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Résumé

(et article traite des problemes de controle optimal avec contraintes sur
’état gouvernés par des équations semilinéaires elliptiques ou des inéquations
variationnelles. Utilisant le principe d’Ekeland, nous obtenons un principe
du minimum de Pontryagine sous certaines conditions de stabilité du coat
optimal par rapport aux contraintes sur I'état.

Abstract

This paper deals with state-constrained optimal control problems gov-
erned by semilinear elliptic equations or variational inequalities. By using
Ekeland’s principle, we derive a minimum principle of Pontryagin’s type un-
der some stability conditions of the optimal cost with respect to the state
constraints. '

Y"The rescarch of the second author was partially supported by Direccién General de
Investigacidn Cientifica y Técnica (Madrid)
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AN EXTENSION OF PONTRYAGIN’S PRINCIPLE FOR
STATE-CONSTRAINED OPTIMAL CONTROL OF SEMILINEAR
ELLIPTIC EQUATIONS AND VARIATIONAL INEQUALITIES*

FREDERIC BONNANS! AND EDUARDO CASAS!

Abstract. This paper deals with state-constrained optimal control problems governed by semilin-
ear elliptic equations or variational inequalities. By using Ekeland’s principle, we derive a minimum
principle of Pontryagin’s type under some stability conditions of the optimal cost with respect to the
state constraints.
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1. Introduction. There exists a vast literature devoted to Pontryagin’s principle
for optimal control problems governed by ordinary differential equations or evolution
partial differential equations, but very few papers have considered the case of elliptic
equations. A simple case corresponding to a linear equation was studied by Lions [18].
More recently, the authors have derived Pontryagin’s principle for semilinear monotone
elliptic equations in [7]. Here we extend the results of the last work by letting the
existence of pointwise state constraints generalizing some preliminary results of Bonnans
(3], [4]; see Bonnans and Casas [5] for a different approach to the optimality conditions
of state-constrained control problems.

The difficulty of deriving the optimality conditions for control problems associated
to variational inequalities is well known; see the works of Mignot [19], Mignot and
Puel [20], Barbu [2]. Zheng-Xu He [17] obtained the optimality conditions for state-
constrained problems governed by variational inequalities and Bonnans and Tiba [§]
proved Pontryagin’s principle for control problems of semilinear elliptic variational in-
equalities. Here we will derive a principle of Pontryagin’s type for state-constrained
control problems of semilinear elliptic variational inequalities.

In this article we prove Pontryagin’s principle as follows: with the aid of Ekeland’s
principle, we introduce a family of control problems without state constraints for which
some approximate solutions converge towards the optimal control of the initial problem;
we derive the optimality conditions for the problems of this family by using some results
on problems without state constraints that generalize those of Bonnans and Casas [7]
and Bonnans and Tiba [8] and finally we pass to the limit. In order to apply Ekeland’s
principle we need assume some stability conditions of the optimal cost with respect
to small perturbations of the feasible state set. We distinguish two different stability

* The research of the second author was partially supported by Direccién General de Investigacién
Cientiﬁca y Técnica (Madrid)
t INRIA, Domaine de Voluceau, BP 105, Rocquencourt, 78153 Le Chesnay, France
! Departamento de Matematica Aplicada y Ciencias de la Computacién, E.T.S.I. de Caminos, C. y
P., Universidad de Cantabria, 39071 Santander, Spain.
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EXTENSION OF PONTRYAGIN’S PRINCIPLE 2

conditions, called weak and strong respectively. Under a weak stability condition we
derive the optimality conditions in a non qualified form, while the strong stability
allows to prove a qualified Pontryagin’s principle. The weak stability condition has
been used by Casas [12] to prove the convergence of the numerical approximations of
state-constrained control problems.

The paper is organized as follows: in the next section we formulate the control
problem associated to a monotone semilinear elliptic equation and in Section 3 the
statements of the weak and strong Pontryagin’s principles are presented; in Section 4
we give some technical results used in sections 5 and 6 to prove the theorems stated in
the third section; finally Section 7 is devoted to the control of variational inequalities.

2. Setting of the problem. Let {2 be an open and bounded subset of R*, n > 1,
with a Lipschitz boundary I'. Given a non empty bounded set X C R™, m > 1, and
f: Q@ x Rx K — R we consider the following boundary value problem

(2.1) { Ay = f(r,y(w),;t(i)g ;r; K;

where

ai; € CO’I(ﬁ) and
JA > 0 such that Z aij(z)&:€&; > AlE|* V€ € R, Yz € Q.

1,=1

We recall that C%*(1), with o € (0,1], is the space of all continue functions in § that
satisfy the Holder condition:

sup Ju(z2) — u(:x)l
z1.22€80 Il‘g - xll

< 400.

Given two measurable functions L : @ x R x K — Rand g: Q x R — R, for
every 6 > 0 we formulate the control problem

min J(y,u) 2/ L(z,y(z),u(z))dz
(Fs) ‘ Q
(y,u) satisfies (2.1), u(z) € K a.e. € Q and g(z,y(z)) < é Vz € Q.

We will make the following assumptions on the functions defining the problem ( Ps):
g € C(¥xR), g, L and f are differentiable with respect to the second variable for every
(z,u) € @ x K and there exist functions M; € L*(), s > n/2 and s > 2, M, € L'(Q)
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and 7 increasing monotone verifying for every (z,y,u) € @ x R x i

< M)+ (ly)),

|f(x,0,u)| + ‘%(w, y,u)

oL
(2.3) (2,0, )] + ‘a—yu,y,u) < My(2) + 1(Jy1),

dg — af
=~ — <0.
3y € C(N2 x R), ay(:t,y,u) <0

We will say that a control u : @ — R™ is feasible if u(z) € K ae. z € Q and
the mapping (z,y) — (f(a,y,u(x)), L(z,y,u(z))) is measurable in 2 x R. The set of
feasible controls is denoted by K. In this set we define the distance, called Ekeland’s

distance,
d(w.v) = m({z € Q:u(x) #v(z)}),

where m denotes the Lebesgue measure. Adapting the proof of Ekeland [15] to our case
it is easy to check that (K, d) is a complete metric space (the only difference is that we
have to check the feasibility of the limit of a Cauchy sequence, which is immediate from
the definition and the fact that a limit of measurable functions is measurable).

Under the previous hypotheses and thanks to the boundedness of K, we can deduce
the following theorem

THEOREM 2.1. There exist constants Cy > 0 and o € (0,1) such that for every
u € K the equation (2.1) has a unique solution y, € H}(Q) N C%*(Q) satisfying

(2.4) HyuHHg(Q) + ||yu||c°-°(5) <G

Furthermore the mapping u € (K,d) — y, € HL(Q) N C%*(Q) is continuous.

Before proving this theorem we state the following lemma

LEMMA 2.2. There exist a € (0,1), C; and Cz such that for every a,b € L*(f2),
a(x) > 0. the problem

(2.5)

Ay+ay=15b inQ,
y=20 onl,

has a unique solution y € HL(Q) N C%*(Q) verifying

(2.6) Nl @) + 19llzeo@) < CallbllLs(a),

(2.7) [¥llco.a@ < Caflb

ooy (14 llellLe))

This result follows from classical estimations in the spaces C%*(Q) (Gilbarg and
Trudinger {16] or Stampacchia [21]); see Bonnans and Casas [7] for details. Now we
prove Theorem 2.1.
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Proof. The first part of the theorem is also proved in Bonnans and Casas [7]. Let
us prove the continuity of v — y,. Let {ux}32,; C K be a sequence converging to
u € K, i.e. d(ug,u) — 0. Denote by yx and y the states corresponding to u; and u
respectively. From (2.3) and (2.4) we deduce the existence of M > 0 such that

b(z) = [z, yx(z), u(z)) - f(z, yi(z), uk())

satisfics
WO lLo(a) =

1/s
(-/{.7: . uk(x) # u(x)} |f(il',yk($),u($)) - f(x, yk(l'),uk(x)”sdx) = 0.

Now applying the mean value theorem we get for some function 8; :  — (0,1)
af
Ay —yx) — a—y(m,y + 0k (y — yx) u(@))(y —yu) = b
Therefore, from Lemma 2.2 and using (2.3) we obtain

ly — yk”Hg(n) +lly - kaCO-Q(E) < M'”bk”b'(ﬂ) -0,

which completes the proof. O
REMARK 2.3. In order to use Lemma 2.2 in the above proof we have to check that

a
v — S (03(0) + )y (2) = wele), o)
is a measurable function. This is true because by definition of 0,

%umw+wmmm-mmmn»:

[z y(@), w(z)) — flz,yi(z), u(z))

y(z) — yi(x) if y(x) # yi(z),
g_l;(l"y(x)’“(‘r)) if y(x) = yi(a).

We finish this section by proving a lemma that will be used several times in this
paper. First let us introduce some notation. In the sequel M () will denote the space
of real regular Borel measures in €, which is identified with the dual space of Cy(2),
space formed by the real continuous functions defined in Q and vanishing on I". Let A*
denote the formal adjoint operator of A:

Ay =3 8, (a5(2)0uu(z)).

=1
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LEMMA 2.4. For cvery function a € L5(Q), with a(z) > 0 a.e. = € §1, and every
Borel measure ju € M(Q) there exists a unique solution in Wo° (Q), for allo < n/(n—1),
of problem

A'p+ap=p inQ,
y=0 on .

Movreover there ezists a constant M > 0 independent of a such that

(2.8) IPllwse @) = Mllkllm).

Proof. The existence and uniqueness in Wy () of p solution of the above Dirichlet
problem is well known; see Stampacchia [21] or Casas [11]. Let us prove (2.8). Let t be

the conjugate of o, 1/t + 1/o = 1, thus t > n. For every p € W=14(Q) = (WO"S(Q))I,
the equation

Apg +ap =1 inQ,
=20 on T

has a unique solution in Hj(f2) N Co(Q) and, proceeding as in {7, Lemma 3.2}, there
exists M > 0 independent of a such that

lelloo < MY |lw-14()-
Hence

= | [ plae + ap)de

/ﬂ pypdz /Q wi#l <

[elleolllimia) < Ml llw-r.co)lliellnia),
which proves the desired inequality. O

3. The weak and strong Pontryagin’s minimum principle. In this section
we present the statements of the weak and strong Pontryagin’s principles. First let us
introduce some notations and definitions.

DEFINITION 3.1. We will say that problem (Ps) is weakly stable on the right if

(31) }}\rf}smf(P‘S') = inf(Pg),
and weakly stable on the left if
(3.2) (Sl’i%inf(Py) = inf(Ps).

(Ps) is said strongly stable on the right (resp. left) if there exist € > 0 and v > 0
such that:

(3.3) inf(Ps) — inf(Ps) <r(6' — &) V& €66+ ¢,
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respectively
(3.4) inf(Ps) —inf(Ps) < r(6—8) V& €6 —¢é).

If (Ps) is weakly (resp. strongly) stable on the left and on the right, it will be called
weakly (resp. strongly) stable.

Sufficient conditions for the weak stability were given by Casas [13] under additional
regularity hypotheses on the functions L and f. In particular, if they are continuous
with respect to the third variable, L is convex with respect to the same variable, K is
convex and closed and (Ps,) has a feasible pair (y, u), then (Ps) is stable on the right for
every & > éy. In spite of these results, in general it is difficult to establish the stability
of a problem, mainly the strong stability. However most of problems (Ps) are weak and
strongly stable, more precisely:

PROPOSITION 3.2. Let us denote by éy a real number such that (Ps,) has at least
one feasible pair (y,u). Then for every § > b, except at most a countable number of
them (resp. a set of zero measure), the problem (Ps) is weakly (resp. strongly) stable.

Proof. 1f we define ¢ : [§p, +00) — R by ¢(6) = inf(Ps), then ¢ is a decreasing
monotone function and therefore ¢ is continuous (resp. differentiable) at each point
except at most a countable number of them (resp. a set of zero measure). Finally it
is obvious that the continuity (resp. differentiability) of ¢ at § implies the weak (resp.
strong) stability of (Ps). O

Given a number a > 0, we define the Hamiltonian associated to (Ps) by

110($ayauap) = O‘L(xayvu) + Pf(:r, yau)'

If @ = 1, we simply write H instead of H,. Now we can formulate the following
theorems:

THEOREM 3.3 (WEAK PONTRYAGIN’S PRINCIPLE). Let T be a solution of (Ps)
in (K,d), with ¥ its associated state. If (Ps) is weakly stable on the right, then there

existm >0, p € W)(Q) for every o < " I and @ € M(Q) such that

n

(3.5) a+ ||Ellm@) > 0,

(3.7) /Q(z(x) — g(z,7(2)))daA(z) <0 ¥z € Co(Q) with z(z) < 6 Yz € Q,
and for everyv € K
(3.8) Ha{z,5(z),7(2), 5(z)) < Ha(2,5(2),0,5(z)) ae. z €.

Morcover if there exists a Lebesgue measurable set Qy C Q, with m(y) = m(Q), in
such a way that one of the two following conditions 1s satisfied
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H1) For each y € Co() and Yv € K the set of Lebesque points of the functions
r — f(a,y(x),v) and 2 — L(z,y(a),v) contains Qp,

H2) The functions L and [ are continuous with respect to the third variable for every
T E QO;

then

(3.9) Hz(z,y(x),u(a),p(z)) = {Iél]{l Hz{z,y(z),v,p(z)) a.e. z €.

THEOREM 3.4 (STRONG PONTRYAGIN’S PRINCIPLE). Under the assumptions of
Theorem 3.3 and assuming that (Fs) ts strongly stable on the right, then there exist
P E Wy (N) and T € M(Q) satisfying (3.6)-(3.8), or (3.9) if the conditions H1) or
H2) hold, with@ = 1.

A first version of these theorems (with stronger hypotheses) was given by Bonnans
in [3] and [4]. Since we will use penalization techniques to prove these theorems, the
stability on the right is the proper condition to obtain the desired result. However the
Slater condition, which is a stability condition on the left, is the usual hypothesis to
derive the optimality conditions (different of Pontryagin’s principle) in a qualified form;
see Bonnans and Casas [6]. Weak stability on the left also was the assumption in [12]
to prove the convergence of the numerical approximations.

4. Hamiltonian formulation of the cost variation. In this section we gener-
alize some results of [7] that we will use later. Let us denote by h: Q x R — R and
¢ : R — R two functions satisfying that ¢ is of class C! and h is continuous, differ-

entiable with respect to the second variable and — € C(f) x R). Now we consider the

dy

functional

J(y,u) = /Q L(z,y(z),u(zx))dz + ¢ (/;2 h(x,y(x))da:) .

We are interested in studying this type of functionals because they play an important
role in the proof of Pontryagin’s principle, the second term being particularized later
to some penalization of state constraints. As in the previous section

H(z,y.u,p) = L(z,y,u) + pf(z,y,u).

In the first part of this section we will assume that the following regularity condition

holds:
JdL
(4.1) 3y (T )| € Mafa) +ally) ¥ayw) € QxR x K,

with M3 € L°(Q).
Let u,v € K be two controls and ¥y, and y, the associated states. From the mean
value theorem it follows that there exist the intermediate states §, y and y satisfying

$ (/Q h(x,yv(x))dac> =6 (/ﬂ h(x,yu(x))dx) +
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o (Mo 3(a)ds) [ 300 0nla) - wale),

J
f('a?/vav) = f(‘,?/u,v) + '6_5(".7}’ v)(yv — Yu),

oL, .
L(- yy,v) = L, yua“) + a—y(-,y,v)(yu = Yu),

with §(z),§(z), #(z) € [yu(2),ys(z)] Yz € Q. Since y, and y, arc bounded, it follows
that 3,7 and y also are bounded. Now we define the intermediate adjoint state p, , as
solution of

. _Of oL, . , . )ah -
w2) | AP = G0 + GG + 6 ([ )] T@9) in 0
Puy =0o0n I

Note that if u = v, then §,9 = § = y, and p,, = p, is the adjoint state associated to
u. Let us verify that (4.2) is well posed

LEMMA 4.1. If ({.1) holds, then equation ({.2) has a unique solution p,, €
HI(Q) N C%(Q) that morcover satisfies

(4.3) Pe.ollB2(0) + Pupllcoa@ S Cs Vu,v € K.

Proof. Tt is a straightforward consequence of Lemma 2.2 and the inequalities (2.3).

Now we have the following Hamiltonian formulation of the cost variation.
PROPOSITION 4.2. Assume that ({.1) is satisfied and let u.v € K and p,,, be the
intermediate adjoint state associated. Then

-

J(Yu,v) = j(yu’“) T /Q[H(l‘,yu(x),v(x),pu‘u(:c)) — H(x,yu (), u(2), puo(T))]da.

Proof. We have

A~

J(y.,v) — j(yu,u) = /Q[L(:l',yu(.r),v(av)) — L(‘lf,yu(l?),u(l‘))]d:l,’-i-

[ LG pl@).0@) = Lie,yul) v(@)de+

o (/Q /1(.1',yu(.z'))d.r> —¢ (/Q h(l‘,yu(;l?))dl‘) .
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From (4.2) we deduce

/Q[L(J:,yv(m),v(a:)) — L(z,yu(z),v(z))]dz+

o ([ revu(@)ds) — o ([ h(e,vue)de) =

oL

Q 8_3/(1:’:&(1‘), U(T))(yv(l') — yu(z))d$+

¢' (/ﬂ h(a:,ij(z))d:t) /9 g—z(x,g(x))(yv(:v) — Yu(z))dz =

3}
JLA%Pe = G050, oDl = ) =

S _
A = v dpeed = [ 25 5(2), vl — y)de =

L@ ul@) (@) = f(z, (), ula))lpunda-+
[ (@ 0u2),0(2)) = f(@,3u(@), o(@) Ipusda =

[ (@ @), (@) = £, 5al2), u(@)pusda,

which proves the proposition. 0O

PROPOSITION 4.3. Assume that ({.1) holds and let {v;}32, C K be a sequence
converging to u in the topology defined by Fkeland’s distance. Then the states and the
adjoint states associated yx = y,, and py = p,.,, converge to y, and p, respectively in
HA(Q) N Coe (1)),

Proof. The convergence y;, — y, follows from Theorem 2.1. The convergence of
{px} follows from the continuity of v € K — p,, € H3(Q) N C**(0) which can be
proved arguing in a similar way to the proof of Theorem 2.1. O

Given a point z¢ € 2, we will denote

wi(zo) = {2 € Q: ||z — zo|| L 1/k}

and my(zo) = m(wk(zo))™!. We will say that a sequence {v,} in K is a spike perturba-
tion of u € K around zy associated to v € K if

v if 2 € wi(wo),
u

ve(@) = (z) otherwise.
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PROPOSITION 4.4. Assume that ({.1) holds and let vy be a spike perturbation of u
around xg associated to v € K, and let y;. be the assoctated state. Then for everyu € K
there ezists a set Q(u,v) C Q, with m(Q(u,v)) = m(N), such that

klfi mk(xo)[j(yk» vk) — J(yu’u)] =
H (2o, yu(0), v, pul0)) — H(Zo, yu(z0), u(20), Pu(T0)) Yzo € Qu,v).

Proof. From Proposition 4.2 we have

j(yksvk) - j(yu,u) = / [H(I, yu(x)vvapk(x)) - H(:L‘, yu(x)’u(x)vpk(z))]dz’

wi(zo)

where p, = p,,, converges to p, in H}(Q) NC%*(Q) as stated in Proposition 4.3. Then

j(ykavk) - j(ylnu) = / [H(x,yu(a:),v,pu(a:)) - H(zayu(z)vu(x)vpu(x))]d$+

wi (o)

/Wk(ro) f@,yu(@), v)(pe(z) — pu(z))dz +/ f(z, (), ) (x)(pu(z) — pi(z))dz.

wi(zo)

Let Q(u,v) the intersection of the Lebesgue points of the following mappings

r — f(.’l?, yu(z)vv)a
z — f(z,y.(2), u(x)),
T — H(z,yu(z),v, pu(7)),
T — H(x,yu(x),u(x),pu(a:)).
Then m(Q(w,v)) = m(Q). Using now the uniform convergence of py — p,, it follows

for every =4 € Q(u,v

m(zo) <

»/t:)k(l‘o) f(x’yu(x)’ v)(p“(x) - Pk(x))dx

mu(zo) [ 11(z,5ula),0)ldz e — pilliee) = 0.
wiel(Xo

Analogously

mi(To) <

L fe @) u@)(pule) - pile))de

771k(I0)/ ( )If(:v,yu(:c),u(x))ldxllpu = PkllLeog) — 0.
wi{xo
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Therefore we deduce

kli_{]; my(2o)[J (e vi) — J(yu.1)] =
Jim (o) [ (H{w,gul@). v pale) = Hlz (o), (@), pule)lde =

11(.”(?0, yu(.’lfo), v, Pu($0)) - H(‘TO-, yu(xO)a “(‘Tro)v pu(IO))a

which concludes the proof. O

The last proposition allows to deduce easily Pontryagin’s principle for control prob-
lems without state constraints. In fact it is enough to suppose that @ € K is a stationary
point to derive a minimum principle.

DEFINITION 4.5. We say that T is a stationary point of the control problem

(P) min j(y._u)
(y.u) satisfies (2.1) and u(z) € K a.e. x €Q

lim inf J(yv U,) - J(?? 1—[)

> 0.
d(u.5)—0 d(u, ) 20

Obviously, every local solution in (K,d) is a stationary point. Now we can prove
the following proposition

PROPOSITION 4.6. Let us suppose that ({.1) holds and let T be a stationary point
of (P). Then for everyv € K

H(z,5(z),(x),p(x)) < H(z,§(z),v,B(z)) ae €,

where § and p are the state and adjoint state associated to w. Moreover, if condition
H1) or H2) is verified, then U salisfies Pontryagin’s principle:

H(x,y(z).u(z),plz)) = {/Tél]{) H(z,y(z),v,p(z)) a.e. z €.

Proof. The first part of the proof is an immediate consequence of Proposition 4.4,
it is enough to remark that d(vy,u) < mi(zo)~'. To derive Pontryagin’s principle
under the condition H1) we use the fact that the set (@, v), defined in the proof of
Proposition 4.4, contains the intersection of {2y and the set of Lebesgue points of the
functions:
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Indeed the continuity of p and the condition H1) imply that €y is a subset of the
Lebesgue point set of the functions:

g — f(z,7(z),
z — H(z,7y(z),v,p(z)).

Therefore
H(z,y(x),d(z),p(z)) < H(z,y(z),v,p(z)) Vz € Qo and Vv € K.
Then

H(z,y(a:),ﬁ(:z),ﬁ(z)) = mmH(x,y(x),v,ﬁ(z)) Vz € QO‘

veK

In the case H2), let us take a sequence {vx}?2, dense in K and Q; = MQ(T, vg).
Then

T
~~
[
=t
8
gl

(z),p(z)) < H(z,7(z), v, P(z)) Vz € Qy and Vk.

Finally the continuity of the Hamiltonian with respect to the control and the last
inequality imply Pontryagin’s principle in the points z € N Q. D

We now get rid of the regularity hypothesis (4.1).

PROPOSITION 4.7. Let u be a local solution of (P). Then the conclusions of
Proposition 4.6 remain true without hypothesis (4.18).

To prove this proposition we will use Ekeland’s principle:

THEOREM 4.8 (EKELAND [15]). Let (F,d) be a complete metric space, F : E —
R U {400} a lower semicontinuous function and let e, € E satisfy

F(e.) < inf F(e) +

ecE

Then there exists an element €, € E such that
F(e.) < F(e.), d(€,e) <e
and
F(e) < F(e) + ed(e,&) Ve€ E.

Now we proceed to prove Proposition 4.7.

Proof. The idea is to regularize L and to check that @ is an approximate solution of
the regularized problem. Using Ekeland’s principle we get some optimality conditions
as in Proposition 4.7 and finally we pass to the limit in these optimality conditions and
get the desired result.

The regularization is as follows. By Proj. we denote the projection onto the seg-
ment [—1/¢,+1/¢], i.e.

Proj (t) = max{—1/e,min{t, +1/¢}}.
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We define
@z, t,u) = Prog, (%(z,t,u))
and
Le(z,t,u) = L(z,0,u) + /0' oz, t,u)dt.

We can now state the problem

P min J (y,u /L (z,y(x ))dm+¢(/ h(z ,y(x))dz)
(y,u) satisfies (2.1), u(z) € K a.e. z € Q.

We claim that inf(P¢) — inf(P) when € \, 0. To prove this it is enough to check
that

(4.4) l.j((y,u J(y, )| <re Vue€ K and (y,u) satisfying (2.1),

with 7, \, 0 when ¢ \ 0 and r, independent of u. Indeed, if u, € K satisfies that
J(ye,ue) < inf(FP,) + €, y. being the state associated with u,, then by (4.4)

liminfinf(P,) > liminf(J,(ye, ) — €) > liminf(J,(,%) — 7.) = inf(P)

[AN} AN e\.O

and also

limsup inf(P,) < limsup J.(7,%) < limsup[J(7,1) + r] = inf(P),
e\.0 e\.0 e\.0

which proves that inf(P,) — inf(P), as desired. Let us now check that (4.4) holds.
Indeed

L(xvyau) - Lc(zay’u) = L l:gL(lvt3u) ‘Pe(xvtvu)J dt.

Let M > 0 be such that |y(z)| < M whenever (y,u) is solution of (2.1) and u € K.

Then
lvw) —Juls [ [
Lk

2M sup
Q |t|<M,veK

oL

Pe latvu )) - a(l?,t,‘lt(flf)) dtdx =

dzdt <

gz, t,u(z)) ~ Z—I;(l, t,u(x))

we(z,t,u(z)) — %Ij(x,t,u(:v)) dx
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Put
Q= {'c €: sup a—L(al:,t,u(a:)) > l/e}.
ltl<MveK 0y
As
jg—j(m,t,u(x)) <M,e LI(Q),

it follows that m(§2,) \, 0 as € \, 0, and

jt(y’u) - j(yau)| <r.= 2M/n Mg(d:)d:l: — 0.

As a consequence of the previous results, we can get a family of real numbers
{6c}es0, with 6. \, 0 when €\ 0, such that

J.(3,%) <inf(P,) + &2.

Therefore we can apply Ekeland’s principle with F(u) = j((yu,u) defined in the com-
plete metric space (K,d), and deduce the existence of a control u, € K such that
d(w,ue) < b, and

(4.5) JoWorte) € Je(yuru) + 8.d(u,u) Yu €K,

where y, is the state associated with u.. To apply Proposition 4.6 we must put the cost
given by the right hand side of inequality (4.5) into the framework of this proposition.
For it we introduce the function x. : @ x K — R by

0 ifv=ucz)
1 otherwise.

Xe(z,v) = {
Then (y,u.) is the solution of the problem

min j((y,u) = Jl(y,u) + 4, /n Xe(z,u(z))
(Q°)
(y,u) satisfies (2.1), u(x) € K a.e. x € .

Then Proposition 4.6 implies that for every v € K
He(z,y(2),u(x),p(a)) < H(z,y(z),v,p(x)) + 6. ae. z€Q,

where p, is the adjoint state

of oL, _
A Pe = a_y(laytaut)pc + a_y(x)yuu() mn Qa

(4.6)
pe=0 onT,
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and

(4.7) H(z,y,u,p) = L(x,y,u) + pf(ar,y,u) + bxe(z,u).

From Theorem 2.1 it follows that y, — 7 in H}(Q)NC%(Q). Then, thanks to hypothesis
(2.3) and the definition of L., we have
af

NN, Of o L
f(xayu“c) - .f(‘l',y?zt) a"nd ay(z7 y(’lLC) 6y (I’ y’ ,u’) m L (Q)7

__‘_ oL, oL _ _ .
L(z,ye,u) = L(z,7,7) and By (T, Ye, Ue) — 3y (z,9,1) in L' (Q).

With the aid of these relations and Lemma 2.4 we can pass to the limit in (4.6) and (4.7)
and to deduce the first conclusion of Proposition 4.6. To prove the second conclusion, i.e.
the Pontryagin’s principles. we argue as follows. Under condition H2), the argument
used in the proof of Proposition 4.6 can be repeated here without modifications. If
condition H1) is satisfied. then. thanks to Proposition 4.6, we can take a sequence

¢; \.0 and ¢; = &, \, 0 such that

H9 (2, y., (1), ue, (@), pe, (@) < rréilr] H9(z,y.,(x),v,p,(2)) +6; ae z€,

with m(Q;) = m(Q). Now we pass to the limit and get

H(z,3(x).a(z).p(zx)) = min H(z,F(z),v,p(z)) ae. ze€= ﬁ Q;,
1=1

vEN
which concludes the proof because m(Q) =m(Q). O
THEOREM 4.9. The statement of Proposition 4.6 is still valid without hypothesis
(4.1).
Proof. From the definition of stationary point we deduce that for every € > 0 there
exists r, > 0 such that

A~

J(ya ll.) B j(y
d(u,a)

where B, () is the open ball of (K, d) of radius r, and center at u. Hence

) > —€¢ Yu € B, (v),

J@m) < J(y,u) + ¢ /Q x(z,u(z))dz Vu € B, (7),
with

0 if v =1u(x)
1 otherwise.

x(z,v) = {
Then it is enough to apply Proposition 4.7 to the problem

min J(y,u) + e/ﬂx(m,u(m))dz

u € B, (u), u(x) € K,
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and pass to the limit when €\ 0, to deduce the desired result. O

The hypotheses made about K, L and f do not allow to assure the existence of a
solution of control problem (P). Here we will prove a principle of Pontryagin’s type for
e-solutions.

DEFINITION 4.10. A control v € K is called an e-solution of (P) if
J(yy,u) < inf(P) +e.

THEOREM 4.11. For every € > 0 there exists at least one €*-solution of (P) in K.
Furthermore for every €*-solution of (P), u,, there exists another e*-solution v, such
that d(u,@.) < € and for everyv € K

H(z,y (z),uc(z),pe(z)) < H(z,ye(z),v,pc(x)) + € a.e. z €1Q,

where yo = y,, and p, = p,,. Moreover, if there erists a Lebesque measurable set
Qo C Q, with m(Q) = m(N), in such a way that H1) or H2) holds, then u satisfies
Pontryagin’s principle:

H(z,y.(z),u(z),p(x)) = 521}{1 H(z,y(z),v,p(2)) + € ae z€.

Proof. Thanks to the hypothesis (2.3), we have that inf(P) € R. Therefore there
exists at least one €?-solution of (P). Let u, be one of them. Then we can apply

-

Theorem 4.8, with F(u) = J(y.,u) defined in the metric space (X, d), and deduce the
existence of a control u, € K, €*-solution of (P), such that d(u,u,.) < € and

(4.8) J (Y tte) < J(yu, u) + ed(u, ue) Yu € K.

Now we put the cost into the framework of Proposition 4.7, using the function x.
as in its proof, and apply it to get the result. 0O

5. Proof of the weak minimum principle. Let @ be a solution of (Ps) and 7
its associated state. For every v > 0 we define the problems

: 1 2
@) { win J(yv) = [ |L(o(e) @) + 3-(a(e o) = 6| do
(y,u) satisfies (2.1) and u(z) € K a.e. 2 € Q.

The first i1ssue to remark is the following
PROPOSITION 5.1. Let (Ps) be weakly stable on the right. Then

lim inf(Q,) = inf(Ps).

Proof. Let {u.,} be a family of y-solutions of problems (Q.,) and {y,} the associated
states:

J (Y, uy) < inf(Qy) + 7.
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JFrom the definition of (Q.) it follows that (g(z,y,(x)) — §)* — 0 in L*(Q), which,

‘together with (2.4) and the compactness of the inclusion HI(2) N C%* (1) C Co(R),

implies the convergence (g(z,y,(z)) —é§)* — 0 in Co(2). Therefore
6y = |l(g(z,y4(x)) = ) ||Loo(ay + 6 — 6 if v \, 0.
As (y4,uy) is feasible pair for (Ps, ) we deduce that
inf(Ps,) < J (g, uy) < inf(Qy) + 7.

Then, using the weak stability of (Ps) on the right, we obtain
inf(Ps) = ’lyl\l;I(l)lnf(Pg,y) < ’lyl\r\“l’(l) {inf(Q,) ++} = ‘lyl\r‘r(l)mf(Q,,) < inf(Fs),

with the last inequality due to the fact that (y,,u) is feasible for (Q,) whenever it is
feasible for (Fs), with the same cost. O

Proof of Theorem 3.3 Thanks to Proposition 5.1 we deduce that  is a €2-solution
of (@), with ¢, \, 0 when v \, 0. Applying Theorem 4.11 we obtain the existence of
a control u, € K, e2-solution of (Q.), with d(w.,,u) < €, and such that for every v € K

H(z,y,(2), us(x), p4(2)) < H(z,y4(2),0,p(2)) + €, ae z€Q,

where y, =y, and p, is the adjoint state:

.0 oL 1 ) .
{ Ay = G (@it + G (@) + 2 (a(0,0) = ) 5 2n) in 0,

py=0 onT.
Defining
1 -1

@, = gl + ll;(g(l‘, Yq) = 5)+”M(n)>

— « — —

Fy = f(g(w,yv) - 8)*, and B, =3a,p,,
we get
(5.1) @y + [[E MM = 1,

*om df — —_ 6L _ 8g .
(5.2) A Dy = a_y(x’ y,,,u7)p,y + a‘v%(zvy‘wu’r) + /‘—ya_y(ra Yy) in £,
p,=0 onT,

and for every v € K

(5.3) Hz (z,y,(z),u\(2),P,(2)) < Hz (z,y,(2),v,5,(x)) + ¢, ae z €
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If ¥ \\ 0, then d(u.,%) < ¢, — 0, therefore from Theorem 2.1 we get y, — ¥ in
HL(Q) N CO (). Using now (2.3), we deduce the convergences

__ of of .
f(xay‘yau‘y) - f(x’ v,u), a_y(x, y’yvu'y) - a_y(z» yau) in L (Q)’
L(z,yy,uy) = L(z,7,7), %Iyi(x,ymuv) - ‘;—I;(x,y,a) in L*(Q).

Applying Lemma 2.4, we obtain the following estimation for p,

_ _ 0L _ 0dg ,
1P, w100y S MGy 5=(2, 4y, %) + By o (2, 34(2) M) £ M’ < +00
0" ( dy dy

for every o < n/(n —1). Therefore, remembering (5.1), we can extract subsequences,
denoted in the same way, such that i, — 7 in M () *weakly and p, — P weakly in
W57 (). From the Rellich’s theorem (Adams [1]) it follows B, — P strongly in L(f)
for each ¢ < n/(n —2). Then

of N/ PN
3y (5 ¥ w)Py = 5o(2, 7, 0P in L),

We can pass to the limit in (5.2) and derive (3.6). Relation (3.8) follows from (5.3).
Relation (3.7) is obtained as follows: for every z € Co(€2) with z(z) < 6 for all z € O

[ = gt T@)d(e) = lim 7 [ (2() — g(a,3:(2) (902 14(2)) ~ 8)*dz < 0.

It follows that
< I, g(-7) >=max{< @I,z >: z € Co(N), 2(z) < 6},

hence 7 is nonnegative and the value of the max is 6||%||m(q)-
To obtain (3.5) it is enough to remember (5.1) and remark that

o L1 I
<Eg(7) >= lim < <7,,9(y5) >= lim ||, lm(e)-

Sl

E a0 =

Finally we must prove (3.9). If we assume that H1) is satisfied, then, thanks to
Theorem 4.11, (5.3) can be written

Hz,(2,y,(2),1(2),P,(2)) = min Hz, (2, 4,(2),v,5,(2)) + & ae z €.
Taking a subsequence {v;}32,, we pass to the limit as above and get (3.9).
If H2) is satisfied, we can argue as in the proof of Theorem 4.9 to conclude (3.9).
|
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6. Proof of the strong minimum principle. In this section we establish the
existence of a certain link between the stability of the cost with respect to small per-
turbations of the feasible state set and the viability of the exact penalization procedure
of the state constraints. In the context of the abstract optimization Burke [10], gener-
alizing an idea of Clarke [14], proved an equivalence result between stability and exact
penalization. Since we are assuming the hypotheses of Theorem 3.4, we have that (Fs)
is strongly stable on the right and (7, %) is a solution of this problem. Now we consider
the exact penalization of state constraints:

PROPOSITION 6.1. If r > 0 satisfies (3.3), then @ is a local solution in (K,d) of
the penalized control problem

{ min J.(u) = /Q L(z,yu(2), u(z))dz + r||(9(z, ) = 8) ¥ |loo
u € K.

Proof. From (3.3) it follows
inf(Ps) = inf {J(yu.u) + (8 = 8) :u €K, g(a,y.(z)) <&, §€[66+¢€]}.
Minimizing first with respect to ¢’ for fixed v we find
inf(Py) = inf { (1) + rll(9(x.92) = 6)*llow s u € K, glz,yu(=)) S 6+

Since the mapping u € (K,d) — y, € Co(Q) is continuous, we deduce the existence of
a ball B)(w), A > 0, such that

lg(e, y)llza < 6+ € Vu € Bu(a),

which, together with the previous identity, proves that u is a local solution of the
penalized control problem. 0O

Take A > 0 as in the proof of the previous proposition and r > 0 verifying (3.3).
We introduce the problem

o { J(()) = /Q L(z,yu(2), u(2))dz + r||(g(z, 3u) — 6)F)llos

u € B\(u).

Then @ is a solution of this problem. We passed from a state-constrained control problem
to another control problem without state constraints. The difficulty in this new problem
is that the penalization term is not differentiable. To overcome this difficulty we define

1/q
Jraw) = [ Layu(@) u(@)dz + 7 (670 + [ [(9(z,3.(2) = *17)de )

and

min J; 4(u)

(QT.Q){ u € B,\(U),
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with ¢ > 1. Note that (Q,,) has a differentiable cost and moreover it represents an
approximation of (Q,):
PROPOSITION 6.2. The following identity holds

inf(Q,) = lim inf(Q.,).

Proof. From the convergence ||z||Leq) — ||2||lcc for every z € L*() and the
inequalities

1/q
ot 32) = 8)* lzway < (470 + [ [(gle,vule)) = 8)*17)dz) <

1
7 + 1(g(z,yu) = 8)* |lLacn)

we deduce that J, ,(u) — J,(u) when ¢ — +oo. Therefore for every u € B,(u)

limsup inf(Q,,) < limsup J, ,(u) = J,(u),

g—+0o0 g—+co

hence

(6.1) limsup inf(Q,,) < inf(Q,).
g—+oo
Now we prove the converse inequality. Let us take ¢ > 0 arbitrary and let C; > 0
be the constant given in Theorem 2.1. Since g : § x R — R is continuous, it follows
the existence of a constant p € (0,¢) such that Va,a2’ €

(6.2) lg(z,t) —g(a’,t)|<e if |z—-2'|<pandl|t| <C.

Moreover we assume p small enough in such a way that m({z : || < p}) < 1. Now we
define Q,(zo) = 2N B,(zy). Since the boundary of I is Lipschitz, there exists a number
B € (0,1) verifying

m(Q,(20)) = Bm({a : x| < p}) Vao € Q.

On the other hand, from the continuity of 39— we deduce the existence of another
ady
constant M > 0 such that

(6.3) lg(x,t)] + ’@(7 Hl <M Ya,t) € x [-C,+C).

dy

Pick v € Ba(w). U ||(9(2.y.) = 8)T||loo = 0, then J,,(u) = J.(u). Let us suppose
that ||(g(2, ¥.) — 6)¥]le > 0 and take xo € Q verifying

(g(-l'o-llu(l’o)) - 6)+ = ”(g(l yu) - 6)+”co
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Then for cach » € Q) we get with the aid of (2.4), (6.2) and (6.3)

|g(I)yu(z)) ’—g(xOvyu(xO))l S
lg(’L’ yu(I)) - g(1:03 yu(x))l + lg(l'(), yu(:r)) - g(an yu(IO))l S

€+ Mlyu(x) - yu(zO)l S €+ MC],Oa S MIC,
hence
(9(z,yu(x)) — 8)" > (g(0s yu(m0)) — & — M'e)* Vz € Q,(x0).

Therefore, we obtain

1/q
I(g(z.yu) = 6)FllLoa) > (/Q )[g(x,iu(z)) - 5)+]qd.r> >

o(To
m(Q,(20))*(g(20, yu(20)) = 6 = M'e)* 2 |l(g(z,9u) — )" [loc+
(m(Qp(20))"/* = DI(9(2, ) = 8)* [loc — M'em(Q,(20))"/* 2

1(9(2,9u) = 6)* lloo + M(m(Q,(20))/? = 1) = M'e.
Choosing ¢, > 1 such that
L —m(Q,(20))* <1 —[Bm({z : |z] < p})]'? <€ Vg > ¢,
it follows
1g(z,y) = 8) T llLaay 2 (g2, 9) = 8)Flleo — (M + M')e Vg > q..
We have proved that
Joo(u) > Jy(u) = (M + M')e
for each u € By(%) and all ¢ > ¢, hence

liminfinf(Q,,) > inf(Q,) — (M + M')e

g—+o0
for € > 0 arbitrary, consequently

(6.4) liminfinf(Q,4) > inf(Q.).

g—+oo

So the proposition follows from (6.1) and (6.4). D
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Proof of Theorem 3.4 Thanks to Proposition 6.2 we deduce that 7 is an ¢2-solution
of (Q,,), with ¢, — 0 as ¢ — 0o. Then Theorem 4.11 states the existence of a control
uq € K, with d(ug, @) < ¢, satisfying for every v € K

(6.5) H(x,yq(2), ug(x), pe(2)) < H(z,yo(2),v,pe(2)) + €, ace. z€Q,

where y, = y,, and p, is the adjoint state:

(6.6) A'py = 5!;(‘7'7 Ygr Uq)Pg + %-(m, YgrUg) + /‘q&;(m’ Yq) in Q,
pe =0 on T,

with
1/¢g—1
= (074 [[(9e.a(e)) - 6 1da) " ((gle00) - )

Now we must pass to the limit. From d(u,,%) < ¢, — 0 and Theorem 2.1 we obtain
that y, — 7 in H3(Q) N C%*(Q). On the other hand, from the definition of u, we get

1/9-1
llgllmray = llttgllrgay <7 (/{)[(g(zayq(r))+]qd$) /Q[(g(f'v‘,yq(x))’L]"'lde =

rI(g(z, y,) ||Lq(n)l|( (z,94) — 6)* ”Lq Q)
Applying Holder’s inequality with exponents ¢/(¢ — 1) and q it follows
Iz llze-1i) < m()YV9||2]La) V2 € L),
which together with the previous relation leads to

g llmeay < m()Mor||(g(z,y,) — 8)* llLagay <

m(V)Y 7 ||(g(z,y,) — 6)|leo < M < 400 Vg > 1.

As in the proof of Theorem 3.3, the boundedness of {y,},>1, the convergence of
{(yg,uq) }¢>1 and assumptions (2.3) imply the boundedness of {pg};>1 in Wy (Q) for
every 0 < n/(n —1). Therefore we can extract subsequences {p,, } and {p, }, with
gx — +00, converging to p and 7 in W, 7 () weakly and M(Q) *-weakly respectively.
Now it is easy to pass to the limit in (6.5) and (6.6) and to obtain (3.8) and (3.6). As
in the proof of Theorem 3.3 we derive (3.7) from the definition of p,.

Finally, as stated in Theorem 4.11, under the conditions H1) or H2) given in
Theorem 3.3, the relation (6.5) becomes

H(z,y,(z),u,(z),p,(x)) = {}réill\_] H(z,y,(x),v,p()) + ¢, ae €.

Therefore, passing to the limit in this inequality, we get (3.9). O
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7. Pontryagin’s Principle in the Control of Variational Inequalities. In
this section we will consider the following control system:

A = f(r, su(z)) in €,
(7.1) { v+ P) F’f( y(@), u(z))

where A and f are as in Section 2 and § is a maximal monotone graph in R x R (see
Brezis [9] and Barbu [2]) such that dom(8) 3 0. The control problem is

(Ps){ min J(y,‘U) :/QL(I,y(I),u(:r))d;p
(y,u) satisfies (7.1), u(z) € K a.e. z € Q and g(z,y(z)) <6 Vz € .

We keep the assumptions stated in Section 2 on the data of this problem. Then we
have the following result about the state equation analogous to Theorem 2.1:

THEOREM T7.1. There exist constants Cs > 0 and o € (0,1) such that for every
u € K (7.1) has a unique solution y, € HY () N C%*(Q) satisfying

(7.2) [1vullmy oy + lvullco.am) < Cs.

Furthermore the mapping u € (K,d) — y, € H}(Q) N C%(Q) is continuous.

Proof. We may assume that 8(0) 3 0. If dom(8) = R and S is Lipschitz and
of class C!, the result is consequence of Theorem 2.1. When § is a general maximal
monotone graph in R x I it is enough to apply the standard procedure that consists in
approximating (via Yosida’s approximation and convolution with a smoothing kernel:

see [2]) with a Lipschitz C! monotone function 3. In this way we obtain solutions
ye € HY(Q) N C%(Q) of

Ay + Be(y) = f(z,y(z),u(z)) in Q,
y=0 on TI.

In order to pass to the limit and derive (7.2) we need a uniform estimate of y, in
HL(Q)) N C°°(Q). Using the mean value theorem we can write

Belye) = Bolde)Ye: 5
f(‘L‘ y((x), u(x)) = f(l'aoa u(x)) + a_.;‘(xv gn u(x))yn

with |g.(z)| < |y(z)] and |g(z)] < |y ()| for all z € Q. Hence

{ Ay, + (ﬂ(@:)(l‘)) - g—i(x,ﬂuu(x))> ye = f(2,0,u(z)) in Q,

y=0 on I.

Now applying Lemma 2.2 to the above equation we get a uniform estimate of y, in
H(Q) N L*2(2). Then the hypotheses (2.3) on f imply that {f(z,y.(z),u(z))}e>0 is
uniform bounded in L*(§?). On the other hand, arguing as in [8, Appendix] we also



EXTENSION OF PONTRYAGIN’S PRINCIPLE 24

deduce the boundedness of {8.(y¢)}e>o in L*(£2). Therefore { Ay, }¢>0 is uniform bounded
in L°(Q); applying Lemma 2.2 again we obtain the desired result. 0

The aim of this section is to prove the Pontryagin’s principle for control problem
(Ps). For this purpose we need the following approximation scheme. First let us observe
that Proposition 6.1 is still valid and consequently there exists a number A > 0 such
that @ is a solution of the problem

(@) { e Jr@ = LL<x,yu(x>,u(x>)dx +711(9(2, 9u) = 6)*) oo
u € By(u).

Here y, denotes the solution of (7.1) corresponding to the control u.

The next step consists in approximating ({,) by a new control problem with a
differentiable cost functional and a state equation with a C' monotone term §,(y). Let
us begin with the last question. Following Bonnans and Tiba [8] we will say that a
maximal monotone graph in B x R §3,, with ¢ > 1, is an (1/¢)-uniform approximation
to 3 if B, satisfies the following two conditions:

L B(t+1/q) 2 By(t) 2 B(t —1/q), Vt € R,

2. dom(p,) D dom(f).
Here we view 3 and 3, as multivalued operators extended on R with value —oo on the
left of their domains and +o00 on the right of their domains, and the inequality for scts
means

E>2n>v, VYEE€B(t+1/q), n€PBy(t), vepsit—1/q).

A constructive procedure for (1/¢)-uniform approximations of class C! was given in (8],
and the following result was proved:
PROPOSITION 7.2. Let u € K. Then the problem

{ Ay + Bo(y) = flz,y(z),u(z)) in Q,
y=0 on T,

has a unique solution y,, € H(Q)NCY Q) and ||ygu — Yulloo < 1/9.
Now we consider the following approximation of (Q,):

min J,q(u)
(QTQ){ u E B,\(ﬂ),
where
1/q
Jealt) = [ L(syaule)u(eNdz + 7 (7 + [ (602, 500) = 6)))0de)

ProprosITION 7.3. The following identity holds

inf(Q,) = qli{lo]o inf(Qrgq)-
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Proof. With the aid of Proposition 7.2 we get

[1(9Ce yaa) = ) Fllzaay = (g, o) = 6)F | <
(9(2,9) = 8)* llzaay — l(g(@. 3) = 6)Fllo] +
I1(9(2, ¥0.0) = )* Nzacay = (9(,94) = 6) llzaga| +
(92, ¥g) = 6)* lloo — l(a(2,32) = )" [loc| <
l1(9(2,92) = 8)*llzagar — g2, 34) = ) lloo| +

lg(z, yq.u) — 9(z, yu)llLeg@y + |9(2, Yg.u) — 9(2, yu)lloe <

m(Q)Y9 + 1
q

19(2, o) = 8)* @) = 9, 9a) = )*llo| + —0as g — oo

Therefore we can argue as in the proof of Proposition 6.2 to deduce that

(7.3) limsup inf(Q,,) < inf(Q,).

g—0o0

Let us prove prove the converse inequality. Let C's > 0 be the constant given in
Theorem 7.1. From the properties of g we obtain

(7.4) lg(z,t)] + 'g—i(x,t) <M VY(z,t) €Q x [-Cs, +Cs]

for some constant M > 0. Applying the mean value theorem and using the hypotheses
(2.3), (7.4) and Proposition 7.2 we get for some constant M’ and all u € By(u):

/QL(I,yq,u(z),u(a:))d:c +r (q—q + /n[(g(x’yq‘“) _ 5)+)]qu>1/q S

| bt u@nde +r (5704 [l - o) par) -2
Therefore

liminfinf(Q,,) > llmmfmf L(z,y, (), u(z))dz+
! Q

g—+oo

r <q—q + /ﬂ[(g(g;,yu) - 6)+)]‘1d:v)l/q tu € B,\(ﬁ)} .
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The proof is concluded by noting that the second term of this inequality is greater than
or equal to inf(Q),), which is proved exactly in the same way than in Proposition 6.2.
a

Now we are ready to state the extension of Pontryagin’s principle.

THEOREM 7.4. Let @ be a solution of (Ps) in (K,d), with § ils associated state.
If (Ps) is strongly stable on the right, then there exist x € W=19(Q), 5 € W7 (Q)
711 and @ € M(Q) such that x is a limit point in W~17(Q) weak of

for every o <
n

{,B;(yq)pq} and

Oy

a
(7.5) { Ap+x= -_f(:c,y(x),a(x)) + B_L(z,y(x),a(z)) + g—j(:,y(m))ﬁ in Q,
p=0onT,

(7.6) /Q(.:(.T) — g(2,5(2)))dR(z) €0 Vz € Co(Q) with 2(z) < 6 Ve € Q,
and for everyv € K

(7.7) H(z,y(2),u(z),p(z)) < H(z,y(z),v,P(z)) a.e z €
Morecover if the conditions H1) or H2) of Theorem 3.3 hold, then

(7.3) H(,5(2),(z), p(x)) = mip H(z,5(z),v,p(a)) ac. 3 € Q.

Proof. This theorem can be proved in the same manner than Theorem 3.4: applying
Proposition 7.2 we deduce that @ is a solution of (Q,) and then Theorem 4.11 provides a
minimum principle for an cg-solution uy. The adjoint state corresponding to u, satisfies
the equation

o 9 oL p |
Apy + B ()0, = %(x,yq,uq)pq + G ta) + o (@,34) in
p,=0o0nT,

with

1/¢9-1
po=r (67 + [0z, (@) =) dz) " [(gla50) — )T

The passage to the limit is carried out as in the proof of Theorem 3.4 with the only
modification due to the term S (y,)p,. That {y,} is bounded in L'(Q) can be proved as
in Section 7, therefore the boundedness of {p,} in Wy*(Q) is a consequence of Lemma
2.4. Finally from the adjoint state equation it follows that {f(y,)p,} is bounded in
W-19(Q), for all ¢ < n/(n —1). Then there exists a subsequence, denoted in the same
way, and an element x € W~17(Q) such that 3;(y,)p, — x weakly in W~17(Q) when
g —oc. 0
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REMARK 7.5. Additional information on x can be derived from Theorem 7.4 for
particular choices of 8. For instance if 3 is Lipschitz near yo € R and 19 € Q is such
that y(zo) = yo, then x(x) € 0.8(y(x)) with 3.3 the Clarke gradient [14] of 3, for x
close to zg. See e.g. [8] for other illustrations.
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