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Shrinkage parameter for modified linear discriminant
analysis

Parameétre de rétrécissement pour la discrimination
linéaire régularisée

ABDALLAH MKHADRI
INRIA! et Université de Cadi Ayyad?

Abstract

Linear discriminant analysis is considered, in the small-sample, high-dimensional
setting. Alternatives, shrinkage estimators, to the usual pooled sample estimate
of the covariance matrix are discussed. These estimators are characterized by a
shrinkage parameter v taking its values in (0,1). First, we show that the variance
of the modified linear discriminant functions is less than those of the classical lin-
ear discriminant function. Morever, we propose two alternative simple procedures,
for choosing the shrinkage parameter, which are related the discrimination problem.
Our procedures are based-one on the cross-validated misclassification risk and one on
the cross-validated generalized discriminant function as defined in Rayens & Greene
(1991). The optimal value of the shrinkage parameter is computed explicitly. The
efficacy of these methods is examined through some simulation studies.

Key-words: discriminant analysis, shrinkage estimates, misclassification risk, cross-
validation.

Résumé

Cet article traite de la discrimination linéaire pour de petits échantillons. Des esti-
mateurs de rétrécissement de la matrice variance et de son inverse sont considérés a
la place des estimateurs classiques du maximum de vraisemblance. Ces estimateurs
dépendent d’un parameétre de rétrécissement qui prend ses valeurs dans l’intervalle
[0,1]. Tout d’abord, on montre que la variance des fonctions discriminantes dérivées
de ces estimateurs est inférieure a celle de la fonction discriminante linéaire classique.
De plus, on propose deux méthodes de sélection du parametre de rétrécissement qui
sont liées au probleme de discrimination. Ces méthodes sont fondées sur la mini-
misation, par validation croisée, du taux d’erreur ou de la distance de Mahalanobis
généralisée. Les valeurs optimales sont obtenues d’une maniere explicite. L’efficacité
de ces méthodes est analysée sur des données simulées.

Mots-clés : analyse discriminante, estimateurs de rétrécissement, tauz d’erreur,
validation croisée.
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1 Introduction

Let x be a column vector observation from one of the ¢ p-variate normal population,
n; ~ N(ui,X) , where pu; represents the mean vector for the ith class and X is the
covariance matrix of the all populations, and i = 1,..., g. It is desired to classify x
into one of the g populations. Equal costs of misclassification and equal prior prob-
abilities of membership are assumed. The probability of misclassifying a particular
observation x is minimized by assigning x to the class ¢ such that

i fi(x) = 22X 8 fi(x) (1)

where é; denotes the prior probability that x belongs to the ith class and f; is the
c.d.f of the ith class. Since the populations have p-variate normal distributions, the
optimal rule (1) stipulates that x should be assigned to the class ¢ that minimizes

Di(x) = (x = i) 57 (x ~ i) + log | = |. (2)

The y; and L in (2) are rarely known, and usually must be estimated from a training
set consisting of samples drawn from each of the populations. The so-called Linear
Discriminant Fisher (LDF) rule estimates u; and £ by the mean vectors X; and
the pooled sample covariance matrix S. This method has been shown to frequently
behave poorly in high dimensions relative to other methods (Van Ness 1980). This
is because the method uses sample estimates of the means and covariance matrix
which are of the poor quality in high dimensions. In the context of estimating a
covariance matrix X, several authors (cf. Efron & Morris 1976, Haff 1979, 1980 and
Dey & Srinivasan 1985, 1986 and 1991) have shown that Stein-like biased estimators
which shrink the eigenvalues of the sample covariance matrix dominate the sample
covariance matrix under a variety of natural loss functions. It seems reasonable
that if these unbiased estimates were replaced by estimates which are more stable in
high dimensions, then the resulting linear algorithm should be an improvement as
demonstrated by DiPollo (1976, 1977, 1979), Campbell (1980) and Peck & Van Ness
(1982). Peck & Van Ness have substituted shrinkage estimates (1 — t(u))aS~? +
(bt(u)/trS)I for the sample estimates §~!, where the function t is nondecreasing,
0 < t(u) < 1, 1is the identity matrix, a and b are positive constants. They found
that the resulting rules perform well than LDF rule. Similarly, DiPollo (1976) and
Campbell (1980) have proposed a related modification of LDF in which ridge-like
estimates of the form (S5 + yI) are subsituted for S. This reduces the ratio of the
largest and smallest eigenvalues of S and thus has an effect similar to shrinking the
eigenvalues of S towards equality.

The function values t(u), and also v, control the choice between the extrems LDF
(t(u) = 1 or ¥ = 1) and the Euclidean Distance Classifier (EDC) rules (¢(u) = 0
or 7 = 0). The sample EDC rule can outperform the sample LDF rule as shown in
Raudys & Pikelis (1980) and Marco, Young & Turner (1987). Likewise, Biseay et al.
(1991) have proposed a new rule based on a metric which is a linear combinaison of
the Mahalanobis distance in the subspace of the first k components and the euclidean
distance in its orthogonal complement. Simulation results showed the usefulness of
this method.



In the two modified linear discriminant rules described above, the authors did not
find how to obtain the optimal choice of the shrinkage parameter ¢(u) or v of the
shrinkage estimators.

In this paper, we consider the intermediate method between LDF and EDC defined
by shrinkage estimators of Peck & Van Ness. Here, we assume that t(u) = vy € (0,1).
So, taking ¥ = 1/2 gives the estimator proposed by Efron & Morris (1976). Holding
v = 1 gives the sample LDF'; while ¥ = 0 gives the sample EDC. Varing 4 between
0 and 1 yields the rules intermediate between LDF and EDC rules.

We propose two alternative simple procedures to choose the optimal shrinkage pa-
rameter v, which are related to the discrimination problem. Our procedures are
based-one on the cross-validated misclassification risk and one on the cross-validated
generalized discriminant function as defined in Rayens & Greene (1991). The op-
timal values of v are computed explicitly without using optimization algorithms.
Section 2 describes the two modified linear discriminant functions and we show that
their variances are smaller than the variance of LDF function. Section 3 describes
the optimal procedures of the choice of the shrinkage parameter 4. In Section 4,
the performance of the modified linear rules are investigated through simulations
studies which show the usefulness of these procedures.

2 The two-population statistical discrimination prob-
lem

For the sake of simplicity, we consider the case of two groups problem, g = 2. The
classification rule (2) is based on the (sample) linear function W defined by

W(x) = (3 - %)t~ [x - ELERD)) (3

where n§ = T7L (x; = X1)!(x; - X1) + T2 (x5 — %)/ (x; — %)

and X; = (1/n,~)z:;-‘;l x;, with n; = #m; and n = ny + n; — 2, are the unbiased
sample estimates. The rule (3) classifies x as coming from 73 if W(x) > ¢ and from
71 if W(x) < ¢, where ¢ may be a constant, particularly 0, or a function of X;, X, and
S. Hence, the optimum probability of misclassification (Popt) no longer is achieved
and the probability of misclassification (PMC) depends upon the particular values
of X;,X2 and S obtained from the sample. It follows, then, that the probability of
misclassification is not minimized.

Therefore, DiPollo (1976) and Campbell (1980) have proposed an alternative rule
which incorporates the biasing feature of the Ridge Technique. This classification
rule is based of the modified linear function W defined by

=-1 (%1 + Yz)]
2

W(x,7) = (%1 - %2)'S (7)[x - 4)

where 3-1(7) =(§+~I)'and vy € (0,1).

Another alternative classification rule was proposed by Peck & Van Ness (1982) who
have substituted $~! in (3) by the shrinkage estimates §*~1(y) = (1 — v)aS~! +
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(by/trS)I, where a = (n — p — 8)/n, so aS~! is an unbiased estimate of £~!. Here
b is a positive constant. Provided that we assume £ = o?I, [b/tr(S5)}] is a natural
estimator of £~!. We can take b equal to (np - 2)/n since it yielded the unbiased
estimate of £~? in this case (cf. Peck & Van Ness). But here we take it equal to
p/n because it is convenable for our approximations in proposition 3. Then, the new
rule is

W, 7) = (% - %)t 8™ ()l - ZLER)) (5)

Here, we have considered the case where t(u) = v € (0, 1) for any scalar u. These two
new rules aim to reduce the variability of the two functions W*(.,v) and W(.,¥),
while introducing a little bias in the means. Implied in the concept of variance
reduction is the improvement in the stability of the sample estimates. We illustrate
this in the following section.

2.1 Aspect of variance reduction

For a given X;, X; and S, W(x) is normally distributed with mean
1
EW(x)|m] = (%1 - X2)'S ™'y - 5(*1 —-%)'S7I(%; +X3)

and variance
var[W(x)|1r1] = (—).(-1 - ig)'S'IES'l(il - ig).

Suppose now that the rule (4) or (5) is used, then it can be shown (Anderson 1984)
that W(x,7) (equal to W*(.,v) or equal to W(.,7)) is normally distributed with

EDVGx,7)lml = (% = %2)'57 (r)n = 50 ~ ) 57 (0)(% + %)
and variance
var[Wx, 1)lm] = (%1 - %)~ (N EE ()% - %),
where §71(y) = §*~}(y) or 57 ().

We have the following proposition, which gives the relationship between the mean
and the variance of the biased rule ((4) or (5)) and the unbiased LDF rule.

Proposition 1: The relationship between the mean and the variance of W(x, )
can be expressed by

E[W(x,7)|m] = E[W(x)|m] + B

and )
var[W(x, 7)|m] < var[W(x)|m] (6)

where B is some function of n, v, X;, X,, and S.
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The proof is given in appendix I.

So, when biasing is introduced, the variance reduction is also accompanied by a shift
in the location of E[W(x,7)|m].
In the section 4, it is shown that the variance reduction overcomes the location shift
consistently. The net result is an improved classification rule which decreases the
PMC of the commonly used rule.

2.2 Probabilities of Misclassification
The total probability of misclassification of the sample-based LDF rule (PMC) is
conditional upon X;, X2, and S and is given by (cf. DiPollo 1976)
1
PMC = 5[1 - 8(z1) - #(z2) ™
where

y - (1/2) (% — %2)1S~ (%2 + %) — (X1 — X2)!S 1y,
- [('fl —‘ig)‘S“ES“(SEl —il)ll/z

and & is the cumulative function of the normal distribution. Likewise, the total
probability of misclassification of the biased rule (PMC¥*) is

PMC* = S[1 - 8(z}) - &(z) ®)
where

o (/200 —%2)'57 (1) + K1) = (%1 = %a)'5~ (0w
' (%1 = %) 51 (ES()(Fi - %a)]'V2

withi =1, 2. Fory =0, PMC = PMC*. DiPollo (1976) attempted to determine
the optimum choice for 4, a recurring problem with ridge technique. He found the
analytical solution to this problem intractable, and he used a simulation study to
choose the optimal value for y. We can do the same experiments with the rule (5),
but, these experiments will not indicate how to choose the optimal shrinkage param-
eter 4. Therefore, in the following sections, we propose two alternative methods for
the choice of the optimal shrinkage parameter for the rule (5). These two methods
are based on the minimization of loss functions which are related to the discrimi-
nation problem; morever, the optimal values for v are determined analytically and
without need of optimization algorithms.

3 Methods of the choice of the shrinkage parameter

The rule (5) depends on the shrinkage parameter 7. The simple method for choosing
v is to select a grid of values in (0,1) and take, for the optimal value, the value
which gives the smallest value of an estimator of the PMC (eg. Leaving-one out
estimator, Lachenbruch 1975). But, this loss function is discontinous in ¥ and we
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are not certain to reach the optimal value. Morever, while this method has the
advantage of selecting the shrinkage parameter on the basis of an estimate of the
actual misclassification rate, it can partially ignore information from a substantial
portion of the data in selecting 4 (cf. Rayens & Greene 1991). An alternative is to
use a method which estimates 4 automatically from the training sample. We have
chosen two methods, to select automatically v from the training set, which take into
account the discrimination problem. To reduce the variability in data, we used the
cross-validation method in the selection model.

The first method is based on the minimization of the cross-validated misclassification
risk. It was used in the discrete case by Celeux & Mkhadri (1992). The second one, is
proposed by Rayens & Greene (1991), for estimating the regularization parameters
of regularized discriminant analysis, and is based on the minimization of cross-
validated generalized discriminant function. They needed an optimization algorithm
to compute the regularization parameters. Here, we show by approximation that
the optimal shrinkage parameter v can be computed explicitly.

3.1 The cross-validated misclassification risk

This method can be used only for the shrinkage estimator defined by equation (5).
For the sake of simplicity, calculations will be detailed for two groups case (g = 2)
and for the general case, calculations are similar to those of Celeux & Mkhadri
(1992). In effect, equation (5) can be written as

W(x,7) = (1 = 7)aW(x) + 7(b/tr§)E(x), (9)

where W(.) is the LDF function (3), defined for group i, and £(.) is the EDC func-
tion (3) in which S is replaced by I.

Proposition 2: the optimal shrinkage parameter is either 0, 1 or takes

aWi)(x;) + (b/trjs,j)gm(xj) (10)

for each x;,1 < j < n.

Proof: it is immediate to show that the cross-validated classification rule for any
x; (1 < j < n)is: x; is assigned to group =y if and only if W*U)(x;,v) < 0, where

W 0(x;,7) = (1= NaWid(x;) + 7(6/trS)EW(x;) (1)

with W)(x;) (resp. £U)(x;)) denotes the estimated discriminant function of LDF
(resp. EDC) when x; is removing from the training sample.

Thus, different values of v give different assignments for x; if and only if there exists
70 in (0,1) such that W*(9)(x;,70) = 0. It then follows that v has the form (11).
If W*()(x;, ) has a constant sign on (0, 1), the assignment of x; to one of the two
groups does not depend on 7. In such case, x; would be assigned following the LDF
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rule (7 = 0) or following the EDC rule (y = 1). A

Remark: In practical situations, the number of sample points x; (1 < j < n) for
which the linear equation W*U)(x;,7) = 0 has a solution v in (0,1) is very small.
This number represents the number of observations for which both methods (LDF
and EDC) provide different assignments.

From proposition 2, it is possible to find easily and explicitly the optimal solution for
the shrinkage parameter y. SLDF1 denotes this procedure of selection of v defined

by (11).
This procedure can be generalized in the same lines as in Celeux & Mkhadri (1992).

3.2 Cross-validation based on generalized distance

All of the discriminant rules considered in this article assign an unknown x to the
class { which minimizes the generalized distance D;(x) defined in (2), with £ and y;
estimated from the training set. The distinction between the rules lies solely in their
use of different estimators of the X. So, as Rayens & Greene (1991) have suggested,
this fundamental role of the distances suggests that misclassification risk may be
reduced by estimating the ¥ with a goal of minimizing the resulting generalized
distance between the training set observations and the mean vectors of the classes
to which they belong. It turns out that discriminant rules of this form can be
devolopped by estimating the density functions within each class.

So, for choosing their complexity parameter m say, Rayens & Greene suggested to
minimize the generalized distance

B(m) = 335,65, m)

i=1;=1
with
B3 (x50 m) = (% = Kig ) (25 (m)) (%0 = %if) + log | 5(m) |

where the notation /j represents the corresponding quantity with xj; removed.
Hence, in our problem E/ (r)=S5/"" 1(y), and we minimize

(1) = Y5 5%, (x50 7) (12)

i=1j=1

where 137j(x,~.~,7) can be written as

Dj;(x5i,7) = (1= Mallx;i = Xifjllfs,,)-1 + (b7 /tr(S1i))Ixjs = %oflI°
_ logl (1-7)aS5;' + (by/tr(S;))] |
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Note that 137j(x,~,~,7) is the (sample) generalized distance between x;; and the ith

group mean. Thus, selecting 4 to minimize D*(7) amounts to minimizing a mea-
sure of the total of generalized distances between the training set observations and
their respective group means. We have the following proposition which gives us the
analytical optimal value of v.

Proposition 3: The optimal value of the shrinkage parameter which minimizes

D*(7)is
_aDi—-bD2+ 3. Y Yo (BY - 1)
Yop = z‘ Zj p=l(ﬂ"’ - 1)2 (13)

is =X " v b/\v—r"r‘
where Dy = 35, 5%; [Ixji — x‘/J”(S/ )-10 D2 = 3 Z:.1 trS Y ‘r By = ai‘us T,ir,)"

rj = (xn X) and A, is the vth eigenvalue of the pooled covariance matrix S.

Proof: Following Friedman (1989) (pp. 13, eq. 22a), it is trivial to show that
Spy=8- ror! where r, = [n;/(n — 1)]/?(x,; —X;), here we assume the observation
v belongs the class i. Likewise, it is easy to see that tr5,, = tr§ — rir,, since r,r!
is rank 1 with non-zero eigenvalue rir,. Actually, we have

| (S0 | = | @ =ma(S7)7 +[bv/(trS - rie ) |
(8,)7" can be calculated for all n, in groupe i by using its spectral decomposition.
That is
- e;e;t
(S/‘II) EA _rtru?

where ();)%_, are eigenvalues of the pooled covariance matrix S, and (f:_j);":l are the
corresponding eigenvectors. So, we have

[ s | =11 l“ LA LI

1
-rir, trS-rir,
Hence, we obtain

log | (S7.)7(1) | = L logla/(3; ~ rir,)) + S loglt +7(83 - 1),

where 8] = at;\S 11::' :: ;\rS . We have chosen a equal to (n -p - 3)/n (we assume
that n > p + 4), and we have chosed b equal to p/n. Note that b/a is less or equal
to 1, and since J; is less than trS, we conclued that 3 is less or equal to 1. Hence,

using Taylor series in power of v, we have

log | (S/)7(7) | = Zlog[a/(x,- - b))+ 378 - 1)

+2[7 1 o083 - 1%



Thus, approximatively, the derivative of D(7) can be written as

“)‘” S Y SE - 1) + 1B - 1)

i=1v=1j=1
K n
“3 Y allxes — Rl
1=1 v=1
K n

+ZZ trS |xvl is/u"2

=1 v=1

Thus, the result of equation (14) is direct from this equation which is equal to 0. A

Remark: the admissible solutions are 0 < 75p < 1, s0 we take 7o, = 1 if (13) is
greater than unity and y,p = 0 if (13) is less than 0. However, we have never met
these cases in our applications in section 4.

Thus, the computation of the optimal value is simple whenever we have calculated
the spectral decomposition of S. The advantage of this procedure over Rayens &
Greene’s procedure is that we did not need to use any optimization algorithm.
SLDF?2 denotes the procedure described in this Section and defined by (13).

4 The simulation study

In the following Section, the performance of these procedures (LDF, SLDF1 and
SLDF?2) is examined through simulation studies.

4.1 Sampling experiments

As in Peck & Van Ness (1982) and DiPollo (1976), we limited the data to the two
underlying normal populations N'(0,X) and N (u,X), where 0 is the p-dimensional
vector, p is an arbitrary p-dimensional vector and ¥ is a p-dimensional nonsin-
gular matrix. Two different forms for the mean vector p are selected, namely,
(m*,0,...,0)! and (m,m,...,m)* (denoted Mod1 and Mod?2 respectively). The val-
ues of m* and m were chosen so that the Mahalanobis distance, A = u*EX~!u, would
be the same for either case. The mean vectors were chosen using tree values of A
(0.5,1.5and 2.5). The covariance matrix X is chosen to have the form of an intraclass
covariance. That is, ¥ is of the form £ = (1 - p)I + pJ, where -1/(p~1) < p <1,
I is a pxp identity matrix, and J is a pxp matrix of 1’s. Two different covariance
matrices were obtained by choosing two different values of the parameter p, namely,
0.2 and 0.4. For each of the different combinaisons of 4 and ¥, we have compared
LDF rule with the two modified linear discriminant rules, SLDF1 and SLDF2, re-
sulting from the two procedures of selection of the shrinkage parameter 4 in Section
3, for one dimensions size p = 12. For each triple (p, i, X), we have performed 100
replications of the following experiment:



Table 1 : Misclassification risk and shrinkage parameter values for population

structure Mod1l

p=.2 p=.4

test ¥ test ¥

LDF  .25(.10) .0 .35 (.08) .0
§=25| SLDF2 .24 (.10) .10(.05) .35(.07) .05(.04)
SLDF1 .17 (.10) .75(.21) .35(.07) .07 (.15)

IDF 42 (08) .0 .42(08) .0
§=15| SLDF2 .40 (.07) .05(.00) .41(.08) .06 (.05)
SLDF1 .39 (.07) .10(.20) .41(.07) .08(.21)

IDF .44 (06) .0 .46 (06) .0
6=.5 | SLDF2 .44 (.06) .05(.02) .46 (.06) .05 (.04)
SLDF1 .44 (.06) .11(.20) .44 (.06) .08 (.20)

Table 2 : Misclassification risk and shrinkage parameter values for population

structure Mod2

p=.2 p=.4

test ¥ test ¥

LDF .23 (.08) .0 .16 (.07) .0
6 =25 | SLDF2 .19 (.07) .06 (.01) .11(.07) .06 (.04)
SLDF1 .18(.09) .17(.30) .11(.08) .14 (.23)

LDF .30 (.07) .0 .23 (07) .0
6 =15 | SLDF2 .26 (.07) .05(.00) .18 (.07) .06 (.04)
SLDF1 .24 (.09) .20 (.30) .18 (.09) .14 (.24)

LDF .40 (.07) .0 .36 (.07) .0
6=.5 | SLDF2 .38(.07) .05(.00) .32(.07) .06 (.03)
SLDF1 .37 (.08) .12(.21) .32(.09) .13(.23)

1) For each population, we generate ten p-dimensional training data vectors and 50
p-dimensional test vectors according to the distribution being considered.

2) We use the training data to calculate the linear and the two shrinkage rules (see
Section 3) and classify the test data according to each.

3) For each replication, we compute all relevant statistics.

Tables 1 and 2 summarize the results for each form of the mean vector (Mod1 and
Mod2). They give, for each parameter value of p, the average test misclassification
risk ( column test) over 100 replications for each of the three classification rules:
LDF, SLDF1 and SLDF2. Also shown, is the mean of the selected shrinkage param-
eter v for the modified linear discriminant rules over 100 replications. The quantities
in parentheses are the standard deviations of the respective quantities.
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4.2 Discussion of results

From Tablel, it can be seen that, for the data set Mod1, SLDF1 outperforms LDF in
the case of small correlation (p = .2). This superiority decreases when the parameter
of separation § decreases. On the other hand, the performances of SLDF1 and
SLDF?2 are similar, with a slight advantage to SLDF1 when 4 is large or moderate
(6 = 2.5 or 1.5). While for the large correlation parameter value (p = .4), the
performances of the three procedures are more comparable with a slight advantage
of SLDF1 when § increases. However, note that the shrinkage parameter values
of SLDF1 are always greater than those of SLDF2 which are close to 0. Thus,
SLDF2 has the characteristic to choose small values for the shrinkage parameter,
while SLDF1 overcomed this limitation and selected the shrinkage parameters which
are close to optimal values.

For the data set Mod2, Table2 shows that SLDF1 and SLDF2 outperform well LDF
in all situations. Here, SLDF1 performed slightly better (1-2 percent) than SLDF2
for the small correlation case. While, for the large correlation case, both methods
give the same results on the test sample. On the other hand, the characteristic result
of the shrinkage parameter values is similar to those of the data set Modl.

The conclusion of these experiments is that the modified linear rules perfomed better
than LDF rule. SLDF1 and SLDF?2 differed only in the data set Mod1 for the small
values of correlation and separation parameters.

5 Conclusion

We have presented the shrinkage linear discriminant rules in the Gaussian frame-
work. The numerical experiments showed that good performances can be expected
from these modified linear rules. The performance of SLDF1 is slightly better than
the one of SLDF2. Morever, SLDF1 has the property of selecting the shrinkage
parameters which are close to optimal values. On the other hand, SLDF2 has the
characteristic to choose small values for the shrinkage parameter. Despite these
restrictions, we think that SLDF rules shoud be quite beneficial for Gaussian dis-
criminant analysis in setting for which sample sizes are small. In the case of g
populations, g > 3, SLDF1 will be time comsuming. Because for each x; (1 < ¢
< n), there are, generally, at most two possible optimal y values (cf. Celeux &
Mkhadri 1992). In the later case, we recommande to use SLDF2 which is less time
consuming than SLDF1.

Morever, the proposed procedures are related the discrimination problem and com-
pute explicitly the shrinkage parameter without using any optimisation algorithm.

APPENDIX 1
The proof of Proposition 1: The distribution of W is invariant with respect to the

transformation x* = Ax + d, x;(l) = Axgl) 4+ d, and x;(z) = Ax_(iz) + d, where A
is nonsingular, j = 1,..., n. We choose A and d to transform X to I, yu; — p to
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6 =(A,0,...,0), where A = [(g3 — u2)*T~ (1 — #2)]"/?, and p; to O (see Anderson
1973). Let Y, Z and V be defined by

d=x-xP =6+ 1Y, x=J;Zand S=1+L;V.
Then, the joint distribution of (Y, Z)! is normal with vector mean (0,0)" and variance

(n/n1 + n/n)I (n/ny)]
( (n/n)I (n/m)I ) )
We have
EW(x)|m] = —d!S~1d*

where d* = (X(1) 4+ x(2))/2. The mean becomes, after some algebraic manipulations,
by using Taylor series in power of V (cf. Anderson 1973)

EW(x)|m] = —d'd" + —-dtvd — >

1
2 dtvzas
nl/2 ndV d +0(n3/2)

Again, by using Taylor series in power of V we have

1, 1 1
* d V * —
147 n1/2(1 + )" n(1+7)°
+0(n~3}(1+4)7")

EWV(x,7)|m)] = - dtv2d-

Now, using Taylor series in power of v, we get

— 2
EDW(x, )lm] = EV()im] +7d'd" + V" - in'ld‘v?d'
+0(x*n~0?)
Hence, we obtain
EWV(x,7)Im] = EIW(x)|m1] - yA% + O(yn~'/?)

Similarly, the variance of W(.,v) becomes, after some algebraic calculations,

var[W(x)|m] = d'd - #d‘Vd + %d‘Wd + 0(n~3/%)
It follows that,
var[W(x, 7)|rs] = (-1:—7)2[&1 - nl—/z(1+—7)d‘Vd + E%Wd‘vzd
+0(n=%/?)]

Using Taylor series in power of v, it can be written by

var(W(x, 7)|m1] = var[W(x)|m] - 27A% + O(yn~112)
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In the same way, it is easy to show that
EW*(x,7)I1] = aEW(x)|m1] + 1]a - b/(p + trV)]A% + O(yn7/2)
Since a is approximatly equal to 1, then
EW*(x)|my] = EW(x)Im] + 1[1 - b/(p + trV)]A? + O(yn~1/?)

The variance of W* can be computed in the same way as

var[W*(x,7)|m1) = a*var[W(x)|r1] + [-2a® + y2a%]d'S~2d
_ 2,2
2ab7(1 7)dts—ld + b 7 dtd

+ p+itrV p+trV

It can be written by (since a = 1)

var[W*(x,7)|m] = var[W(x)|m] + $(7)A% + O(y*n~1/?)
where

2by(1-7) b4
p+trV p+irV )

Y(v)=-27(1-7)+

Note that ¥(0) = 0 and ¥(1) = —1 + [b/(p + trV)]? and is negative when b < p,
which is true. Morever we can show easily that the function ¢ is decreasing in (0,1),
which completes the proof of proposition 1. A
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