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An implicit trust region algorithm for constrained optimization

Algorithmes de région de confiance implicite pour PPoptimisation
avec contraintes

J. F. Bonnans — G. Launay!

Abstract

In this paper we study the convergence of sequential quadratic programming algorithms
for the nonlinear programming problems. Assuming only that the direction is a stationary
point of the current quadratic program we study the local convergence properties without
strict complementarity. We obtain some global and superlinearly convergent algorithm. As a
particular case we formulate an extension of Newton’s method that is quadratically convergent
to a point satisfying a strong sufficient second order condition.

Résumé

Dans cet article nous étudions la convergence d’algorithmes qui traitent les problemes de
programmation non linéaire par programmation quadratique successive. Notre seule hypotheése
étant que la direction est un point stationnaire du probleme quadratique, nous étudions des
propriétés de convergence locale sans supposer la stricte complémentarité. Nous obtenons un
algorithme dont la convergence est globale et superlinéaire. En particulier, nous énongons une
extension de la méthode de Newton dont la convergence est quadratique lorsque le point limite
vérifie une condition forte du second ordre.

Key words : Nonlinear programming, Newton’s method, quasi-Newton algorithms, exact
penalization, trust region.

AMS (MOS) subject classification : 90C30, 49M37, 65K05.

1INRIA, Domaine de Voluceau, 78153 Rocquencourt, France.
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1 Introduction

1.1 The family of Newton type algorithms

In this paper we present a new algorithm for solving the standard nonlinear programming
problem

min f(z); g(z) <€ 0, (P)

with f, g smooth mapping from R" to R and RP, and, given a partition (I,J) of {1,...,p}, by
z K0 wemean z;, <0,2 €1, 2; =0, 3 € J. Occasionally for K C I we will denote

Z,'SO, ?:EI{,

K
2<0®{q=&jei

To (P) is associated the first-order optimality system
{ Vf(z)+4¢'(z)'A =0,

g(z) €0, A\ >0, Mg(z) =0.

(1.1)

If (z, A) satisfies (1.1), then we say that A is a multiplier associated to z. By extension we say
that z is solution of (1.1) if there exists A such that (z,)) satisfies (1.1).

We define the quadratic problem
min Vf(z)d + -;—d'Md ; 9(z) + ¢'(2)d <€ 0, Q(z, M)

to which is associated the optimality system
{ Vi(z)+ Md+g'(z)'n=0,

9() + (2)d < 0, 1 > 0, u(g(x) + ¢'(2)d) = 0.

(1.2)

Denote by L(z, ) := f(z) + A'g(z) the Lagrangian associated to (P). It has been observed by
Wilson [19] that, when no ineouality is present, the computation of the Newton step in (1.1)
amounts to solving d solution of Q(z, M) with M = V2[L(z,)), and that this allows a natural
generalization for problems with inequality constraints. In order to deal with the case when
second derivatives are not available, a larger class has been defined in the following way :

Algorithm 0 (Newton type algorithms).

0) Choose z° € R*, M? a n X n symmetric matrix ; k « 0.
1) Compute (d*, u*) solution of the optimality system of Q(z*, M*).
2) Linesearch : choose p in [0, 1].
3) F* e zF 4 prdt
Choose M*+1.
ke—k+1,gotol.

[S™]



1.2 Some known results on local study

Let Z be a local solution of (P) to which is associated a unique Lagrange multiplier A. The
local study analysis typically assumes that (z°, M°) is close to (%, V2L(z,})) and that p, = 1.
The question is to determine if convergence occurs, and at which rate. It happens that in this
case d* should not, in general, be taken as the global minimum of Q(z*, M¥).

Indeed, let us consider the simple example

mjn[n(l +z); —z <0, 2 <10.

This problem has a unique solution Z = 0 associated to the unique multiplier A = (1,0)* and
the strongest regularity hypothesis and sufficient second order condition (see (1.8) and (4.9)
below) are satisfied by (Z, ). Now let us start Newton’s method at the solution : we get the

quadratic problem
rnéind—dz/fz; 0<d<10,

whose unique solution is d = 10, the worst possible displacement ! As the Newton step is
obtained by linearizing the data is it clear that the quadratic program is meaningful only if the
displacement is not too large. indeed in our example the “good” displacement d = 0 is a local
solution of the quadratic program.

Of course if M*¥ > 0, which is the case for some quasi-Newton algorithms based on positive
definite updates, and also for Newton’s method when (P) is convex (i.e. has convex cost and
inequality constraints, and linear equality constraints) then Q(z*, M*) is itself convex, and
local and global minima coincide.

We now quote some recent results about the speed of convergence of Newton type algorithms.
For this purpose, we need to define

the set of active inequality constraints:
I(z) := {i € I'; gi(z) = 0},

the set of active constraints I(z) U J,
the extended critical cone:

Cl):= {deR; ¢'(2)d L 0; gla)d=0if X >0, i € I}. (1.3)

Note that when z = Z we rzcover the usual critical cone, or cone of critical directions :

C@) = {de€R"; ¢'(3)d € 0; gi(2)d=0if X >0, i € I}, (1.4)

the (standard) second-order suficient condition:
d'ViL(z,A\)d > 0, for all d € C(z) — {0}, (1.5)

and the orthogonal projection onto C(z*), denoted by P*.
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Note that usually the critical cone is defined as

C(E) = {d€R"; Vf(2)'d <0; ¢(z)d < 0}.

Both definitions coincide (as is easy to check using (1.2)) because we assume the existence of a
Lagrange multiplier. We now quote two results of Bonnans [7] :

Theorem 1.1 Let Z be a local solution of (1.1) such that the gradients of active constraints
are linearly independent, X be the unique multiplier associated to T and the second-order suffi-
cient condition holds. Then if (z*, u*) computed by Algorithm 0 converge to (%)), then {z*}
converges superlinearly iff

PH[(V2L(%,X) — M*)d*] = o(d").

Theorem 1.2 Assume that Z is a local solution of (1.1), X is the unique Lagrange multiplier
associated to T, and the second-order sufficiency condition holds. Then there ezists € > 0 such
that if ||z° —z||+ ||A° = A|| < €, and (zF*?, A\¥+1) is chosen so that ||z%+! —zF ||+ ||AF+Y —XF|| < 2,
then Algorithm 0 with M* = V2L(z*, A\¥) and py = 1 i.e., Newton’s method, is well defined and
converges at a quadratic rate to (z, ).

We note that the existence of a unique multiplier is a qualification hypothesis slightly weaker
than the linear independance of gradients of active constraints (see [10]). Note also that if the
following strict complementarity hypothesis holds:

Xi > 0 for all 7 in I(Z),

then, for (z*, M*) close to (Z, V2L(Z, \)), A* is close to X, hence if i € I(Z), the corresponding
inequality in @Q(z*, M*) is active and everything goes as if we were analyzing the problem

min f(z); gi(z) =0, 1 € I(z) U J.

Then Thm 1.1 reduces to a rezult of Boggs, Tolle and Wang [4], whereas Thm 1.2 reduces to
the application of the general result on quadratic convergence of Newton’s method for a system
of equations. The novelty in tke theorems above lies in the fact that no strict complementarity
hypothesis holds and only the standard (weak) sufficient condition is assumed.

1.3 Some known results on globalization

The local results that we just presented insure a superlinear or quadratic convergence, provided
that the data at the starting point are sufficiently close to the optimum. When these hypotheses
are not satisfied the algorithm has to be modified, for different reasons :

(i) It may happen that the optimality system of Q(z*, M*) has no local solution ; a possi-
ble remedy is to solve a modified quadratic program.

(ii) The point z*¥ 4+ d* may te farther from any local solution than z*. For this reason it

is safe to introduce a linesearck on some potential function ; the most popular potential is the
Pschenichny-Han exact penalty function (see Han [12], Pschenichny and Danilin [17]) :

0:(z) == f(z) + rllg()’|

4
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with 7 > 0 (the penalty parameter) and .! defined as follows :

A= Z?. iof €1,
P s if ied
Here ||.|| stands for an arbitrary norm in RP”, although we note that most often the £! norm is

chosen for practical reasons. The dual norm ||.||. is defined as

lells == max{z'n; |lz|| <1}.

Usually r is chosen so that 7 > |[u*||., where u* is the multiplier associated to d*.

However this potential suffers from the Maratos effect (Maratos [14], Mayne and Polak
[15]) : even when z is close to # and £ +d — % = O(z — Z)?, and r close to ||A|l., it may happen
that 0,(z + d) > 6,(z), and in the context of composite optimization it has been shown that
this may occur an infinite number of time, (see Yuan [20]).

Various remedies have been proposed, the first of them being to make an additional restau-
ration step (Mayne and Polak [15], Gabay [11]), i.e. denoting ||.|| an arbitrary norm in R",
different from the one in RP, to compute v* solution of

o ogleF 4+ dF) + ¢'(=F)v < 0,
mmn llvli ; { gi(zk + dk) + g’(:z:k)v =0,: €I,

where I; is some prediction of the set of active constraints, obtained as a byproduct of the
computation of d* and to perform a linesearch along the arc

p — $k+pdk+p2vk-

Other possible remedies are to modify the potential, specifically to use a nondifferentiable
augmented Lagrangian [6], and to compare the value of 8,(z**!) to the value of 6, not only at
z¥, but also at z*~*, z¥~2,... (see Panier and Tits [16], Bonnans, Panier, Tits, Zhou [8)).

To the knowledge of the authors, all published papers concerning global convergence (i.e.
convergence of at least a subsequence of {(z*,u*)} towards (z,)) satisfying (1.1)) assume
that at all iterations M* > 0, as well as its inverse at least in the space spanned by the
directions tangent to the linearized constraints, hence do not take in account Newton’s method

- for nonconvex optimization. Also all local studies about Maratos effect assume that the strict

complementarity hypothesis hclds.

1.4 Our contribution

We present in this paper an algorithm that has global and local properties under weak hy-
potheses on the sequence {M*} of approximations of the Hessian of the Lagrangian. At step
k of the algorithm a parameter o > 0 is set and a direction d* is computed as a stationary
point (if any) of the quadratic problem

min Vf(z*)'d + %d‘M"d + IR 5 9(=*) + ¢/(H)d < 0 Qu, (2%, M¥)

where ||.||2 is the Euclidean norm.



We note for future reference that the first order optimality system of Qq, (z*, M*) is, de-
noting by u* the Lagrange multiplier :

Vf(:l:k) + MEd* + akdk +g'($k)‘,uk =0,

(1.6)
9(zF) + ¢'(=F)d* < 0; pk > 05 (pb)'(g(z¥) + ¢'(z*)d*) = 0.

The parameter r = ry of the exact penalty function ,(z) is adapted at each iteration in
order to allow a linesearch ; however, null-steps may happen and in this case a; is increased.
We prove that {ry} and {a;} are bounded and that any limit-point of {z*} satisfies (1.1). Our
hypotheses are as follows. First we assume

{MF*}, {z*} and {d*} are bounded. (1.7)

Note that if upper and lower bounds on z are present, then {z*} and {d*} are necessarily
bounded. Second, we assume that

the linearized constraints g(z) + ¢'(z)d < 0 are qualified, (1.8)

which means that for any (z,d) such that g(z) + ¢’(z)d < 0, the gradients of active constraints
of this system are linearly independent.

We show also how to adapt some anti-Maratos effects in order to formulate an algorithm
that has a superlinear convergence.

If second-order derivatives are available we show how to formulate a globally convergent
algorithm that reduces locally to Newton’s method, and this seems to be the first globally
convergent extension of Newton’s idea for constrained optimization.

We call our method an implicit trust region algorithm, making reference to the standard
trust region idea in which the subproblem to be solved would be

min Vf(z*)d + %d‘M"d : g(z¥) + ¢'(zF)d < 0 —;—lld”% < .

The trust region algorithm has two drawbacks. First the computation of its solution neces-
sitates the resolution of several subproblems of type Q,(z*, M*) where now « is interpreted as
the multiplier associated to the constraint on the size of d*. Second, if §; is too small, then
the constraints may be incompatible. To deal with the last difficulty several authors suggested
different relaxation of the corstraints (see Fletcher [10]), and these relaxations may indeed
be useful if the linearized constraint g(z) + ¢'(z)d < 0 may be incompatible at some points.
But we have in mind a situation where this does not occur, and it seems to us more natural
to formulate the algorithm usiag nothing else than the subproblem Q,, (z*, M*) that anyway
appears in the implementation of the trust region algorithm.

It may seem surprising that the algorithm includes an implicit trust region idea as well as
a linesearch; this is due to the >resence of constraints. For z fixed, when a — oo, d solution of
Qalz, M) converges to 7(z) solution of

- min|jd]lz ; ¢(z) + ¢'(2)d <0,

and (if #(z) is nonzero) it may happen that f(z + n(z)) > f(z) and ||g(z + = (z))!]| > ||lg(=)*]| ;
in this case the step py = 1 cannot be accepted whenever ay is large enough.
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2 A globally convergent algorithm with fixed penalty parameter

In this section we will present some properties of the exact penalty function that allow to design
a linesearch extending the one due to Armijo [1] for unconstrained minimization. The ideas
that we present here are classical (see {12]) but we generalize the previous results by assuming
that the norm involved in @, satisfies only the following property :

z — ||2%| is a convex mapping (2.1)

We define the directional derivative of 6, at z in direction d as 6.(z,d). This is well defined,
even if (2.1) does not hold, because p — g(z + pd)* has a directional derivative w(z,d) (that
can easily be computed explicitely) and z — ||z|| is convex and Lipschitz, hence

0.(z+pd) = f(z)+pf'(z)d+rl|lg(z)! + pw(z,d)|| + o(p)
= 8,(z) + plf'(z)d + ru'w(z,d)] + o(p)

where u is some element of the subdifferential of ||.|| at g(z)".
We define the “linearized” (at point z*) exact penalty function as follows :

0%(d) = f(z*) + f'(«")d + rell(9(z*) + g'(z")a)']l

For any d feasible for Q,,(z*, M*), we note that the decrease of the linearized exact penalty
function when step px = 1 is accepted is equal to A,, (z*, d), where

A (z,d) = rlg(2)!|| - f'(z)d.
We say that A,(z,d) is feasible if
Ar(z,d) 2 |d|f. (

o
(o)
~—

By A, we denote A,, (z*, d¥).

Lemma 2.1 Let d be a statiornary point of Q.(x, M) and u the associated Lagrange multiplier.
Then :

(1) If (2.1) holds, then : .

(1) The following relations hold :
Ar(z,d) 2 (r = |ull)llg(@)'] + alld]; + d'Md + p'(g(z)* - g(z)) (2.4)
Au(zrd) 2 (r = ull) g + alld] + d*Md. (25)



Proof

(i) From (2.1) we deduce that
0.(z,d) = f(z)d + rn'q'(2)d

where 7 is some subgradient of ||.!|| at g(z), i.e.
124 2 lg(2)!| + 7' (z — g(2)), Vz € R,

Choosing z = g(z) +g’(:1:)rd, and noting that z! = 0, we deduce that n'g’(z)d < —||g(z)!|,
from which (2.3) follows.

(i1) From (1.6) we deduce
0= f/(e)d+ d'Md + a|d|f + u'g'(2)d.
From the complementarity condition we get that u'¢’(z)d = —ptg(z), hence
—f'(z)d = d'Md + a|/d||; - p'g(z),
and so
Ar(z,d) = calld|; +d'Md+r|g(2)"|| - u'g(z),

alldlf + d'Md + r|lg(z)|| — u'g(z)! + p'(g(z)" — g(z))
> alld|l; + d'Md+ (r — ||ull.)lg() || + £ (g(z)" — g(z)).

Thus (2.4) is proved. Now, as pu; > 0, we get from the definition of g(z)! that
u(g(z)! — g(z)) > 0, and so (2.5) holds. O

Let z* be the current point of the algorithm and d* a stationary point of Q,, (z*, M*). From
(2.5) it follows that, at least if r, > ||u*||. and a4 is large enough, then A, is feasible (note
that for o, sufficiently large, ||d*|| = ||x(z*)||, hence (2.2) is satisfied).

From (2.3) it follows that d* is a descent direction of 8,, if Ay > 0. This allows to define a
linesearch in the following way :

Linesearch rule LS1: Parameters v € (0,1/2),5 € (0,1).
If Ay is feasible then compute px = (3)*, with £ smallest integer such that

0,,(z* + (B)td*) < 6,,(z*) — (B)vAx (2 6)
zk+l — .’l)k + pkdk. .

We note that (2.3) and the relation v < 1/2 imply that (2.6) is satisfied for £ large enough.
Hence the linesearch is well defined. In order to analyse the global properties associated with
this linesearch we deal in this section with the simple case when r; is equal to some constant r.

We can now formulate a conceptual algorithm :

Algorithm 1
0) Data : ap >0, M°n x n symmetric matrix, z° € R* ; k — 0
1) Computation of (d*, u¥) satisfying the optimality system of Qq, (z*, M¥)

8
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2) If Ag is not feasible (i.e. (2.2) not satisfied for Ay), stop.

3) Perform the linesearch LS1
4) Choose aj;; and M*+! ;
k—k+1,
go to 1).

Theorem 2.1 Assume that (1.7) and (1.8) hold. Let 2* be computed by Algorithm 1 in which
A is assumed to be feasible az’l each step. Assume that (ax, M*,d*) are bounded, r, = r > 0.
Then d* — 0 and the set of limit points of (z*, u¥) is a connex subset of the set of solutions of
the first-order optimality system (1.1).

Proof We prove that d* — 0. We note that §,(z*) decreases hence converges, so that by (2.6)
pxAx — 0. Assume that for some subsequence k' we have (z¥ o, M¥' | d¥) = (8,8, M, d).

with d # 0. We observe that Ay — A := A,(&,d) > 0 by (2 2) and that d satlsﬁes the
first-order optimality system of Q4(%, M) ; hence ¢’(Z, d) < —A by (2.3), which implies for p
small enough

0,(% + pd)

A
=)
-
—~~~
&
-
I
N O
D)
+
]
—
]
S

< Gr(j) -
hence for k' large enough by continuity (as Ag — A > 0):
0.(e* + pd*') < 0,(z*") — gA,(xk,,d“')

which proves that py cannot converge to 0, hence we get A =limAg = 0, from Pl — 0,
contradicting A > 0 obtained from our assumption d # 0.

Now as d¥ — 0 for any converging subsequence of (z*, ax, M*, d*) we can pass to the limit
in (1.6), deducing the boundedness of {u*} from (1.7) and (1.8), and so that any limit point
of ( (z*, u*) is solution of (1.1). Now as d¥ — 0, the set of limit points of {z*} is connex; by
(1.8) the Lagrange multiplier of (1.1) (whenever it exists) must depend continuously on z; the
conclusion follows. 0

In the next section we relay. the restrictive hypothesis on r* and on the a priori feasibility
of Ak.

3 A general globally convergent algorithm

This section is devoted to the statement and analysis of a globally convergent algorithm, i.e.
an algorithm computing a sequence {z*, u*} such that any of its limit-points satisfies the first-
order optimality conditions (1.1). In this algorithm we have to update the two parameters ry
and ag.

For ) the idea is the follovring : take ry = ry_; whenever it is possible, i.e. if A,,_, (z¥,d¥)
is feasible and py = 1 is accepted by the linesearch; otherwise choose ry satisfying rp >



i
i

ll#¥)l. ; in order to make the sequence ry constant after a finite number of step we choose
rx = max(rg_y,nt(||¢*||. +2)). Finally the update rule for r is as follows :

{ i1 if Ay, _, (2%, d*) is feasible and 0,,_ (z* + d*) < 6,,_ (z*) — yA.,_ (z¥,d*),
Ty =

max(re_1,int(||uF|l. + 2)) if not.

(3.1)

For ax the idea is the following : if Ay is not feasible or pi 1s close to 0, then choose

Qky1 > i + €1, with & > 0 (because of Lemma 2.1 this will eventually allow to get feasibility

of Ay). On the other hand, if A, is feasible and p; = 1 then a4, will be taken smaller than
Q.

+1

Finally we mention the pocsibility of null-steps, i.e. when Ay is not feasible then zF+! is

taken equal to ¥ (or equivalently p; = 0). We now state the algorithm:

Algorithm 2

0) Data : ag > 0, M® n X n symmetric matrix, z° € R*. Parameters 0 < &; < &, 0 < ¢3 < I;
k0.
1) Computation of (d¥, u*), satisfying the optimality system of Q. (z*, M*).
2)If k=0,set r_; « ||p°. + 1.
3) Choice of ri using the rule (3.1).
4) If Ay is not feasible (null step) :
Pk — 07
ZHH1 gk
go to 6).
5) If Ay is feasible : perform the linesearch LS1.
6) Update of ay :
If pr =1, choose aiyy < ar/2.
If pi € (e3,1), choose agy; < ai + 2.
If pr < €3 choose a1 € [ax + €1, 0k + €2].
Choose MF*+1,
Nke—k+1,
go to 1). a

Remark 3.1 We observe that {ri} increases, and {ri} is bounded iff ry = r for k > kq.

Theorem 3.1 Let z* be computed by Algorithm 2. We assume that (1.7) and (1.8) hold.
Then :

(i) The sequences {ri}, {ax} and {¢*} are bounded,

(ii) The set of limit-points of {z*} is connez, and to each limit point is associated a Lagrange
multiplier.

We give a proof that makes use of some lemmas below.
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Proof

a) We prove that {ry} is bounded. If not, then there exists a subsequence k¥’ with ri > rp_y,
and by (3.1) ||#*']l. — oo. This, and (1.6) - (1.8) imply that aw||d*']] — co. Now Lemma
3.1 proves that ||g(z*)!|| — 0 and Lemma 3.2 ensures that for k' large enough, ry = ryyq, in
contradiction with the definition of {k'}.

b) We prove that {ax} is bounded. As {ry} is bounded, we know from Remark 3.1 that
Tk is constant, say equal to r for k > ko. Lemma 3.3 says that A, is feasible if o > & and
k > ko. From Algorithm 2 it follows that a1 < ai + ¢ for all k and by Lemma 3.3 if o > &
and k > ko, then pr =1 and ax41 < ax/2: hence a1 < max(&, ax,/2) + €2 whenever & > k.

c) We now prove (ii) : this follows applying Theorem 2.1, taking in account that after at
most &/€, successive null steps one has o, > & We now may apply Theorem 2.1 to the renum-
bered sequence obtained by deleting the null steps, and this is an infinite sequence, whose
limit-points are the same as those of the original sequence. d

We now state and prove the three lemmas used in the proof of Thm 3.1.

Lemma 3.1 Let {z*} be computed by Algorithm 2. Under hypotheses(1.7) and (1.8), if v /
oo then |lg(a* )] — 0.

Proof
a) Let us verify that ||g(z*)!|| converges. Let m := inf{f(z*),k € N}. Note that m > —oc as
{z*} is bounded. Then, as {rx} increases 0,, (z**!) < 6,, (z*) and so we deduce

flz**) —m f(zF) =m f(z%)
Tk Tk

—m
lg(z*+1)H| + < llg(=*)"|| + < llg(=*)Il + E—

hence {|lg(z*)!|| + (f(z*) — m)/ri_1} is a decreasing sequence, and so converges since it is
bounded. As rx /" oo and {f(z*)} is bounded since {z*} is bounded, it follows that ||g(z*)!]|

converges.

b) It suffices now to get a contradiction when assuming that lim ||g(z*)*]| is positive. Let
us note that by (1.6) - (1.8), if {ax} is bounded, so is {¢*} hence {rx} cannot go to co. Hence
we may extract a subsequence k' such that ay — oo and z¥' — Z.It is easily checked that
d - d:= 7(Z). Now since ||.!|| is a Lipschitz mapping:

0., (z) = 0,,(z* + pd*) = rp|g(a® )| = rellgz*¥ + pd*)H)| + O(1)
= rllg@)" — rellg( + pd)*|| + o(rw),

with o(rxs)/rx» — 0 uniformly >n p € [0,1].
As g(z¥') + ¢'(z*')d* < 0 and (1.7) holds, it follows that

l9(z + pd) Il < (1 = Pllg(@) | + aop? for some ag > 0,
hence since ||.¥|| is a Lipschitz mapping and (1.7) holds:
0ri () = 01 (¥ + pd) 2 pricllg(@)| — riaos® + ofri),
> privllg(z® )| - rivaop® + ofrw),
pAy — riagp® + o(Tkr).
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We note that Aw/ris — |lg(Z)!| which is assumed to be positive. Using this we get for
some a; > 0

0,,,(z*) = 6,,,(z + pd*') > Aplp — a1p® + 0(1)]
and it follows that py > p for some p > 0. Then this implies that for some a;, > 0

Tm|lg(z**"P1/Ng(a* )Ml < 1 - a2p,
in contradiction with our hypothesis. a

Lemma 3.2 Let z* be compuled by Algorithm 2. Under the hypotheses (1.7) and (1.8), if a
subsequence {z*'} satisfies ||g(z*)!|| = 0 and ap||d¥'|| — oo, then

() ¥/ lim (=Y = 1,

(i1) For k' large enough, rp = rpi_;.

Proof Denote by
gk(d) := Vf(z*)d + %d’M"d + %akd'd

the cost function of Q,, (2%, M¥). As ||d*|| is bounded it follows from the unboundedness of
akllld"'H that ap — oo. So we see that for k' > ki, qw(d) is convex, hence d* is a global
solution of Q,,,(z¥', M¥). In particular, denoting 7* := m(z*), we have

qi(d¥) < qu (). (3.2)

From the definition of 7% we have ||x*||; < ||d*||- On the other hand, dividing (3.2) by

a||d¥'||2, remembering that ai — oo we obtain 1 < lim||7* ||2/||d* ||z and point (i) follows.
We now prove (ii). We may assume that r, /' oo, because otherwise ry is constant for k

large enough (see Remark 3.1) and then the conclusion holds trivially. The idea is that the

penalization term dominates in the linesearch. Indeed,
A, (2¥,d") = el - f(=*)d¥
' 1 ! :I:kl dk, ’R'k'
= renalo(e i (1 - LT Il )

re-r 7l Cllg(=* )|

. . ! a . ’
Extracting if necessary a subsequence we get %' — % feasible and so ||7*'|| — 0.

Now for the considered sequence, f'(z*')d*'/||x*'||, is bounded (by point (i)) and ||=*'||2/|lg(z*)¥]|
is also bounded as a consequence of the qualification hypothesis (1.8), hence

A, (2¥,d¥) = |lg(z* P ll(re-r + o). (3.3)
Also by (i), ||d¥'|l2/|lg(z*)!!| is bounded. As |lg(z*)!|| — O it follows that A,,,_ (z¥',d¥) is
feasible.

On the other hand

Or,_, (%) = 0, (&% + &%) = riea(flg(a¥ )l = Nlg(=* + ")) + f(2*) ~ f(2¥ + d¥)

12



-> 3

and so from (3.3) :
bryy (&) = 0, @ + d) = A, (2, d¥) = rwallg(z + W[+ O (3.4)

But ||.4)| is a Lipschitz mappmg, and from (1.6) (g(« Y4 ¢'(z¥)d*' ) = 0, hence ||g(z* +d* Y| =
O(d*¥')?. Also d¥ = O(g(z*)!) hence , with (3 4) :

0., (%) =6, (¥ +d¥) = A,,_ (a¥,d) +o(A,,,_ (=", d")).

As the rule (3.1) is used in Algorithm 2, the two previous results imply 7wy = rp for any
k' > ki, in contradiction with the hypothesis rs 7 o0. d

Lemma 3.3 Let =¥ be computed by Algorithm 2. Under hypotheses (1.7) and (1.8), if {ri} is
bounded, then there exists & > 0 and ko such that pr = 1 whenever ay > & and k > k.

Proof Since ri is bounded there exists r such that r, = r for k > ko (cf. Remark 3.1).Using
(2.5) we know that

Ag 2 (r =l ) g ("] + anlld®||3 + d** M*d*,
and so, as from (1.7) {M*} is bounded, we obtain for some a3 > 0 :
Ag 2 (r = 1) g (")l + (ex — ag)[|d™]13,
for k large enough. If px # 1 then rx =r > ||u*|l. ; hence
Ak 2 (o — ag)||d" 3. (3.5)
As {d*} is bounded, we deduce that for oy large enough, Ay is feasible. Now
0 (z*) — 0, (z*+d") = r(llg(«"))l = llg(=* + dV|I) + f(*) - f(z* + &),

so since (1.7) holds and f, g are smooth, we get for some a4 > 0 :

6,(c*) — 6,(z* +-d"i) > Ay —agl|d*|2,

hence using (3.5), for ax large enough :

0,(z*) — 0,(zF+d*) > %Ak.

1
As v < 3 the rule (3.1) ensures that the two previous results imply px = 1, in contradiction
with the hypothesis px # 1. : : O
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4 A globally and superlinearly convergent algorithm

Let # be a local solution of (P) and ) its associated Lagrange multiplier. We know that
Algorithm 2 is not in general superlinearly convergent, even if z¥ — Z and M* — V2L(z, ).
This is due to the Maratos effect (Maratos [14], Mayne and Polak [15]). In this section we show
how to adapt the idea of a restauration step in order to accept the unit stepsize. We define

I == {Gel;\>0}uJ
Ip = {iel;pf>0}uu

We first perform a local analysis in which our hypotheses are as follows :

{M*}, {z*}, {ar}, {d*} are given such that

zF - z,

{M*} and {a)} are bounded, (4.1)
d* is stationary point of Qq, (z*, M¥)

and d* — 0

We define v* as the solution of:

k k 1k
: 9@ +dY) +g'(=)v <0, )
mn Iofl { gi(zF + d¥) + gi(z*)v = 0 for any ¢ € I; (42)
where ||.|| is an arbitrary norm in R*. Under some reasonable assumptions we show in Prop.

4.1. below that the point z¥ 4 d* 4+ v* insures a significant decrease of the exact penalty function.
We start with a technical lemma. - :

Lemma 4.1 Assume that (1.8), (4.1) and ({.2) hold. Then one has for some ¢ > 0

| I" C If for k large enough, (4.3)
<ty - (4.4)

g(a* + d* + 0¥ = o(d¥)?, (4.3)
gr-(z* + d* + v*) = o(d*)%. (4.6)

Proof

a) It follows from (4.1), (1.6} and (1.8) that u* — X. So for k large enough, {i € I ; X\; >
0} C {t €1; u¥ >0} and thus (4.3) is proved.

b) Since (1.8) holds and by definition of I :

9(z*) + ¢'(z%)d* < 0
gi(z*) + gi(z*)d* =0, 1 € I}

it follows that

9(z* +d*) < 0O(d*),
gi(z¥ +d*) = 0O(dN)?, iel;

hence using again (1.8) , v¥ = O(d*)2.
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c) Expanding g(z* + d* + v*) and using (4.4) we get
1
g(a* +d" + %) = g(a") +g'(2")(d" + ) + S(d)'g"(e")d" +o(d")*  (47)

Moreover, since (4.2) implies (g(z* + d*) + ¢'(z*)v*)! = 0, expanding g(z* + d*) and using
z — ||2*|| Lipschitz we obtain
1

Io(a*) +g'(a¥)a +

(d*)'g"(z*)d* + g'(z*)o* || = o(d")’.
Then, as z — ||z!|| is Lipschitz, we have (4.5). -

d) Since v* is solution of (4.2), the expansion of gy« (z* + d*) yields
gia*) + gi(*)* + 5(d)'gl(H)d* + gi(aH)o* = o(d*) for any i € ;.
Hence (4.6) follows from (4.3) and (4.7). a

Then we compute ¥ along the path p — z*+ pd*+ p?v*. The first trial point is zF +d* +v*
and if it appears to be necessary to test a small value for pi, then the contribution of v* is
small with respect to the one of d*, and this allows to preserve the descent property on 4,.
Specifically the linesearch is as follows :

Linesearch rule LS2 : Parameters v € (0,1/2), 8 € (0,1).

Compute v* solution of (4.2).
If Ay is feasible, i.e. (2.2) holds for Ay, then compute p, = (B)° with ¢ smallest integer such

that
ofk(zk + (ﬂ)ldk + (ﬂ)uvk) < ofk (zk) - (ﬂ)l'yAk’ (4 8)
In order to perform a local :analysis we are led to assume that (Z,A) (local solution (P) and
associated multiplier) satisfies the following strong second-order sufficient condition :

for any d € kerg}.(z) — {0}, d'VIL(z,))d > 0. | (4.9)

Recalling (1.8) we see that (4.9) is stronger than the standard sufficient condition (1.5), and
that both coincide if the strict complementarity hypothesis holds at z.

The following proposition insures that, locally and under this strong second-order condition
(4.9), the restauration increment v* allows to accept the step pr = 1 (i.e. Ay is feasible and
the exact penalty function decreases sufficiently). We define

d% ortkogonal projection of d* onto ker gf. (z¥),
di, = d* — db,
H:=V:L(z,)\),
and for z € RP, Z by
g._{ z ifiel,

z} " if not.

15



Proposition 4.1 Assume {M*}, {x_"}, {ar}, {rx}, {d*} given such that (1.8), (4.1), (4.2)
and ({.9) hold and ry = r with r > ||A||.

(d7) M*d} + au||dz||* > (dF)' Hd} + o(d7)? (4.10)
holds, then LS2 accepts the step pp = 1 for k large enough.

Before giving the proof we set some preliminary results:

Lemma 4.2 For any n X n symmetric matriz M and for any ¢ > 0 one has :

(d*)'Md" > (dp)'Mdy — e*|ldzll; — [IMII(1 + |M]|/*)lldn 3 (4.11)

(d7)'Mdr 2 (d*)'Md* —e*|ldpl; — M1+ IM]l/*)lldx I3 (4.12)

Proof Since d* = d% + d% we get
(d")‘Md" (Y MdE + 2(dk ) MdE, + (dR) MdY,,
hence the two following relations hold:
(d)'Md* > (d") Mdj — 2| M|||ld7|l=lldR ll2 — 1M 1llIdR 113, (4.13)

(d5):Mds > () Md* — 2\ M [l d& 12l — 1M1 % 1. (4.14)
As for all e > 0, a > 0, b > 0, one has 2ab = 2(eca)(b/e) < e2a® + b*/e?, it comes for
a = ||dz||2 and b= ||dx |l2[IM]| :
—2(|M [l l2lldRell2 = —€®|IdE 115 — M1 |ldR 113/,
which with (4.13) and (4.14) gives the conclusion. O
Lemma 4.3 Under the hypotheses of Proposition 4.1, for k large enough Ay is feasible and

the following holds:
Jas > 05 Ag > as)|d*||? (4.15)

and (- being the constant involved in LS2, i.e. v € (0,1/2)):

1

Ak - 2(T_—7—)(dk)tHdk + O(dk)2 (416)

Proof a) Preliminaries :

‘It was already noticed (cf. Proof of Lemma 4.1.a)) that under our hypotheses px = A
From this result and the hypothesis r > ||A||. one has for k large enough

=l 2 (r = [A)/2,
and also it comes for ¢ := min{}; ; ¢ € I"N I} (and so ¢ > 0) that for k large enough

min {uf ; iEI‘ﬂI}>%
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Hence, as u* > 0 and g(z*)* > g(z*),

() (o) - g(@) 2 5 T (aa") - ()
tel*nl

= £ % max(0,—g ("))
“ael*ni

From the definition of g(z*)! and §(z*) we finally get with (2.4) that there exists £ > 0 such
that for k large enough :

Ak 2 ElIF(2) + anlld®|I® + (d*) M*d".
Now from (4.11) of Lemma 4.2 with M = M* it follows that for all € > 0 :
Ak 2 Ellg(®)I| + axlld®|l3 + (d7) M*dF — (ldz||; — 1MEI|(1 + || M5||/e®)1dx 3.
As {M*} is bounded, (1.8) holds, and d¥% is solution of
mdin Idll2; gr(z*) + g5.(z")d = 0,
we have
dy = O(gr-(*)) = O(3(2*)) (4.17)
hence for k large enough, since [|d*||Z = [|d4]12 + ||d% |12 > ||d5)|2, we get
Bi 2 SN+ (o — I B + () M¥d (418)
b) Proof of (4.15) : Since (1.8) and (4.9) hold, there exists § > 0 such that for z* close

enough to 7 :

for any d € kerg}.(z*), d'Hd > 6||d|*. (4.19)
From (4.10), (4.18) and (4.19) one has for k large enough :

€ s
A 2 2§ + () Hdp — €*||d7 |1} + o(d7)?,
m .
> 13"+ (6 — ¥)lldz|l; + o(d7)*.
Hence for k large enough, taking ¢ = \/§/3 we get :
£, . )
B2 Slaa) + 5 112

Using (4.17) we deduce (4.15). Hence, as we assume that d¥ — 0, it follows that A, is
asymptotically feasible.

c) We now prove (4.16). From (4.10) and (4.18) we have for k large enough

Be 2 S5 + (&) Ha + () (MF — H)dh + (o — )b I3
£ -
> Sla(et)l + () He — 267 dbE
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Then using (4.12) of Lemma 4.2 with M = H, we obtain for all e > 0
£
Bk > 2G| + (@) Hd" = 3e||dz||; — | HII(L + || H[|/*)lIdn ]I
Hence one has from (4.17) for k large enough :
Ay > (d*) Hd* — 3¢%|d5 )2 (4.20)

Now, using the constant as defined in (4.15) :

(i) if (d¥)'Hd* < as||d*||2, we deduce from € (0,1) that (4.16) holds.

1
2(1-1)
(i) if (d*)tHd* > as||d*||2, we deduce from (4.20) that:

Ag 2 !

kyt 17 7k _
$2 gy (@) HE + (1

dk 2 2 dk 2
2(1 —')') )a5” ”2 3e ” ”2’

and so, choosing ¢ such that 3¢ < (1 — )as, we get (4.16). 0O

1
2(1-7)

Lemma 4.4 Assume that the hypothesis of Proposition 4.1 hold. Define z* := z¥ — z. Then
zF = O(d¥).

Proof From the optimality system of Q,, (z*, M*) we deduce that z* satisfies the optimality
systerm. of
min flz) +z'c*; g(z)+ e <0
with ¢ := M*d* + a;d* and e* := ¢'(z¥)d* and so ¢* = O(d*) and &* = O(d*).
Consider the family of perturbed problems

mxinf(x)+:v‘c; g(z) +e<k0 (Pe.e)

For ¢ = 0, € = 0, Z is a local solution of P:, satisfying the regularity hypothesis (the
linearized constraints are qualified) and the strong second-order sufficient condition. It follows
that for c*, e* close to 0, any local solution z* of the first-order optimality system of (P cx)

which is in a given neighbourhood of Z is such that z* = O(c*) + O(e*) = O(d*) (see [18] ). O

Proof of Proposition 4.1 : We know from Lemma 4.3 that, for k large enough, Ay is
feasible ; so it remains to check that (4.8) holds with ¢ = 0. Define

$Fl = gk 4 dF 4ok,

a = 0,(:1:") — 0,(:2"“).
We have to prove that a > yAj. Indeed
a = L(x*,X) = L(&**1,2) + M(g(**) — g(=*)) + r(llg(=*)")| — llg(&**")"])). (4.21)
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Expanding L(., A) at Z one obtains

L(z*, X) — L(z**)X) = %(ik)‘Hik - %(55"“)‘1{5:"“ + o(z%)? 4 o(2**1)2.

Moreover one has
(fk)tHa_:k _ (i,k+l)tH:i,k+l = (:I_:k _ jk+1)tH(a—:k + j:k+1)
—(dF + v*) H(23* + dF 4 o).
So using (4.4) we get :
(%) Hz* — (") Hi* = —2(d*)' Hz* — (&) Hd* + o(d")’

(4.22)

then, since (4.4) yields #**! = z* + d* + o(d*) and using Lemma 4.4, we obtain from (4.22):

L(z* A) — L(z**1,)) = —(d*) Hz* - %(d")‘Hd" + o(d*)?.
Then from (4.5), (4.6) and Lerama 4.4 we get from (4.21)
@ = (@) HE* — o(d) Ha* = Xg(a*) +rlg(a )] + ofd")".
On the other hand we have

A = rlg@@) | - f(ah)d _
= rllg(e Pl - VaL(a*, N)'d* + Ng'(2H)d"

So expanding V.L(z*,)) at z and using Lemma 4.4 :
As = rllg( - () Ha + X/ () + o(db)2
Using (4.3) and the complementarity condition in (1.6), we get for any i € I*:
gi(z") + gi(*)d* = 0,
hence —Atg(z*) = Atg’(z*)d* and so :
Ag = rlg(z*)|| - (25) Hd* — Xg(2*) + o(d")".
Plugging this in (4.23) we obtain
a =~ () Hd + Ay +o(d)
We want a > vAy, i.e.
(1 =)k 2 () He* + o(d)

which reduces to relation (4.16) proved by Lemma 4.3.

(4.23)

a

According to Section 1.4, we now present an algorithm that is globally convergent (as in
Section 3) and that converges superlinearly when we assume that {M*} approximates in some
sense the Hessian of the Lagrangian of problem (P) (using Section 4 and properties of Newton

type algorithms quoted in Section 1.2). We now state the algorithm :
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Algorithm 3
Perform the same steps as in Algorithm 2, replacing LS1 by LS2.

Theorem 4.1 Let z* be computed by Alg. 3. We assume that (1.7) and (1.8) hold. Then
(i) {r«} and {a}} are bounded.

(ii) The set of limit points of {z*} is connez and to each of them is associated a Lagrange
multiplier.

(iii) Assume that the algorithm computes the solution d* of minimal norm of the optimality
system of Qq, (z*, M*). If to some & limit-point of {z*} is associated a multiplier X such
that ({.9) and (4.10) hold, then ¥ — Z and pr = 1 for k large enough. If in addition
PE[(V2L(Z,)) — M¥)d*] = o(d*) and ay is taken to be 0 when it it possible, i.e. when

pk = 1, then the convergence is superlinear.

Proof : The argument for proving (i) (ii) are essentially the same as for Thm 3.1. As they
are rather long we do not reproduce them in detail but rather analyse where the differences
are.

Proof of (i) relies on extension of Lemmas 3.1-3.3 for Alg. 3. Lemma 3.1 is proved by
checking that ||g(z*)!|| converges if r, \, 0o, and on a first order expansion (in p) of |g(z* +
pd*)*)|. These last arguments have an immediate extensions as the paths p — z*¥ + pd* and
p — ¥+ pd* + p*v* have the same first order expansion, the term v* being uniformly bounded.
Simple considerations allow an :mmediate extension of Lemma 3.2. For the extension of Lemma
3.3, estimate (3.5) on Ay is still valid, and (3.6) also holds, but with a possibly different constant
a4 (because of the additional term of v¥) and the conclusion follows. Now the same discussion
of points a), b) of proof of Thm 3.1 can be used in order to check that (i) holds.

Proof of (ii) The mechanism of adaptation of {z*¥} and Lemma 3.3 imply that pss > 0 for
an infinite subsequence {k'}, and we may suppose that {zk,} — 2. If A — 0 it follows that
d*' — 0 hence # is a stationary point of (P). If not, assuming d* — d # 0 and yk' — 0 (note
that v* is bounded by (4.4) hence has limit-points) expanding p — 8,(Z + pd + p?0) as in
the proof of Thm 2.1. we deduce that py cannot converge to 0, hence §,(z*) — oo, which
is impossible. Henceforth d = 0 and point (i) follows. Using (4.9), (4.10), and applying the
sensitivity result of Robinson [18] to d = 0 solution of Q(z, VZL(Z, \)) we deduce that d* — 0
for the considered subsequence.

Proof of (iii) That px = 1 asymptotically for the subsequence {z*'} — z is then a conse-
quence of Prop 4.1. Indeed pu* — X as d* — 0 and (M*,ax) are bounded. If pp < 1 for a
subsequence then (for k' large enough) rx41 > ||A|l., hence r > ||Al|. and the hypotheses of
Prop 4.1 are satisfied : it follows that pp = 1 for &’ large enough.

Now by (4.9), ¥ is an isolated stationary point {see Robinson [18}]), and by point (ii) is an
isolated limit-point of {z*}. As the set of limit points of {z*} is connex it follows that all the
sequence converges to 7. '
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]

If in addition P*[(V2L(%,\) — M*)d*] = o(d*), then by Thm 1.2, 2¥ + d* — 7 = o(z* — 2).
As vF = O(d¥)? = o(z* — z) we get z**! — % = o(a* — I), as desired. a

We now formulate an algorithm that, assuming that the second derivatives of f and g
are known, is an extension of Newton’s method in the sense that, when z*
% satisfying (4.9), it computes d* using M* = V2L(z*, ;%) where p*-?
associated to d*~!, and z*¥ — % with a quadratic rate. The rule is as follows :

1s close to some
is the multiplier

choose M*+1 = V2L (gk*+!, AF+1) with
W el + MR < 1, (4.20)
AL .=
WEJ(1 -+ ] + M) i mot.
Theorem 4.2

a) Let {z*} be computed by Algorithm 3 with {M*} computed by (4.24). We assume that
{z*}, {d*} are bounded, that (1.8) holds and that axs1 = 0 if px = 1. Then points (i) (i1)
of Thm 4.1 still hold.

b) In addition, if T satisfying (4.9) is limit-point of z* and d* is the solution of minimal norm
of the optimality system of Qq, (z*, M*¥), then all the sequence {z*} converges to T with
a quadratic rate.

Proof a) In order to get point (i) (ii) of Thm 4.1 we just have to check that {M*} is bounded ;
Indeed A**! is bounded by (1.8) and (4.24) hence so is {M*}.

Now as d* — 0 and (M*, o) are bounded, it follows that u* — X and A1 = 4% by (4.24),
hence M* — V2L(z,)) and p»int (iii) of Thm 4.1 implies that p; = 1 since (4.10) obviously
holds which implies the convergence of all the sequence to Z at a quadratic rate by Theorem
1.2. O
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