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Controlabilité frontiere exacte de I’équation de KdV non linéaire pour des
longueurs critiques.

Résumé : Cet article étudie la controlabilité exacte de I’équation de Korteweg-de Vries non linéaire ; les conditions
au bord sont des conditions de Dirichlet prises sur un intervalle appartenant a un ensemble de longueurs critiques
pour lesquelles Rosier a montré que le systéme de controle linéarisé autour de zéro n’était pas controllable. On
montre que le terme non linéaire donne le résultat de contrélabilité localement autour de zéro.

Mots-clés : Contrdlabilité exacte, Korteweg-de Vries, équation non linéaire, directions manquantes
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4 Coron & Crépeau

1 Introduction
Let us consider the following Korteweg-de Vries control system

+ Yo + Yzzw +YY2 =0,
Kdv){ Yt
( ){ y(t,0) = y(t, L) = 0.

For this control system, L > 0 is given, the state is y(.) : [0,L] — R, and for the control one can take, for
example, u(.) = y,(., L) € R. The Korteweg-de Vries equation serves to model various physical phenomena (see
e.g. [19]), for example the propagation of small amplitude long water waves in a uniform channel. Let us recall
that Bona and Winther have pointed out in [3] that the term y,, in (KdV) has to be added to model the water waves
when z denotes the spatial coordinate in a fixed frame. We are interested in the local controllability of (KdV)
around 0. Rosier has proved in [12] that the control system (KdV) is locally controllable around O provided that
the length of the spatial domain is not critical.

Theorem 1 ([12, Theorem 1.3].) Let 7" > 0, and let us assume that

L¢N = {%MW;;’,ZGN’*}. (1.1)

Then there exists 7o > 0 such that, for every (yo,yr) € L*(0, L)? with [|yo|| z2(0,z) < 7o @nd [lyr|lz2(0,z) < 7o,
there exists
y € C([0,T], L*(0, L)) N L*(0, T, H'(0, L))

satisfying (KdV) such that y(0,.) = yo and y(T,.) = yr.

The aim of this paper is to study the local exact controllability around O of the nonlinear KdV equation when
L =2kw € N (take j = 1 = k in (1.1)). Our main theorem is the following one.

Theorem 2 Let k£ be a positive integer and let T > 0. There exists 7, > 0 such that, for every (yo,yr) €
L?(0,2km)? with ||yol z2(0,26x) < 1 @nd ||y || £2(0,26x) < 71, there exists

y € C([0,T], L*(0,2kx)) N L*(0, T, H*(0, 2kT))
satisfying (KdV) with L = 2k= such that y(0,.) = yo and y(T',.) = yr.

When L = 2k the linearized control system of (KdV) around 0 is

Yt + Yz + Yzzz = 07
(KdVL){ y(t,0) = y(¢t,2k7) = 0.

It has been shown by Rosier in [12] that this linear control system is not controllable. To prove that the nonlinear
term yy, gives the local controllability, a first approach could be to use the exact controllability of the nonlinear
equation around nontrivial stationary solutions proved in [8] and to apply the method introduced in [6] (that is,
use the return method [4, 5] together with quasi-static deformations; see also [7] for this last point). But, with this
method, it seems that one can only obtain the local exact controllability for large time. To prove Theorem 2 we
use a different strategy that we briefly describe now. We first point out that in this theorem we may assume that
yo = 0: this follows easily from the invariance of the control system (KdV) by the change of variables 7 = T — ¢,
& = 2kw — x. Then we use the following result, due to Rosier, for the linearized control system (KdVL).

INRIA



Exact controllability of a nonlinear KdV equation 5

Theorem 3 ([12, Remark 3.6].) LetT > 0, H = {y € L*(0,2kT); 02'”(1 — cos(z))ydz = 0}. For every

(yo,yr) € H x H, there exists y € C([0, T], L*(0, 2kn)) N L?(0,T, H'(0, 2k)) satisfying (KdVL) such that
y(0,.) =yo and y(T,.) = yr.

Then, as we shall prove in section 2, the nonlinear term yy., allows us to “go” in the two directions +(1 — cos(x))
which are missed by the linearized control system (KdVL). Finally in section 3 we derive Theorem 2 from section
2 by means of a fixed point theorem.

Remark 4 For the other critical lengths, we believe that the same result holds. Note that the situation is more
complicated in these other cases: there are now four noncontrollable directions for the linearized control system
around 0 (see [12, Proof of Lemma 3.5 and Remark 3.6]).

Remark 5 The method we use here (try to move in the directions which are missed by the linearized control
system) is classical to study the local controllability of control system in finite dimension. Here we fix the time and
perform a power series expansion, with the same scaling on the state and on the control. In finite dimension, much
more subtle tools have been introduced: for example different scalings on the components of the control and of the
state as well as scaling on time. See e.g. [1, 2, 9, 10, 17, 18, 20] and the references therein.

Remark 6 One can find other results on the controllability of KdV control systems in [11, 13, 14, 15, 16] and the
references therein.

2 Motion in the £(1 — cos(z)) directions.

Let L > 0. We first recall some properties proved by Rosier in [12] for the following linear KdV Cauchy problem

Yt + Yo + Yoez = [, (2.1)

y(t,0) =y(t, L) =0, 22)

y(To, =) = yo(@). (2.4)

We adopt the notations of [12]. Let A denote the operator Aw = —w"" — w' defined on D(A) = {w €

H3(0,L); w(0) = w(L) = w,(L) = 0} and let (S(t)¢>0) denote the semi-group of contractions associated
with A (see [12, Proposition 3.1]). For T < 17, let

BTo,Tl = C([To, T1]7 L2(07 L)) m L2(T0; Tl; Hl (07 L))

endowed with the norm

T 2
||y||BT0,T1 = Max{||y(t, ')I|L2(0,L); te [TO,Tl]} + (/T ”y(ta )||2H1(0,L)dt> .
0

Rosier has proved the following proposition.

Proposition 7 ([12, (Proofs of) Propositions 3.2 and 3.7].) Let Ty < T3. There exist unique continuous linear
maps ‘I’To,Tl and 6T0,T1

Y1 L?(0,L) x L*(Ty,Ty) x L} (Ty, Ty, L%(0,L)) — Br,1,
(yOahaf) L — lI"T(J,Tl(y(]ah’f)a

RR n° 5000



6 Coron & Crépeau

6ty m + L*(0,L) x L*(To, T1) x L*(To,T1,L2(0,L)) — L%(To,Th)
(Wo, h, f) — bm,1 (0, b, 1),
such that, for yo € D(A), h € C*([Ty,T1]) with h(Ty) = 0 and f € C*([To, T1], L*(0, L)),
U1, 1 (Y0, h, f) is the unique classical solution of (2.1)-(2.2)-(2.3)-(2.4),
610,11 (Y0, 1y £)(t) = (P15, 1 (Y0, by f)) (2, 0).

The function ¥, 7, (yo, h, f) is called the mild solution of (2.1) to (2.4). For simplicity, we write B for By, 1,
and ¥ for U7, 1, when (Ty,T1) = (0,T). Note that the existence of the continuous linear map 61,7, shows that,
with y := T 1, (0, b, f), “y=(¢,0)” makes sense in L2(Tp, Ty ). For simplicity we shall write y,(¢,0) instead of
61y, 11 (Yo, b, £)(t). Let f € L%(Ty, Ty, L?(0, L)). We say that y : [To, T1] x [0, L] — R is a mild solution of

Yt + Yo + Yoze = [,
:U(t, 0) = y(taL) =0,

if there exists h € L2(Tp,T}) such that y is the mild solution of (2.1) to (2.4) with yo(x) := y(Tp, x). Note that it
follows from the proof of Theorem 3 given in [12] that this theorem holds for mild solutions of (KdVL).
Until the end of this section we assume that

L e {2km; k e N*}. (2.5)
The aim of this section is to prove the following result.

Proposition 8 Let T' > 0. There exists (u4,v4,wy) in L2(0,7)® and (u—_,v_,w_) in L?(0,T)? such that, if
a4, B+, v+ are the mild solutions of

O+t + Oty + Qigge = 07 (26)
ai(tao) = aﬂ:(ta L) =0, (27)
a:l:z(ta L) = u:l:(t)a (28)
ax+(0,z) =0, (2.9)
(2.10)
of
Bt + Biz + Bioee = —QxQiy, (2.11)
B (t,0) = B+(t,L) =0, (2.12)
ﬁiz(t, L) = Ui(t), (2.13)
B+(0,z) =0, (2.14)
and of
Y+t + Ytz + Ytzee = _(a:I:/B:I:)za (215)
’Y:I:(ta 0) = ”Y:I:(t7 L) =0, (216)
’Yiz(ta L) = w:t(t)a (217)
then
at(T,z) =0, B+(T,z) = 0and y+(T,z) = £(1 — cos(z)). (2.19)

INRIA



Exact controllability of a nonlinear KdV equation 7

Remark 9 It would have been quite natural to look for the existence of (u4, v, ) in L2(0,T)? and of (u_,v_) in
L2(0,T)? such that, if o, B+ are the mild solutions of (2.6) to (2.14), then

ax(T,z) =0and B (T,z) = £(1 — cos(z)).

The existence of such (u+,v+) would have also implied Theorem 2. Unfortunately, as it is proved in Corollary 19
below, such (u,v4+) do not exist. Roughly speaking, an expansion to the 2™ order is not sufficient. We must go to
the 3" order to get local controllability.

In order to prove Proposition 8, let us first remark that (w4, v, w. ) satisfies the required properties if and only if
(u_,v_,w_ ) := (—uy,vy, —wy) satisfies the required properties. Moreover, in order to prove the existence of
(ug,v4,wy) it suffices to prove the existence of (uy, vy, w4 ) in L2(0,T)3 such that, if oy, B4 and 7, are the
mild solution of (2.6) to (2.18) with v, := 44 and w4 := @4, then

L
@+ (T,) =0, B4(T,) =0and [ 74(T)(1 — cos(a))ds = 1 = cos(a) 1
0
Indeed, by Theorem 3 (for mild solutions), there exists w* in L?(0, T') such that the mild solution ~} of

Vit t Ve T Vigze =0,
71(t,0) =~3(t, L) =0,
YVie(t, L) = wi(t),
7v51(0,2) =0,

satisfies
’Yi(T7 ) = _PH (;Y-l-(T: )) ’

where Py denotes the orthogonal projection on H for the L?-scalar product. Then u, vy and wy := w4 + w?
satisfy the properties required by Proposition 8 (with v, := 4, +~7 ). Similarly, in order to prove the existence of
(u_,v_,w_) it suffices to prove the existence of (u_,v_,w_) in L2(0,T)? such that, if «_, 3_ and 7_ are the
mild solution of (2.6) to (2.18) with v_ := 4_ and w_ := w_, then

L
o (T,)=0,3 (T,)=0and /0 (T, 2)(1 = cos(z))dz = —[|1 — cos(z)|2(0,1-

From (2.15), (2.16) and (2.18), one gets, using integration by parts (which can be easily justified by density
arguments),

L T L
/ v+ (T, z)(1 — cos(z))dx = / / Y+¢(t, ) (1 — cos(z))dzdt
0 o Jo

T L
B /0 /0 (=7te = Vioae — (@2f1)s)(1 — cos(z))dzdt

T L
= / / ot By sin(x)dzdt.
o Jo

Hence Proposition 8 is a consequence of the following proposition.

RR n° 5000



8 Coron & Crépeau

Proposition 10 Let T > 0. There exists (u, v) in L2(0,T)? such that, if o, 3 are the mild solutions of

ap + Qg + Qg = O; (220)
a(t,0) = a(t,L) =0, (2.21)
oz (t, L) = u(t), (2.22)
a(0,z) =0, (2.23)
(2.24)
and of
Bt + Bz + Beza = —aag, (225)
/B(ta 0) = IB(t7 L) =0, (226)
Ba(t, L) = v(t), (2.27)
B(0,z) =0, (2.28)
then
T,.)=0,801,.)= (2.29)
/ / afsin(x)dzdt # 0. (2.30)
LetT > 0. Let a; € B be a mild solution of
a1+ o1y + Qiger = 0; (231)
aq (t, 0) = (t, L) = 0, (232)
such that
L
/ 01(0,)(1 — cos(x))dz = 0. (2.33)
0

Let us multiply (2.31) by (1—cos(z)) and integrate the resulting equality on [0, T'] x [0, L]. Then, using integrations
by parts together with (2.32) and (2.33), one gets

/ ¥ (T 2)(1 — cos(z))dz = 0. (2.34)
0

By Theorem 3, (2.33) and (2.34), «; can be extended to [-T', 2T x [0, L] in such a way that this extension is still
a mild solution of (2.31)-(2.32) and satisfies

o1 (=T,z) = a1 (2T, z) = 0.
Let 81 : [0,T] x [0, L] — R be a mild solution of

/Bikt + ﬁfw + /Bikwww = —Q101g, (235)

INRIA



Exact controllability of a nonlinear KdV equation 9
By Theorem 3, there exists #; € R and a mild solution 8, € B_r 7 of
Bit + Brz + Brzzz = —1Qu1g, (2.37)
B1(t,0) = B1(t,L) =0, (2.38)
such that
Bi(t, ) = Bi(t,z) + 61 (1 — cos(zx)), Vt € [0,T], (2.39)
B1(=T,z) = 0,Pu((2T,-)) = 0. (2.40)
By Corollary 19 below, it follows that
B1(2T, z) = 0.
Let now as : [0,T] x [0, L] — R be a mild solution of
ot + 0og + Qogee =0, (2.41)
as(t,0) = as(t, L) =0, (2.42)
such that
a2(0,2) = aa(T,z) = 0. (2.43)
By Theorem 3, there exists a mild solution 3, : [0,T] x [0, L] — R of
B2t + Baz + Bozzzr = —Q20ag,
Ba(t,0) = Ba(t, L) = 0,
such that
B2(0,z) = 0, Pu(Ba(T,-)) = 0.
By Corollary 19 again,
B2(T,x) = 0.
Similarly, by Theorem 3 and Corollary 19, there exists a mild solution 35 : [0,7] x [0, L] — R of
B3t + B3z + Bazzzr = —(102)z, (2.44)
Bs(t,0) = Bs(t, L) = 0, (2.45)
such that
B3(0,z) =0, B3(T,z) = 0. (2.46)

We extend as, 32 and B3 to [T, 2T x [0, L] by requiring

as(t,x) = Pa(t, z) = Bs(t,z) =0, Vt € [-T,0] U [T,2T].

Let us consider, for (p1,p2) € R?, a := pray + pacs and B := p?B; + p2B2 + p1p2B3. Letu(t) := ay(t, L),
v(t) := B(t, L) fort € [-T,2T]. Then (2.20) to (2.22) and (2.25) to (2.27) hold in the mild sense and a(—T', ) =

RR n° 5000



10 Coron & Crépeau

B(—T,z) = a(2T,x) = B(2T, ) = 0. We shall look at the contrapositive and assume that Proposition 10 is false.
Then, for every (p1, p2) € R2,

2T L T (L
/ / afsin(z)dzdt = / / (pra1 + pac)(p1B1 + p5B2 + p1paBs) sin(z)dzdt = 0. (2.47)
—1 Jo o Jo

By looking at the coefficient of p?ps in (2.47), we get

T L
/ / (183 + azf1) sin(z)dzdt = 0. (2.48)
o Jo

For the time being the functions a4, 81, B2 and B3 were assumed to be real valued. But, looking at the real and
imaginary parts and applying the same trick we have used to get (2.48), we also see that (2.48) holds if these four
functions take their values in C. (Introduce arbitrary (p1, p2). If @1 = a3 + by, consider &; := pya; + paby etc.)
Of course one says that y = y* + iy? : [Ty, T1] x [0, L] — C is a mild solution of

Yt + Yz + Yzzz :f7
y(ta 0) = y(taL) =0,

with f = f1 +if2 € LY(Ty, Ty, L?(0, L, C)), if y* and y2 are mild solutions of

Yt +Ys + Yope = f1s
y'(t,0) =y'(t,L) =0,

Vi + Yoo + Yaza = 17,
y*(t,0) = y*(t, L) = 0.
Let A € C. Letyy € C*([0, L], C) be such that

AYx +Yaz + Yazez = 0, (249)
yA(0) = ya(L) = 0. (2.50)

We take, for ¢ € [0,T] and z € [0, L],
ay(t,z) = eMyx(z). (2.51)

From (2.49), (2.50) and (2.51), we get (2.31) and (2.32). Multiplying (2.49) by (1 — cos(z)), integrating the
resulting equality on [0, L] and using integrations by parts together with (2.50), we get

L
)\/ (1 — cos(z))yrdz = 0. (2.52)
0
By (2.51) and (2.52), if
A#0, (2.53)
which will be assumed until the end of this section, (2.33) holds. Let A denote the operator Aw = —w"" — w'

defined on D(A) := {w € H*(0,L); w(0) = w(L) = 0, w,(0) = wy(L)}. Then iA is a self-adjoint operator on
L2(0, L) with compact resolvent. Hence, the spectrum o(A) of A is a discrete subset of iR. Let us assume that

Mg o(A). (2.54)

INRIA



Exact controllability of a nonlinear KdV equation 11

Then there exists one (and only one) ¢ € C*°([0, L], C) such that

AP + Oz + Prgwz = Y sin(z), (2.55)
A (0) = Pa(L) = 0, 9r2(0) = dra(L). (2.56)

We multiply (2.55) by y»(L — x), integrate on [0, L], use integrations by parts together with (2.5), (2.49), (2.50)
and (2.56). We get

Dre(L)(Yre (L) — yaz(0)) = 0. (2.57)
From now on we assume that
yr # 0. (2.58)
By (2.49), (2.50), (2.54) and (2.58),
Yaa(L) # yr2(0), (2.59)
which, with (2.57), gives
$xa (L) = 0. (2.60)

From (2.44), (2.45), (2.51), (2.55), (2.56) and (2.60), we get

L L L
%/ My Badx =/ a1 3 sin(;v)da:—}—/ a1 drgetdr. (2.61)
0 0 0
We also assume that
2\ ¢ o(A). (2.62)

Then there also exists one and only one z, € C*([0, L], C) such that

2)\2:/\ + 2z + Zrzze = —YAYrz, (263)
z,\(O) = Z)\(L) = 0, Z)\w((]) = Z,\w(L). (2.64)

Let us define 85 by
Br(t,x) = eMzx (). (2.65)

From (2.51) and (2.51) to (2.65), (2.35) and (2.36) hold. Let also (use (2.62) again) 5 € C*(]0, L], C) be the
unique solution of

2)‘¢/\ + ¢)\w + ¢)\www = 2x sin(m'), (266)
Pa(0) = ¥a(L) = 0, ¥a2(0) = ¥aa(L). (2.67)

Let

pulz) = —%a: sin(z) + %(1 — cos(2z)).

RR n° 5000



12 Coron & Crépeau

Then

W + pzzr = (1 — cos(z)) s1n( ),
1(0) = p(L) = pz(0) =
L
e (L) = 9
From (2.39), (2.41), (2.42), (2.55), (2.56) and (2.65) to (2.70), we get

d

L
: / (€M + 01 p)ands = ey, (L) (s (t, L) — aina (£, 0))
0

I L
- 501a2m(t7 L)+ / e By sin(z)dz.
0

By (2.43) and (2.46),

T d L
/ <% / (e by + O p)az + e My Bsdx | dt = 0.
0 0

From (2.61), (2.71) and (2.72), we get

// (183 + a2B1) sin(z)dzdt = //e a1z drdt

, L
_/0 ( M ahye (D) (Qag(t, L) — oz (t,0)) — 591042z(t:L)) dt.

Let (see (2.62)) 65 € C*°([0, L], C) be the unique solution of

2X6x + 8xz + Orzaa = yA¢Aw7
6x(0) = 6x(L) = 0, 6x2(0) = 6xa(L).
From (2.41), (2.42), (2.51), (2.74) and (2.75), we get
d L

L
7 / e2MEyandr = M6y, (L) (g (t, L) — g (t,0)) + / eMprzarande,
0 0

which, with (2.43), gives

T L T
/ / e/\t(ﬁ/\zala2d$dt + / ezktéz\z (L) (a2m (t; L) — Qg (t, 0))dt =0.
0 0 0
From (2.48), (2.73) and (2.77), we get
T
(¥ 00) — D 2s(0.1) = s t,0) + Gren 1)) e =0,
0

Let us restrict ourselves to the case where

ay = 00n [3T/4,T] x [0, L.

(2.68)
(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)
(2.75)

(2.76)

(2.77)

(2.78)

(2.79)
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Exact controllability of a nonlinear KdV equation 13

This allows us to perform a time translation of e € [0, 7'/4]: if we define

a2¢(t, x) == as(t — €,z), Vt € [¢,T], (2.80)
ase(t, ) := 0, Vt € [0, €, (2.81)
then a. also satisfies (2.41), (2.42) (in the mild sense) and (2.43). Hence, by (2.78) associated to as,,

T L
/0 <62)‘t(6)‘w(L) — Yaz(L)) (s (t — €, L) — asz (t — €,0)) + 59102;5(75 — e,L)) dt =0, Ve € [0,T/4],
which is equivalent to
/ ’ <e2*<t+6>(5m(L) — Yae (L)) (s (t, L) — cax(t,0)) + gela%(t, L)) dt =0, Ve € [0,T/4].
0

This last property, with (2.53), implies that

T
(632(L) = $ra (L)) / (€2 (aze(t, L) — asa(t,0))) dt = 0. (2.82)
0
Leta € R\ [-1/v/3,1/+/3]. We take ) := 2ia(4a® — 1). Let
:U}\($) — Kje(f\/mfia)z + (1 _ E)e(\/mfia)m _ e2iaz’ (2.83)
with
e2ial _ e(\/3a27—1—m)1,
K (2.84)

= e(—V3aZ=T—ia)L _ o(v3a2—1—ia)L’
One easily checks that such a y, satisfies (2.55), (2.56) and (2.58). Let, with X := 2ia(4a® — 1),
Y :={aeR\ [—1/\/5, 1/\/5]; A ¢ o(A)and 2\ ¢ a(fi)}

Then, the function S : ¥ — C, S(a) = 6az(L) — ¥ (L) is continuous (and even analytic). In Appendix C we
prove the following lemma

Lemma 11 The function S is not identically equal to 0.
This lemma and (2.82) imply that
oz (t, L) — a4 (t,0) = 0. (2.85)

Indeed, let £ : C — C, A — fOT (e (az(t, L) — a24(t,0))) dt. The function £ is holomorphic. Hence the
zeros of £ are isolated if £ # 0. However, by Lemma 11, (2.82) and the continuity of .S, there exists a nonempty
open subset of R on which £ vanishes (let us recall that o(A4) is a discrete subset of R). Hence £ = 0, which
implies (2.85).

We multiply (2.41) by a,, take the real part, integrate on [0, L]. Then, using integrations by parts and (2.42)

together with (2.85), we get
d "
— d =
dt/o |ae|?dz = 0,

as = 0. (2.86)

But, by Theorem 3 (for mild solutions), there are mild solutions of (2.41) and (2.42) satisfying (2.43) and (2.79)
such that (2.86) does not hold. This ends the proof of Proposition 10 and therefore of Proposition 8.

which, with (2.43), implies that
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14 Coron & Crépeau

3 Local exact controllability.

In this section we still assume that (2.5) holds and we end the proof of Theorem 2. As pointed out in section 1, the
invariance of the control system (KdV) by the change of variables - = T' — ¢, £ = L — z allows us to prove only
that, for every T' > 0, there exists 7 > 0 such that, for every yr € L*(0, L) with ||lyr||z2(0,z) < 7, there exists
u € L2(0,T) such that the mild solution y of

Yt + Yz + Yzzz + Yy = 0, 3.1)
y(t,0) =y(t, L) =0, (3.2
yz(t, L) = u(t), (3.3)
y(0,2) =0, (3.4)

satisfies y(T',.) = yr. Of course, by “y is a mild solution of (3.1) to (3.4)”, we mean that y is in B and is the mild
solution of

Yt + Yz + Yzzz = f,
y(t,0) =y(t, L) =0,
vz (t, L) = u(t),
y(0,2) =0,
with f := —yy, (note that, if y is in B, then yy, € L*(0,T, L*(0, L)). We use similar natural conventions until
the end of this paper. It follows from Proposition 14 and Proposition 15 below that, for a given u € L2(0,T'), there
exists at most one mild solution of (3.1) to (3.4) and that such a solution exists if ||u| 2o, is small enough (the

smallness depending on 7" and L).
By (the proof of) Theorem 3, there exists a continuous linear map T’

I':heHcL*0,L) — T(h) € L*(0,T) (3.5)
such that the mild solution of
Yt + Yz + Yzzz = 07
y(t,0) = y(t,L) =0,

Ya(t, L) = L(h)(t),
y(O,HI) =0,

satisfies (T, 2) = h(z). (One can take for T" the control obtained by means of HUM; see [12, Remark 3.10].)
Let yr € L?(0, L) be such that ||yz||z2(o,y < 7, 7 > 0 to be chosen later, small enough so that the maps
introduced below are well defined in a neighborhood of 0. Let 7,,. denote the map,

Tyr : L*(0,L) — L*(0,L)
z — z+yr— F(G(z2)),

with

F: L[*0,T) — L?*(0,L)
v — y(T,.),

where y is the mild solution of (3.1) to (3.4) and G : L?(0, L) — L?(0,T) is defined as follows. We decompose
z = Pu(z) + p(2)(1 — cos(z)). Then
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Exact controllability of a nonlinear KdV equation 15

L If p(2) 2 0,G(2) = T(Pr(2)) + p'*(2)us + p**(2)vs + p(2)ws,
2. 1f p(2) <0, G(2) = T(Pr(2)) + p(2)|Pu— + |p(2)P*v— + |p(2) w-.

(The functions u+, v+ and w4 are fixed as in Proposition 8.)

Clearly, each fixed point z* of 7, satisfies F(G(z*)) = yr, and the control w = G(z*) is a solution to our
problem.

Until the end of this paper, we adopt the following notations:

* Forz € L*(0,T,H' (0, L)), Izl 2ty = 2l 220,51 (0,1))5
* Forz € L'(0,T, L*(0, L)), ||zllp1(z2) = 1l 1 (0,7,22(0,1)).
* Br ={z € L*(0,L); | 2[lz2(0,z) < R}.

First of all we prove a lemma about the map 7,.

Lemma 12 There exist Cy = C1(T, L) > 0and e; = ¢, (T, L) > 0 such that, for every z € B,,,
1702l 20,y < Cillzl ot 1) (3.6)

Let z € L2(0,L). Let (&, 7, ) = (uy,vy,wy) if p(2) > 0and (@,,%) = (u_,v_,w_) if p(z) < 0. Lety be
the mild solution of

Yt + Yz + Yoz + YYe =0, (3.7

y(t,0) =y(t,L) =0, (3.8)

yelt, L) = T(Pu(2)(®) + () 3(e) + [o(2)/%5(2) + (i), 39
y(0,z) = 0. (3.10)

By Proposition 14 and by Proposition 15, there exist e; = e3(T,L) > 0 and Cy = C(T,L) > 0, such that,
for every z € L?(0, L) with ||z|| 20,y < €2, there exists a unique mild solution of (3.7) to (3.10) and this mild
solution satisfies

lylls < C2||»2||Lz(0 L) (3.11)
Let 3, &, 3, 4 be the mild solutions of
?jt + gw + gwmz = 07 (312)
g(ta 0) = g(ta L) =0, (313)
§(t, L) = T(Pu(2))(t), (3.14)
7(0,z) =0, (3.15)
Gy + Qg + Gggz = 0, (3.16)
a(t,0) = a(t, L) =0, (3.17)
Gq(t, L) = (t), (3.18)
a(0,z) =0, (3.19)
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Bi+ Ba + Booa = —Géiy, (3.20)
(t,O) ( L) =0, (3.21)
3,(t, L) = o(t), (3.22)
B(0,z) =0 (3.23)
B+ T2 + Yoze = —(6f)a, (3.24)
5(t,0) = 5(t, L) = 0, (3.25)
Fp(t, L) = w(t), (3.26)
3(0,2) = 0. (3.27)
Let

¢:=y—§—|p(2)["*a—|p()"*B - (3.28)
a:= g+ |p(2)|"*a + |p(2)]**B + 1p(2) 1, (3.29)

b= i + (§(|p(2)|"Pa + |p(2)]*° B+ |p(2)[7))=
+ 1p(2)|*3(@%)0 + |p(2)|*/* BBs + p(2) 2 (BA)e + |p(2) A (3.30)

By Proposition 7, (3.11) to (3.30) and standard estimates, there exists C3 = C3(T', L) > 0 such that, for every

FAS L2(0,L) with ||z||L2(0,L) S €9,

Ha”B < C3||Z||L2(0 L)’
Ibll a2y < Csllzl e 0.L)
(0,L)

16115 < Csllzll oty 1)

Similarly standard estimates give the existence of Cy = C4(T, L) > 0 such that

1(¢a)zllLr(z2) < Calldl llall 5.

Note that, by (2.19), (3.7) to (3.10) and (3.12) to (3.28),

&T,.)=F(G(2)) — 2= —-Tpz.
Moreover, by (3.7) to (3.10) and (3.12) to (3.30), ¢ is a mild solution of

d’t + ¢:c + ¢$w$ + ¢¢w = _(d)a)w - b;
¢(t,0) = ¢(t, L) = ¢ (t, L) =0,

#(0,2) = 0.

From (3.32), (3.34), (3.36), (3.37), (3.38) and Proposition 15, there exists C’s

2
1613 < (121100 1) + 1153 lall3)eC>+lel5).
(0,L)

From (3.31), (3.33) and (3.39), one gets the existence of e3 = e3(7T", L) > 0 and of Cs =

for every z € L?(0, L) with ||| ,2¢0,1) < €3,

||¢I|B < Cﬁl|z||L2(0 L)’

(3.31)
(3.32)
(3.33)

(3.34)

(3.35)

(3.36)
(3.37)
(3.38)

= C5(T, L) > 0 such that

(3.39)

Cs(T, L) > 0 such that,

(3.40)
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which, with (3.35), ends the proof of Lemma 12.
We now study P o 7,,,. on the space H. Let, forw € R and y7 € L*(0, L),

II:H — H
9 — g9+ Pulyr) — Pa(F(G(g + we))),

where e(z) := 1 — cos(z) and w € R. (In fact we should write, for example, IL,,,. ,, but, for simplicity we omit
the indices yr and w.) To prove the existence of a fixed point for II, we apply the Banach fixed-point theorem to
the restriction of II to the closed ball Br N H, with |lyr||z2(0,z) + |w| < R/3 and where R > 0 small enough.
Let (yr,w) € L*(0,L) x R be such that ||yr||r2(0,) + |w| < R/3. Letg,h € H N Bg. With (3.6), we have, for
R > 0 small enough,

(@)l 20,y < 17 llz2(0,2) + llg +we = F(G(g +we))lL2(o,1)

< R N 2R _ R (3.41)
-3 3
Hence, for R > 0 small enough,
II(BgNnH)CBgNH. (3.42)

Let us now look at the contracting property of II. Letw € R, g € Hand h € H. Let (4,79, w) = (uy,vy,wy)
ifw>0and (4,7, w) = (u—,v—,w_) ifw < 0. Lety, z, §, Z be the mild solutions of the following problems

Yt + Yz + Yooz + YYo = 0, (3.43)

y(t,0) =y(t,L) =0, (3.44)

Yo (t, L) = T(g)(t) + w|"/2a(t) + |w|*?8(t) + |w|d(2), (3.45)
y(0,z) =0, (3.46)

2t + 2y + Zgge + 224 =0, (3.47)

2(t,0) = 2(t,L) = 0, (3.48)

22(t, L) = D(h)(t) + w'Pa(t) + w3 (t) + wiv(t), (3.49)
2(0,z) =0, (3.50)

Ut + Uz + Yzzw = 0, (3.51)

9(t,0) = §(t, L) =0, (3.52)

7z(t, L) =T(g)(¢), (3.53)

7(0,z) =0, (3.54)

3+ Zp + Zage = 0, (3.55)

5(t,0) = 3(t,L) = 0, (3.56)

Z:(t, L) = T(h)(t), (3.57)

7(0,z) = 0. (3.58)
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Letp =y —gandy =z — Z. Lety = ¢ — 9. By (3.43) to (3.58), ~y is a mild solution of

Yo+ Ve + Yoz + 772 = —(70)2 — b,
(t,0) =~(t, L) =0,

'Ym(t: L) =0,
7(0,2) =0,
with
a=1%v+7,

Let us notice that there exists C7 = C7(T") > 0 such that

[bllz2) < Co(llzlls + 19l 8 + 11211 8)I17 — |5,
I(va)allLr(z2y < Cr(llzll B + 121 + 1911 8)lI7]] 5-

Then, using again Proposition 14 and Proposition 15 as in the the proof of (3.40), we get the existence of ¢4 =
€4(T, L) > 0 such that, for every (g,h,w) € H x H x R with

llgllz2c0,2) < €4, |l z2(0,2) < €4, and |w| < €,

one has

1
Ivlle < 5”9 — hllz2(0,1)- (3.59)

Note that (3.59) implies that

1
IT(g) = LAl z2(0,0) = V(T lz20,0) < IVllB < 519 = hllz2(o0,1)- (3.60)

Therefore, by (3.42) and (3.60), there exists €5 = €5(T, L) > 0 such that, for R < e5, for every (yr,w) €
L*(0, L) x R such that ||yz|| £2(o,) + [w| < R/3, II has a unique fixed point h(yr,w) in Bg N H. Note that the
map h is continuous in a neighborhood of (0,0) € H x R.

We now apply the intermediate value theorem to the application

7T:R — R
w s plwe+ h(yr,w) +yr — F(G(h(yr,w) +we))).

By (3.6), there exists e = €(T, L) > 0 such that, if [|yr||z2(0,2) < €6/3L/8, then 7([—eg, €6]) C [—¢s, €6].
Hence, if ||y7||z2(0,z) < €61/3L/8, we deduce, by the intermediate value theorem, that 7 has at least a fixed point
wp. We have

F(G(h(yr,wo) + woe)) = yr,

which ends the proof of Theorem 2.
Let us remark that it follows from our proof of Theorem 2 that the following theorem, slightly more precise
than Theorem 2, also holds.
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Exact controllability of a nonlinear KdV equation 19

Theorem 13 Let k£ be a positive integer and let T > 0. There exist r; > 0 and C > 0 such that, for every
(yo,yr) € L*(0,2km)? with ||yo |l 2(0,2kx) < r1 @nd [lyr||L2(0,2kx) < 71, there exist y € C([0, T, L*(0,2kx)) N
L?(0,T, H'(0,2kn)) satisfying, in the mild sense, (KdV) with I = 2kx such that

¥(0,.) = vo, y(T,.) = yr,

2kn
lylls < C ('lpH(y0)||L2(0,2kw) + |/ (1 — cos(z))yodz|'/?
0
2km
+IPa(yi)llL20,26m) + | / (1- COS(m))y1d$|l/3> .
0

A Appendix : Existence and uniqueness of solutions to Cauchy problems
for KdV equations.

We first prove the existence of solutions to the Cauchy problem for nonlinear KdV equation (with small data)

Proposition 14 Let L > 0 and T > 0. There exists € > 0 and C' > 0 such that, for every f € L*(0,T, L*(0, L)),
every u € L2(0,T) and every yo € L%(0, L) such that

1fllrcz2y + Nullz2o,ry + lwollz2o,n) < €

there exist at least a mild solution y of

y(t,0) =y(t,L) =0,
Yz (t, L) = u(t), (A1)

which satisfies
llyllza < CUIflLr(z2y + llullz20,7) + llvollz2(0,1))-
Proof : LetT > 0. For f € L*(0,T,L?(0, L)), u € L?(0,T) and yo € L?(0, L), let us define

Mfﬂhyo : B - B
Yy lI’(y(),’U/,f _yyz)

A fixed point of My, ,, is a solution of (A.1). One easily gets the existence of Cs = Cs(T") > 0 such that, for
every (y, z) € B?,

lyyellri(z2) < Csllyll%,
lzz2 — Yyl L2y < Cs(llzlls + llyllB)llz — yllB-

Hence, by continuity of ¥ (see Proposition 7), there exists a constant Cy = Cy(T', L) > 0 such that, for every
f e LY0,T,L%(0,L)), everyu € L%0,T), every yo € L%(0,L), every y in B and every z in B,

M908 < Colll fllnrcrzy + lull 20,7y + l1voll 220,y + lyli),
1M 1,50 (2) = M0 (W)l B < Colllzll 5 + Iyl 8)l|2 = vl 5
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From these two inequalities and the usual standard Banach fixed point theorem, one sees that Proposition 14 holds
with
1 _3C
S9cy T 27
(Note that My, (B) € Bif B = {y € B; lyllp < 1/(3C0)} |Mpauyo(2) = Mpuyo®)lln < (2/3)2—yll5
for every (y,2) € B, and ||yl z2(0,)(1 = Collyllz20,z)) < Colllfllzr(z2) + llullzzo,r) + lIyollz2(0,z)) if yis @
fixed point of My 4 4,.)

We now prove the uniqueness of the mild solution of the Cauchy problem for our nonlinear KdV equation,
together with estimates of this solution.

€:

Proposition 15 Let 7' > 0 and let L > 0. There exists C1y = C1o(T,L) > 0 such that for every (yo,20) €
L2(0,L)?, for every (u,v) € L?(0,T)? and for every (f,g) € L*(0,T,L?(0,L))? for which there exist mild
solutions y and z of

Yt + Yo + Yooz + YYe = f, (A2)

y(t,0) =y(t,L) =0, (A.3)

Yo(t, L) = u(t), (A.4)

¥(0,2) = yo(z), (A.5)

and of

2t + 2p + Zyzz + 222 = g, (A.6)

2(t,0) = 2(t, L) = 0, (A7)

2.(t, L) = v(t), (A.8)

2(0,z) = zo(2), (A.9)

one has the following inequalities
T L
[ [ Galtia) - yatt,m) ot <
0 0
L

(] (o = 0)da + llu = vlfiao ) + 1 = gl uay)e® Wzt i), (a0
0

L
/0 (2(t, 7) — y(t, 2))2de <

L 2 z2
( / (20 — 90)2dz + [lu — V|20 + I = gll%n(gay)e Mz ¥z ) fy € 0, 7). (A12)
0

Proof : Let
A:=2z—y. (A.12)
Then A is a mild solution of
A+ Ap + Bgaz = —yAs — 2,8 = (f = 9), (A.13)
A(t,0) = A(t,L) =0, (A.14)
A, (t,L) = v(t) — u(t), (A.15)
A(0,z) = 2zo(x) — yo(z). (A.16)
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Exact controllability of a nonlinear KdV equation 21

Formally, by integrating by parts in

L
[ 28B4 Ay + By + 48, + 28+ (f — g))ds =0, (A7)
0
using (A.14) and (A.15), we readily get

d

L L L L
— / zA%dz + 3/ A2 = / A?dz 4+ L(v(t) — u(t))? — 2/ zyAAdx
dt Jo 0 0 0

L L L
+2/ zA2dx+4/ ;czAAwd:z:—2/ zA(f — g)dz. (A.18)
0 0 0

(Note that the multiplier z A for (A.13) has been introduced by Rosier in [12, p. 48].) Even if (A.17) is only formal,
using standard approximation arguments, one easily sees that (A.18) always holds (in the sense of distributions).

By (A.3) and the continuous Sobolev embedding H (0, L) C C°([0,T1]), there exists C1; = C11(L) > 0 such
that

L L
2|/ .Z’yAAwd.Z‘l S Cllllyw||L2(0,L)/ |$AAz|d$
0 0

Thus,
L 1 L ) CZ ) L
2|/ zYyAAdz| < 5/ A2dx + %HywHZLz(O’L)L/ zA%dzr. (A.19)
0 0 0
Similarly,
L 1 L L
4 / reAAde] < | / A2dz + 202 |225(0.0. / e A2da. (A.20)
0 0 0
We have the following lemma:
Lemma 16 Forevery ¢ € H'(0, L) with ¢(0) = 0, for every a € [0, L],
L a2 L 1 L
/ d’dx < —/ ¢2dr + —/ ¢ dz. (A.21)
0 2 Jo aJo

Indeed

/0L¢2dx =/0a¢2da:+/aL¢2d:c
< /Oa(/ow bz (5)ds)?dx + 2/; ro’dx
< /oa(/OL #2(s)ds)zdx + %/OL ¢ dz

0/2 L 1 L
< —/ ¢2dz + —/ ¢ dz.
2 Jo aJo
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Thanks to Lemma 16, there exists C1o > 0 such that
L 1 L L
/ A%dx < 5/ Aidm + 012/ zA%dz. (A.22)
0 0 0

Moreover, by (A.7) and the Sobolev embedding H{ (0, L) C C°([0,TY), there exists Cy3 = C13(L) > 0 such that

L L
2|/ 2A%dz| < C13||ZEI|L2(07L)/ A2dzx.
0 0

Hence, using (A.14) and Lemma 16 with ¢ := Min{0f31/2||zz||221(/02L),L}, there exists C14 = C14(L) > 0 such
that ’
L 1 L L
2 / ITE / A2dz + Cua(1+ |32, 1) / 2A%dz. (A.23)
0 0 ’ 0
Moreover,
I L ‘ 1/2
2|/ zA(f = g)ldz < 2VL||f = gllL2(0,1) (/ $A2d$> . (A.24)
0 0

Thus, using (A.22), (A.20), (A.22), (A.23), and (A.24), there exists C'15 = Cy5(L) > 0 such that

L L L 1/2
%/ zA%dx +/ A2 < L(v(t) — u(t)? + 2VL||f - 9llz2(0,1) </ xAzd;c>
0 0 0

L
+ Cis(1+ |9z /1720,0) + ||Zz||%2(o,L))/0 zA*dz.  (A.25)

In particular,

d

L L 1/2
E/ zA%dz < L(v(t) — u(t)® + 2VL||f — gllr2(0,1) (/ mA2da;>
0 0

L
+ Ci5(1+ lyzllZzco,0) + ”z:c”%Q(O,L))/O zA’dz.  (A.26)

Let us assume for the moment being that the following lemma holds:

Lemma 17 Let T > 0. Let a, b and c be three nonnegative functions in L'(0,T). Let w € C°([0,T]) be a non
negative function such that, in the sense of distributions,

w < aft) + b(t)Vw(t) + c(t)w(t).

w(t) <3 (w(O) + /Ot a(s)ds + (/Ot b(s)ds) 2) eJo cls)ds

Then
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From (A.16)), (A.26) and Lemma 17, we get, for every ¢t € [0, T,

L L
/ zA%(t,x)dr < 3 (/ z(20 — yo)?dx
0 0
+L|u— v”%?(O,T) +4L||f - g”%ll(fﬂ)) 6015(T+||y||iz(H1)+||Z||i2(H1))‘ (A.27)
Using (A.12), (A.25) and (A.27), we get the existence of C6 = C16(T, L) > 0 such that
T L
[ [ Galtia) - yatt,m) ot <
0 0
L
( / (20 = 90)dz + l[u — )30,z + 1 — gl gy e H Iz HELzG) (A 28)
0

which gives (A.10). Finally, in order to get (A.11), we multiply (A.13) by A, integrate on [0, L]. Using (A.14),
(A.15) and integrations by parts, we get

1d " . 1. 1 L
0 0
Moreover
L L L 1. ‘ ‘
- / (yAs — 224;)Adz < / AZdz + / (5312 + 2z2) A2dz. (A.30)
0 0 0

By (A.3), (A7), (A.29), (A.30), and the continuous Sobolev embedding H}(0,L) C C°([0, L)) there exists
Ci7 = C17(L) > 0 such that

1d [F 1 L L 1z
——/ Aldr < < (v(t) —u(t))? +/ Aldz + || f(t,) = 9(t, )l 20,1) / A%dz
24dt /, 2 0 ’ 0

L
T Cur(llgel2ao.z) + 2el20.0) / A%ds,

which, with (A.16), (A.28) and Lemma 17, gives (A.11) for C1o = C1o(T, L) > 0 large enough.
It remains to prove Lemma 17. Considering

W(t) = w(t)e Jo cl)ds,

we easily see that, without loss of generality, we may assume that ¢ = 0. Moreover, still without loss of generality,
we may also assume that there exists e > 0 such that, for almost every s in [0, 7], a(s) > e. Let

B(t) == Max <w(t) _ /0 t a(s)ds,O).

Then, in the sense of distributions,
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Integrating this inequality on [0, ¢], we get

\/w(t) + /Ota(s)ds < Vw(0) + %/Ot b(s)ds +,//0t a(s)ds,
w(t) <3 (w(O) + i (/;5 b(s)ols)2 + /Ota(s)ds> ,

and ends the proof of Lemma 17.

which gives

B Motion failure in the £(1 — cos(z)) directions for a 2"d order power
series expansion.

Throughout all this section, we again assume that (2.5) holds. We now denote by L2(0, L) the space of the

measurable complex valued functions such that fOL |fI2dx < oo. We use the similar convention for C*°([0, L),
L?(0,T), H, D(A), mild solutions etc. We also still denote by Py the orthogonal projection on H c L?(0, L) for
the hermitian product on L2(0, L). The main result of this section is the following one.

Proposition 18 Let z be a mild solution of

2+ 2g + Zyzz = 0; (Bl)
2(t,0) = 2(t, L) = 0, (B.2)
2(0,z) = 2(T,z) = 0, (B.3)
and y be a mild solution of
y(ta 0) = y(ta L) =0, (BS)
such that
L
/ y(t,z)(1 — cos(z))dz =0, Vt € [0,T]. (B.6)
0
Then
T /L
/ / yzsin(z)dzdt = 0. (B.7)
o Jo

Before giving the proof of this proposition, let us first mention a corollary of this proposition.

Corollary 19 Let T, L,y and z be as in Proposition 18. Let w € B be a mild solution of

Wt + Wy + Wygr = _(yz)za (B.8)
w(t,0) =w(t,L) =0, (B.9)
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such that
w(0,z) =0, (B.10)
Pu(w(T,-)) =0. (B.11)
Then
w(T,z) = 0. (B.12)

Indeed, from (B.8) and (B.9), we get

d L L
d—/ (1 = cos(z))wdz = / yzsin(z)dz,
t Jo 0

which, with (B.7) and (B.10), gives
L
/ (1 = cos(z))w(T, z)dz = 0. (B.13)
0
Finally (B.12) follows from (B.11) and (B.13).

Let us now prove Proposition 18 in two special cases, from which we will then deduce the general case.
Let A € C\ o(A). Then there exists one and only one y, € C°°([0, L]) such that

)\y)\ + Yre + Yrzzz = 07 (814)
yx(0) = ya(L) = 0, (B.15)
yro(L) = 1. (B.16)
Let
Ya(t, z) := eMyp (). (B.17)

Then the following lemma holds
Lemma 20 For A € C\ o(A), Theorem 18 holds if
y(t, z) == Yi(t, z). (B.18)

(Note that (B.14), (B.15), (B.17) and (B.18) imply (B.4) and (B.5).) Let us prove this lemma. Since A € C\ o(A),
there exists one and only one ¢ € C*°([0, L]) such that

)‘¢ + d)w + ¢:cz:c =YX sin(x), (Blg)
#(0) = (L) =0, (B.20)
¢2(L) = 0. (B.21)

After some integrations by parts, we get, using (B.1), (B.2), (B.19), (B.20), (B.17) and (B.18),

L d [r .
/ yzsin(x)dr = — / zpeM — eM [z,
0 dt Jo

which, with by (B.3) and (B.21), gives (B.7) if
¢.(0) = 0. (B.22)
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We multiply (B.19) by y» (L — x). We get, with (2.5),

L L L
[ ron@-o+ [ @+ bl -0is = [ @ -an@sn@is =0 (@29
0 0 0
Performing integrations by parts in (B.23), we get, using (B.14), (B.15) and (B.20)

bz (O)y)\m (L) =0,

which, with (B.16), gives (B.22) and ends the proof of Lemma 20.
Let now p € o(A4) and £ € C*° ([0, L]) be such that

nE+ & + Epaz = 0, (B.24)
£(0) = ¢(L) =0, (B.25)
£x(L) = &(0). (B.26)
If © = 0, we assume that
L
/ (1 — cos(z))édz = 0. (B.27)
0

Note that (B.27) is implied by (B.24) and (B.25) if i # 0. One has the following lemma.
Lemma 21 Proposition 18 holds for
y(t, =) := e!¢(x). (B.28)

(Again (B.24) to (B.28) imply (B.4) to (B.6).) Let us prove this lemma. Let us first treat the case where u # 0.
Then, since, by [12, Remark 3.6 (ii)],

o(A)na(A) = {0}, (B.29)
u & o(A). Hence
(§e(L) =0) = (£=0) (B.-30)
and there exists one and only one ¢ € C'*°([0, L]) such that

$(0) = ¢(L) =0,
¢$(L) =0.

We then proceed as in the proof of Lemma 20 and get the desired property.
Let us now turn to the case where i = 0. Then (B.24) to (B.27) imply the existence of ¢ € C such that

&(z) = esin(z). (B.31)

We now define ¢ € C°°([0, L]) by

(w — zcos(z) + % sin(2z) — sin(a:)) .

INRIA



Exact controllability of a nonlinear KdV equation 27

We have
by + bras = sin’(z) — %(1 — cos(z)),
$(0) = ¢(L) = ¢2(0) = ¢o(L) =0,
which, with (B.1) and (B.2), leads to

L L d [t
/ zsin?(z)dr = —/ (1 — cos(z))zdz + —/ z¢. (B.32)
0 3 Jo dt Jo
But, from (B.1) and (B.2), we get
d [r
E/o (1 = cos(x))zda = 0,

which, with (B.3), gives

/L(l — cos(x))zdz = 0. (B.33)
0

Equality (B.7) follows from (B.3), (B.28), (B.31), (B.32) and (B.33). This ends the proof of Lemma 21.
Let & be the subspace of L2(0, T') x L2(0, L) spanned by the following pairs

* (Yau(., L), Y(0,.)) with A € C\ o(A),
o (eM¢, (L), €) with p € o(A) and € € C>([0, L)) satisfying (B.24), (B.25), (B.26) and (B.27).
Let us point out that, as in section 2, we still have (2.52). Therefore £ C L?(0,T) x H. We have

Lemma 22 Forevery T > 0, £ is dense in L2(0,T) x H.

Let us prove this Lemma. Letv € L2(0,7) and h € L?(0, L) such that (v, h) € £1. Thus, VA € C \ o(A),

T L
/ B(t)e Mdt + / h(@)ya (@)dz = 0. (B.34)
0 0

Let us give an estimate on y, in order to prove that v = 0. We multiply (B.14) by g2, take the real part and integrate
on [0, L]. Then, using integrations by parts together with (B.15) and (B.16), we get

L
2Re() [ luaPdo = 1= [1a(O), (B.35)
0
From this equality we get that
1 .
2 < —= . .
lyallz2co,z) < Re(2) if Re(A) >0 (B.36)

The same computations show that, if w € D(A) satisfies Aw = Aw with A € C then 2Re(}) fOL |w|?dz =
—|w,(0)]2. Therefore o(A) C {\ € C; Re(\) < 0}. Hence by (B.34) and (B.36) the holomorphic function

reC— fOT@(t)e'\t is bounded and converges to 0 as Re(\) tends to +oc0. Therefore this holomorphic function
is identically equal to 0, which implies that v = 0.

RR n° 5000



28 Coron & Crépeau

Let us now prove that h € H+. We have

T
/ héder =0 (B.37)
0

for every ¢ € C*([0, L]) satisfying (B.24) for some u € o(A), (B.25), (B.26) and (B.27). But, since i A is
selfadjoint with compact resolvent, it follows from the spectral decomposition of such operators that the vector
space spanned by such ¢ is dense in H. Hence, by (B.37), h € H*.

Let us now end the proof of Proposition 18 by a density argument on y. Let z be as in the hypotheses of
Proposition 18. Let

F:IL*(0,T)x H—C

(u, @) »—>/ / yzdxdt,

Yo+ Yo + Yoze = 0, y(£,0) = y(¢, L) = 0, g (¢, L) = u(t), y(0, ) = ¢(x).

where ¥ is the mild solution of

By Lemma 20 and Lemma 21, this linear map F' vanishes on £. By Proposition 7, F' is continuous. Hence F'
vanishes on the closure of £, which, by Lemma 22, is equal to L2(0,7') x H. This ends the proof of Proposition
18.

C Proof of Lemma 11.
Leth € R\ [-1/v/3,1/+/3] be such that —2\ = 2ib(4b> — 1). We have

Yoy = nel~VI=I=W)e 4 (1 _ p)e(VET=I=ibe _ 2ibe

with
e2ibL _ (VBB —1—ib)L
= e(—V3bE—1—ib)L _ o(v/3b2—1—ib)L "

After some integrations par parts, we get, using (2.49) for —2X instead of A, (2.67) and (2.75),

L
/0 (2A(6x = ¥a) + (Bx — ¥a)z + (Orzee — Yazze))Y—22d2 = — (632 (L) — Yaz(L))(Y—222(L) — y—222(0)).

Thus, by (2.66) and (2.74),

/0 (2xsin(@) — yadaz)y-2rde = (8rz (L) = ¥re(L))(y-222(L) = y-222(0)).

Then, in order to prove Lemma 11, one just just needs to check that

a— / zx sin(x) — yxdaz )y—2adz is not identically 0 on X. (C.38)
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Straightforward computations give

@) =~ 150m, +11)(2a —1) [’“ [(

+(a—1—iv3a2 - l)e(_‘/3a2_1_ia_i)””]

a+1— i\/3a2 _ l)e(—\/3a2—1—ia+i)z

+(1—-k) [(a +1+iV/3a2 — 1)elV3ePT-iatiz (g 1 4 4\/3a2 — 1)6(\/3a2717ia7i)zj|

+ [(20, _ l)e(Qia+i)m + (2a+ l)e(Qia—i)z]] + KleZiaa: + Kze(—\/3a,2_1—ia)w + Iivse(\/30,‘2_1_1-0‘);57
(C.39)

with

1

K= e Dza =1y

Ky = [(Gia2 — i+ 2av/3a% — 1)e 2L 4 (—6ia® + i — 2a\/3a2 — 1)el(~V3a"—1+ia) 4
(6ia® — 2i — 2a/3a2 — 1)e*™L 4 (—i — 4a\/3a2 — 1)L (V30*~1-i0)

+ (3i — 6ia® + 6a/3a2 — 1)el(V3a*~T+ia)

/ [oatoa-+ 130 — 1y Ty (i 43 e

—2/3a2 — 1% + (3ia + /302 — 1)eLW3a2—1—ia>)],

Ks:= [(—Z + 4a\/3a2 — 1)el (=3 —1-ia) | (§iq® — i — 2a4/3a2 — 1)eL (V34" ~1~ia)
4 (—67:(12 + 2% — 2a4 /3a2 _ 1)e2iaL:| |:eL(\/3a21ia) _ e2iaL:|

/[Ga(Qa +1)(2a — 1)(eM(~V3a®—1—ia) _ eL(m_ia))((_3ia + /302 — 1)e~L(V3a®~1tia)

— 2v/3a2 — 1¢¥% 4 (3ia + /302 — l)eL(\/SaZ—l—ia))] _

We also have
_ ki (L) — k1(0) (— V3BT +ib)e
() = ku(2) + <_k1(0) + (VB2 —1+ib)L _ o(—/362—1+ib)L €
k1(L) — k1(0) Je(VaP=L+ib)a (C.40)

T (VB —14ib)L _ o(—v/3—1+ib)L
+ M}\(_e%bz 4 f’e(—\/31)27—1+ib)w +(1- ,r—’)e(\/3b2—1+z'b):c),

RR n° 5000



30 Coron & Crépeau

where M, € C is a constant and

k() = — K%i(=v/3a% — 1 — ia) e(—2V3aZ—1-2ia)e _ (1 - K)%i(V3a® — 1 —ia) e(2V3aZ—1—2ia)z

2(24a® — 9a + 3iv3a® — 1) 2(24a® — 9a — 3iv/3a? — 1)
(1 — k) o dian ehiaz B ki(—v3a? — 1+ ia) o(—V3aZ—T+ia)e
1242 -3 24a? 2(12a3 — 3a)

(1= k)(V3a® —1+a) (VBT Ttia)z

2(1243 — 3a) '
(C.41)
Since

L L
/ (_eZibz + ﬁe(—\/3b2_1+z’b)m + (1 _ ﬁ)e(\/3b2_1+ib)w)y_2/\ sin(w)dm — / T—arY—2x sin(:c)dw =0,
0 0
(C.42)

one does not need to know M to compute the integral in (C.38). Let

L
Q=D [ (xsin(a) ~ pbro)y-nda,

with

D= (eL(—\/3a2—1—ia) _ eL(\/3a2—1—ia)) (eL(\/3b2—1+ib) _ eL(—\/3b2—1+ib))

((—3ia + /302 — 1) M3 THa) _9./302 —1¢%9L 1 (3ia + /302 — 1)eL<V3a2—1+ia>)

Then @ is a finite sum of terms of the form P,(a)e(c1V3e®—TtcaiatesV3bi—1+caib)L where P,(q) is a rational
function of a, b, v/3a2 — 1 and v/3b2 — 1 and ¢ := (c1, ca, c3,c4) € Z* (There are 110 such terms.) It is easy to
prove that (C.38) is identically O (if and) only if every P, is identically 0.

We look at P33 o 2). After lengthy but straightforward computations, we get

Pisap2)(a) = =Bia+V3a? = 1) (fi+ fo+ fa+ fa+ fs+ fe+ fr + fs + fo)
6ia? — i — 2av/3a% — 1 (C.43)

6a(2a + 1)(2a — 1) (fio + fu1),
with
fi = (\/31127—1 —ia)i ( 1
' 4805 — 184 — 6iv/3aZ — 1\ (2v/3aZ — 1 — 2ia + /302 — 1 —ib)2 + 1

1
 (2v3a2 — 1 — 2ia + 2ib)% + 1)’

-1 1 1
=210 ((4m+ V32 —1-ib)2+1 (dia+ 2ib)% + 1)’
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f _ (VB> 1 +ia)i < 1

24a3 — 6a (V3a?2 —1+ia++v3b02 —1—ib)2+1

1
© (V3a® — 1 +ia + 2ib)2 + 1)’

1
“12a(2a+ 1)(2a — 1)

[ a+14+4vV3a%2 -1 + a—14+1iv/3a%2 -1
2v/3a2 —1—-2ia+i+vV32 —-1—ib 2v3a2—-1—-2ia—1+ V302 —-1—14b

_( a+1+ivV3aZ—1 a—14+ivV3aZ =1 )}

1

_+_
2v/3a%2 —1—2ia+i+2ib 2v3a%2 —1—2ia— i+ 2ib

1
© 12a(2a +1)(2a — 1)

[< a+1+ivV3a® -1 a—1+iV3a® -1 )

fs =

_|_
V3a2—1+4ia+i+V32—-1—ib 3a?2—1+ia—i++/302—1-1ib

a+1+iv3a?2 -1 4 a—14+1iv3a2 -1 ]
V32 =1+ia+i+2ib V3a2—1+ia—i+2ib) ]

i 1 1
= +
Jo 12a[<\/3a2—1+ia+i+\/3b2—1—ib \/3a2—1+ia—i+\/3b2—1—ib>

1 1
— + ,
<v3a2—1+ia+i+2ib \/3a2—1+ia—i+2ib)]

—i 1 1
= +
fr 12a[<4z’a+i+\/3b2—1—ib 4z'a—i+\/3b2—1—ib)

1 1
- <4ia+z’+2ib+4m—z’+2ib)]’

—2ia 1 1
fe 3(2a+1)(2a—1) [\/3(12 —1+ia+V302—-1—ib 3a®—-1+ia+ 2z‘b]’

fo = 2ia [ 1 B 1 ]
T 32a+1)2a—1) [4ia+ V32 —1—ib  4ia+ 2ib]’

1 1
= — \/3(]/2—1—2'0/ - ’
fro ( )[2\/3(127_ —2ia+v3?2—-1—1ib 2v3a2-1-2ia+ 2ib]
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1 1
=(vV3a2—-1—1ia - ,
fu=( )[\/3a2—1+ia+\/3b2—1—ib \/3a2—1+ia+2z'b]
As a — +o0, one gets that Ps 1,5 2)(a) ~ p/a with
_ (V3—1i)(6i — 2V/3) (_ 1 N 1
p= 24 2/3 — 20 +21/3\/3 +421/3  24/3 — 2§ — 24/3
1 1
P 5 ) 20
V34042133 +421/3  \/3+i—i24/3

In particular P31 » o) is not identically equal to 0.
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