2

4

∑

x∈Ks

f(x), ∀ f ∈ C0(K)
j�u

Ks = {x ∈ � � n / x
~vwzh0h0j�u � j

K}.

��y�noyWu��vw � pgnou
BN1 = {ωi / i = 1, · · ·N1}

iÄ��ji~v|µ§
BN2 = {φi / i = 1, · · ·N2}

l¬rxji~:±ÄwIy��8u�nowIy�~ � j�³�sI~"j � j
Mh

iÄ��ji~v|µ§
Xh

sym l,s��zj]� N1 = dim Mh

iÄ��ji~v|µ§
N2 = dim Xh

sym l8§���y���wIy�~vn � fi�vj Uh = (U1, · · · , UN1)
¶

Ph = (S1, · · · , SN2)
j
u

Σh = (Σ1, · · · , ΣN2)
roj]~G�
wJwz� � wzygy�£
ji~ � ji~q±ÄwIy��8u�nowIy�~

uh

¶
sh

j�u
σh

~vpg�0��ji~
³�sI~"j]~
¶}rxj�|g�vwI³grxf
h0j�i^�}�1l¬~"j���£
£]����nªu�s�rxwz��~:~"wIp�~:rxsq±ÄwI�vh0j�h�sMuv��nt��nxj
rxroj�~vpgnx��szyWuvj
�























Mu

d2Uh

dt2
− BΣh = F,

Mτ Sh + Ms

dSh

dt
+ B? dUh

dt
= 0,

AΣh − ASh + B?Uh = 0.
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(Mu)i,j = ρh(ωi, ωj), 1 ≤ i, j ≤ N1,

(Mτ )i,j = mτ h(φi, φj), 1 ≤ i, j ≤ N2,

(Ms)i,j = mh(φi, φj), 1 ≤ i, j ≤ N2,

(A)i,j = ah(φi, φj), 1 ≤ i, j ≤ N2,

(B)i,j = bh(ωi, φj), 1 ≤ i ≤ N1, 1 ≤ j ≤ N2,

(F )i = (f, ωi), 1 ≤ i ≤ N1.

i^��k%l

«�s�h�sMuv��nt��j
Mu

j]~�u � nts��Iwzy�szroj�j
uZrxji~�h�sMu��vnt��j]~ � jGh�sz~�~"j
Mτ

¶
Ms

j
u
A
~vwzyWu � nts��Iwzy�szroj]~{|�sz��³�row}��¶Krts

� nxh0j
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"�
�� ����� �%,2� �+� �+�&%�!%,2!%����) ���+����������� �
�Dwzpg�,rxs � nx~�����£�u�nx~�sMu�nowIy�j
y�u�j
h0|�~,ygwzpB~Yp}u�norxnx~vwzyB~Ypgy�~v��eg£ih�s�s�p}� � noÁK£i�vjiy���j]~3®�y�noj]~,�
j
yWuv��£z¶Ij��}|grxnx�
nªu�j

j�u �.¥ wz� � �vj � j
p}���Kj
y sz|g|g��wJ��eBs�yWu©rts�|g��j
h0nofi�vjq£i¦Wp�s�uvnxwzy¯¤(r ¥ noy�~"u�szyWu
tn = n∆t

jiy¯p}u�norxnx~�s�yWuZrojG~v��eg£ih�s
~�s�p}u�j(h0wzp}u�wzyµ¶µrts � jip}�}nofih0j(£i¦Wp}u�nowIy ¤

tn+ 1
2 = (n + 1

2 )∆t
s��Iji�Gpgy ~���eg£
h�s5��jiyWuv��£ �.¥ wz� � �vj���j
u-rts

� ji�vygnx£
��j�¤
tn+1 ¶B��j�¦WpgnµygwIp�~ � wzy�ygj�roj�~���eg£
h�s0~vpgno�MszyIu �































Mu

Un+1
h − 2Un

h + Un−1
h

∆t2
− BΣn

h = F n,

Mτ

Sn+1
h + Sn

h

2
+ Ms

Sn+1
h − Sn

h

∆t
+ B? Un+1

h − Un
h

∆t
= 0,

A Σn+1
h − A Sn+1

h + B?Un+1
h = 0.

i^�I�+l

��y ��j
h�s���¦Wpgj�¦Wp ¥ wzy |Kj
pguG��£ � p�no��j(rxj�ygwIh-³g��j � j]~-nxy��
wzygyJpgj]~q¤ � j
p}�.¶�j
y ��j
h0|grts!�is�yWu
Σh

wzp
Sh

jiy
p}u�norxnx~�s�yWu�rts � ji�vy�nofi�vjZ£i¦Wp�s�uvnxwzy � p�~v�}~�u�f
h0jki^�z��l8¶g�
jZ¦Wpgn.ygwIp�~ � wIygygjz¶}jiy�£ironxh0noyBs�yWu

Σn
h

� jZrxsG|g��j
h0nxf
��j
£i¦Wp�s�uvnxwzy � p5~"�}~"uvfihGj�i>�z�+l �



















Mu

Un+1
h − 2Un

h + Un−1
h

∆t2
− BSn

h + BA−1B?Un
h = 0,

Mτ

Sn+1
h + Sn

h

2
+ Ms

Sn+1
h − Sn

h

∆t
+ B? Un+1

h − Un
h

∆t
= 0.

i^�+S�l

��y�|Bjip}u©£�u�j
y � �vj���j�~���eg£
h�s0s�p�|g��wz³grxf
h0j��z£iyg£
��s�rxnt~"£kiÄk%2�l �


















Mu

Un+1
h − 2Un

h + Un−1
h

∆t2
−

L
∑

l=1

BSn
l,h +

L
∑

l=1

BA−1
l B?Un

h = F n,

Ml,τ

Sn+1
l,h + Sn

l,h

2
+ Ml,s

Sn+1
l,h − Sn

l,h

∆t
+ B? Un+1

h − Un
h

∆t
= 0, ∀l = 1, · · · , L.

i^�%U�l

s��zj]�

(Ml,τ )i,j =

∫

Ω

Ml,τ φi : φj , 1 ≤ i, j ≤ N2, ∀l = 1, · · · , L,

(Ml,s)i,j =

∫

Ω

Ml φi : φj , 1 ≤ i, j ≤ N2, ∀l = 1, · · · , L,

(Al)i,j =

∫

Ω

Al φi : φj , 1 ≤ i, j ≤ N2, ∀l = 1, · · · , L,

Mu

j�u
B
~vwzyWu � wzygy�£
ji~:|Bs��

(54).
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� nt~v�
�vf
uvj�j
uSpgygj©�
wzy � nªu�nowIy0~vp}¸(~�s�yWuvj � j�~�u�s�³gnxronouv£I§WmJnBwzy���wIy�~vn � fi�vj:rxj{|g��wz³grxf
h0j�h0w � f
rxj©s��Iji�¬pgy(~vji��wIy �
h0j
hq³g�vj

f = 0
¶�rxs0¦Wp�s�yWu�nªu�£ �µ¥ £iygj
���znxj���wzyWu�noyJpgj

E
|g�v£]~"jiyWuv£
j � szy�~ d �&f�ji~"u � wzy�yg£
j�|�sz���

E(t) =
1

2
[‖∂tu‖2

ρ + ‖ε(u)‖2
C + ‖s‖2

Z−1 ]

j�u{rxj��v£]~"p�rªu�sMu � j�rts � £i����wznt~�~vszy���j � j���j
u"u�j�¦Wp�szyWuvnouv£
�

dE(t)

dt
= −‖s‖2

Z
−1
τ

.

s��zj]�

‖u‖2
ω =

∫

Ω

ω(x)|u(x)|2 dx ∀(v, ω) ∈ L2(Ω) × L∞(Ω), ω ≥ 0,

‖σ‖2
G =

∫

Ω

G(x)σ(x) : σ(x) dx ∀(σ, M) ∈ L2(Ω,Lsym(Ω)) × L∞(Ω,Lsym
(

Lsym(Ω),Lsym(Ω))
)

,

G
� £�®Bygnµ|KwI~vnªu�nª±

.

��y � £�®�y�nªu©r ¥ £
ygji�v�Inoj � nt~v�
�vf
uvj � p5~v��e�£
h�sGyWp�hG£i�vnt¦Wpgj�i^�I�+l �
F ��OX8L9Ä¼�9^ºV8 : /�;

En+ 1
2 =

1

2
‖un+1

h − un
h

∆t
‖2

ρh
+

1

2
ah(σn+1

h − sn+1
h , σn

h − sn
h)

+
1

4

[

‖sn+1
h ‖2

mh
+ ‖sn

h‖2
mh

]

+
∆t2

4
bh(

sn+1
h − sn

h

∆t
,
un+1

h − un
h

∆t
),

i^�z��l


&,&�0/

‖uh‖2
ρh

= ρh(uh, uh) ∀ uh ∈ Mh,

‖sh‖2
mh

= mh(sh, sh) ∀ sh ∈ Xh
sym.

� �J  � 	1c.� �m: /�C"1 ��� ����
&�#�����P�����-� ) ���"����$�	��k��	���/�� � � ���������0/#���  ��1���k�����'� �&	��g �
&���'	���� �

� � 
^ � ���P	 � � �85 1

2
‖un+1

h − un
h

∆t
‖2

ρh
+

1

2
ah(σn+1

h −sn+1
h , σn

h−sn
h)
��� ) �&���'� �&��,&� �+
�� � � � /0
1�b "��� �������V�

��� 
&����	������ :
s = 0 < ���g
# � "� �./�� �P� 
  "� ���H	 � � �  �
&���'	��H���-� ) ���"����$+	��k/#�����'	 ����� 1

2
[‖∂tu‖2

ρ + ‖ε(u)‖2
C ]
�

� � 
������97�	 � �k�65 1

4

[

‖sn+1
h ‖2

mh
+ ‖sn

h‖2
mh

] ���e	 ��� ����,�	������ � 
k,&
&��	�
 ��� �
sh

����� � � 
 ,�	���/0����� 
&�0�'	�/�	 � �P���


# + � �./��������-� ������� 1

2
‖s‖2

Z−1

��
&��� � ) ��� ����$+	��k/0�&���'	 ����� �

� � 
 �������V	 � � �65 ∆t2

4
bh(

sn+1
h − sn

h

∆t
,
un+1

h − un
h

∆t
)
���0� ��� � �����k�(
&�0�����  �����	 � ���

O(∆t2)
5 ����� 
&�

��/�� ����
 �+���H�&	 	 ��� ���"/0��� 3 ��	������
��y�s0roj���£i~vpgrªu�sMu � j � nt~�~"nx|�sMu�nowIy � jZr ¥ £
ygji�v�Inoj � nt~v�
�vf
uvj
�
[-I��Jº 	&AJ  � : /�;�� 
 ����
&�V��	 � �P�*) ���"����$�	��k��	���/�� � � ��,&����	 3g� �

En+ 1
2 − En− 1

2

∆t
= −1

8

[

‖sn+1
h + sn

h‖2
mτ h

+ ‖sn
h + sn−1

h ‖2
mτ h

]

,
i�SI��l


&,&�0/ ‖sh‖2
mτ h

= mτ h(sh, sh) ∀ sh ∈ Xh
sym.
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j�s�p�~���eg£
h�s i^�I�+l �



































ρh(
un+1

h − 2un
h + un−1

h

∆t2
, ũh) − bh(ũh, σn

h ) = 0 ∀ ũh ∈ Mh,

mτ h(
sn+1

h + sn
h

2
, s̃h) + mh(

sn+1
h − sn

h

∆t
, s̃h) + bh(

un+1
h − un

h

∆t
, s̃h) = 0 ∀ s̃h ∈ Xh

sym,

ah(σn+1
h , σ̃h) − ah(sn+1

h , σ̃h) + bh(un+1
h , σ̃h) = 0 ∀ σ̃h ∈ Xh

sym.

i�S��.l

�Y��j
ygwIy�~
ũh =

un+1
h − un−1

h

2∆t

iÄr ¥ s�|g|g��w��}noh�s�uvnxwzy´�
j
yWuv��£
j � j
∂tuh

¤�r ¥ nxy�~"u�szyIu
tn
lZj
u

s̃h = sn+1
h + sn

h

¶
ygwIp�~:wz³}u�j
ygwIy�~�s�rxwz��~ �

1

2∆t

[

‖un+1
h − un

h

∆t
‖2

ρh
− ‖un

h − un−1
h

∆t
‖2

ρh

]

− bh(
un+1

h − un−1
h

2∆t
, σn

h) = 0
i�SW�+l

1

2
‖sn+1

h + sn
h‖2

mτ h
+

1

∆t

[

‖sn+1
h ‖2

mh
− ‖sn

h‖2
mh

]

+ bh(
un+1

h − un
h

∆t
, sn+1

h + sn
h) = 0.

i�S�2�l

#Yy�p}u�norxnx~�s�yWu{rts � j
��ygnxf
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bh(
un+1

h − un−1
h

2∆t
, σn

h) = bh(
un+1

h − un−1
h

2∆t
, σn

h − sn
h) + bh(h

un+1
h − un−1

h

2∆t
, sn

h)

= − 1

2∆t

[

ah(σn+1
h − sn+1

h , σn
h − sn

h) − ah(σn
h − sn

h, σn−1
h − sn−1

h )
]

+ bh(
un+1

h − un−1
h

2∆t
, sn

h),

i�Szk%l
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��h0j�u � j���£
£]����no��jPi�SI��l,~vwzpB~:rxsq±Äwz��h0j
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1

2∆t

[

‖un+1
h − un

h

∆t
‖2

ρh
− ‖un

h − un−1
h

∆t
‖2

ρh

]

− bh(
un+1

h − un−1
h

2∆t
, sn

h)

+
1

2∆t

[

ah(σn+1
h − sn+1

h , σn
h − sn

h) − ah(σn
h − sn

h, σn−1
h − sn−1

h )
]

= 0.

i�SW�+l

mJnµwIy�±²sznªu{rtsGh0wM�zj
y�ygj � j�r ¥ £i¦Wp�s�uvnxwzy�i�S+2%l¬j
yWuv��j�roj]~ � j
pg��nxy�~�u�s�yWu
tn+ 1

2
j
u

tn−
1
2
¶gwzy�wz³}u�nojiyWu��

1

4
‖sn+1

h + sn
h‖2

mτ h
+

1

4
‖sn

h + sn−1
h ‖2

mτ h
+

1

2∆t

[

‖sn+1
h ‖2

mh
− ‖sn−1

h ‖2
mh

]

+bh(
un+1

h − un
h

2∆t
, sn+1

h + sn
h) + bh(

un
h − un−1

h

2∆t
, sn

h + sn−1
h ) = 0.

i�S�S�l

��y � £i�
wzh0|BwW~"j�rxji~ � jip}� � j
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�














bh(
un+1

h − un
h

2∆t
, sn+1

h + sn
h) = bh(

un+1
h − un

h

2∆t
, sn+1

h − sn
h) + 2bh(

un+1
h − un

h

2∆t
, sn

h),

bh(
un

h − un−1
h

2∆t
, sn

h + sn−1
h ) = −bh(

un
h − un−1

h

2∆t
, sn

h − sn−1
h ) + 2bh(

un
h − un−1

h

2∆t
, sn

h).

i�S>U�l
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−bh(
un+1

h − un−1
h

2∆t
, sn

h) =
1

2∆t
(T

n+ 1
2

1 − T
n− 1

2
1 ) +

1

4∆t
(T

n+ 1
2

2 − T
n− 1

2
2 ) + T n,
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T

n+ 1
2

1 =
1

2

[

‖sn+1
h ‖2

mh
+ ‖sn

h‖2
mh

]

, T
n+ 1

2
2 = bh(un+1

h − un
h, sn+1

h − sn
h)

j�u

T n =
1

2

[

‖sn+1
h + sn

h

2
‖2

mτ h
+ ‖sn

h + sn−1
h

2
‖2

mτ h

]

≥ 0.

�{|��vf]~:rxs0~vpg³�~"uvnouvp}u�nowIy � j�rxs0¦Wp�s�yWu�nªu�£ i�S+_%l � s�y�~5i�SI��l8¶}ygwIp�~:�vj
uv��wzpg�Iwzy�~ i�Sz��l �

En+ 1
2 − En− 1

2

∆t
= −T n ≤ 0,
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h0wIy�~�u���s�uvnxwzy � p�uveg£iwz��f
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��®By �µ¥ £
u�s�³�ronx�(pgygj5�
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h0j Sz� ¶Ynxr©~"pg¸Gu � j5|g�vwIpg�zji�
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y�j
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En+ 1
2
j]~�u�pgygj�±ÄwI�vh0j�¦Wp�s � ��s�uvnt¦Ip�jZ|KwI~vnouvnx�zj�iÄrxj��vj]~�u�j � j�rxs0|g��j
p��zjZji~"u©��rtsz~�~"nt¦WpgjHdÏ��U.f l�§

�Dwzpg�-£�u�sz³grxno�G��j�uvuvj��
wzy � nªu�nowIyµ¶�ygwIp�~ � j
�J�vwIy�~���j
�zjiygnx�-¤5rts�±Äwz��h-pgrtsMu�nowIy � j(h�sMuv��nt��nxj
rxroj�i>��S%l � j(ygwzuv��j
~���eg£
h�sGj�u�nxyIu��vw � p�no��j�pgygj�ygwIpg�zjirorxj�h0s�uv��nx�
j
�
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= (A−1 + M−1

s )−1.
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rxj�|g�vw � p�nªu©~��
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‖U‖P = sup
U 6=0

(PU, U)
1
2

‖U‖ ∀U ∈ � � N .
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√
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��wIp���egjZj�u:roj � jip}�}nofihGj�ygj���wIh0|BwI�"u�jZ¦Wpgj � ji~ � £i�vnx�z£iji~,|Bji�v|Kj
y � nx�
pgrts�nx�vj]~
§}«µj � jip}�}nofihGjZ£�u�s�|Kj���wzyB~"nt~�u�j
¤ s���wzp}u�j
�qpgyO��wJj
¸��
nojiyWu �.¥ s�h0wz�vuvnt~�~"jihGjiyWu-pgygnt¦Wpgj
h0j
yWu0~"pg�Grxji~-�
wzh0|KwI~�s�yWuvj]~�±²s�nt~�s�yWu-nxyIu�j
���zjiygno� � ji~
� £i�vnx�z£iji~{y�wz��h0szroj]~©¤�r ¥ noyWu�j
�v±²sz��jeiÄrts � £i�vnx�z£ijqsI~v~vw}��nx£
j-¤

x1
|BwIpg��p�ygjq�
wzp���egjq�zji�"u�nx�is�rxj.l8§ ����nDygwIp�~©|��v£
­

~vj
yWuvwIy�~�rxs�h0£�u�egw � j�|Kwzpg��pgy�jq±ÄwI�vhqpgrtsMuvnxwzy � £i|grxsI��jihGjiyWu"­ ��wzyWu���sznoyWuvjGs�p ~"j]��wIy � wI� � �vjGj
y!uvjih0|�~ � ji~
£i¦Wp�s�uvnxwzy�~ � jZrts0�Jnx~���wz­>jirxsI~�u�w � �Jy�s�h0nt¦Ip�jz§g��y��
wzy�~vn � f
��j � wIy���ygwzuv��jZ|��vwI³grofih0j�~vwzpB~,rtsG±Äwz��h0j
�























ρ ∂2
t u − "L9N\

σ = 0,

Mτ s + M ∂ts − ε(∂tu) = 0,

Aσ −A s − ε(u) = 0.

i'U���l

��y � £i��wIh0|BwW~"jGroj]~Zwz|K£
��sMuvjipg��~ � noÁU£
��j
yWuvnxj
rt~Zj
y � j
p}�¯|Bs��vuvnxji~�~"p�no�Ms�yWu�~�rxji~ � £i�vnx�z£iji~�|�s�����s�|g|Kwz�vuZ¤
x1j�u{|Bs�����s�|g|Kwz�vu:¤

x2
¶grxj�~"�}~"uvfihGj�i UM��l:~vj��v£i£i�
�vnou{s�rxwz��~¬~vwzpB~,rtsG±Äwz��h0j
�















ρ ∂2
t u = D2∂x2σ + D1∂x1σ,

Mτ s + M ∂ts = E2∂
2
x2tu + E1∂

2
x1tu,

Aσ −A s = E2∂x2u + E1∂x1u,

i�_I��l

s��zj]�

σ = (σ11, σ22, σ12)
t, D2 =

[

0 0 1
0 1 0

]

, D1 =

[

1 0 0
0 0 1

]

, E2 = (D2)
t j�u E1 = (D1)

t.

«µj�~v�}~�u�f
h0j i�_I��l,ji~"u{s�rxwz��~,£]¦Wpgno�MszrojiyIu©¤ �

u = u2 + u1, σ = σ2 + σ1, s = s2 + s1
i�_��is%l















ρ ∂2
t u2 = D2∂x2σ,

Mτ s2 + M ∂ts2 = E2∂
2
x2tu,

Aσ2 −A s2 = E2∂x2u.

i�_��
³Vl















ρ ∂2
t u1 = D1∂x1σ,

Mτ s1 + M ∂ts1 = E1∂
2
x1tu,

Aσ1 −A s1 = E1∂x1u.

i�_��i�.l

Å�Å Î�pgÛ]Ù"Û�q



��S ����� �#/0
�/������
	����
����	�
���	��������������

Melieu de propagation

Support des

fonctions initiales

Couches PML

x1

d1 = 0 d1 > 0

x2

� �����*U �&� ����/������ � � � �+
&���5� 
 ��	 � �0/��'	��&�����+���
x1

¢{wIp�~Z~"pg|�|BwW~"wIy�~�¦WpgjGrxjq~vpg|g|Kwz�vu � j]~{±ÄwIy��8u�nowIy�~�noygnouvnts�rxji~Zj]~�u���wzyWu�j
yJp � szy�~�roj � j
h0no­>j]~"|�sI��jG¤(�Iszp���egjI¶
��wIh0hGj�jirorxji~{~vwzyWu���j
|g��ji~vj
yWuv£iji~¬~"p���rxsG®��Ipg��jZ�
nª­ � ji~�~vp�~5iÄ|Kwzpg�©pgygj���wIp���egj�|�s���s�rxrxf
rxjZ¤

Ox2
l�§

« ¥ s�h0wI�"u�nx~�~"jih0j
yWu�ygj!��wzyB��j
��ygj ¦Wpgj´roj!~"�}~"uvfihGj i�_g�]��l�¦Ip�n©±²sznªu�noyWuvji�v�Ij
ygnx� � ji~ � £
��no�I£
j]~(ygwI�vh�s�rxji~�¤
r ¥ nxyWuvj
�v±²sz�
jGs��Iji�-rxs���wIp���egjz§U��®By �.¥ nxyIu��vw � p�no��jqrxji~�u�j
��hGj]~ �.¥ sz³�~vwz��|}uvnxwzyµ¶KygwIp�~Z��sz|g|BjirowIy�~�r ¥ noyWu�j
��|g�v£
u�s�­
uvnxwzy � ji~3�^] «�~ � s�y�~3rxj � wIh�s�nxygj:±Ä�v£]¦Wpgj
yWuvnxj
rKiÄ�zwIno� do�ikg¶g�1UJ¶���_g¶�2z�&f l3¦WpgnB��wzyB~"nt~�u�j{¤�±²s�nx��j�roj{��e�szyg�zjih0j
yWu
� j��Ms���nts�³grxj � s�y�~:rxj�|grts�y���wzh0|grxj��}j
�

x1 −→ x1 +
1

iω

∫ x

0

d1(s) ds.
i�_I��l

°,j�¦Wpgn.ji~"u{£i¦Wpgnx�Ms�rxj
yWu{¤��

∂x1 −→ η1 ∂x1 , η1 =
iω

iω + d1(x1)
,

i�_�2�l

w!,
d1(x1)

ji~"u¬pgy���wJj�¸(��nxj
yWu �.¥ s�h0wz�vuvnt~v~vj
h0jiyIu,£
�IszrB¤q� � szy�~SrxjZhGnxrxnojip � jZ|g�vwI|�s��WsMu�nowIyGj
u¬|KwI~vnouvno± � s�yB~
rxji~���wIp���egj]~5iÄ�zwIno� ��nx�zpg��j�U�l8§

�Dwzpg�{sz|g|grxnx¦Wpgji�{��j�|g��noyB��nx|BjI¶gygwzpB~:£i����nx�vwIy�~¬roj�~v�}~�u�f
h0j�i�_g�]��l,j
y � wIh�s�nxygjZ±Ä�v£]¦Ip�j
yWuvnxj
r �














−ρ ω2u1 = D1∂x1σ,

Mτ s1 + iωM s1 = iωE1∂x1u,

Aσ1 −A s1 = E1∂x1u.

i�_zk%l

�{|�|gront¦WpgwzyB~�roj���e�szyg�zjih0j
yWu � j���sz�vnts�³�roj�i�_�2�l¬¤ i�_zk%l8¶}y�wzp�~�wI³}uvjiygwzyB~�s�rxwz��~ �














−ρ ω2(iω + d1(x1))u1 = iω D1∂x1σ,

(iω + d1(x1))Mτ s1 + iω(iω + d1(x1))M s1 = −ω2 E1∂x1u,

(iω + d1(x1))Aσ1 − (iω + d1(x1))A s1 = iω E1∂x1u.

i�_W�+l
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�Dwzpg����j
�Ij
ygnx��s�p � wzh�sznoygjZu�j
h0|BwI�vjir^¶�norµj]~�u�p}u�norxj �.¥ noyWu��vw � pgnx��j�¦Wpgjirx¦Wpgj]~:noyB��wzy�yWp�ji~�s�pg�Jnxrxnxszno��ji~ i
U1
¶
S1j�u

Σ1
l �



















iωU1 = (iω + d1(x1))u1,

iωΣ1 = (iω + d1(x1))σ1,

iωS1 = (iω + d1(x1))s1,

i�_�S�l

j�u{nxrµj]~�u:±²sz�
norxj � j�|g��wzpg�Ij
��¦Wpgj�ygwIp�~:wz³}u�j
ygwIy�~¬®�y�szrojih0j
yWu�roj�~v�}~�u�f
h0j�~"pgnx�Ms�yWu��






















































ρ ∂2
t U1 = D1∂x1σ,

Mτ S1 + M ∂tS1 = E1∂
2
x1tu,

AΣ1 −AS1 = E1∂x1u,

∂tU1 = ∂tu1 + d1(x1)u1,

∂tΣ1 = ∂tσ1 + d1(x1)σ1,

∂tS1 = ∂ts1 + d1(x1)s1.

i�_>U�l

��y(��j
h0|grtsz�
j
∂2

t U1
|�s��

∂2
t u1 + d(x1)∂tu1

§J��wIhGh0j
s1
y ¥ nxyWuvji�v�Jnxj
yWu,|�sI~ � szy�~,roj]~3uv��wznt~Y|��vjihGnxf
��ji~S£i¦Wp�s�­

uvnxwzyB~
¶Iwzy�|Kj
p}u¬r ¥ £
rxnoh0nxygj
�,j�u¬ygj{�Isz� � j
�Y¦Wpgj{r ¥ nxy��
wzygyJpgj
S1
§W��wIpg� � j]~S��s�nt~vwzy�~ � j���wze�£
��j
y��
j � j©ygwzu�s�uvnxwzy

s��zj]�Zroj]~{£i¦Wp�s�uvnxwzy�~�~�s�yB~��^]¯«S¶�ygwIp�~ � £]~"nx�zygwIy�~�|�sz�{rts�~"pgnouvj-|�s��
s1
�
j�u"u�j�nxy���wIygyJpgj iÄ��j
h�s���¦WpgwzyB~�¦Ip�j

� szy�~©rxj-h0nxronxj
p´~vszy�~©� ]¯«Y¶
d1
£�u�s�yWu�yJpgr>¶Kroj]~ � jip}�5noyB��wzy�yWp�ji~

s1
j�u

S1
�
w �>y���n � jiyIu�l8§U«µjG~"�}~"uvf
h0j i�_%U+l

~ ¥ £]����nªu{s�rxwz��~:~"wIp�~:rts-±ÄwI�vh0j
�






























ρ (∂2
t u1 + d1(x1)∂tu1) = D1∂x1σ,

Mτ s1 + M ∂ts1 = E1∂
2
x1tu,

AΣ1 −A s1 = E1∂x1u,

∂tΣ1 = ∂tσ1 + d1(x1)σ1.

i�_�_�l

��noyBs�rxj
h0j
yWu�rojqhGw � firojG�^]¯« i � s�y�~�rxs � nx�vj]�8uvnxwzy � ji~
x1
l©sI~v~vw}��nx£-s�p´|g��wz³grxf
h0j i UM��l{ji~"u � wzygyg£q|�s��Zrxj

~v�J~"uvfih0j
�










































u = u2 + u1 ; σ = σ2 + σ1,

ρ ∂2
t u2 = D2∂x2σ ; ρ (∂2

t u1 + d1(x1)∂tu1) = D1∂x1σ,

Mτ s2 + M ∂ts2 = E2∂
2
x2tu ; Mτ s1 + M ∂ts1 = E1∂

2
x1tu,

Aσ2 −A s2 = E2∂x2u ; AΣ1 −A s1 = E1∂x1u,

∂tΣ1 = ∂tσ1 + d1(x1)σ1.

i�_I��l

��yGuv��s�nouvj � j�rts�h �
h0j:±²s!�
wzyGpgygj{��wIp���egj:�^]¯« � s�y�~Drts � nx�vj]�8u�nowIy � j]~
x2
j�u3®�y�szrojih0j
yWuYroj�h0w � firoj��^] «

�z£iyg£
��s�r.~ ¥ £]����nªu �










































u = u2 + u1 ; σ = σ2 + σ1,

ρ (∂2
t u2 + d2(x2)∂tu2) = D2∂x2σ, ρ (∂2

t u1 + d1(x1)∂tu1) = D1∂x1σ,

Mτ s2 + M ∂ts2 = E2∂
2
x2tu, Mτ s1 + M ∂ts1 = E1∂

2
x1tu,

AΣ2 −A s2 = E2∂x2u, AΣ1 −A s1 = E1∂x1u,

∂tΣ2 = ∂tσ2 + d2(x2)σ2, ∂tΣ1 = ∂tσ1 + d1(x1)σ1.

i²�I��l
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�Dwzpg�0r ¥ sz|g|g��w��}noh�sMu�nowIyOwIy p}u�norxnt~"j5rts!hG£
uvegw � j � ji~�£iro£ihGjiyWu�~G®�ygnt~�h0no�Wu�ji~�s��Iji����wIy � j
yB~vs�uvnxwzy � j
h�sz~�~"j�|g�v£]~"jiyWuv£
j � s�y�~ �P2�§ 25|Kwzp��qrts � nt~v�
�v£
uvnt~vs�uvnxwzy·jiy ji~v|�sz�
j(j�uGpgyO~���eg£
h�s¯szp}� � noÁK£i�vjiy���j]~�®�ygnxji~
��jiyWuv��£ �µ¥ wI� � ��j � j
p}��|BwIpg��rts � nx~�����£�u�nx~�sMu�nowIy�jiy�u�j
h0|�~i¶���j�¦Wpgn.ygwIp�~ � wIygygj�rxj�~v�}~�u�f
h0j�~vpgno�MszyIu �











































































uh = uh,1 + uh,2, σh = σh,1 + σh,2, sh = sh,1 + sh,2,

Mu

[un+1
h,m − 2un

h,m + un−1
h,m

∆t
+ Du,m

un+1
h,m − un

h,m

∆t

]

− Bi σn
h,m = fn,

Mτ

sn+1
h,m + sn

h,m

2
+ Ms

sn+1
h,m − sn

h,m

∆t
+ B?

i

un+1
h,m − un

h,m

∆t
= 0,

A Σn+1
h,m − A sn+1

h,m + B?
i un+1

h,m = 0,

Σn+1
h,m − Σn

h,m

∆t
−

σn+1
h,m − σn

h,m

∆t
− Dσ,m

σn+1
h,m + σn

h,m

2
= 0,

|Kwzpg�
m = 1, 2,

i²���.l

w!,
Mu, Ms, Mτ

j
u
A
~"wIyIu � wIygyg£iji~:|�sz�-i^�Mk>l,j�u

(Bm)i,j = bm(ω, φj) =

∫

Ω

Dm ∂xm
φjωi dx, 1 ≤ i ≤ N1, 1 ≤ j ≤ N2,

(Du,m)i,j =

∫

Ω

dm(xm) ωiωj dx, 1 ≤ i ≤ N1, 1 ≤ j ≤ N1,

(Dσ,m)i,j =

∫

Ω

dm(xm) φi : φj dx, 1 ≤ i ≤ N2, 1 ≤ j ≤ N2

|BwIpg�
m = 1, 2.
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=
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∑
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∑
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∑
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∑
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yWu�s�nx�vj]~
rxj�h0s��}nohqpgh � j

Q−1 ji~"u©sMu"u�j
nxyWu:|Kwzp��{pgygj�|gpgrt~�sMuvnxwzy �

ωmax =
1

√
τ1,lτ0,l

=
1

τ0,l

√
1 + γ̃l

≈ 1

τ0,l

.

��y(|g��j
y � |BwIpg�:��e�sz¦Wpgj�hGw � firoj�£
rx£
h0j
yWu�s�nx�vj
ωmax = ωl

¶ �µ¥ w ,(roj���egwInª���
τ0,l = ω−1

l = ω̃−1
2l−1

§}�{|��vf]~Yrts
��£i~vwzrxp}uvnxwzy � j5i��i��_�l�¶]wIyq�
wzy�~vn � f
��j

L̃
rxj¬y�wzh-³��vj � ji~

γl 6= 0
j�u3pgygj:|Kj
��h-p}u�sMuvnxwzy

α
~vpg�

SL̃ = {1, · · · , L̃}uvjirorxj�¦Wpgj
�
γα(l) 6= 0 ∀l = 1, · · · , L̃

j
u
γ̃α(1) < ... < γ̃α(L)

§�°,wIh0hGjGwzy!~ ¥ ji~"u�noyWuv£i�vj]~v~v£0¤ � j]~Z��szrojipg��~
� j

γ̃l > 0
i
τ1,l > τ0,l

l8¶Bwzy�yg£i�zrxno�IjZrxji~�uvj
��h0ji~:yJpgrt~�j�u©szp�ronxj
p � j�u���s��Msznorxroji��s��zji�
L
h0w � f
rxji~�wIy�p}uvnxront~vj

~vj
pgrxj
h0j
yWu�rxji~�h0w � f
rxji~:|�eW�}~vnx¦Wpgj�¦Wpgn��
wz���vj]~"|Kwzy � j
yWu�¤
γl > 0

|BwIpg��rxji~{¦Wpgjirx~:wIy�|KwI~vj
�






















γ̃l =
L̃

L
γα(l), l = 1, · · · , L̃,

τ0,l = ω−1
α(l), l = 1, · · · , L̃,

τ1,l = τ0,l(1 + γ̃l), l = 1, · · · , L̃.

�

#Yy���£i�
sz|gnouvpgrts�yWui¶}r ¥ s�rx�zwz��nouvegh0j � j�rxsGh0£�u�egw � j�ji~"u � wIygyg£�|�s�� �

� �&%���) ����� � � ) !*% �-,-�0� �'� ) !
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j���no­ � ji~�~"pB~
¶Jj
y�s�|�|g�vwz­

��e�szyIu
Q = 50

~vpg��pgygj0³�szy � j � jq±Ä�v£]¦Wpgj
y��
j0j
yWuv��j0�z�(j
u��z�z��� �0j�u�j
y´±²s�nt~�s�yWuZ�Msz�vnxj
�Zroj0ygwIh-³g��j � ji~
h0w � f
rxji~:£iro£ihGjiyWu�s�nx��ji~�¦Wpgnµ��wIy�~"uvnouvpgjiyIu{rtsGrowIn.�Jnx~���wJ£
rtsz~"uvnt¦Wpgjz§

10
2

0.0194

0.0196

0.0198

0.02

0.0202

0.0204

0.0206

0.0208

f(Hz)

1/
Q

L=2
L=3
L=4
L=5
L=∞

����� �U�����b
�/�� �����5���H����
&�
	 � �

ÂÄÃ�ÅµÂÇÆ



���������
	���
���	���������������	�������������
! "�#�# �
�$%
&�'	��&�(�*) ���"�+���-,.	���/0�.����
1����	�������� 2�2

� ¿ � º!	&9Ä¼.I�  � ; �©ro�Iwz��nªu�egh0j �µ¥ sz|g|g��w��Jnxh�sMu�nowIy � p�±²sz��uvj
p�� � j�¦Wp�s�rxnªu�£

Ù�� R�wzygy�£
ji~�� L ¶ K = 2L− 1
¶
fa

¶
fb

j�u
Q0
§

� � °¬szrx�
pgroji���

� ∆ω =
1

K − 1
log

ωb

ωa

s��Iji�
ωa = 2πfa

j
u
ωb = 2πfb

§

� ω̃k = ωa e(k−1)∆ω ∀ k = 1, · · · , K.

Þ�� ��£]~"wIp � ��j�roj�|g��wz³grxf
h0j
�










min
γ∈
� �

L

1

2
γtAtAγ − Ateγ,

γ ≥ 0.

i"�z�i�%l

s��Iji�
Akl =

ωkτ0,l(1 − Q−1
0 ωkτ0,l)

1 + ω2
kτ2

0,l

k = 1, · · · , K, l = 1, · · · , L
j
u

e = (1, · · · , 1)t ∈ � � K §
� � R�£�®�y�no� �

E = {γl > 0 / γ = (γ1, · · · , γL)
~vwzrxp}uvnxwzy � j

(110)}

= {γα(l) l = 1, · · · , L̃ / γα(1) < ... < γα(L̃), α
pgygj�|Kj
��h-p}u�sMuvnxwzy5~vpg�

SL}.

Û�� °¬szrx�
pgroji��� ∀l = 1, · · · , L̃
�



















τ0,l = ω̃−1
α(l),

γ̃l = L̃Q−1
0 γα(l),

τ1,l = τ0,l(1 + γ̃l).
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n ≥ 2
¶Y��ji~Gh0nxronxj
p}� ~"wIyIu(�is���sz�8u�£
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±²sz��uvjipg��~ � j�¦Wp�s�rxnªu�£
Qp

j
u
Qs

sz~�~"w}��nx£i~-�vj]~"|Kji��uvnx�zjihGjiyWuGs�pg� wIy � j]~-� j�u�mU§S��y ��wIy�~vn � fi�vj�rxs´rowIn � j
��wIh0|BwI�"u�j
h0j
yWu��Jnx~���wJ£
rtsz~"uvnt¦Wpgj
�

σij + τ0σ̇ij = λ[εkk + τ0γλε̇kk]δij + 2µ[εij + τ0γµε̇ij ] ∀ i, j = 1, n

¨{y�j s�y�szro�}~vj5|�s���wzy � j]~�|grts�ygj]~ � szy�~ dÏ�}¶ 2&f�ygwIp�~�s |Kj
��h0nx~ � j¯h0wzyWuv��j
�(¦Wpgj r ¥ wzy � j5�Wnt~���wJ£
rtsz~"uvnt¦Wpgj
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wzh0|KwI~vjZjiy � j
p}��u��W|Kji~ �µ¥ wIy � ji~��

�
«µji~:wIy � j]~:� wIp�wIy � j]~ � j���wIhG|��vj]~v~vnowIy�|Kwzpg��rxji~�¦Wpgj
rxrxji~:wzy�sz~�~vwJ�
nojZrxji~{�
wWj
¸(��nxj
yWu�~ �.¥ s�h0wI�"u�nx~�~"j
­
hGjiyWu��

τ0
j�u

τp = τ0
λγλ + 2µγµ

λ + 2µ
.

�
«µji~©wzy � ji~�m5wzp5wzy � ji~ � jq�
nx~�s�nxrorxj
h0jiyIu�|BwIpg�©rxji~�¦Wpgj
rxroj]~{wIy sz~�~"w}�
noj�rxji~Z��wJj�¸(�
nojiyIu�~ �.¥ s�h0wI�"u�nx~�~"j
­
hGjiyWu��

τ0
j�u

τs = τ0µ.

�Dwzpg�ShGw � £iront~vj
� � j]~3h0norxnxj
p}�0�Jnx~���wJ£
rtsz~"uvnt¦Wpgji~3¤�±²sz�8u�j
pg��~ � j{¦Wp�szronouv£
Qp

iÄ��ji~v|µ§
Qs

l3��wIy�~"u�s�yWu�~
¶MwIy�p}uvnxront~vj
rts(h0£�u�egw � jq|��v£]~"jiyIu�£
j � s�y�~�rxs�~"j]�8u�nowIy¯|g��£i��£ � j
yWu�j�j
y´�vjihG|�rxs �
s�yWu

τ1
|�sz�

τp

i²�vj]~"|µ§
τ1
|�s��

τs

l�§K¢©wzp�~
|g��£i~vj
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j
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j
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Qp
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h0noji�¬sqpgy�±²sz�8u�j
pg�
� j�¦Wp�s�rxnouv£

Qp = 10
�
j�¦Ip�ng��wz����ji~v|BwIy � ¤ � j¬±Äwz�vu�~Ds�h0wz�vuvnt~�~"jihGjiyWu�~giÄrxji~�®��Ipg�vj]~ � pqeBs�p}u�l�j
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sGpgy�±²sz��uvj
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pg�Jnxf
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sI~
³gno­ � noh0j
yB~"nxwzygy�j
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y5�
wzh0|�s���s�yWu:rxsG|g��wz|Bs��Is�uvnxwzy �µ¥ wIy � ji~ � s�y�~:rxj��
sI~:£
rtsz~"uvnt¦Ip�jZj
u{�Jnx~���wJ£
rtsz~"uvnt¦Wpgjz§
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�Dwzpg�,rojZ|g��wz³grxf
h0jq��Rq¶InxrUji~"uS±²sz�
norxj � j©�Ms�rxn � j
�¬rojZ~v��e�£
h�s�yJpgh0£
��nt¦Ip�j©|g��wz|KwI~v£©�
sz�,wIy � nt~"|KwI~vj �µ¥ pgy�j

~vwzrxp}uvnxwzy�j��gsz��uvj�|Kwzpg� � ji~���wIy � nouvnxwzy�~:nxygnouvnts�rxji~�|Bs��vuvnt��pgrxnofi�vj]~
§���y5~vpg|g|KwI~vjZnt��n�¦Ip�j�roj � wIh0sznoy�j
Ω
ji~"u{rxj

~vj
�zh0jiyIu�pgy�nªu�£
]0, 1[

j
u{wzy���wzyB~"n � f
��jZroj]~ � wzy�yg£
j]~�~"pgnx�Ms�yWuvj]~ �






















f(x, t) = u(0, t) = u(1, t) = 0,

u(x, 0) = u0(x) = sin(πx),

ut(x, 0) = u1(x) = 0,

σ(x, 0) =
µτ1

τ0
π cos(πx),

j�u{rxji~��
wJj�¸(��nxj
yWu�~��
ρ = 1, µ = 1, τ0 = 1, τ1 = 1.2.

«�sG~vwzrxp}uvnxwzy(j
�gsz�8u�j
(u, σ)

� p�|g��wz³grxf
h0jki�_%lYj]~�u{�
szrx�
pgrx£
j©|Bs��:rxsqh0£�u�egw � j � j�~v£
|Bs���sMuvnxwzy � ji~¬�Ms���nxsz³groj]~
¶
� ¥ ji~"u©¤ � nx�vj�j
y�rts0��egj
����e�s�yWu�~"wIp�~:rts-±ÄwI�vh0j
�























u(x, t) = U(t) sin(πx),

σ(x, t) = Σ(t)π cos(πx),

U(0) = 1, U̇(0) = 0, Σ(0) =
µτ1

τ0
.

i��I�z�1l

#Yy���j
h0|grts!�
szyWu5i"�z�I�.l � s�y�~�i�_�l,wIy�u��vwIpg�zj�±²sz�
norxj
h0jiyIu �






Ü + π2Σ = 0,

Σ + τ0Σ̇ = U + τ1U̇ .
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













τ0
d3U

dt3
+

d2U

dt2
+ π2τ1

dU

dt
+ π2U = 0,

U(0) = 1, U̇(0) = 0, Ü(0) = −π2µτ1

τ0
.
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j � j ��wzpg��noji�i¶�wIyq��j
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yWu
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U(t) = CeS∗t + eηt[A cosω∗t + B sin ω∗t],
w!,

S∗
j
u

η ± iω∗
~"wIyIu�rxji~{~vwzrxp}u�nowIy�~ � j
�

τ0X
3 + X2 + τ1π

2X + π2 = 0.

j�u
A, B,

j
u
C
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u~vpg��rts�®��zp��vj5����wzy·��wIhG|Bs���j�rxs��Ms���ntsMuvnxwzy � p � £
|grtsz�
j
h0j
yWu�h�sM�}nxh0szrojhi²s�p |KwznxyWu

x = 0.5
l�j
y!±ÄwIy��8­
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