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Abstract
In this paper we consider an non-parametric analytical model of the intensity for a non-rectilinear edge,
and derive the relations between the image data and the edge local characteristics, in the discrete case. In
order to identify this model we also study how to develop high order non-biased spatiial derivative opera-
tors, with subpixel accuracy. In fact, this discrete approach corresponds to the notion of spatio-temporal
surfaces in the continuous case, and provides a way to obtain some of the spatio-temporal parameters
from an image sequence. An implementation is proposed, and experimental data are provided.

Evaluation robuste et rapide

des caractéristiques d’un contour
au sein d’une séquence d’images

Abstract
Dans ce papier on considére un modéle non paramétrique de D’intensité pour un contour non nécessaire-
ment rectiligne, dans le cas discret. Pour évaluer un tel modéle on étudie aussi des opérateurs de dérivée
spatiale, & une précision inférieure au pixel. En fait, cette approche discréte correspond a la notion de
surface spatio-temporelle et introduit un outil pour en évaluer certains paramétres. Une implémentation
est proposée et des résultats expérimentaux fournis.
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1 Introduction

Edge detection and edge characteristics computation

Edges are important features in an image. Detecting them in static images is now a well
understood problem [10, 24, 20, 7]. In particular, an optimal edge-detector using Canny’s
criterion has been designed [20] and implemented as a fast algorithm [19] in real time on the
Depth from Motion Analysis European machine [6]. In subsequent studies this method has
been generalized to the computation of 3D-edges [16]. This edge-detector however has not been
designed to compute edge geometric and dynamic characteristics, such as curvature and velocity.

It is also well known, that robust estimates of the image geometric and dynamic character-
istics should be computed at points in the image with a high contrast, that is edges. Several
authors, have attempted to combine an edge-detector with other operators, in order to obtain a
relevant estimate of some components of the image features, or the motion field [12, 11, 15, 3].

However, it is not likely that the computation of edge characteristics has to be done in the
same way as edge detection, and we would like to analyse this fact in this paper.

From spatio-temporal derivatives to edge characteristics

Edge geometric and dynamic characteristics are related to the derivatives, while the edge location
is related to the spatial and temporal derivatives of the picture intensity [10, 12, 24, 15, 3].

This work is related to a new theory of the motion of 3D curves [5]. According to this theory,
operators for computing the different parameters about edge location and motion are now avail-
able [4]. This theory is elaborated without making any assumption about the photogrammetric
characteristics of the edge, which is known to be very difficult to obtain, while actual models
are only approximative [25], since they are all based on the intensity constancy assumption.
These developments are valid in the continuous case, that is when information about the image
is available at any time and location. Although this is the best way to derive theoretical prop-
erties about moving edges, it is not obvious to implement these operators on a sampled image
sequence. The present work is dedicated to the implementation of such operators.

One specificity of the present approach is to consider the case of actual available sequences
of time-varying images sampled at 5 to 60 Hz. In such cases the rigid motion between two
consecutive views is small, but not small enough to consider this discrete sequence as a good ap-
proximation to the continuous case, as in differential approaches. Thus, while spatial derivatives
will be computed directly from the intensity function, temporal derivatives will be estimated
indirectly using local correspondences between two frames.

If we want to implement such operators for computing edge characteristics, we have to answer
two questions :

1. What are the relations between the characteristics of the edge curve and the intensity
derivatives ?

2. How to compute “good” intensity derivatives, that is suitable to estimate edge character-
istics ?

What is the paper about

The present paper is divided into three sections :

In the following section, we will derive a non- parametrlc analytical model for a rectilinear
or non-rectilinear edge, and show that this model is implicitly used by different authors when
they implement edge operators. Here, we will explicitly use this model to derive the relations
between the image intensity derivatives and the location and characteristics of an edge. This
will provide an answer to Question 1.

In the next section, we are going to propose a way to compute image intensity derivatives,
using a simple model of the camera retina. We will show that these discrete operators are related



to continuous optimal operators and also optimal with respect to the set of data available, but
the “discretization” will not be performed in the usual way. This will provide an answer to
Question 2.

In the final section, we will describe a fast implementation of a comprehensive algorithm
which provides informations about edge geometric characteristics. Experimental data will be
provided.

2 A non-parametric analytical model for edges

2.1 Defining edges as level-curve of intensity

Authors very often implicitly consider the intensity is locally constant along an edge and use
this assumption to generalize to 1D-edge models to 2D.

Considering a general model of the intensity profile along an edge curve, let us make explicit
this assumption and derive from there some relations about the edge characteristics.

2.1.1 1D-edges intensity profiles

Edges might have different physical origins, and it has been proposed, that a realistic model for
an edge is a combination of a roof, a peak and a step (see [17], for a recent contribution), as
shown in figure 1, (6(r) denotes the Dirac operator, and we use the notations §~! = [§é and
672 = [671). We will use a generalization of this model, to derive our equations.

I(r)=c0+cl _/ +¢2 — +c3 __l_l_

I(r) = c0 + c18(r — 10)™2% + c26(r — o)™ + ¢38(r — 1o)

Figure 1: 1D-edge model, the edge is located at 7

The model used in [17] is the most sophisticated model which has been seriously studied so
far. In fact, in most approaches (10, 20], edges profiles are considered as simple steps (c1 = ¢3 =
0). The Canny-Deriche operator for instance has been developed assuming an edge is a simple
step, although claim has been made [2] that it could be generalized to other profiles.

The previous analysis does not take into account the distorsions caused by the imaging system
to the image distribution. They correspond to different factors : motion blur, approximative
focus, optical system impulse response, spatial summation by the photosensitive receptors. It is
difficult to have a realistic model of these factors and it would be best to derive a theory about
edge detection and analysis which does not depend upon the intensity profile. We will summarize
all these effects in a functional H which is applied to the initial intensity profile I and produce

a measured intensity ) :
Y(r) =H[I(r)]

Moreover such a functional also represents photogrammetric effects related to the lighting con-
ditions and the surface irradiance, and transformations related to image preprocessing (picture
smoothing).

We are not going to quantitatively analyse this function, but eliminate its influence in the
equations. In other words, we are going to use a non-parametric model of intensity profile!.

'In fact, in the case of a step-edge, it is possible to estimate H(r) if it is a linear operator, since we have
I(r) = §(r)7?, thus Y(r) = H(r) @ §(r)~" = H(r)™! and we obtain H(r) = Y(r)’, but it is obvious that one
cannot generalize this equation to complex unknown edge profiles or general non-linear functionals.



In addition there is one important point here : because the original intensity profile, even if
not continuous, is smoothed by the sensor, it is reasonable to consider Y(r) as a differentiable
function, and to work with a local model of the intensity using a Taylor expansion. Such an
approach is not new (see [9] for instance), but the underlying assumption is worth making
explicit.

2.1.2 Edge equation and image intensity

Whereas 1D-edge profiles have been extensively studied, little has been done on how to generalize
such profiles to 2D-edges.

A 2D-edge corresponds to a curve in the image plane, and due to the smoothing of the input
data, it is realistic to assume this curve to be differentiable up to the second order at least. We
thus limit our discussion to regular points of the curve, which excludes corners for instance (see
[3] for a justification). Let us note r = (z,y) the coordinate vector for an image point. The
2D-edge implicit equation can be write as :

C(r)=0

Since this equation is defined up to a scale factor, it is possible to assume without loss of
generality that the edge function is normalized? :

IC()ll = e () + C(r),? = 1

that is to renormalize the normal to the edge curve 3. We thus have defined C(r) up to its sign
and the general equations is ¢¢C(r) = 0, with ¢¢ = 1.

In order to generalize 1D-intensity profiles to 2D-edges we are going to assume that : In the
neighborhood of an edge, the image intensity is related to level curves of the edge
function C(). Let us note this 2D-intensity function :

I(r) = Y(C(r)) (1)

This is the basic assumption of this study  In other words, in the neighborhood of an edge, the
curves of iso-intensity have the same profile as the edge.

It is then obvious that the edges are defined by a implicit equation of the form : I(z,y) =
constant, equal to Y(0). As a consequence : the image intensity is locally constant along an
edge. This is a simple but rather usual implicit assumption in the literature on edge detection.
In the case of image sequences, this assumption is straightforward to generalize, considering a
spatio-temporal neighborhood for a given point of a spatio-temporal surface C(r,t) = 0 related
to a moving edge.

Instead of using this hypothesis implicitly, we introduce it explicitly, and use it to derive a
number of relations between image intensity, and edge geometric characteristics, since we have :

I(r)r = Y(C(r))C(r)r
I(r)er = Y(C(r)C(r)r- C()f + Y'(C(r))C(X)re
= YC(r))C(r)r ® C(r)r + Y (C(r))C(r)rr
I(chrr = Y"(C(r))C(r)r ® C(r)r ® C(r)r + 2Y"(C(r)) (C(r)er ® C(r)r + C(r)r ® C(r)rr)

+Y'(C(r))C(r)rre @

?Partial derivatives are noted using subscripts, scalar using normal font, and vectors using bold fonts.

3One should remind that if JC(r)r|| = 0 the edge is no more a regular curve.

¢ Although the previous hypothesis is indeed not “local », we are only going to use it only locally. In other
words, we allow this level curves to be subject to smooth deformations along a given edge.



between intensity derivatives and the edge implicit equation. The tensorial notation involving
the tensor product ® is necessary here, since the third derivative is no more a vector or a matrix,
but a 3rd-order symmetric tensor 5.

Moreover it is always possible to choose ¢ such that Z(r)y and C(r)r have the same sign,
in other words )’(C(r)) 2> 0. In that case the scale factor for C() is entirely determined.

2.1.3 [Edge local characteristics and intensity derivatives

In order to analyse these equations let us note : Y'(C(r)) = Y1, Y"(C(r)) = Y2 and Y"(C(r)) =
Y3, the intensity profile derivatives. Moreover, let us only consider a second-order expansion of

these expressions, that is C(r)rrr = Og2x2x2 the zero tensor, and let us note In = (/12 + I2.
The previous equations can be rewritten in a form, may be, more familiar to the reader :

I, = InC,
I, = InCy
Ixz = y2Csz: + Insz
Iy = Y2C,Cy+InCyy
Z,, = Y2C,Cy+1InCy, (3)
I::z::c = y3CzCzCz + 2y2(szC:: + Czsz)
T2y = Y3CC:Cy+2Y2(C:yC:r + CyCrz)
Iy = Y3ICC,Cy+ 2)’2(0,,,,0,, + C:Cyy)
Iyy = Y3C,C,Cy+2Y2(CyyCy + CyCyy)

while ZIn = Y1, since Y1 has been taken non negative.

Having 10 algebraic equations (9 from the intensity derivatives up to the third order, and 1
since Cy is normalized), in 8 unknows (¥1,Y2,¥3,C;,Cy, Czz,Cyzy, Cyy), it is possible to recover
not only the edge local geometry but also the intensity profile characteristics though Y1, Y2
and )3, and derive two additional constraints between the intensity derivatives. We obtain :

Y1 = In
— I_n?_IxI: =TyIxs
y2 = 2 IZlyy-I{lss (4)

Iszslyy zll!z“
y3 = 7‘;3’22 + In3 T&mﬁ—

while knowing (¥1,Y2,¥3), (Cz,Cy, Czz,Czy, Cyy) are directly given from the first five equa-
tions. In addition, the two algebraic relations hold :

T12eT? = 2L 0uy T, T2 + 2L0yy T,T2 — T, T3
TeeLy gy — Tony@ayTy + LgZe) + Toyy(Tayle + Tosly) - TyyToloe

0
NG

according to our model. This forms a complete set of equations, derived from equations (3).
From these equations the following properties are easy to derive :

¢ The image intensity gradient g = ( ‘%" ) is parallel to the edge normal ( g’ ), and the
latter can be computed from the intensity first order derivatives. The edge orientation is
thus simply :

— Z,
f = arctan (I_,)

5Please note that :

x-xT = x®x

using tensorial notations.



o The edge curvature which « is computable as (see for example [23]) (2C,C.C,~CzC,Cy—
3
CyyCzCy)/(C2 4+ C27) and is therefore equal to :
o = ZnTely — Lol Ty = Ty LT,
Iz + 13%

computed from the intensity first and second order derivatives, since the terms involving
Y2 cancel.

o It is also possible to obtain qualitative information about the kind of edge encountered : the
edge is locally rectilinear if and only if k = 0, it is locally circular if and only if C,r = C,
and C;, = 0 (just take the implicit equation for a circle to get this result). More generally
the curve is locally quadratic (elliptic, hyperbolic or parabolic), if and only if C()err = 0
as assumed here, which can be verified from the constraints obtained in equations (5).

e Although the intensity profile is not directly computable, it is possible to obtain some
informations about its structure, from the knowledge of Y1, Y2, V3.
Let us consider a regularizing sequence which limit, taken in the distribution sense, is the
Dirac distribution, for instance : §(z) = lim,_oo [Ja(z) = ml.

The derivatives computed from this sequence and its primitives, we have

| y1] y2 | ¥3 |
Step (6;1) || 5 0 s . )
Roof (6-2) % s 0 Considering a is high, one would expect : (a) for a step-
Peak (6,) || 0 | —-a®| 0

like edge : Y2 to be null and Y3 high, (b) for a roof-like edge : Y2 to be high and Y3 low,
while (c) for a peak at the edge location would correspond to Y2 high and J3 null. More
precisely, let us define, for instance, the distribution §(z) as We obtain for the related
models :

It is thus possible to distinguish between step-like and non step-like edges by comparing
second and third order derivatives. It is however not possible to quantify these contribu-
tions unless a parametric model of the edge profile and its smoothing is available. This
result does not depend on the approximation which is used for 4, as it can (not easily)
been shown.

e It is not possible to recover the edge location (given by C(r) = 0) from the intensity
derivatives since this equation also depends upon Y(r). Edge location should then be
derived from a criterion related to the image intensity. This is the goal of the next section.

2.2 Edge relocalization

In this section we make the assumption that, as for usual edge detectors [20, 10, 9] based on zero
crossings of second directional derivatives or maximum of image gradient, the points marked as
edges are the points where the magnitude of the gradient is maximum in the direction of the
gradient. This can be written as :

IIT * Irr * Ir =0

In order to be consistent, these measures have to be taken only at points where the magnitude
of the gradient Zn is not null, in practice higher than a certain threshold.

Let us now consider we are in the neighbourhood of an edge, that is on a point where
C(r) = k # 0 close to a point rg, for which C(ro) = 0 as shown in figure 2.

We can apply our model starting at a point nearby and looking for the maximum of the
intensity derivative in the direction of the gradient which corresponds to the edge normal as



r+d Cr(r) C(r0)=0

Figure 2: Relocalization of an edge, see text

previously established. We obtain, along a direction normal to the edge, at a distance d :

I(r+dC(r)x) = I(r)+In(r)d+ 7 Z (e @ I(r)r @ I(r)e L+
P L @ Z(F)r ® () @ Z(r)ek + o(d)

which first order derivative is maximum for :

do = —In(r) o XD @I ®T(): __ __ V2/Tn(r) + C(r)f - C(r)se - C(0)s
= I O I(r)r QI(r)e @ I(x)e Y3 +4Y2(r)T -C(r)rr - C(x)r

This computation has an important implication : Assume you are at the point r, in the
neighbourhood of an edge, but not ezactly on the edge. The pointro = r—do/Inl(r), corresponds
to a mazimum of I(dC(r),) first order derivative and is thus located on the edge, since it is a
point with mazimum contrast in the gradient direction. Moreover, we found the point on the
edge curve which is the closest with respect to r®.

If do = 0 we have I,T « Ipy -+ Ir = 0 which is coherent with the usual approaches in edge
detection.

These equations only true locally, since they are related to our local model and are expected
to be biased for distant edges.

From equation (6) the following properties can be derived :

(6)

e Subpixel location of an edge can be computed from the intensity derivatives up to the
third order.

o In the direction of the gradient, the magnitude of the gradient is not necessarily maximum
where the edge equation derivative magnitude is maximum. More precisely :

{CFCor-C=00 I T L =0} & ¥2=2"(0) =0

as the reader can easily verify.

It does for distribution of intensity profile which have their second derivative equal to zero,
such as for a symmetric smoothed step.

®To show this point, one has to write the normal equations of the minimization problem :

ro = argming, {"ro - r||2} with |[Z(ro)'I|> =0 as constraint

and compare with eq. (6)



o However, although with our formalism, another equation such as CI - Cyr - Cr = 0 can be
taken into account, we have not developed this idea because a first order expansion of this
last expression would involve fourth order derivatives for 7 (remember we want a robust
computation !).

¢ Given a location on the image, it is possible to compute the location of the nearest edges,
even if the location of the edge is not known, and without any matching.

e It is not possible to apply this for edges with a non-step like intensity profile, since the
assumption about the maximum of the gradient norm is no more true [17]. In such a
case, another model can be taken in consideration, using the same method as given here.
For instance, considering a roof-like edge which location corresponds to a maximum of
the second order derivative one can compute a linear equation for the edge location in a
similar way, but using a Taylor expansion up to the fourth order.

2.3 Application to the computation of edge characteristics in an image se-
quence

In a sequence of images, we not only need to compute edge characteristics at a given time, but
also the displacement of an edge between two frames.

Several authors attempt to compute edge displacements from correspondences [1, 21], but
they have to solve a problem of matching between features, and encounter numerical unstabilities
when the disparity between two frames is small [26]. In addition, these processes output a sparse
map of the motion-field, since motion is not computed for each point of the edge, but only at
a “macroscopic scale”. On another side, when computing edge displacements using differential
equations (see [4], chap 8 for a review) the edge displacement is biased and subject to several
unstabilities. A complete discussion about the difficulties encountered with such an approach is
far beyond the scope of this paper, but has been already developed using photometric model of
the image irradiance [25).

In our approach, there is a compromise since we can use the computation of d in order to
compute the edge displacement between two frames, at each edge location.

T(t + AT)

Figure 3: Representation of the relation between 8 and c.

In order to understand this point consider figure 3 which explicits the relation between the
normal motion of the tangent T of a non-rectilinear edge 8 and its distance from the origin



c. From geometrical reasoning [5] it is obvious that # = ¢ when both tangents are parallel (8],
while in the discrete case 8 might be computed as the difference between the ¢ values in two
consecutive pictures.

Writing the edge tangent equation as : cos(8)z + sm(0)y — ¢ = (cos(8),sin(6)) -r —c = 0 one
can directly compute ¢ for a given edge location r, and a given edge orientation 8.

We finally obtain a discrete estimation of 3 by the following simple algorithm :

1. Compute ¢; in the present frame ¢ at the desirable edge location r;, from the edge orien-

tation # and location d.

2. Relocate the edge in the previous frame i —1 in the neighbourhood of r;, applying equation

(6) and the relation r;_y ~ r; — d;—y /In;_1 I(ri=1)r.

3. Compute ¢;_q and B;_y/; = 2557+,
Similarly, a discrete estimate of 9 is obtained by the simple relation :9;_,,; = L?T‘-—‘.

One important advantage of this approach is that temporal derivatives of the intensity are
not explicitly used in this formalism, which avoid several problems : robust temporal derivatives
must be computed over a set of more that two frames, which implies a lot of computation.
In addition, one must perform a temporal smoothing, that is to work with a lower bandpass,
which is already not high (~ 10Hz) in an image sequence. Moreover, 3D-filtering implies the
use of huge memories, and the discretization of differential operators is not an obvious process,
as discussed in the previous section.

Another important aspect is that there is no assumption about intensity constancy between
two frames. The intensity profile might vary from one frame to another, including having local
deformation. The only assumed invariant is that edge corresponds to maximum of the intensity
profile in both frames. This is not dependent upon the image irradiance itself as discussed in
the past [25].

In addition, reminding that using equation (6) we obtain a local estimate of the distance to
the previous edge on the normal of the actual edge, we thus are sure to obtain an estimate of
the normal optical flow, as required by the theory [5].

The previous algorithm is only valid for small values of 8 since it is based on a linear local
equation of the 2D intensity profile. This is another problem when important values of 3 are
encountered’.

"Dealing with large values of

Two solutions are possible. On one hand, one can think about using equation (6) in a recursive form. Even
if this equation is no more valid for large S, it should still provide a value closer to the edge location, since it
corresponds to a linear corrections of the initial value. Then, applying this methods iteratively until d = 0, that
is until being on the edge provides a way to deal with important values of 8. This is the most natural method,
since it corresponds to what is usually done with such non-linear problems.

Another simpler method is to increase the size of the window in which Haralick-like filters are applied. Perhaps
surprisingly, the second method is the best one. This for two reasons : by increasing the size of the window one
increase the amount of operations but the filters are used once, whereas with the iterative method the filtering
has to be done repetitively on each intermediate location (remind we do not compute the filtering values on the
whole picture but only on edges). But the most important reason is theoretic : there is no certitude about the
convergence of the former method, especially if the edge is erratic at this point. With the one-shot method such
a measurement is rejected, while with the iterative method the algorithm will continue, even if d has important
values.

Finally it is always possible to perform this analysis at different spatial-scales. Small displacements will be
analysed using a full-scale since they induces small disparities between two frames and will thus be measurable
using our local operator. Large displacements will be analysed using larger scales, since the related disparity
between two frames decreases with the scale factor.

This is especially realistic using modern processing units which are able to compute - in real time - convolutions
on important windows (64 x 64 for the DMA machine for instance).
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2.4 Conclusion

We have considered that the intensity profile has been smoothed by the optic and the prepro-
cessing. We also assumed that edges correspond to level-curves of the intensity.

Using this simple but general model of the edge intensity profile, we have been able to
derive a new equation for the computation of edge subpixel location. Our model also provides
a theoretical justification of usual estimates of the edge orientation 8 and curvature «.

Moreover, since we have a linearized equation to perform subpixel relocalization of the edge,
which also avoid the matching problem in a sequence of image, if the edge motion is not to
important between two frames. This will be explicit in a latter section.

Finally, additional geometric characteristics of the edge can be obtained using the same
methodology. Some of these are also related to higher order derivatives, such has curvature
variation along the edge or edge subpixel location without using hypotheses about the image
intensity. This has not be derived here.

Although estimation of temporal derivatives are avoided, all these computations are based
on image intensity spatial derivatives, which is to be done carefully. This is the goal of the next
section.

3 Computing optimal spatial derivatives

We have now to compute “good” spatial derivatives, in the vicinity of already detected edges in
order to compute edge characteristics.

3.1 Position of the problem

We consider the following two properties for a derivative filter :

e A derivative filter is unbiased if it outputs only the required derivative, but not lower or
higher order derivatives of the signal.

e Among these filters, a derivative filter is optimal if it minimizes the noise present in the
signal. In our case we minimize the output noise.

Please note, that we are not dealing with filters for detecting edges, here, but rather - edges
having been already detected - with derivative filters to compute edge characteristics. It is thus
not relevant to consider other criteria used in optimal edge detection such as localization or false
edge detection [2].

In fact, spatial or temporal derivatives are often computed in order to detect edges with
accuracy and robustness. Performances of edge detectors are given in term of localization and
signal to noise ratio [2, 20]. Although the related operators are optimal for this task, they might
not be suitable to compute unbiased intensity derivatives on the detected edge. Moreover it has
been pointed out [27] that an important requirement of derivative filters, in the case where one
wants to use differential equations of the intensity is the preservation of the intensity derivatives,
which is not the case of usual filters. However, this author limits his to a parametric family
of filters, whereas we would like to determine what is the general condition for a filter to be
unbiased and derive optimal unbiased filters. We are first going to demonstrate some properties
of such filters in the continuous or discrete case and then use an equivalent formulation in the
discrete case.

3.2 Unbiased filters with minimum output noise

3.2.1 A condition for unbiasness
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Let us note © the convolution product. According to our definition of unbiasness a 1D-filter
fr is an unbiased rth-order derivator if and only if :

$2) 0 u(z) = T22)

for all functions C".
In particular, for u(z) = z™, we have a set necessary conditions :
n!

f()oz"=n(n-~-1).(n-r+1)2""" = e r)!:t"”'

which is a generalization of the condition proposed by Weiss [27].
But, considering a Taylor expansion of u(z) = -3'_,‘;(51 —I— around zero, for a C" function,

and using the fact that polynomla.ls form a dense famlly over the set of C™ functions, this
enumerable set of conditions is also sufficient.
The previous conditions can be rewritten as :

J f-(t)(z - t)ndt = Ryz™T

50 To et = e
Eq=0 z"‘qm ff,-(t)tth prpmn .a:""'

and these z-polynomial equations are verified if and only if all the coefficients are equal, that

[ #05de= b (7)

Equations (7) are thus necessary and sufficient conditions of unbiasness. Moreover if f, is
an unbiased r-order filter, f,4; = f} is an unbiased (r+1)-order filter, since :

[ fra(z — t)tntdt = e imrl o g )= ()

ﬂfr l(t)] +f_(z- t)tndt - -(:—:lrxzn—r
ff"-l(z —t)‘ dt = iﬂ._—l-): n—r

fra1(z) @ z™!

]

g

-1(z) O 2" Jfia(z - t)tndt = ;;"T!;z"_r

If equation (7) is true for all ¢, the filter will be an unbiased derivative filter. It is important
to note that this condition should be verified for ¢ < r, but also for ¢ > r. If not, high-order
derivatives will have a response though the filter and the output will be biased. This is the case
for Canny-Deriche filters, and this is an argument to derive another set of filters.

In fact, the only one solution to this problem is the rth-derivative of the Dirac distribution, 6
[22). This is not an useful solution because this is just the “filter” which output noise is maximal
(no filtering!). However, in practice, the input signals high-order derivatives are negligible, and
we can only consider unbiasness conditions for 0 < ¢ < @ < oo.

3.2.2 Minimizing the output noise

In the last paragraph we have obtained a set of conditions for unbiasness. Among all filters
which satisfy these conditions let us compute the best one, considering a criteria related to the
noise.

The mean-squared noise response, considering a white noise of variance 1, is (see [2], for
instance) : [ f,(1)?dt, and a reasonable optimal condition is to find the filter which minimize
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this quantity and satisfy the constraints given by equation (7). Using the opposite of the standard
Lagrange multipliers A, this might be written as :

mingminy, - /f,(t)th Z/\ [/fr(t)t”dt p'6,,,]

p=0

From the calculus of variation, one can derive the Euler equation, which is a necessary
condition and which turns out to be, with the constraints, also sufficient in our case, since we
have a positive quadratic criteria with linear constraints.

The optimal filter equations (Euler equations and constraints) are then :

{ f"(t) - p—O’\ P
0<¢<Q [f(t)qdt =6,

These equations are necessary conditions for the filter to be optimum. They yield polynomial
filters. Functions verify these equations only if they are defined, and presently, polynomials are
only define on finite supports. Thus these equations are convergent if and only if f.(t) has
a finite support. That is we obtain optimal filters minimizing output noise, only on a finite
window.

These equations have the following consequence : the optimal derivative filter is a polynomial
filter and is thus only defined on a finite window. If not, the Euler equations are no more
defined. In fact, we also studied infinite response filters, but we came with a negative answer :
even if considering special families of infinite response filters (such as product of polynomial
with Gaussian or exponentials) and applying the same constrainted optimum criteria, it is not
possible to obtain analytic filters as an infinite series of the original basis of function, because the
summation is divergent (see however section 3.5 for a discussion about sub-optimal solutions).

We thus have to work on finite windows and in this case, we can compute the values of A,
from a set of linear equations, since from the Euler equation and the constraints we obtain :

/ fr(t) dt / Z,\tp dt Z,\ / LA, ®)

p=0 p=0

for0<¢<@Q.

Equations (8) define a unique optimal unbiased r-order filter. However, if f, is this optimal
unbiased r-order filter, f,41 = f] is not the optimal unbiased (r+1)-order filter, as it can be
easily verified, whereas each filter has to be computed separately.

3.3 An equivalent parametric approach using polynomial approximation

There is another way to compute these derivatives, considering the Taylor expansion of the input
as a parametric model. Writing :

Q 19
z(t)~ ) xq? + Noise (9)

¢=0
one can minimize :J = } f [z(t) Zq—O T, ‘q,] dt which is just a least-square criteria with a

similar interpretation, since we minimize the variance of the residual error.
This quadratic positive criteria is minimum for p!3:- 4J. — 0 which provides a set of linear
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Q 0 1 2 3 4 5 6 7
9.0 1.1 18 24
Smoother W W, 1 o Z3
First Order Wi vo W B0 65,0
Second Order S 280.0 14000
Third Order 250 16000.0 120000.0

Table 1: Computation of the output noise for different unbiased filters

equations in z, : o
p+e
/ z(t)Pdt =3 zqf-t—q—'ﬂ (10)
q=0 ‘

But,the quantities x, are just equal to the output of the optimal filters computed previously
from f.() © z() at t = 0, then both approachs are equivalent

Proof
d'_fgg)L:o = [ f(t)z(t)dt from de finition
= Z}?ﬂ Ap [z(t)tPdt using the Euler equation
2,?—.—0 Ap E?:o zqﬁ# using (10)
EQ=0 Z}?:O AP f "q#dtzq
= Xg=0Tobor using (8)
= =z,

End Of Proof

Considering a signal with derivatives up to a given order @, it is thus possible to compute
unbiased estimators of these derivatives with a minimum of output noise by solving a least-square
problem, as in equation (9). This result is not a surprise for someone familiar with Optimization
but is crucial when implementing such filters in the discrete case, as done in this paper.

Please note that the integration [...dt is to be made over a bounded domain, in order this
integration to be convergent for polynomials, but all the computations are valid for any Lebesgue
integrals. In particular, this is still valid for a finite summation, a finite summation of definite
integrals, etc... This will be used in the next sections.

3.4 Continuous implementation of unbiased filters

While, the continuous implementation of such filters is not directly usable in image processing,
very helpful to study the properties and characteristics of these filters. In addition, we can
compare these filters with others derivative filters, as used in edge detection.

Let us consider a finite window. For reasons of isotropy this window has to be symmetric
[-W, W], and it corresponds to a zero-phase non-causal filter. Moreover, changing the scale
factor it is always possible to consider W = 1.

We compute filters for 0 < r < 3 and r < @ < 6 and obtain the curves given in figure 5.
The related output noise [ f,()? is shown in Table 1.

We can make the following remarks :

e For a given window, there is a trade-off between unbiasness and output-noise limitation,
as in standard filtering. The more the signal model contains high-order derivatives, and
the more noise is output.

e The amount of output noise is very high as soon as the order of the model increases,
especially for high-order derivatives. But it decreases very quickly with the increase of the
window size. It is thus possible to tune the window size to maintain this amount of noise
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} Smoother Q=0,2,4,6,8,10

T T &

Figure 4: A few examples of unbiased optimal smoothers

at a reasonable value 8.

o Contrary to usual filters the number of zero-crossing is not equal to the order of derivative
but higher or equal. In particular the unbiased smoother has a number of zero-crossing
equal to the order of the model as shown in figure 4.

o There is no simple algebraic relations between this series of polynomials.

3.5 What about infinite response filters ?

We can also design infinite response unbiased filters.

Recursive filters Consider for instance the family of filters :

d
£4(1) = (3 MptP)ele

p=0

which correspond to the set of recursively implemented digital filters (see for instance [18]),
having an implementation of the form :

P q
= Z bize—i — E QYt—i

1=0 j=1

Applying the unbiasness condition of equation (7) to these functions leads to a finite set of
linear equations :

d
19 trte
/ JAOBTETARD M / el = g,
¢ p=0 °
defining a affine functional subspace of finite co-dimension.

*We have, in fact, [ f-()? = o(7zr)
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e
Sec order Q=2,4,6
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Third order Q=3,5
—t

Figure 5: A few examples of unbiased optimal derivators
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In particular for d = Q there is a unique unbiased filter while if d > @ we have an (d - Q) —
dimensional space of solutions. If d > Q, one can again choose the solution minimizing the
output noise, that is the one for which :

d d
/f,‘.‘(t)zdt = ZZ ApAq/tp+qe'2latldt

p=049=0

is minimum. This yields to the minimization of a quadratic positive criteria in the presence of
linear constraints, having a unique solution obtained from the derivation of the related normal
equations.

In order to illustrate this point, we derive these equations for Q < 2 and d > 2 for r = 1.
And in that case we obtained : f#(t) = Bte~!*"! which corresponds precisely to Canny-Deriche
recursive optimal derivative filters. More generally if the signal contains derivatives up to the
order of the desired derivative, usual derivative filters such as Canny-Deriche filters are unbiased
filters and can be used to estimate edge characteristics.

Using Gaussian kernels A similar method could be developed, considering derivative filters
related to Gaussian kernels (see for instance [14]). Such operators are well known and have nice
properties such as : homogeneity, scale invariance, sep:;.rability, linearity, etc...

Considering a Gaussian profile G,(z) = 7211;6-%5 as a smoother operator with scale o,

derivative operators are simply obtained derivating G,(z). We thus have D,(z) = %ﬂ =
P,(z)G,(z), with Pryy(z) = ﬂ}i@ — ZP,(z) and Py(z) = 1. In several vision systems these

operators are used as front-end for the computation of differential parameters.

How to relate this to unbiased filters ? A simple way is to consider an linear combination
of Gaussian filters f,(z) = YK o ux Dx(z) and to find the best set of parameters p; minimizing
{ f+(t)2dt with eq. (7) satisfied. This yields to linear equations in py.

For instance we obtain for @ = K =3:

fo(z) = Do(z)— 3D2(z)
fA(z) = Di(z)- 3Ds(x)
fa(z) = Dy(z)
fs(z) = Ds(z)

It is thus possible to obtain unbiased sub-optimal derivative filters from linear combination
of Gaussian derivative filters. In such a paradigm, it is easy to see that we have to use Gaussian
derivative filters up to an order K which is at least equal to the number of derivatives Q present
in the signal.

Please note that, in such a case, the differential operators are different to what is usually
proposed [14].

Discussion However, such a filter is not optimal among all infinite response operators, but
only in the the small parametric family of exponential filters . The problem of finding an
optimal filter among all infinite response operators is an undefined problem, because the Euler
equation obtained in the previous section (a necessary condition for the optimum) is undefined,
as pointed out.

Since this family is dense in the functional space of derivable functions it is indeed possible
to approximate any optimal filters using a combination of exponential filters, but the order n
might be very high, while the computation window has to be increased. Moreover, in practice,

®The same parametric approach could have been developed using Gaussian kernels.
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on real-time vision machines, these operators are truncated (thus biased !) and it is much more
relevant to consider finite response filters.

3.6 An optimal approach in the discrete 2D-case

Let us now apply these results in the discrete case.

Whereas most authors derive optimal continuous filters and then use a non-optimal method
to obtain a discrete version of these operators, we would like to stress the fact that the dis-
cretization of an optimal continuous filter is not necessary the optimal discrete filter.

Moreover, this depends upon the (implicit) model used for the sampling process. For in-
stance, in almost all implementations {20, 9], the authors make the implicit assumption that the
intensity measured for one pixel is related to the true intensity by a Dirac distribution, that is,
corresponds to the value of the intensity at the middle point of the pixel. This is not a very
realistic assumption, and in our implementation we will use another model.

The key point here is that since we have obtained a formulation of the optimal filter using
any Lebesgue integration over a bounded domain, then the class of obtained filters is still valid
for the discrete case. Let us apply this result now.

In the previous section we have shown that optimal estimators of the intensity derivatives
should be computed on a bounded domain, and we are going to consider here a squared window
of N x N pixels in the picture, from (0,0) to (N —1, N —1). We would like to obtain an estimate
of the derivatives around the middle point (%, %

This is stra.ightforward if we use the equivalent parametric approach obtained in section 3.3.

Generalizing the prevxous approa.ch to 2D- da.ta. we can use the following model of the inten-
sity, a Taylor expansion, the origin being at ( 73 )

I(z,y)=To+ Lz + Ly + {-;ﬁxz + %ly’ +Iyzy + 5‘6’—%3 + L’;—"::’y + I’—;”zy’ + I"—g’”ya +-
where the expansion is not made up to the order of derivative to be computed, but up to the
order of derivative the signal is supposed to contain.

Let us now modelize the fact that the intensity obtained for one pixel is related to the image
irradiance over its surface. We consider rectangular pixels, with homogeneous surfaces, and no
gap between two pixels. Since, one pixel of a CCD camera integrates the light received on its
surface, this means that a realistic model for the intensity measured for a pixel (¢, 7) is, under
the previous assumptions :

L = [P [ I(z,y)dedy
= ToPo(2 )+I Pi(2) + I, Pi(§) + Lo Pa(3) + Ly PA(D) Po(G) + Ly Pa(5) + - -

. ; L1 R+ k41 .
where Pi(i) = [i*! zT'!‘d"’ = Q\&71)7&1)!‘ = (k+11)! E:=o Chri®
Now, the related least-square problem is

1 N-1N-1

J=5 3" Wi ~ (ToPo(i) + L Pi(i) + I, Po(3) + Taa Pa(3) + Iy PA(§)Po(5) + Ly P2(5) + etc...)]?
1=05=0

and its resolution

provides optimal estimates of the intensity derivatives {Io,I;, I, Iz, Iy, Iy, -} in function

of the intensity values I;; in the N x N window.

In other words we obtain the intensity derivatives as a linear combination of the intensity
values [;;, as for usual finite response digital filters.

For a 5 x 5 or 7 x Twindow, for instance, and for a intensity model taken up to the fourth
order one has the convolutions kernels given in figure 6.
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Figure 6: Some Haralick-like 5 x 5 and 7 X 7 improved filters
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This approach is very similar to what was proposed by Haralick [9], and we call these
filters Haralick-like filters. In both methods the filters depends upon two integers : (1)
the size of the window, (2) the order of expansion of the model. In both methods, we obtain
polynomial linear filters. However it has been shown [13] that Haralick filters reduce to Prewitt
filters, while our filters do not correspond to already existing filters. The key point, which is
- we think - the main improvement, is to consider the intensity at one pixel not as the simple
value at that location, but as the integral of the intensity over the pixel surface, which is closer
to reality.

Contrary to Haralick original filters these filters are not all separable, however this not a
drawback because separable filters are only useful when the whole image is processed. In our
case we only compute the derivatives in a small area along edges, and for that reason efficiency
is not as much an issuel®

3.7 Conclusion

We have designed a new class of unbiased optimal filters dedicated to the computation of inten-
sity derivatives, as required for the computation of edge characteristics. Because these filters are
computed though a simple least-square minimization problem, we have been capable to imple-
ment these operators in the discrete case, taking the CCD subpixel mechanisms into account.

These filters are dedicated to the computation of edge characteristics, they are well imple-
mented in finite windows, and correspond to unbiased derivators with minimum output noise.
They do not correspond to optimal filters for edge detection.

We now can apply these equations to an algorithm and experiment this little theory.

4 Incremental edge analysis : experimental results

The algorithm Let us now give in detail the algorithm. The original picture is smoothed
using the Deriche operator, and edge are detected using the related edge detector [20].

The following algorithm integrates all the equations developed in this paper and has been
designed in order to provide local informations about an edge, in an image sequence :

10 A nyway, separable filters are quicker than general filters if and only if they are used on a whole image not a
few set of points
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¢ Smooth the picture and compute first order derivatives using the Deriche optimal
operator.

e For each pixel do :
¢ Is the magnitude of the image gradient above a given threshold 7 If yes :

— Recompute first order derivatives in a finite window using unbiased derivative
operators and the original picture.

Compute edge orientation.

Compute second and third order derivatives in a finite window using unbiased
derivative operators and the original picture.

Compute edge sub-pixel location.

!

Is this location inside the present pixel or one of its neighbourhood (thus, can
our local model be used) ? If yes:

+ Recompute derivatives at the edge location
* Compute edge curvature.

* Compute edge intensity profile parameters Y2 and )3, and edge geometric
properties.

* Compute edge sub-pixel location in the previous frame.
* Is this location inside the window of the filter ? If yes:
- Compute the edge displacement between two frames.

4.1 Experimental results

Computation time Smoothing over space requires about 2.5 sec for each picture of cpu-time
on a Sun4 workstation, and edge detection requires 2.2 sec for each picture on the same system.
The rest of the computer power depends on the size of the window used, but has the same order
of magnitude (from 2 to 4 sec).

4.1.1 Verification using noisy artificial pictures

In order to check the validity of our computations, we have experimented our operators with
noisy synthetic pictures, containing horizontal, vertical or oblique edges with step and roof
intensity profiles. A typical picture is shown in figure 7.

We used window sizes of 5 x 5 or 7 x 7 for the convolution kernels. In fact, we limited almost
all computations to 5 X 5 windows in order to show the limits of the method. Obviously the
higher the window size the lower the noise.

Noise has been added both to the intensity (typically 5 % of the intensity range) and to the
edge location (typically 1 pixel). Noise on the intensity will be denoted “I-Noise”, its unit being
in percentage of the intensity range, while noise on the edge location will be denoted “P-Noise”,
its unit being in pixels. :

Edge orientation Edge orientation is computed as the gradient orientation using Haralick-
like filters. Taking a noisy circle, the orientation should vary linearly with the edge curvilinear
‘coordinates. In fact this is not entirely the fact, since the edge sampling is not homogeneous
with the its curvilinear coordinates, but only piecewise linear. This phenomenon is illustrated
in figure 8, for a Canny-Deriche detector.

We thus analyse the orientation for part of the edge for which the sampling is linear with
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Figure 7: A typical artificial picture used to evaluate the method

Figure 8: A detail of the edge coordinates for a circular edge

respect to the curvilinear coordinates and obtain the result shown in figure 9. This curve
represents the edge orientation along a circular edge. Three portions of the edge for which the
sampling is linear have been analysed and the theoretical values are drawn in dot line. The
theoretical orientation has been drawn as a dashed line.

In addition, we have compared the average edge orientation of a rectilinear edge, as a function
of the noise. Results are given in Table 2. Error is computed as the the standard deviation over
a set of 20 values.

This shows that the precision of the edge orientation is about 1 degree, is stable even if the
image intensity is noisy, while it is sensitive to errors in edge localization. However, in a realistic
situation (edge localization error of 1 pixel), this computation is still robust.

In the worst case (I-Noise=10%, P-Noise=2), we obtain the curve shown in figure 10. The
true value is drawn as a dotted line. It is clear that although the estimation is noisy, the average
value is not subject to a bias. Smoothing along the edge will thus increase the precision.

22



Edge orientation

v J ~t o

Edge curvilinear coordinate

Figure 9: Orientation along a circular edge

I-Noise 2% | 5% | 10% 0 0 0 110%
P-Noise 0 0 0 0.5 1 2 2
Error (in radian) {| 0.015 { 0.02 | 0.022 | 0.01 | 0.023 | 0.13 | 0.2

Table 2: Computation of the orientation at different level of noise

We have also studied the stability of this estimate when the edge is not a step-like edge but
contains a roof or peak component. In this case we still obtain a robust estimate of the edge
orientation with a small increase in the error (Error ~ 10%), but only if the derivatives have
sufficiently large values. If not, the estimate is incoherent, and the error is huge.

We have also computed the edge orientation for edges which do not correspond to locally
constant intensity and obtained high bias (More than § degree).

Edge curvature We have computed the curvature for non-rectilinear edges, either circular
or elliptic. The curvature range is between 0 for a rectilinear edge and 1, since a curve with a
curvature higher than 1 will be inside a pixel.

As in the case of orientation we have computed the curvature along an edge, and have
compared the results with the expected values. Results are plotted in figure 11, the expected
values being a dashed curve.

It is obvious that edge curvature is more sensitive to discretization errors than orientation but
the result is still reliable, since these errors are not systematic but random. Again, smoothing
along the edge, which has not been done here, will increase the precision of the result.

We have also computed the curvature for different circles, in the presence of noise, and
evaluated the error on this estimation. Results are shown in Table 3. The results are the radius
of curvature, the inverse of the curvature expressed in pixels. The circle radius was of 100 pixels.

Although the error is almost 10 %, it appears that for important edge localization errors,
the edge curvature is simply not computable. This is due to the fact we use a 5 x 5 window,
and that our model is only locally valid. In the last case, the second order derivatives are used
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Figure 10: Computation of the orientation along two sides of a square in the presence of noise

I-Noise 2% | 5% [ 10% | O 0 0
P-Noise 0 0 0 (05 1 2
Error (in pixel) || 2.1 | 6.0 | 10.4 | 6.0 | 12.2 | huge

Table 3: Computation of the curvature at different level of noise

at the border of the neighbourhood and are no more valid.

We also have studied the stability of this estimate when the edge is not a step-like edge but
contains a roof or peak component. In this case we have still obtained a robust estimate of the
edge curvature with a small increase in the error (Error ~ 10), but only if the derivatives have
sufficiently large values. If not, the estimate is incoherent, and the error is huge.

We have finally tried to compute the edge curvature for edges which do not correspond to
locally constant intensity and obtained in this case erroneous values.

Edge sub-pixel location We have also computed the edge relocalization in the direction
normal to an edge. This parameter, noted dgy is the subpixel distance from the edge to the
middle of the pixel rectangular. A typical result is shown in figure 12. In order to locate the
edge we have also plotted the magnitude of the gradient. The abscissa corresponds to position
of the pixel in a direction normal to the edge. The edge exact localization is shown by an arrow.
The most important values are given explicitly.

The analysis of this curve shows that we indeed obtain a good estimate of the edge sub-pixel
localization in the neighbourhood of the edge, and the algorithm automatically detects if the
measure is valid (please note that value at localization +3 are very different and but not taken
into account by the algorithm, since they are out of window defined by the filters). Thus, this
estimate is only valid in a neighbourhood of 12 pixel, using a 5 x 5 window. Moreover, erroneous
values of edge localization are observed when the gradient amplitude is small. This explains why
we first perform an edge detection, and then compute the edge location in the neighbourhood
of the edge only.
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Figure 11: Computation of the curvature along an elliptic edge

The computation of edge localization is a surprisingly robust primitive with respect to noise
on the intensity as shown in Table 4. This is due to the robustness of the filters we used, and
to the fact that we only did our computations on the edge, which corresponds to high contrast
points and is less sensitive to noise. Of course, when the edge localization itself is wrong, the
parameter is also erroneous, but the error on the estimate has the same order of magnitude as
the input error, which is expected. This error also obviously increases with the eccentricity of
the edge location. Moreover, it is not possible to compute this parameter for such important
eccentricity.

I-Noise 2% | 5% [10% | O 0
P-Noise 0 0 0 0.5 1
Error (in pixel) dp=0 || 0.08 [ 0.11 | 0.07 [ 0.6 { 1.2
Error dg=1 0.32]0.29 ] 0.41 | 0.8 | none
Error dy=2 0.52 031069 | 1.4 | none

Table 4: Computation of the edge localization at different level of noise

It is not possible to apply this operator on edges with a non-step like intensity profile, since
the assumption about the maximum of the gradient magnitude is no more true.

Edge displacement We have evaluated for different horizontal displacements of a vertical
edge the performances of our operator. For a displacement of less than 2 pixels, that is less than
half of the window size, we obtain relevant results while for higher displacement, the algorithm
no more compute the value. A nice feature is that it does not compute irrelevant values whereas
reject the measure at this point. Mean value and standard deviations are given in Table 5.

In this table we made the computation for two different sizes of window, 5 x 5 and 7 x 7. It
appears, as discussed previously, that for important amplitudes, the displacement is much less
biased, less than 10%, in all cases.
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Figure 12: An example of edge sub-pixel localization

In fact, several other tests have been made, which are not reported here, since they yield to
similar results, and we obtain the following approximate experimental rule for our operator :

WindowSize

|Bmaz| < y

that is the value of beta must not exceed a quarter of the size of the window, that is the location
of the edge to be founded must be in the center part of the window, in a window with about
half the size. This is an important point when designing the size of the related filters.

True motion (pixel) 0.0 0.5 1.0 1.5 2.0 2.5

Estimate (pixel) (5 x 5) (| -0.01+£0.1 | 0.48+0.081 | 1.12+0.11 | 1.64+0.07 | 1.5+0.3 none

Estimate (pixel) (7 x 7) || 0.01+0.2 | 0.51+0.01 | 1.02+0.06 | 1.4840.08 | 2.11+0.1 } 2.31+0.4

Table 5: Computation of the displacement for different amplitudes

We also run the test at different levels of noise. Quantitative results are given in the Table 6.
Unfortunately, the algorithm rejected quite a lot of measurements when errors in position, and
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this was not yet computed. However, although noise on the intensity increases the error, the
value is still computable.

I-Noise 2% | 5% | 10% | 0 0 0
P-Noise 0 0 0 |05 1 2
Error (in pixel) }} 0.13 { 0.31 | 0.5 [ 0.6 | none | none

Table 6: Computation of the displacement for different level of noise

We then made the computation for different edge orientation, since we might expect the
method to be less reliable in this case, but we found no significative variations in the response.

The normal-motion field along two sides of this square has been also drawn in figure 13.
Erroneous values have been put on the curve although they are canceled by the algorithm. The
edge displacement is in fact underestimated, as shown in the previous tables, while erroneous
values distribution corresponds to irrelevant overestimates of the displacement. These erroneous
values are related to points which are not well located, due to the edge orientation.

Expected value = 1 .. Expected value =0
- SO

Figure 13: Computing the normal motion field for a noisy square

4.1.2 Application to real scenes

Let us finally illustrate these computations with results obtained using real images. Two kind of
pictures have been used : a polyhedral object (figure 14) and a non polyhedral object (figure 15

We first have to verified if the two underlying assumptions of our study are reasonable, when
considering real data. Since our discussion is based on the fact edges have a constant intensity
profile and that the intensity surface can be modelized by a third order polynomial, let us check
this two points.

Is the intensity constant along an edge ? This assumption is almost verified with our
data. One example of the intensity variation along an edge is shown in figure 16. It appears
that, with intensity levels from 0 to 255, intensity variation is of about 1%. More precisely,
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Figure 14: A simple polyhedral object used for the experiment

Figure 15: A simple non-polyhedral object used for the experiment

we have obtained a standard deviation of 0.37% for a set of 100 pixels chosen along 5 different
edges.

Is the intensity well represented by a Taylor expansion ? In order to verify this second
assumption we have computed the quadratic mean square error between the true mtensxty and
the intensity estimated by a third-order polynomial.

Computing this error for a set of 100 pixels over 5 different edges yields a mean square error
of 1.3% of the maximum intensity. Computing the =2 square related to this sum of quadratic
errors taken as a set of normalized random variables, we obtained a model re_]ectxon probability
lower than p = 0.01. The model fits very well the true data.

Both assumptions are then relatively well verified, for our data set.
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Edge limit, according to the edge detector

Figure 16: A plot of the intensity, along an edge in a real scene

Qualitative aspects of the edge characteristics We can represent the orientation around
edges by an intensity value, from black for angles equal to —m to white for angles equal to .
Values at which the gradient is too small ate left in white. Results are shown for a polyhedral
object (figure 17) and a non polyhedral object (figure 18).

Figure 17: Map of edge orientation for a simple polyhedral object

It is visible on these two images that the estimated orientation is qualitatively correct.

In order to observe the regularity of the edge orientation estimate we show a zoom of the
obtained results in an area of the polyhedral object where they white squares on a dark plane

figure 19).

( Similarly the absolute value of the normal distance from a pixel to the proximal edge (do
parameter) can be represented by an intensity value from black for dy = 0 to white for dp =
WindowSize. Results are shown for a polyhedral object (figure 20).

It appears that the underlying edge local model used seems to corresponds to the edges
expected in the picture, with dark values on the edges and lighter values when away from the
edge, as visible on (figure 21) and (figure 22).

It is also possible to visualize absolute value of the curvature obtained with a non polyhedral
object (figure 24) or the corner of a polyhedral object (figure 23). The intensity varies from
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Figure 19: Zoom on the map of edge orientation for a simple polyhedral object

black for a null curvature to white for a curvature equal to 1 pixel. It is visible on this picture

that the estimate is qualitatively correct, for instance corners (related to fingers of the opera-

tor) correspond to high curvatures (figure 23), while the curvature is almost constant along a

curve(figure 24). This last picture correspond to the part of the image where fingers are visible.
Let us now quantitatively analyse these data.

Accuracy of the parameters In order to compare with noisy synthetic pictures, we have
used the rectilinear edge of a known orientation and an elliptic edge of a calculable curvature,
as shown in figure 15, for three manually selected edges.

Computing the average mean square error for the orientation and the radius of curvature we
have obtained a value of 0.4deg for the first one and of 12pizels for the second.

It thus appears that the parameters we compute in real images are accurate enough to be
useful.
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Figure 21: Zoom on the map of edge localization for a simple polyhedral object

5 Conclusion

Using an analytic non-parametric model of a 2D-edge, it has been possible to improve the
computation of the edge location and to analyse the edge characteristics.

In particular, it was possible to derive a expression for the normal motion-field 8, which
is valid on a edge and is not subject to a bias, even if derivatives are computed using simple
operators.

We used the Canny-Deriche operators in order to obtain an estimate of the edge occurrence,
and Haralick-like operators in order to compute some local parameters of the motion-field, as
defined in a new theory of spatio-temporal surface.

Our implementation has the following practical advantage : edge detection and motion-field
computations share the same picture preprocessing, but performs different spatial derivations of
image intensity, in order to obtain the best results. Moreover, one can divide this preprocessing
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Figure 22: Zoom on the map of edge localization for a simple non-polyhedral object

Figure 23: Zoom on the map of edge curvature for a simple polyhedral object

into two stages : picture smoothing and local derivatives.

This study not only provides a new implementation for edge operators but also clarifies
some of the underlying assumptions usually made by different authors when performing such
computations.

It might be surprising that we put so much energy into the calculation of the exact values of
the edge parameters, while the human system can detect differences in, e.g., orientation of half a
degree, which would be represented at early levels by the activity of a bank of coarse filters. One
could have thought of a general front-end for the vision mechanism, the fine estimation of edge
characteristics being really done at “higher levels” in the system architecture. But although
such an approach is satisfactory in many cases, it fails when the vision algorithms require a very
high precision for the measurements. This is the case for “ill-conditioned” problems such as the
well known structure from motion paradigm, or more generally, when quantitative data is to be
output by the visual system.
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Figure 24: Zoom on the map of edge curvature for a simple non-polyhedral object

In other words, if you consider the artificial visual system not only as a “features detector”
but as a measurement device, it is crucial to obtain primitives with unbiased values, and to have
an adequate model for the sensor and data flow. This is the goal of our efforts.
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A Using a parametric model of the 1D-edge

Contrary to our method, most authors use a parametric analytical model of the edge, to derive
parameters estimate. We would like now to stress the limitations of such methods and to explain
why our developments could not be made that way. In order to do this, we are going to develop
an analytic method and to point out the different drawbacks encountered.

Let us work with the model proposed in {17] and shown at the beginning of the paper in
figure 1, which is the best one actually published, and assume this intensity profile has been
smoothed by §5(n), a Deriche filter [20] as develop in the previous section. This last choice is
due to the fact that our symbolic derivations can not be done with other filters such as Gaussian
filters for instance.

One interest of the Deriche exponential-filters is that their responses to such an edge can be
computed analytically. Using symbolic computations, we have for n > 0 ! :

I*(n) = SS(n)® I(n) = ¢0 + I (Qa’+2a+1)n 2a(1+0+a%) ia_-l)_';f) ot

(1#a)° ~ (+af(a-1) = (1+a)
2a%4a41 _ (a=l)n) 4n (a=1Pn _ (a=1)(14a%)) ,
2 ( (1+a)° ~ (1+a) )“ +e3 ((Ha? i+ )¢

where a = e™7,
The first order derivative, using Canny-Deriche operator, is :

D(n)® I(n) = el (M _ sfemyy (&1,2):,,:) o

2a(1+a) (14a)
-1 a —1[’ a=1na"
c? (2?4-20 - ;+2a:) an + 03 2a(l+4a
where a = e~“. Other derivatives are also computable.
From the last formula we can easily show that when the intensity profile is not a step, the

edge location does not correspond to a mazimum of the first order derivative. Just compute D(n)
for n = -2,-1,0,1,2 and compare.

Computing edge location

The smooth image non-constant intensity Ip = I*(n)-c0, intensities derivatives I, I, and I.;;,
are linear functions of cl, ¢2 and ¢3, and form a set a four linear equations in three unknows,
in this model. This i3 all what is available at a given time. This set of equations should have
a solution, if the edge corresponds to our model. This means that the 4 x 4 determinant DET
of the system should be equal to zero. This conditions provides a relation which is no more
function of the edge characteristics, but it is the only one additional equation one can derived
from this linear model.

For n € 0 we have :

DET| = aon . [psteclem _ (st )0t

(14a)® 2a3(14a)°
(a2-a+1)(a=1)%1p , (a'+2a3+2a41)(a~1)"Is
a2(1+4a)> a2(14a)°

"n the case where n < 0 we can compute the response from the previous formula since we have :

Roof : I:oo/(_") I,'.oo,(n + l) - "(1 b I:“,,(n + l))
Step @ I}ep(—n) 1= I0iep(n +1)
Peak : IJ u(—n) Iear(n)
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which has to be is null, and in this condition does not depend upon the edge location n. We
thus have the following negative property : In the case of a complez edge, the edge location is
no more computable from the picture derivatives, at least up to the third order. We thus would
have to reintroduce additional hypotheses about the edge location.

Computing edge characteristics

Knowing the edge location, from another method, it is possible to consider the case where n = 0.
In this case we have the following relations :

n=0 Roof Step Peak

r R s -

L. _%ﬁ’l pror 0
wotor(oo) el ey
oo o) e B8 R o

Moreover, knowing I, I, and I .., it is possible to compute for n = 0 the characteristics
of the edge, that is the values of cl, c2 and ¢3. Solving a set of linear equations we obtain :

0 = I*+ (H—a’)lu + 2a(a+a’+2)lm _ (Qa‘—aa-7a’—9a-l)lz
- 2(a—21)z (1+a)(2a’-3a—l)l(a-T)3 (a-1)(1+a)(2a%~-3a-1)
cl = ‘(a-i’}lg:g—l;?-li T
2 = - (10°42042) s 8lca
- (2a?-3a-1)(a~1)* ia-l;i2a§—3a—li
3 = (1.“,)3],;t + (ia’+2a+2)(l+¢£)lm (2¢‘+5 a349a%—g+41)I,
¢ 2(a-1)° (2a2-3a-1)(a-1)* (2a3~3a-1)(a~-1)*

It is thus possible to recover the edge intensity profile, from the intensity derivatives.

Sub-pixel estimation of the edge location

The location of the edge is usually known with a precision of one pixel. In fact one can consider
the edge location not at no but somewhere between ng and ng + 1, let us say at ng + u, with
u € [0..1]. In this case, we can recompute the edge intensity and we obtain, for n > 0 :

Roof : I:oof(n) = Loop(n) = (1 = 4)Ltep(n) — u(1 — u/2)Ipear(n)
Step @ Ipep(n) = Isep(n) = (1 — t)]pear(n) ’
Peak : L .(n) = Ipeak(n)

Roughly speaking, a subpixel positioning just modifies the values of ¢l1, ¢2 and ¢3. Since
they are unknown, it is not possible to obtain a sub-pizel estimation of the edge location under
the assumption of “roof”, “step” and “peak” intensity profile 2.

2However, if due to information about the surface reflectance, the peak component is expected to be zero, one
can use the residual value of c3 to obtain a subpizel estimate of the edge location. Precisely we have the equation :

le3] = |(1 ~ w?/2)).
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Normal motion of the edge

We will consider now the edge to be shifted by a quantity equal to 4, and our goal is to recover
b from image derivatives.

Knowing I, I, and Iz, it is then possible to eliminate cl, ¢2 and ¢3 and compute I, I,
and Iz, in function of b only. Different expressions might be used and we have, for instance for
Ig .

e reb (2a°-2-40%-4a)lzes (1+,,21,, (4a%-502-8a-3)1x\ ,
L=1I"-TIa+ ((2«2—34-1)(1+a)(a-1)’ 2a-2 T @aT-3a-1)(i+a) | @ b+

21 23(a=1%1: \ ,bp2
("2a5-3a-1 ~ 7a -3¢—zl) a’b
The numerical solution of these equations provide a discrete estimate of the normal motion-
field operator, but there is no direct ezpression for b.

When b is small a linear approximation is sufficient. Using I; as for the usual operator we
obtain :

e 3 _ [ (3a°~402-4a-2)Iszs 14a)ler , (4a°~5a%-8a-3)I;
I(1+ab) + I"ab = ((1+a)(2a2-3a-1)(a—1)’ ~%e-3 T (26%-3a-1)(1+4a) b

- o o R I
. If @ = 1 we obtain an equation of the form : b > r—- “ (73 ATS Wy Ay sy

This last equation is an improvement of the original 71 equation. It shows that continuous
time derivatives are not directly linearly related to the edge motion, even for small motion, and
even if the constancy of the intensity function is valid. It was thus important to develop another
approach for the computation of the motion-field in the discrete case.

Comparison with the continuous approach In fact the situation is worst, since, in
the discrete case, the picture derivatives do not provide a true estimate of the motions. In order
to understand this point without deriving huge expressions, plea.se consider the calculations
given in figure 25, for a simple step. Computing G for a 1D-edge, using simple derivatives could
elther be done from 7‘ which corresponds to the well known optical flow operator, or from

_,z J = I2Z,, which correspond to the true equation of the spatio-temporal surface using the
Ca.nny -Deriche model of the edge. In both cases however the result is wrong.

It is obvious that J is equivalent to the second derivative, thus has a change in sign at the
edge location, and the related motion-field estimate J;/J; is obtained with unexpected sign
variations. In fact, the theory predicts this phenomena since 3 is defined up to a sign factor.

Moreover, J is computed with an important scale factor, and the related values might be
ill-conditioned. In order to overcome these two problems, one have to normalize J for instance
using J(z,y,t) = Sg(J(z,v,t))/(Z2 + I2)J(z,y,t), but the derivatives of this expression are
now very heavy to implement.

However, even with this improvement it is easy to see from figure 25 that neither I;/I, nor
Ji/J; provide a true estimate of the edge displacement. Of course, for a step, Z(z,y,t) is no
more differentiable, but this is not the real reason. The estimation of 3 is biased because there
is no direct relation between intensity variation and edge displacement.

Finally, the normalization factor to be taken into account depends upon the number of
pixels for the edge displacement between two frames. It is thus very difficult to obtain a correct
unbiased implementation of these operators.

A complete discussion about the difficulties encountered with such an approach is far beyond
the scope of this paper, but has been already developed using photometric model of the image
irradiance [25}.
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Figure 25: Showing derivatives computation of a 1D-edge

Application in 2D

Let us now try to apply the previous derivations to a 2D picture, containing the same kind of
edges. Derivatives are now computing in both dimensions, and then taken into the direction of
the gradient as describe in this paper.

Let us consider a rectilinear edge as in figure 26, the smoothed 2D-edge is now given by :

I'(z,y) = Z Z §5(z — u)SS(y - u)I(cos(O)u + sin(@)u + ¢)

where I() is the 1D-edge model.

If the edge direction is vertical, each horizontal line will have the same intensity profile.
Consider a vertical smoothing of the image, intensity will not be modified, since the operator
gain for a constant signal is one. Applying the previous computation in 2D is thus equivalent
to work in 1D with a horizontal line and the previous computations are indeed exact. This is
also true for horizontal edges.

However, although this computation will be exact for an horizontal or vertical edge, it must
be approximative for an oblique edge. This is not due to the fact the Deriche operators are not
homogeneous in direction, as a Gaussian filter for instance, but to a geometric problem : in this
case, on each horizontal line, the 2D edges intersect at one or two pixels, the peak component
might be present in two subsequent pixels instead of one, Moreover the discretization introduces
non-linear variations of the average intensity, for the pixels containing the edge. Unfortunately,
a direct analytic estimation of these effects is not possible,
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Figure 26: Derivatives and motion computations for a 2D-step

Conclusion

The class of exponential filters introduced by Deriche allows a direct analytic computation of
the relation between the normal motion-field and the picture derivatives in the direction normal

to the edge.
It provides a demonstration that it is not possible to obtain with a parametric model a direct

set of 2D-operators, similar to what was developed in this paper.
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B Real-time implementation of the computation of edge char-
acteristics
B.1 Fast-Implementation of Deriche filters for high order derivatives

Powerful recursive operators have been elaborated to compute intensity derivatives, as required
in our implementation. These operators are the following [19] :

Equation Normalization
Smoothing S(n) = ks(a|n|+ 1)e~oInl to L S(n)=1
. . _ (1=e=2)?  —a|n| +00 - 1
FirstDerivative D(n) = —-‘—="ne 1 D(n)=- o D(n)=1
SecondDerivative L(n) = (1-kral|n|)e~om Y o L(n)=0

where « is a smoothing parameter. The lower a is, the more smoothing is performed. Typically
a € [0.5,2].

They may be implemented as non-causal recursive second order filters without phase-lag
using the equations :

= clyt(n) 2y (n)]
yt(n) = agpz(n)+ a1pz(n — 1)+ az,z(n - 2) + 27yt (n — 1) - e~22y*(n - 2) (11)
= aomz(n) + a1mz(n+ 1) + azmz(n +2) + 2e7%y~(n + 1) — e~ 2%y~ (n + 2)

The filter parameters and implementation details are given in [19]. The generalization is
made in a separable way in order to deal with real-time implementation. Thus, the computation
of intensity derivatives are directly computable from these operators, for instance :

I(z,y,t) = D(z)S(y)S(t)®I(z,y,t)
Ixzt(z’y’tt) = L(z)S(y)D(t)@I(z,y,t)
elc

However, if using Deriche filters to compute our parameters, we also need to compute a third
order derivatives.

One possibility is to follow the same kind of computations, as done by Deriche in the past.
Doing this we derived'® T(n) = D(n)” = ka(an ~ 25g(n))e~>I". This operator has a null

response to a constant signal (Y7 . T(n) = 0). In order to have a normalized response

(1S T(n) = 1) it is rewritten as (kyan — 2k;Sg(n))e~°I" and we obtain :

Equation Normalization
ThirdDerivative T(n) = ((1-e %)n~(1-e32)Sg(n))e~o™ YT+ T(n)=1

The recursive implementation of this operator is similar to the three others and applying
equation (11) to this convolution we derived (y(n) = ¢[y*(n) — y~(n)]) :

c=1 6op=06om =0 @1p=01n =21~ €") azp=a2m = (7> - 1)

following the method given in [20]. ,
Direct combinations of these operators will thus give us a straightforward algorithm to com-

13We define

1 n>0
Sg(n)=<{ 0 =n=0
-1 n<oO

40




pute picture derivatives.
Please remember that these operators have been optimized to detect and locate edges which
correspond to steps in intensity.

Decomposition of the Canny-Deriche operators The amount of calculation is a priori
very important to compute edge parameters since no less than 10 derivatives of the image
intensity is to be computed for 3, involving derivatives up to the third order.

A first idea to come up with realistic implementations, is to work with a sub-sampled sub-
window in the image, as an “visual field” in biological model of early vision.

A second trick is to work with a slightly different implementation, in particular to use look-up
tables as already done in the past {6].
v In this paper we introduce another idea. Note that, the derivative operators perform two

operations at the same time : a smoothing of the image intensity in the direction of the derivative

itself, and a finite difference to compute the derivative.

Let us explicit and analyse this idea in the case of Deriche operators.

If we note A; the simple difference operator (A; © f(z) = 1/2f(z + 1) - 1/2f(z — 1)), and
Az = A1 0 Ay, and Az = A1 © A; O 4 its iterates, we have the following decompositions, easy
to verify, for the smoothing and derivative operators :

S(n) =~ Ao(n)©S5S5(n)=55(n) Do f(z) = f(z)
D(n) = Ay(n)O §5(n) 560 f(z) = 1/2f(z+1)-1/2f(z - 1)
L(n) = ADa(n)©S5S(n) 820 f(z) = flz+1)=2f(z)+ f(z-1)
T(n) = As3(n)OSS(n) 830 f(z) = 1/2f(z+2)-f(z+ 1)+ f(z -1) - 1/2f(z - 2)
where : (1 e-ay? (1= e=2)(1 + e=2)
SS(") = ((1 + —a)?ln’l + (1 + e—a)3 )e—alnl

is a smoothing operator, with Y72 §§(n) = 1. These operators are normalized. More
precisely, we have the following response to standard inputs :

InputSignalz(n) SS(n)IG) z(n) D(n) ((;) z(n) L(n)® z(n) T(n) g z(n)

1
n 0 1 0 0
1/2n? € = 2rSmay 0 1 0

1/6n3 0 R 0 1

In this table, one can see the behavior of the filters response to signals having respectively
their null, first, second and third derivative equal to 1 at n = 0 while all other derivatives are
equal to zero. These operators are indeed normalized, and have zero response when the signal
related derivative is zero. However in two cases there is a bias (€, €1 ), for signals with high order
derivatives. This is, of course, due to the smoothing which reintroduces low order derivatives.
The smoothing operator, in fact, modifies the form of signals with high order derivatives as

follows :
InputSignalz(n) y(n) = §5(n)Q@ z(n + 1)
1 1

n n
1/2n2 1/2n% + 25-6;’;.,,
1/6n° 1/6n3 + 2 n

But the main problem is that one of these biases €, is not reducuxg to zero when the smooth-

ing vanishes (@ — 00), although this operator is optimal. The other is. Thns is due to the
discretization of the original problem.
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The smoothing operator §§(n) is different from the original optimal operator S(n), but this
difference is rather small. .In order to study the difference between the two impulse responses
let us consider :

400
e(al,a) = Y (554,(n) ~ Sa(n))?
n=—00
which is an huge but easy to compute expression. First we can find a relationship between ol
and o which minimizes this error : a; = 0.6448 + 0.4630c + 0.0890a>+ o( (a — 1)3) since & = 1 is
a central common value. It shows that a, is a bit higher than a (for a = 1 we have a; = 1.038).
When the two filters are tuned we obtain : €2 = 0.00038 — 0.00122c + 0.0010602 + o((a — 1)3),
while if @; = @, we had €2 = 0.00504 — 0.01312c + 0.00912a? + o( (@ — 1)3). It means that these
two operators are in closer relation when different smoothing coefficient are taken. Moreover
we also have e, = 0.0008680a’® + o(a”), which means these operators have almost identical
responses, for small &, and even for reasonable values of a, as shown in figure 27. In fact, these
operators are different only for the first values of the impulse response.

[ 3

58(n)

S(n)

n=0 n=10

Figure 27: Comparison between the two impulses responses of the smoothing operators with
a=1 in both cases. §5(n) is the upper trace, S(n) the lower.

Application to spatial or temporal derivatives From the previous idea it is possible to
compute the intensity derivatives in two steps :

1. First compute I*(z,y,t) = $S(z)SS(y)SS(t) © I(z,y,t) that is a smoothed image.
2. Then compute image derivatives using finite difference operators A;, for instance :

L(z,yt) = D(E)SWSH)OI(z,y,t) = Ayz)0I(z,y,1)
I,’,xg(x,y,tt) = L(z)S(y)D(t) @ I(z,y,t) =~ Aa(z)Ai(t) O I*(z,y,0)
ete

These last computation are done with a small amount of calculation only.

Recursive implementation The recursive implementation of the §5(n) operator is similar
to the four others and applying equation (11) to this convolution we derived (y(n) = c[y*(n) +

y~(n))) : , )
‘ c=
agp =-Gom = (1 = e *)(1 +e22)/(2(1 + e~*)%)
a1p = @i = € %(1 ~ e *2/(1+ e~o)?
G2p = Gz = —€7 (1 = €7)(1 + €722)/(2(1 + 7))

following the method given in [20].
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Conclusion It is possible to obtain a quicker implementation of image intensity derivatives
by decoupling smoothing and derivation. The computation is exact for the derivation at order
1 2 and 3 but approximate for derivation at order 0. In this last case, the responses are very
similar, and the result can be interpreted as smoothing with a coefficient less than 5 % higher.
However, it has been shown that the combination of smoothing in the process introduces a
certain bias since low order derivators are sensible to high order derivatives. This is a source of
systematic errors, whereas using unbiased operators, this source of errors is avoided.

Fast first-order implementation In real-time implementation it is sometimes useful to con-
sider the simpler sub-optimal smoothing operator :

1=+400 e—
. —ali|
y(n) = '2-:00 Be~*¥lz(n 4+ i) with f= 1 per

which is implemented with y(n) = y*(n)-'ry (n) with y*(n) = yt(n-1)+e 2 (2(n) -yt (n-1))
and y=(n) = y~(n + 1) + e=(2(n) — y* (n + 1)).

The related derivatives filters are computed using A; operators in a similar way, for instance
the first-order derivator is :

i=+00  —alil ( e"”)2
z(n) = -(y(" +1)-y(rn-1))= E Sg(i)f'e™Mz(n+1i) with f ="~

B.2 Architecture of the vision machine

The previous decomposition allow us to implement the analysis of an edge in an image sequence
in four steps, as given in detail now :

Step 1 : data acquisition We work with a 512x256 picture from a European CCIR-standard
50Hz interlaced video signal. Image data is provided at 25Hz every 40msec, but we process
separately the two fields of 512x256 pixels in each frame. This is done to overcome the blurring
induced by interlaced video images. Time derivatives is done over two fields, using a window
time of 40msec, while input data becomes available after a delay of 20msec. This configuration is
compatible with actual vision machines such as the European DMA [6]. The choice of such a time
window is a compromise between memory requirements, time delay and smoothing capability.
It would be very simple to add temporal smoothing, although we think the order of magnitude
is actually reasonable.

This is implemented on data acquisition boards or considering windows of attention in the
image.

Step 2 : smoothing Smoothing is done over space only, but not over time. Due to the
structure of the smoothing filters, this step is done on the whole picture, and a smoothed
picture is output by this step. Moreover, the first boards of a vision machine can directly be
used to implement this process, and avoid the use of a slow software to perform smoothing over
space.

A recursive implementation of the smoothing operator $5(n), obtained in this section, has
been developed, using look-up tables avoiding any multiplications, while care has been taken
concerning the effect of finite word length on accuracy of filters. We will not report on this point
here, since it is a usual computation, and it has been already implemented [6] and analysed in
theory {20]. Let us just say that we have to use 12-bits look-up tables.

This is implemented either on standard convolution boards (VFIR units) using separable
convolution modules which correspond to a finite approximate response of the §5(n) operator
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and applying the process on the whole image or considering windows of attention in the image.

Step 3 : Coarse edge detection intensity derivatives computation Since derivatives
corresponding to the Deriche filters are performed by simple intensity differences, their imple-
mentation is straightforward. The edge detection (non-maxima suppression) is to be imple-
mented as usual.

Unbiased derivatives as obtained from Haralick-like filters, are to be computed using fixed
point operations and a normalization factor as given in figure 6. They do not correspond to
separable filters, but this is not that important since they are to be computed only on edges,
not on the all image. Typically, this corresponds to about 10000 points (5 %) in the image.

This is implemented using fixed arithmetic convolution kernels used at specific locations of
the picture, or using digital processing units.

Step 4 : edge parameters Finally, edge characteristics are to be computed, from the deriva-
tives.

Considering the relations between edge characteristics and intensity derivatives, we have to
derive rather huge formulas, and standard compilers are not capable to perform global simplifi-
cations, while symbolic calculators have this capability.

In order to insure a minimal set of operations we perform simplification of each expression
with respect to side relations given by expressions computed previously. The result is an ex-
pression which is mathematically equivalent but which is in “normal form” with respect to the
specified side relations. The specific meaning of “normal form” is determined by Grobner basis
concepts. The Grobner basis for the side relations is first computed and then the value returned
is used to obtain the fully reduced form of the expression to simplify with respect to the ideal
basis founded. It yields a canonical form for polynomials modulo the ideal generated by the
Grobner basis.

Care has been taken about the order of the variables, and the order of the expression to
compute. These permutations have been performed manually, using our knowledge about the
expressions.

After this, code has been generated from the symbolic calculator. Standard optimizations
such as sub-expressions grouping, power to multiplication conversion, are automatically done.
The final computation requires about 30 % less operations than if algebraic simplifications would
not having been performed.

This is implemented using floating arithmetic digital processing units.

Conclusion It is thus possible to implement in real-time the algorithm of edge detection
and edge analysis described in this paper, on existing vision machines such as the European
DMA.




C Symbolic derivations

C.1 Computing continuous optimal symmetric windows filters

# Unbiased optimal symmetric windows filters

f:=<subs(solve(

{’sum(’cat(l,p) * int(t"(p+q),t=-W..W)’,p=0..Q)=ifelse(q=r,1,0)*(q!)’$q=0,.Q},
{’cat(l,p)’*$p=0..4Q}),

sum(’cat(1l,p) * x"p’,p=0..Q))|r,Q,x>;

# Output noise _

J:=<int(£(r,Q,t)"2,t=-W..W) |r,Q>;

C.2 Comparing exponential and polynomial filters

# Computation of unbiased exponential r-derivative filters of the form
* F(x) = Pd(x) exp(-lalpha~2 x|)
# Pd() is a polynomial of degree d. The signal constraints derivative up to
# the order Q.
Pd:=map(proc(t) collect(t,x,distributed,factor) end,
ctrspoly(‘P¢, d, ‘x*, ’{
’int (P*exp(alpha~2*x)*x"n/n!,x=-infinity..0)+
int (P*exp(-alpha”2#x)*x"n/n!,x=0..infinity)=ifelse(n=r,1,0)’$n=0..Q
}));
# Computation of the filter, among unbiased filters, which minimize
# output noise
Pd_:=subs(solve(convert(grad(
int((Pd*exp(alpha~2#%x))~2,x=-infinity..0)+
int ((Pd*exp(-alpha~2#*x))~2,x=0..infinity),
convert(indets(Pd,name) minus {x,alpha},list)),set),
indets(Pd,name) minus {x,alpha}),Pd);
# Amount of output noise
In:=int ((Pd_xexp(alpha~2#x))~2,x=-infinity..0)+
int ((Pd_*exp(-alpha~2#x))~2,x=0..infinity);

C.3 Automatic generation of unbiased optimal derivators

# Local model of the intensity
Imo:= <
Io
+Ixkx+Iy*y
+Ixx/2%x"2+41yy/2*y~2+Ixy*x*y
+Ixxx/6%x~3+Ixxy/2%x"2%y+Ixyy/2%x*y~2+41yyy/6xy~3
+Ixxxx/24%x"4+1xXXy/6%x" 36y +Ixxyy/4+x" 2%y~ 2+¢Ixyyy/6*x*y~3+1yyyy/24*y~4
+Ixxxxx/120%x"6+IxxXXy/24*x"4%y+1xxXyy/12%Xx" 3%y~ 2+
Ixxyyy/12*%x" 2%y~ 3+Ixyyyy/24*x*y-4+Iyyyyy/120*y~56
I x,y>;

v:= array([Io,Ix,Iy,Ixx,Ixy,Iyy
,Ixxx,Ixxy,Ixyy,Iyyy
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, Ixxxx, Ixxxy,Ixxyy,Ixyyy,Iyyyy
, Ixxxxx, Ixxxxy,Ixxxyy,Ixxyyy,Ixyyyy,lyyyyy
D:

# Choice of window size and origin
Fen:=5;

Fen2:=2;

x0:= Fen/2:

y0:= Fen/2:

# Computation of the intensities derivatives in function of intensity values
eqs:= [J:
for i to Fen do for j to Fen do
eq:= cat(‘Im‘,(i-1),(j~1))-int(int(Imo(x-x0,y-y0) ,x=i-1..1),y=j-1..3);
eqs:= [op(eqgs),eql '
od od:
Sl:=solve(convert(grad(dotprod(convert(eqs,array),convert(eqs,array)),v),set),
convert(v,set)): ok;

# Derivations of filter masks

for p in Io,Ix,Iy,Ixx,Ixy,Iyy,Ixxx,Ixxy,Ixyy,Iyyy do
M[p]:= array(i..Fen,1..Fen);

q:= subs(Sl1,p);

s:= {};

for i to Fen do for j to Fen do
x:= cat(‘Im*, (i-1),(j-1));
Mlpl(i,jl:= coeff(q,x,1);
s:= {op(s),denom(M[p][i,j1)};

od od:

s:= ilcm(op(s));

Slpl:=s;

for i to Fen do for j to Fen do
MIpl[i,jl:= s*M{pl[i,jl;

od od:

print(p,S{p] ,M[pl);

C:= array(1..1+Fen*Fen);

ij:=1; for j to Fen do for i to Fen do
Clijl:= MIPI[i,j1; ij:=ij+1;

od od:

clij]:= s;
assign(cat(‘F_¢,p),op(C));
od:

# Generation of C-code for the filters
Cc(F_Io,‘include‘,‘ch_Io‘);

Cc(F_Ix, ‘include‘, ‘ch_Ix‘);

Cc(F_Iy, ‘include‘,‘ch_Iy‘);

Cc(F_Ixx, ‘include‘, ‘ch_Ixx‘);
Cc(F_Ixy,‘include‘, ‘ch_Ixy‘);
Cc(F_Iyy, ‘include‘, ‘ch_Iyy‘);
Cc(F_Ixxx, ‘include’, ‘ch_Ixxx‘);
Cc(F_Ixxy, ‘include‘,‘ch_Ixxy‘);
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Cc(F_Ixyy, ‘include‘, ‘ch_Ixyy*);
Cc(F_Iyyy, ‘include‘, ‘ch_Iyyy‘);
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