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Directional differentiability of metric projection in H3(2)
and applications

Murali Rao
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Abstract

The form of directional derivative of the metric projection in the Sobolev space HZ({2)
onto the convex set

K={feH; Q)| f2v}

is derived.

The result is used to obtain the differential stability of solutions to obstacle prob-
lems for the Kirchhoff plate. Applications to the shape design sensitivity of the obstacle
problems are provided.

Key words: metric projection, differential stability, variational inequality, obstacle prob-
lem, tangent cone, shape derivative, Kirchhoff plate.
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Dérivée directionnelle d’une projection dans H2(2)
et applications

Résumé

La forme de la dérivée directionnelle de la projection dans ’espace de Sobolev HZ(2)
sur le convexe

K={feHs()|f2¢)

est obtenue.
Le résultat est utilisé pour établir la stabilité par rapport au domaine des solutions du

problemes d’obstacle dans le cas de la plaque de Kirchhoff. On présente des applications
au dessin optimal.

* Visiting the University of Nancy 1, URA CNRS 750, Project NUMATH INRIA Lor-
raine. Partially supported by the grant 2 1207 9101 of the State Comittee for Scientific
Research of the Republic of Poland.



1. INTRODUCTION

The paper is concerned with the differential stability of metric projection in the Sobolev
space H2(2) onto a translation of the cone of nonnegative elements.

We provide the new results on the directional differentiability of the metric projection
in the Sobolev space HZ() onto the convex set I = {f € H(Q) | f > v}, where  C R?
is an open, bounded domain.

In particular, we derive the form of tangent cone Tk (f) for any element f € K - see
Theorem 1. The same argument can be used for the convex set

where ¥ € H™(§2), ¥ < 0 on 99Q.

The differential stability of metric projection in the Sobolev space H}(f2) onto the
cone of nonnegative elements is considered by Mignot in [15]. Mignot derived the form of
the so-called conical differential of the metric projection. However, the technique of proof
used by Mignot is based on potential theory in Dirichlet spaces, therefore, his argument
cannot be directly applied in the Sobolev space HZ(Q).

In section 3 we provide the sufficient conditions under which set K is polyhedric
(10],[15], at a given point f € K. The question of polyhedricity is adressed here since it
implies directional differentiability of the metric projection onto K with the explicit form
of the differential [10],[15]. We refer the reader to [10], [15] for related results in the Sobolev
space H}(Q).

The applications of our main results provided in Section 4 are interesting on their
own. In section 4.1 the form of the shape derivative for solutions of an obstacle problem is
obtained. In section 4.2 the necessary optimality conditions for an optimal design problem
for the Kirchhoff plate are derived. In section 5 the case of simply supported Kirchhoff
plate in the Sobolev space H2(Q2) N Hj () is considered.

We refer the reader to [10],[15] for the related results on the differential stability
of metric projections in Hilbert space. Some applications of the differential stability of
metric projection onto convex sets in Sobolev spaces are presented in [2]-[5], [11],[18]-[24].
In particular the sensitivity analysis of solutions of constrained optimization problems
is studied in [20],{21},[22]. The applications to optimal design problems are presented
in [2],[3]-(5},(11],[(23],[24]. We refer the reader to [6],[8] for general results on variational
inequalities, and to [1],[7},[13],[26] for the results on the Sobolev spaces.

We recall some properties of the Sobolev spaces and the notion of capacity [26]. The
Sobolev spaces H} () and HZ(R) are the closures of C§°(2) with norms

el = | 1VePds

el = [ 16vlds

respectively. If ¢ € H2(Q), from the definition gf‘ € H}(Q) for each : = 1,2,...,d.
Functions in H} () are defined quasi everywhere and are quasi continuous. These notions
are made precise below.
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The C)—capacity of a compact set F' is defined as

Ci(F) = inf{/ IVol|?de : p>10onF, 0<¢ e CE(N)}
similarly C;—capacity

Co(F) = inf{/ |Apl?dz : p>1on F, 0<¢ € C&(Q)}.

The capacity of a Borel set is then defined as the supremum of capacities of its compact
subsets. A statement holds C;—q.e., : = 1,2, if it holds except for a set of C;—capacity
zero. With this definition we have the following results:

1. Let ¢ € H}(R), and {pn} C C§°(Q) converge to ¢ in H}(). Then a subsequence of
{¢n} converge C;— q.e. and this is a representative of .

2. Let ¢ € H}(Q). Then ¢ has a quasicontinuous representative: There is a represen-
tative @ such that given € > 0, there is an open set U(e) of C;—capacity less than ¢
such that the restriction of % to the complement of U(¢) is continuous.

3. Any two quasi continuous representatives of ¢ € H}(Q2) agree Cy—q.e.

4. Every set of positive Lebesgue measure has positive C;—capacity.

The same holds for the Sobolev space H2(Q2) with respect to Cz—capacity [26]. We use
standard notation throughout the paper [1],[26].

2. TANGENT CONE

We shall consider the metric projection onto the following convex set

K ={f e H{(Q)| f(z) 2 ¥(z),z € 2} (2.1)

with respect to the scalar product
(y,2) = / Ay(z)Az(z)dz . (2.2)
11}

We assume that ¥ € H2(Q2), ¢(z) < 0 on 92 Cz—q.e., therefore set (2.1) is nonempty.
The metric projection z = Pxy , y € HE(R), is given by the unique solution of the following
variational inequality

z€ K : / Az(z)A(p — z)(z)dz > / Ay(z)A(p — z)(z)dx, Vo € K . (2.3)
Q 0
We denote
Ck(z) = {p € HE(Q) | 3t > 0 such that z + tp € K} . (2.4)

We derive the form of tangent cone Tk (z) = cl(Ck(2)), cl stands for closure, for any
element z in convex set (2.1).



THEOREM 1

For any element z € K, the tangent cone Tk (z) takes the form
Tk(z) = {p € HX(Q) | p(z) >0, C2 —q.e. on E} (2.5)

where = = {z € Q| 2(z) = ¥(z)} C Q.
PROOF

Note that Ck(z) and hence also Tk (2) is a convex cone containing all non-negative elements
of H3(Q). Let an element V € HZ(R?) be given and suppose that V > 0 C;—q.e. on =.
There exists the unique element ¢¢ € Ti(z) such that

IV = dollfz@) = inf {IV = dlltza) | ¢ € Cx(2)} . (2:6)

It is easy to see that for any HZ(Q) 3¢ >0, t > 0, ¢o + td € Tk(z). Using (2.6) and
standard arguments it follows

(V —¢0,8)nz0) S 0, 0< ¢ € Hp(2) (2.7)

hence there exists a non-negative Radon measure g on §2 such that

(V = b0, &) nacey = — / bdu, 4 € CR(Q) . (2.8)

This implies in particular that for ¢ > 0

/¢dp = —(V = d0,9)nz2(0) < IV — dolluz) 9l 2y -

So by definition of C; —capacity we see u cannot charge sets of zero C;—capacity. Since the
measure may be large near the boundary it is not clear that (2.8) holds for all ¢ € HZ(R2).
We can circumvent this difficulty by repeated use of a result of L. I. Hedberg: Theorem 3.1
in [13]. First we show that (2.8) holds for any bounded ¢ € HE(f?) which is non-negative
and has compact support. Indeed for suitable mollifiers g, , %o, € C§°(f2), have compact
support, and tend boundedly pointwise C;—q.e. and in H2(f) to ¢. Since p is Radon
measure which does not charge the 0—capacity sets we may appeal to Lebesgue dominated
convergence to finish the claim. In the general case if 0 < ¢ € HZ(Q) by the above theorem
of Hedberg , we can select 0 < wy < 1, k = 1,2,... such that wg¢ has compact support
and is in L> approximating ¢ in HZ(R2). In particular wi¢ converges to ¢ Cy-q.e. By
(2.8) we have

/wqudp =—(V - ¢o,wk¢)ug(n)

is bounded, so by Fatou Lemma ¢ € L!(x). On the other hand wié < ¢ so dominated
convergence applies

~ [ b=V = 60,0V, 05 $ € HEW). (2.9)

4
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Now let ¢ € C§°(R2), 0 < ¢ < 1, then ¢(z — ) € HZ(S2). We show that
do +td(z — ) € Tk(z), —-1<t<1.

It is sufficient to show that for any ¢ € Ck(2), it follows ¢ +td(z — ) € Ck(z). Now
ep+ 2z —1% > 0in Q for some ¢ > 0, hence for s > 0, {*; < ¢ we have

slp+tp(z — )+ 22— >0,in Q

since (1 + sté)(z —¥) > (1 — s)(z — ).
Using this in (2.6) with ¢ replaced by ¢o + t#(z — ¥) we obtain

(V = ¢0,8(z —¥)) () = 0

which, because ¢(z — 1) has compact support and belongs to H3(2) means

[ otz - widu=0
hence
plz : z>9)=0

i.e. p is concentrated on Z. Our next step is to show that ¢o = 0 p-a.e. To this end using
the fact that Tk (z) is a cone and taking t¢, for ¢ in (2.6) we get

(V ~ ¢o,b0)uz) =0 - (2.10)

Now we use Hedberg’s result once more. Choose wy , 0 < wx < 1 such that wi¢o has
compact support and converges to ¢o in HZ(f2). Since ¢o > 0 on Z and y is concentrated
on =, wido < Po p-a.e. So using the same argument as above we get

= (V — 0, ¢0) H2(Q) = /qﬁod,u

i.e. that ¢o = 0 p-a.e.

Finally since ¢9 = 0 p-a.e and V' > 0 Cy—q.e. on = we can repeat the above argument to
get

(V =60,V —do)uza) = - /(V — ¢o)dp = —/Vd# .
But the right hand side is < 0 because V > 0 C;-q.e. on = and therefore p-a.e., thus
V = ¢o.

REMARK 1



For d = 1,2,3 proof of Theorem 1 simplifies since by the Sobolev embedding theorem
HE(Q) C C(Q). 1t is clear that

Tk(z) C {p € H(Q) | ¢(x) 20, onE}

therefore it is sufficient to show that any element V(.) > 0 on = actually belongs to Tk(2).

E is compact, hence there exists 0 <n € C§°(2), 7 = 1 on Z. Since by the Sobolev
embedding theorem 2,4,V € C(2) therefore for any € > 0 there exists ¢ > 0 such that

t((V+en)+2z—-9>20, inQ.
Thus
V+eneCk(z), Ve>0

and
' V+en—V in HE(Q) strongly withe |0

hence V € cl(Ck(z)) = Tk(z2).

3. DIFFERENTIABILITY OF METRIC PROJECTION

We derive new result on the differentiability of metric projection Pk in the Hilbert
space H = HZ(Q2) onto convex closed set K C H of the form (2.1). Let Tk (f) be the
tangent cone to K at f € K. Tk(f) is the closure in the space HZ(2) of the convex cone

Ck(f) = {v e H3(R)| 3t > 0 such that f(z) + tv(z) > ¥(z) in 2} . (3.1)

For a given element g € HZ(Q), such that f = Pk (g) let us define the following convex
cone in the space H(Q2)

S =Tx(f)Nlg - Px(9))t =T (f)N[f —g}* . (3.2)

DEFINITION 1

The set K C HZ(Q) is polyhedric at f € K, if for any ¢ € HZ(Q) such that f = Pkg it
follows :
Tx(f)NIf =gt = dCr(N)N[f-g)"). (3.3)
REMARK 2

Let us recall [10],[15] that if condition (3.3) is satisfied for given elements (f,g) € HZ(Q) x
HE(R), f = Px(g) then for all h € HZ(2) and for ¢ > 0, t small enough

Pk (g +th) = Pxg +tPsh + oft) . (3.4)

In such a case the metric projection Py is conically differentiable, in the notation of [15], at
g € H2(Q). It turns out that condition (3.3) is satisfied if the support of the non-negative
Radon measure defined below by (3.5) is admissible in the following way.

6
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DEFINITION 2

A compact set F is admissible if for any element ¢ € HZ(Q2), ¢ = 0 C2—q.e. on F implies
e € HX(Q\F).

We denote by B(z,r), = € R?, r > 0, the ball of radius r and center z, |4| denotes
the Lebesgue measure of any set A C IR®.

PROPOSITION 1

Let F' C 2 be compact and assume that the following holds :
for Cy—quasi every ¢ € F and for all r > 0, r small enough,

|FnB(z,r)] >0.

Then F' is admissible.

~ PROOF

By Theorem 1.1 in [13] it is sufficient to show the following: let ¢ € H2(f2) and ¢ =
0 Cz—q.e. on F. Then Vyp =0 C;-q.e. on F. Now ¢ € H3(Q?) so by a standart result,
Ve =0 ae. on F. Since ¢ € H3(), each component of Vi belongs to H}(§2) and hence
has a finely continuous version [26]. If for z € F, |Vy|(z) > 0 then in a fine neighborhood
of z the same inequality will be obtained. Since finely open sets have positive measure,
and since Vo = 0 a.e. on F, this violates our condition on F. Thus V¢ =0 C;—q.e. on

F.

For any f € H2(Q), g = Pk f, denote by v > 0 the Radon measure defined as follows

~ [wdv= [ A= Npdz, Vo€ @) (35)

Q

and by Sy the following convex cone
So={p€ HXQ\F)| ¢ >0 Cz-qe. on =}, (3.6)

where F' = Fy = sptv C Z is compact, sptv denotes the support of Radon measure v.

THEOREM 2
For any f € HZ(f) with admissible compact set Fy it follows that

NCr(H)Nf—glt) =So . 3.7)
PROOF

It is clear that
dCr(H)N[f—glt) CSo .

7



Therefore we show that

So C NCk(HN[f-g]").

For the convenience of the reader we repeat here the argument already used in the proof
of Theorem 1.

Cr(f) 0 [f — g]* and hence also cl(Ck(f) N [f — g]*) is a convex cone containing all
non-negative elements of H2(2 \ F). Let an element V € Sy be given, therefore in view
of (37) V € H}(Q\ F)and V > 0 on Z. Suppose that V & cl(Ck(f) N[f — g]*), then
there exists a unique element ¢g € cl(Ck(f) N [f — g]t) such that

v - ¢o”§13(a\p) = inf {||V - ¢”i{g(n\p) ¢ € Cx(HNIf-gl*) (3.8)

i.e. ¢g is the metric projection of V onto cl(Ck(f) N[f — g]*).
Using (3.8) it follows

(V—¢0,9)uza\ry <0,0< ¢ € H3(Q\ F)

" hence there exists a non-negative Radon measure p on Q\ F such that

(V = d0, D) uza\r = — / ddp, € CR(U\F) . (3.9)

This implies in particular that for ¢ > 0

/‘/’d# =~V = d0, D) uzi\r) < IV = dollmaavr) I8l w2\ Fy -

So p cannot charge sets of zero capacity. In order to show that (3.9) holds for all ¢ €
HZ(Q\ F), first we show that (3.9) holds for any ¢ € HZ(Q2 \ F) which is non-negative
and has compact support. For suitable mollifiers g,, , ¢ * pp € C§°(2\ F), have compact
support, tend in C(Q\ F) and H3(2 \ F) to ¢. Since u is Radon measure it follows by
Lebesgue dominated convergence that

nlinéo ¢ * ondp = /d)du .
In the general case if 0 < ¢ € HZ(2\ F) , we can select 0 < wy <1, k = 1,2,... such that

wi¢ has compact support and is in C(Q \ F) approximating ¢ in H2(2\ F). By (3.9) we
have

[ weban= (v = o, k) zianey (3.10)

is bounded, so by Fatou Lemma ¢ € L!(u). On the other hand wi¢ < ¢ so dominated
convergence applies

~ [ 8=V ~ b0, 8)ngcaney » 0.5 8 € HEQ\F) (3.11)

8
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Now let p € C(R\E), 0< o <1, =1 <t <1, then ¢o +tp € (Cr(f)N[f - g]*).
Using this in (3.8) with ¢ = ¢¢ + t¢ we obtain

(V = d0,0)u2\F) =0

/<pd/1=0

uz ¢ ) =0

i.e. u is concentrated on =Z. Our next step is to show that ¢ = 0 u-a.e. To this end using
the fact that cl(Cx(f) N [f — g]1) is a cone and taking t¢o for ¢ in (3.8) we get

(V = o, 60)H2(0\F) =0 . (3.12)

So using the same argument as in the proof of Theorem 1 we get

which means

hence

0= (V = bo, do)zcar) = / dodu

i.e. that ¢o = 0 p-a.e.
Finally since ¢9 = 0 p-a.e and V > 0 on Z it follows that

(V - ¢0aV - d’O)Hg(Q\F) = - /(V - ¢o)d}l = - /Vd;t .
But the right hand side is < 0 because V > 0, thus V = ¢y.

PROPOSITION 2

Let f € K C H2() be given, = = {z € Q| f(z) = ¥(z)}.
For any Radon measure v € H~2(Q), v > 0, sptv C Z, there exists ¢ € HZ(),
f = Pkg, such that

/ A(f — g)Apdz = /godu, Yo € HE(R) (3.13)
Q

PROOF
Let g € HZ(Q) satisfy

/ AgApdz = / AfApdr — /cpdu, Yo € HE(Q)
0 Q
We have f = Pyg. To see it let us observe that
[0, veeTi(n (3.14)

9



since n — f € Ti(f), Vn € K it follows

/(n = fldv 20, Vne K (3.15)

hence

/ (n— fdv = /Q A(f - 9)A(n — f)dz 20, ¥ne K (3.16)

which shows that f = Pgg.
COROLLARY 1

Assume that F = sptv is admissible then (3.3) and (3.4) hold, where cone S is defined by
(3.6).

Therefore, condition (3.3) can be satisfied if C1(Z) = 0. The set K is polyhedric at f iff
the set = = {z|f(x) = ¢¥(z)} has capacity zero.

4. APPLICATIONS TO OPTIMAL DESIGN

We apply our differentiability results to optimization problems for the fourth order
elliptic variational inequalities. The variational inequality for the Kirchhoff model of an
elastic plate with an obstacle is considered, however the results can be used as well as for
the von Karman plate. In section 4.1 we derive the form of shape derivative for the solution
of the obstacle problem. In section 4.2 the first order necessary optimality conditions for
an optimum design problem are obtained.

4.1. SHAPE SENSITIVITY ANALYSIS OF OBSTACLE PROBLEMS FOR KIRCHHOFF
PLATES

Let 2 € IR? be a given domain with smooth boundary I' = Q. We derive the form
of the so-called shape (Lagrange) derivative of the solution of an obstacle problem for
the Kirchhoff plate in the direction of a vector field V'(.,.). The proof of this result uses
the material derivative method developed in Sokolowski and Zolesio [24] for the shape
sensitivity analysis of variational inequalities combined with Theorem 1.

Let there be a given vector field

V(.,.) € CY(0,6; C*(R?; R?)) (4.1)

where § > 0 is a given constant. We define a family {Q,} C IR?,t € [0, ), of domains as
follows [24]:

2 = (V@) (42
= {z € R? | 3X € Q such that 2(0) = X,z = z(t)}

where z(t) € R?, t € [0,6) is given by the unique solution of the following system

X = V(ta(t), te(0,0) (4.3)
z(0) =X .

10



Let us assume that ¢(.) € H3(IR") is a given element such that ¥(z) < 0 in some open
neighborhood in IR? of the manifold Q2 C IR?. Thus for ¢ > 0,¢ small enough the set

K(Q) = {p € Hy(Q) | (z) 2 ¥(z), in Qu} (4.4)

is a non-empty, closed convex subset of the Sobolew space HZ(f2). We use the same symbol
(.) to denote the restriction of ¥(.) € H?(IR?) to the domain Q,t € [0,6). Let there be
given an element f € H?(IR?). We denote by w, € H*(Q), t € [0,6), the unique solution
of the following variational inequality

wy € I{(Qg) :
/ AwA(p — wy)dz > / f(p —wy)dz, Vo € K(82) . (4.5)
Q, 2,

For t = 0, we denote w(z) = wo(z), = € €, and let v > 0 be the Radon measure defined
: by

/c,odu = /‘;{AwAcp —of}dz .

Furthermore we denote by (), = € IR?, an extension of the element w,(z), z € Q, t €
[0,8) defined as follows

w,(a:), T e Qt, te [0,6)

Bi(z) = {o, 2 € R\ Q, t € [0,8) (4.6)

It can be shown using the material derivative method [24] combined with Theorem 1 that
the element w,q € H*(R) is right-differentiable with respect to t, at ¢ = 0. We denote
V(0) = v(0,.).
THEOREM 3

Assume that sptv is admissible in the sense of Definition 2. Let Vw.V(0) € H%(R).
Then for ¢ > 0,t small enough

Wyg = w+tw' +o(t), in H*(Q) (4.7)

where |[o(t)|| p2(n)/t — 0 with ¢ | 0.

The shape derivative w' € H%() is given by a unique solution of the following variational
inequality

9y w
' _ 2 1 Y — 2~
w' € Sy ={p € H*(Q)N Hy(N) | n vaz on o, (4.8)
p(z) > 00on Zt, p(z) =0o0n =%}
/ Aw'A(p — w')dz > 0, Yy € Sy() (4.9)
0

11



here we denote v(z) = (V(0,z),n(z))r2, ¢ € 0Q; n(z), £ € O is the unit outward normal
vector on 9 and Z° = sptv,

+_ %
- =
==

\ Z° (4.10)
={zC Q| w(z)=19(z)}. (4.11)

(1 (1]

PROOF

Let us recall that the shape derivative w’ = w'(2) of the solution w = w(2) to variational
inequality

w € K(Q): LAwA(q: —w)dzr > /Qf(cp —-w)dz, Yy € K(Q) (4.12)

in the direction of a vector field V(.,.) is defined as follows :
w' = w — Vw.V(0) (4.13)

where

here wy € HZ(S) denotes the unique solution of variational inequality (4.5). First we
derive the form of material derivative w. To this end we transport variational inequality
(4.5) to the fixed domain € using the mapping T : X — z = z(t) defined by (4.3). It
follows that the element :

w'=woT, € H(Q), t €[0,6) (4.15)
satisfies :
w' € K' = {p € HJ(Q) | ¢ 2 4" in Q}
Q(w',p~w') > /Qf‘(cp ~w')dz, Yy € K! (4.16)

here we denote

Y'=9oT, f'=yfoTi, v = det(DTy),
DT, denotes the Jacobian of the mapping T} : IR? — IR?

Ql(z,p) = / v 1div(Ae.V2)div(A4,.V)dz, Vz,o € HZ(Q) (4.17)
Q
with A¢ = v DT, ' .(DT; 1) . (4.18)
Let us denote
2 =w' -y, E(p) = div(A. V) (4.19)

12



-J

hence
'€ Ko={p€ H{R) | v >0in N}

Q' p—2') 2 / fllo —2")dz — Q'Y — 2*), Yy € Ko . (4.20)
Q

By application of Theorem 1 combined with the abstract result derived in [23] ( Theorem
1, p.1419 ) it follows that for ¢ > 0, ¢ small enough :

2 =2"+t: +o(t), in H3(Q) (4.21)

~ where z € H2(Q) satisfies the following variational inequality

:eSQ)={p€eHXQ)|¢>00nZ*, p=00nZ"} : (4.22)
/ AzA(p — 2)dz 2 /n flo — 2)dz — Q' (w, — ) — Q% — 2), Yy € S(R)
Q

Since

i=w—Pp=w— V.V (4.23)
hence
weSR)+VyV .
[ dine—i)da > [ fio- e - Qg —1), (4.24)
Q Q

Vo € S(Q) + VY.V

where we denote

b=Vy.V e H'(Q), f= d(fV),
Q(s0) = [ {~divV Bsdy +E)Dg + Ack(p)lda, Varp € HY(@),
Q
here £(p) = div(4'.Vy), and A’ = divVI — DV — (DV)*.
Since the shape derivative depends actually on the normal component v = (V(0),n) R

of the vector field V(0,.) on I' = 99, hence for any vector field V(.,.) such that v(z) =0
on JQ it follows

w = Vw.V(0)

and from (4.24) we obtain the following Green formula :

0= ——/ A(Vw.V(0))Apdz + / fodz — Q'(w,y), Ve € {S(R) - S(Q)} (4.25)
Q Q
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which holds for any vector field V(.,.) such that v(z) = 0 on 0. For an arbitrary vector
field V(.,.) and the test function ¢ smooth enough, integration by parts in (4.24), in view
of (4.13),(4.25), leads to

/ Auw'Alp —w')dz >0 (4.26)
Q

futhermore

w € {¢1¢=p—Vul(0), peSQ)= S

since we can select V(0,.) with the support in a small open neighborhood of 92, which
completes the proof of Theorem 3.

_ We refer the reader to [24] for the related results on shape sensitivity analysis of
| unilateral problems in the Sobolev space H} ().

4.2. OPTIMAL DESIGN PROBLEM

We derive the necessary optimality conditions for an optimal design problem for the Kirch-
hoff plate with an obstacle. We refer the reader to [2] where such a problem is defined,
and to [16],[24] for the related results on non-smooth optimization problems for the linear
elliptic systems.

Let
a(h;.,.): HY(Q) x H(Q) - R (4.27)

be the following bilinear form associated to the Kirchhoff plate [2],[16]

9%y

a(h; g, ) = / S (@)bishi 0 (2) aa:ka (0)dz, Vy,p€ HXQ)  (4.28)

here we use the summation convention over the repeated indices ¢, 7, k,! = 1,2. We assume
that

h€Ua={he L®°Q)|0 < hmin < h(z) € hpnaz, forae e} (4.29)

and that the constants b;;x1, ¢,7,k,! = 1,2 satisfy the following conditions
bijki = bjikt = bitij, 1,5,k 1=1,2 (4.30)

bijriij€rt > c€ij€ij, ¢ >0, (4.31)

for all symmetric matrices [£;j]2x2-

We will consider a boundary value problem with the homogenous boundary conditions.
However, there is no additional difficulty to derive the same results for the problem with
non-homogenous boudary conditions.

It follows by our asumptions (4.29) - (4.31) that the bilinear form (4.28) is continuous,
symmetric, and H2(R) - elliptic, i.e.,

a(h;y,y) 2 allyllézqy, >0, Vye HF(Q). (4.32)
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Now let us denote

K = {p € HA(9) | ¢(z) > ¥(s) in 0} (4.33)
where ¥(.) € H%(Q2) C C(f) is a given element such that the set (4.33) is non-empty,
in particular ¥(z) < 0 on I' = 9. For a given element h € U,q we denote by w =
w(h;z), = € Q, the unique solution of the following variational inequality

weK : alhjw,p—w)2> / flp —w)dz, Vo€ K (4.34)
Q

where f € H™%(R) is given element, H ~2(Q) being the dual of HZ().
Using a variant of Theorem 1 combined with an abstract result of (23] (Theorem 1,
p.1419) we obtain the form of the right-differential of the nonlinear mapping

L>®(Q) 3 h — w(h;.) € H3(Q) (4.35)
at a given point h € Ugq. This is given in

. LEMMA 1
{ Let ¢ be the Radon measure defined by

]wiu = a(h;w,¢) — / fedz, Vo € HF(Q)
Q
and assume that the support of u is admissible in the sense of Definition 1.
Then for ¢ > 0, e small enough
Vv e L*®(R): w(h +ev) =w(h)+eq(v) + ofe) (4.36)
where ||o(€)||nz(@)/e — /0 with e | 0 and ¢ = ¢(v) € H2(Q),v € L®(R) is given by the

unique solution of the following variational inequality

q€S : alhjq,p—q)+a,(h;w(h),p—q) >0, Vo€ S (4.37)
where
' 2 62y 9¢ 2
(hitng) = [ W Iign g () s (@Mle, Vi € HE@)  (438)
S={p€ HN) | ¢ =0onsptu, ¢ >0on =\ sptu} (4.39)
E={z € Q| wlh;z)=1y(z)} iscompact. (4.40)

Let us consider the following optimal design problem for the Kirchhoff plate.
PROBLEM (P):

Find an element h € U,q which minimizes the functional
J(h) = max |w(h; )|
over the set Ug,gq.
We cannot assert in general the existence of an optimal solution h € U,q4. This leads to the
notion of a generalized solution of problem (P) [16]. We derive the necessary optimality
conditions for problem (P) assuming that there exists an optimal solution. The necessary
optimality conditions of the same type can be obtained for a generalized solution of problem

(P).

15



THEOREM 4
An optimal solution h € Uyg of problem (P) satisfies the following condition

Irrzlai)li ) sign {w(h*;z)}q(v — h*;2) 2 0, Vv € Ugq (4.41)
z€ * *

where

Q*(h)={z e Q| J(h) =w(h;z)}, Vh€ Uaa.
The proof of Theorem 4, in view of Lemma 1, follows by Theorem 1 in [16] and

therefore is omitted here.

' REMARK 2

|
|
|

An optimal design problem for the Kirchhoff plate with a finite number of poirtwise ob-
stacles is considered in {3]. The results derived in [3] are not comparable with our result
presented here, since we assume that an obstacle is smooth i.e., ¥(.) € H%(S).
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