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1 Introduction 

This paper is concerned with the computation of a few eigenvalues, those with either 

largest real part or largest magnitude, and the corresponding cigenvectors of large, sparse, 

unsymmetric matrices. Two methods are discussed both from the theoretical and the 

practical point of view : a block-Arnoldi method and an adaptation of the Davidson 

method to the unsymunetric case. Tlie former mcthod and some of its variants have been 

recently studied [7, 11, 12, 13]. The latter one is very popular in quantum cheristry 

(4]. The symmetric case has been intensively studied in [(2, 9]. We give in Section 2 and 

3 some theoretical results concerning the convergence of these two methods. Numerical 

experiments in which we compare them are described in Section 4. 

Throughout this paper, the symbol MGS denotes the modified Gram-Schmidt algorithm, 

(| [[ and || {|, denote the Frobenius and the Euclidean norm respectively, X"" and Y” 

denote the transpose of the complex conjugate of a matrix X and the transpose of a real 

matrix Y respectively. 

2 The block-Arnoldi method 

To compute the / eigenvalues with largest real parts or largest magnitude of a real large 

sparse unsymmetric matrix À € R"", let U, € R* be a rectangular matrix having at 

least ! orthonormal columns. If m is some fixed integer which limits the dimension of the 

constructed basis, the block-Arnoldi method can be described as follows: 

2.1  Algorithm1 

for ; = 1,...m— 1 do 

1. W; = AU,, 

2. for:=1,...j do 

H,; = UIW; 

W,;=W,;—UHi; 

end for 

3. Q;fi; = W; QR decomposition, 

4. Uj4i=Q; ; Hjp5 = R; ; 
end for 

Since the algorithm involves implicitly a Gram-Schmidt process, the resulting block 

vectors Vn = {U,,..., Un } have their columns mutually orthogonal provided none of the 

3



upper triangular matrices R; are rank-deficient. Furthermore, the columns of Vn are an 

orthonormal basis of the generalized Krylov subspace Kn = (U,, AU,,..., A"-\U, }. The 

restriction of the matrix À to Km has a block-Hessenberg form: 

]‘[1J I‘[1_2 …. H1,m 

112'1 ]‘I23 [{2,m 

[]1n = ‘/—nlllAvm = 0 ." ." E (l) 

0 …. 0 Ilm,m—l Hm.m 

where the submatrices H;x+ (1 <13 < k < m) are dense and H;;-1 (2 <3 < m) are dense 

upper triangular. Each matrix is of order !. Therefore, the eigenvalues of ,, constitute 

the Galerkin approximations of the cigenvalues of A on the Krylov subspace Kn- 

From the above algorithm, steps 2,3 and 4 give : 

k 

AU, = Z[/i[]i.k+Uk+lllk+l,k k=1,...,m (2) 
i=l 

which can easily be condenscd in the form 

Avm = ‘/m ['[m +[03*——707Um+111m+1,m]- (3) 

If A = ditag(À,-.., Am:) denotes the diagonal matrix of eigenvalues of H, corresponding 

to the eigenvectors Ynu = [y1,-- - , Ymu], then relation (3) gives 

AVrn Yt — Vn Hm Ymx = [0,,0, Urm+r Hrm+1,m] Y - (4) 

Let us denote by Xm = Vn Ym the matrix of approximate eigenvectors of A and by F m1 

the last / blocks of Vn 1> that 1s 

)'-m.l — . (5) 

Ÿm,l 

Then equation (4) gives 

H AXm 7 AmA "2 = " Ilm+l,mÿm.l H2 (6) 

Relation (6) is very useful for obtaining the residual norms without having to compute 

them explicitly. 

Convergence of this algorithm can be very slow and the slowness is exacerbated by an 

unfavourable distribution of the spectrum of A. To ensure convergence, the dimension of 

the Krylov subspace must be large, which increases the cost and the storage. One way 

to overcome this problem is to restart the algorithm periodically. This gives rise to the 

following algorithm.



2.2  Algorithm 2 

Choose an orthonormal matrix U, € R*“ and an integer m 

Z, = [U1] 

for k = 1,2,... do 

1. Starting with Z;, construct //, and V, from Algorithm 1 

2. Compute the / desired eigenpairs ©; = diag(A,, -" , À) 

and Vn1 = [y1,- -" ,yi] of H, = VV AVn; 

3. if the quantity in (6) is less than some prespecified threshold, then exit 

else Zp4, = MGS(Vn Ynt) 

endif 

end for 

Convergence of the above algoritlim can be considerably improved by preprocessing 

Zr+1 by Chebyshev iteration before cach restart [11, 12]. 

From a practical point of view, it is always possible and usually desirable to avoid complex 

arithmetic by computing separately the real and imaginary parts of eigenvectors of Hn 

corresponding to complex eigenvalues. In the following theoretical results, we will not 

make this assumption and so everything can be treated in complex arithmetic. In the fol- 

lowing, the cigenvalues of the matrix À are denoted by p1, #2, - - - , Hn labelled in decreasing 

order of their real parts (resp. of their magnitudes) and o1(A) > 02(A) > ... > on(A) 

denote the singular values of A. Amaz(B) stands for the largest eigenvalue of a Hermitian 

(‘or symmetric) matrix B. Omaz(B) and Gmin(B) stand for the largest and the smallest 

singular value of the matrix B respectively. 

Let À, be any eigenvalue of the matrix Hn produced by Algorithm 2, then we have the 

following 

Proposition 2.1 The sequences Ç = (Re(X))yen ONd En = (| Àk Dien Gre bounded by 

Amar( t4" and 01( A) respectively. 2 

Proof 

G X 1ï1;Ôx Re “ :]T[ÏZ 

= maxsr 5l" Mn2 + " H#2) 

= nzxaô‘<Ë %(z”V,£'(A + A”)V,2) 

= max 1 l(Z”V,£'(A + AT)V,2) 
240 VVV = 2
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lA
 … 1 T T 

l:.—l£iî< Hx î(l (A +A )T) 

/'Î + AT 

— /\1na1:(+)') 

and 

En SPVR AVan) 

V AVn Î2 

< (lAllk=o 

JA
 

(J 

Proposition 2.2 A! cach restart k = 2,3,... the matrix H, constructed by Algorillum 2 

C ( Tes U 
M = ( Il3 1/;,) 

À, * 

where the matrix Tp1 = ts upper triangular and X,,... A are the cigen- 

0 À 

has the following pattern 

values obtained at the k — 1 st restart, H = I(I)2 where H2 is an upper triangular 

matrix of order |, H, is a rectanqular matrix and H3 is a block-Hessenberg matrix . 

Morcover 

! 2 

H H HF < (0,‘2(/Î…) — . À; l ) (7) 
i=l 

and 

1 Halle = | AZa — 2kTea Îlr (8) 

lA
 

l 

PDCQUSESETS ( 

Proof It is sufficient to prove this proposition only for the case k = 2. By construction, 

the matrix H, and hence the matrix //3 have Hessenberg form. After the first restart 

Z = MGS(VnYm,/) 18 used as the initial guess. According to the MGS algorithm, 

Vn Ym) = Z2 R2, where R, 1s à square and upper triangular matrix and Z2 1s an orthogonal 

matrix. Thus T,y Z ZY AZ = RS" YV AVo YmiRs! = RS Y E Ym1OiR7!. Since 
Râ' R, = Y,Â{,Y,…;, we conclude that T4 = R20,R7" which is an upper triangular matrix 

with À;,..., À; on its diagonal.



From step 3 and 4 of Algorithm ! and from (1), H2 is upper triangular and {{ H> ||,, = 

n AZ2 -— ZQZ2”AZ'Z HI4 = H AZz — Z‘2T2J llF’ 

Now, Since o?(HT,, ) is the ith largest eigenvalue of the matrix H# H, , it follows from 

the Cauchy interlace theorem [10] that 

! 

î: 0i2([11n) Z î: Ài (ÎI'LI.I[TL,I + 112”].{2) 

:=l i=l 

= Trace(T}T;1)+|| Hz l 
! 

Z| À; |2 +|| H2 H2r 
:=l 

[V
 

Corollary 2.1 f we assume that the matrix À is nearly normal in the sense thal 

|oi | m ||= eo; fori = 1,2,...,n withe small, 

then the Frobenius norms of H, and Hz are bounded by 

; ! ? 

cS oi(oit | A:[) + 201 S 1m — À| 
i=l i=l 

Proof Since for à = 1,...,l 0(Hrm) is the ith largest singular value of H, 

. H. oi(Hn) = max … 

scrml dim S=: z€S ||=|; 

VH AV, 
= ma min H_m"“_L”2 

serml dim S=i z€S || Vnx |l 

Â 
< max … min M‘.Z 

seR” dim S=i =€S | =ll, 
=  Gi. 

Using the results of proposition 2.2, we see that the square of the Frobenius norms of /I, 

and H, are bounded by 

! ‘ 

D (oit = | A [P) 

1 z 
= S (oi= [m (oi+ 1 A 1)+ SO we 1= 1 A: D(oi+ | A: 1) 

i=l =l 

l l 

e) _ oiloit | A:1)+ 201 H 14 — À | 
1=l 1=l 

LA
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Às soon as the Ritz values À, à = 1,2,...,l start to approximate the eigenvalnes 

pu, à = 1,2,..-,1, (| M ||,- and ]| /I2 | become very small according to the above in- 

equality and AZp — ZrTr,1 goes to O, which mcecans that Z, tends toward an invariant 

M 0 

subspace of A. The matrix IZ tends toward H = E where Hs 1s 
Hl 

0 Hs 

a block Hessenberg matrix. ’l'his establishes the convergence of Arnoldi’s method in the 

case of nearly normal matrices. 

Remark 

It should be noted that even if À is nearly normal (or even normal) , the matrix f, is 

not. 

Experiments have shown that for general matrices, after several restarts the matrix 

H built by Algorithm 2 “converges” toward a matrix of the form < £' Z‘ ) where 
" 2 

H * 

T; = 1s triangular with ;6,, .. - 41, the sought eigenvalues, on its diagonal. 

1 M 

H, and H, are respectively rectangular and block Hessenberg matrices. This can be 

viewed as an “incomplete ” Schur decoinposition of the matrix A. This last assertion 1s 

not obvious, but it can be proved. 

3  The unsymmetric Davidson method 

Davidson’s method for symmetric matrices was developed for problems in quantum chem- 

istry [4] as an efficient way of computing the lowest energy levels and the corresponding 

wave functions of the Schrôdinger operator. The matrix dealt with 1s symmetric and 

strongly diagonally dominant. It can be viewed as a preconditioned version of the Lanc- 

zos method [(2]. In the following algorithm, we will generalize the Davidson method to 

the unsymmetric case. 

3.1 Algorithm 3 

The following algorithrm computes the / eigenpairs of large real parts or large magnitude 

of the matrix A; m is a given integer which limits the dimension of the constructed basis. 

Cri ? = 1,2,...,l are preconditioning matrices. 

Choose an initial orthonormal matrix V := [v,,---,v;] € R"*" ;



for k = 1,2,--- do 

1. W, := AV; 

01= VH W &
 

3. Compute the / desired eigenpairs (Azi,Yri)i<ict Of Hr3 

4. Xni 1= Veyri, lor 7 = 1,---,l; 

S. rn = Wayki — Aritri, for à = 1,---,1; 

if convergence then exit; 

6. É;_—_{ = C;;_,"l‘k‘,‘, for à = Î,' .. ,l; 

T. 1f dim(V;) < m 

then V;,41 := MGS(Ve, tra5 *"" , try); 

else V,41 := MGS(xr 151 >" , Urdte 15*** 5 tet)i 

end if 

end for 

AIl the steps are the same as in the symmetric Davidson method, except that complex 

arithmetic may occur. Fortunately, this can easily be avoided by dealing with the real and 

imaginary parts separately in steps 3, 4, 5 and in some cases in step 6. At each iteration k, 

the basis V;+1 1s obtained from V by incorporating the vectors t4; = CriTri, t = 1,..., l 

! where M is an after orthonormalization. The Cx,; are often of the form (M — Agil) 

approximation to À and \A,: ? = 1,...,l are the desired eigenvalues computed at step 3 

of the algorithm. The subspace span{ V } generated by the columns of V; is not a Krylov 

subspace. If M # D the main diagonal of A, then a new system must be solved at eacl 

iteration. Tl'he hope is to reach convergence very quickly with a small value of m, thus 

rewarding the extra cost. The choice of a good preconditioner in step 6 is crucial for 

convergence and has been already studied in the symmetric case [2, 9] . Here, similar 

conclusions can be derived, namely that the matrix M must be an approximation to « 

in the sense that 

(M — u, 1)7"(A = …1)|{MC =1 (10) 

where {F,, }* stands for the complement of the set of eigenvectors associated with the 

eigenvalue ux. Of course the matrix À is supposed to be diagonalizable.



With such a matrix, we have from step 6, where the subscript ? is dropped 

p — tn = xp — (M — up 17 (A — pal)er. (11) 

If{ we write x, = ,% + Beyr Where Ax = px and yx € {E,, }*, we have 

n —U = e (L = ( — X(— A1)71) e + e ( - (M - I VA = mJx (12) 

Taking into account the condition (10), expression (12) shows that when (A4, x4) starts 

to approximate (p, x), then, provided that (M — 11)7! is bounded, the vector x4 — t4 

has small components except those in the direction of x, and therefore constitutes an 

improvement over x. 

The main difference betwcen this unsymmetric Davidson’s version and the block- 

Arnoldi method rests in Step 6 of the above algorithm. If no preconditioner is used 

(ie. Cui = l or yT, y # 0 for à = 1,...,l), then the block-Arnoldi method is recovered. 

Of course this version of the block-Arnoldi method is not recommended because of thc 

unnecessary computational éflort at cach step. There are some others obvious comimon 

points between Arnoldi’s method and the unsymmetric Davidson method. First, they 

both use matrix by block vector multiplication at each step without altering the matrix À 

and gradually build an interaction matrix using different projection techniques. Arnoldi’s 

method builds a Hessenberg matrix in a clever way whereas the matrix built by David- 

son’s method is full, but scems, in some cases, more rich in information about the required 

eigenvalues. Finally, we mention that both of the methods allow only the computation of 

right eigenvectors. 

In proposition 3.2, we characterize the matrices (WM)zeN built by Algorithm 3. But first 

we need the following simple proposition. 

Proposition 3.1 Let B € C"" be a Hermitian matrix and Q € C"* withn > k a 

rectangular matrix. Then 

Amar(Q" BQ) < \Amaz(B)Fmaz(Q) (13) 

Morcover if rank(Q) = k, then 

Amar (Q(Q"Q)‘Q") =1 (14) 

Proof From the Courant Fisher theorem (10}], we have 

H "B 

/\1naw((JIÏBQ) = max :î_.Q_Æ 

:zr€Ck; 1#0 xHx 

9



H L ux (@)"B(Qr) r'QHQr 
reCk; x#0 (QI)”(QÏ) mx 

H HH x" Bx x 

rECH; 240 Z''1 ::ECk: #0 cI 

= \Amaz(B) Amaz( Q" Q). 

A 

To prove (14), let @ = UEV" be the singular value decomposition of Q, with U € 

CP" and V € CK orthonormal and E = ( {; ) En € C" where /, stands for the 

identity matrix of order k and Ex; = diag(v,,...,v;) are the singular values of Q. Then 

QQQ" QH =U( ñ 8)u". . 

For the following proposition, we will make use of the notational conventions f, = 

[P&,15 - - - , Tæ,1] the residual matrix built in step 5 of Algorithm 3. Step 6 will be denoted 

by Tk = [i;_—_1, …. tk'1]. 

Proposition 3.2 At cach restart k = 2,3,... the matrix H, constructed by Algorithm 3 

; ( Hpn Thx 
e = ( Hsx Hux ) 

has the following pattern 

/\[ * 

where the matrix Hp_1 = is upper triangular and M,...A; are the cigen- 

0 À1 

values obtained at the k — 1 st restart. Hzx, H3x and H4x are dense matrices with 

appropriate dimensions. Moreover the Frobenius norms of Hz,4, and H3 are bounded by 

! 

S (0,2(Hx) — | A: [*) (15) 
1=l 

and 

| Hzxlh < l AVe-r — Vesr rr Î- (16) 

If Yx-1 stands for the matrix of eigenvectors of H;_,, then 

Umal‘(Rllj_x Tk—l ) | HapYeeill, < ——R 
PU Omin (I = Vs V )Te-1) 

and 

ll ][3_kYk—l ll2 < amax(Rk—l)- (l8) 

10



Proof From Algorithm 3, it is clear that the imatrices Mzx, H3x and H4x are dense. 

(15) was shown in proposition 2.2 in the context of Arnoldi’s method. The result is still 

valid here because we did not make use of the fact that the subspace V, is a Krylov 

subspace in the proof of proposition 2.2. 

Let us prove the bounds for //34. First, notice that because of the MGS algorithm, 

there is no loss of gencrality in assuming that the columns of the orthogonal projection 

of T,-1 on the orthogonal complement of Vp-1, ie. (Z— Vk_l‘/,clll)7'}_l, are linearly 

independent before convergence. 1f we let V, = [Ve-1,Ur), where U, is an orthogonal 

matrix whose columns are those computed at step & which are mutually orthonormal and 

orthogonal to V3_,, then H3x = UZ'/\ V,_,. Now, f Q, R4 stands for the QR factorization 

of (I— Vk_1Vk7;l)'l'k_l, then 

U, Q = (1 — Vs V Te- RU" (19) 

and 

Hag = REUTEUI - Ves ME )AVe-r (20) 
Hence 

Hl Hag = VÉAT( — V VE T- (RÉR) TEI - V VE 4 )AVenr- 

Since RER, = T (1— V;;_1Vfl])2Tk_; and ( — \z’k_1Vk'_{1)2 =1—V-1V{,, we have 

HHsx = (U —V-VH )AVes] * (U — Vs VH )Pe-] 

[TT = V VPR ] (O - V V Tn ] 
(U = V ME AVesr|- 

If we let Ba_1 = (1 — V- V )Tr-1 and Dp-r = (1 — Ve- VEE)AVe-1, then 

Hs Wor = Dj B (BÉBr-) BL Dn 

And by proposition 3.1 we have 

| H3x Hä = Àmaz‘(”.{,{kH3.k) S mqr(Dk 1) 

Ofnar(1 — Ve-r V1 ) AVi-1) 

= U- V- V )AVer Il 
= || AVe-r — Vesr Fnnr Îl5-



On the other hand 

HanYesr = RIU Vs V AVes r Yt 

= RTE Rs 

Hence 

- , —1 
(Han Y} (HznYeer) = R T - (RUR,) TF Rpnr 

A —l 7 = RM TU V V PMn ] T Pn 

Since VF R,_1 = 0, we have 

" ; e à r à A =} (HsnYa-1)"(HapYenr) = RL (O = VV De-r) (TESO = Vs VES P Te-1) 
>H H 

(O — Vs ME )Te-1) Péns 

or 

(HzpYn-1) (Ul3 aYi-1) = R B, (BE B1 ) BF Rpns (21) 

(18) is then a simple consequence of proposition 3.1 applied to (21). Now observe that 

VE , Rp_1 = D, this gives 

(Ma-) " (HagYenr) = RÉTe (TÉSU - V VE T 
T/ïle—l 

and proposition 3.1 yields 

—1 
| HaxYe-r 18 É Amax TEI - Vs VÆ Te-s] - Ohas (R, Te-1) 

Omin((1 — Vest VE )Cr-1 R-1) 

which proves (17). = 

Remark 

1. !f we denote by X; = [x&1,---,p/] the matrix of approximate eigenvectors built at 

step 4 of Algorithm 3, then relation (17) can be written in the form 

Tmx (RIL,(I — Ves VE X41 — Te-1)) 
Omain (( — Vesi V )Te-1) 

Omaz(Pi-1) Omaz (( — Ve-t VF X e-1 — Te-1)) 
Omin (I — Vs VF Te-1) / 

| Has V-s ll lA
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This means that || H3x [|, behaves like omaz(Rt—1)Omaz((1 — Ve-r VE 4 (Xa-1 — Ta-1). The 

term\ Omin ((I — \/};_1Vklil)fl"k_l) in the denominator is just a scaling factor. We have 

seen in (12) that the columns of X1 — T,—, have small components except those in 

the direction of the wanted eigenvectors, therefore JOmazr ((I — Vk_1kaîl)(Xk_1 — Tk_l)) 

tends towards zero and the matrix /I, tends towards the form announced in the remark 

of paragraph 2.2 

2. The same results as given in corollary 2.1 for the case of nearly normal matrices hold 

for Algorithm: 3. 

3. Following the proof of proposition 3.2, if the Cxi are proportional to the identity 

matrix, we have from (19), U, = I?k_1'RLÎ‘, where R, stands for the upper triangular 

matrix derived from the @R factorization of the residual matrix fè7-1 = AXp-1— Xe-1 An 

where Xp-1 = Vp-1Y%_1 and Agu = diag(\r,1,-- -; Ar1). Then 

UL AX,-1 RR AX ( 1 

= RR Ra-y — since R Xp-1 =0 

= R[IÏR{Ç'R,‘ since RL'_,Rk_1 = R,"R, 

= R 

If we assume morcover that the matrix Y,_, of eigenvectors of the triangular inatrix 

H;_ is of full rank, then 

Hzx = UL AV,_, = UE AX 1Y* = RS 

and, under the assumption that the eigenvalues of the upper triangular matrix H;_; are 

all distinct, the matrix Y;-, is upper triangular as is the matrix H34. This shows that 

the submatrices (Hp)is-1 ? = 2,3... are, in this special case, upper triangular. 

4  Numerical experiments 

We now give some experimental results to compare Algorithm 2 and Algorithm 3 discussed 

above. We have implemented these two algorithms using MATLAB. Algorithni 2 and 

Algorithm 3 refer to Arnoldi’s and Davidson’s method respectively. We consider two 

examples. 
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Example 1. The matrix Æ is the Toeplitz matrix of order n = 30 defined by 

| u .. Un-2 Un-t 

ll l Un-—2 

A= 

ln_2 U 

ln-l ln—2 . ll 1 

3 . 
where ; =1+1 and u;=i+5 for à = 1,2,...,n — 1. 

- 

Since the diagonal is constant, we know that Arnoldi and Davidson with diagonal precon- 

ditioning are equivalent. Table 1 displays the sequence of residuals corresponding to thc 

(l= 1) eigenvalue of largest real part of À obtained by Arnoldi’s method and Davidson’s 

method with tridiagonal preconditioning. In this example Arnoldi’s method appears Lo 

be superior to Davidson’s method. 

iter Arnoldi Davidson 

Tridiagonal 

1.63 E+01 1.67 E+01 

2.08 E+00 2.71 E+01 

5.57 E-02 3.65 E+00 

7.71 E-04 9.60 E-02 

1.37 E-05 1.40 E-03 
1.77 E-07 1.76 E-05 
1.22 E-09 1.98 E-07 
7.69 E-13 5.50 E-12 

Table 1. Scequence of residuals obtained 
by Arnoldi’s method and the unsymmetric 

Davidson’s method with tridiagonal 

preconditioning. 

Example 2. À = (a:;)i<i,j<30 1S à matrix of order n = 30, nearly band, the main diagonal 

1s such that a;; = à for & = 1,2,...,n, the first upper (resp. lower) diagonal is random in 

[0,1], the second upper (resp. lower) diagonal is random in [0, }, the third upper (resp. 

lower) diagonal is random in [0, :]. Moreover a(n,1) = 1 and a(l,n) = 2. Table 2 displays 

the sequence of the maximum of residuals corresponding to the (! = 2) two eigenvalues 

of largest real parts of A obtained by Arnoldi’s method and Davidson’'s method using 

diagonal preconditioning, tridiagonal preconditioning, pentadiagonal preconditioning and 

heptadiagonal preconditioning. 

Since we are working in this example with blocks of size 2, at iteration 15, the matrices 

Hx constructed by the two methods are of order 30 and are similar to A. Thus we 

14



es
 

obtain the cigensystem after 15 itcrations. Arnoldi’s method performs very badly on this 

example. For Davidson’s rnethod, the goal of this example is to show the extreme benefit 

which may be obtained from à good preconditioner. The main difficulty rests in finding 

preconditioner producing as good results as those with heptadiagonal preconditioning. 

Unfortunately, in practice, the condition (10) is in general unrealistic. It is impossible to 

find general purpose preconditioners and each case must be treated in its own way. 

iter Arnoldi Davidson Davidson Davidson 

Diagonal ’ridiagonal || Pentadiagonal 

Davidson 

6.43 F-01 2.59 1£-04 2.52 E-08 2.26 E-09 

Heptadiagonal 

1 8.35 E+00 || 8.08 E+00 || 9.37 E+00 7.71 E+00 7.95 E+00 

2 | 6.60 E+00 || 5.15 E+00 || 5.65 E+00 4.98 E+00 5.05 E+00 

3 4.94 E+00 || 3.57 E+00 || 4.87 E+00 4.08 E+00 3.45 E-01 

A || 4.14 E+00 || 3.27 E+00 || 1.74 E+00 1.98 E+00 6.80 E-03 

5 3.54 E+00 || 1.82 E+00 || 1.72 E+00 1.74 E+00 1.21 FL-09 

6 | 2.82 E+00 || 2.08 I£+00 || 3.32 E+00 9.38 E-01 3.08 l£-14 

7 1.92 E+00 | 1.58 E+00 || 1.20 E+00 1.43 E+00 

8 1.62 E+00 || 3.21 E+00 || 1.46 E+00 2.67 E+00 

1.33 E+00 || 3.58 E+00 || 1.73 E+00 1.49 E+00 

1.04 E+00 || 4.24 £+00 || 5.00 E-01 4.02 E-01 

1.00 E+00 | 3.60 E+00 || 9.60 E-03 7.90 E-03 

8.53 E-01 || 1.57 E+00 || 1.77 E-04 9.33 E-05 

7.94 E-01 || 2.78 E-02 || 2.00 E-06 5.12 E-07 

D5 fmrers [ 350 E11 | 340 E | 30 E _] 
Table 2. Sequence of residuals obtained by Arnoldi’s 

method and the unsymmetric Davidson’s method with 

severa] kinds of preconditioning. 

We have also implemented Algorithim 2 and Algorithm 3 on an Alliant FX/80 using double 

precision (unit roundoff = 2.2 10-'$). Because of the block nature of these algorithms, 

level 3 BLAS routines were used extensively. The small eigenvalue problems (step 2 in 

Algorithm 2 and step 3 in Algorithm 3) were solved using the PARA-EISPACK library 

(8]. The following two examples were used to compare the two algorithms. 

Example 3. In this example, we compare the results obtained by block-Arnoldi and 

Davidson's methods with diagonal preconditioning, for computing the / = 8 eigenpairs 

of largest real parts of the matrices GRE1107, HOR131, LNS3937-S, PORES3-S and 

PSMIGRI-S from the Harwell-Boeing test collection [5]. These matrices are described in 

the Table 3 below 
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Order 

p 
HOR131 l 434 

| 
| 

Nuimnber of 

entrices 

Matrix 

LAN 
5664 Simulation of computer 

N T e 
4710 0.901 Flow network 

O (P N e 
A RE RE 

[2 | 
î | | 

GRI£1107 

LNS3937-S 42 Fluid flow 

P d 
Table 3. Characteristics of test matrices 

PORES3-S 

PSMIGRI-S 

‘The letter -S in the last tlirce matrices means that the original matrices LNS3937, 

PORES3, and PSMIGR1 which have already bcen studied in (12], were scaled using tech- 

niques based on the Harwell routine MC19 [1, 3], which make the nonzeros near to unity 

in the sens that the sum of the squares of the logarithms of the nonzeros is minimized. 

The reason for scaling these matrices is that neither block-Arnoldi nor Davidson methods 

were capable of computing the wanted cigenvalues of the unscaled matrices. We report 

hereafter some basic facts that can explain the misconvergence phenomenon of the metli- 

ods on such matrices. First we notice that the original matrices are badly scaled, and 

this may lead to numerical problems. For example the magnitudes of the nonzeros vary 

from 3.2 1077 to 1.9 10"" for LNS3937, from 4.8 1079 to 99637 for PORES3 and from 

0 to 2.2 10° for PSMIGR1. We also compute, in Table 4, the gap gap(\) = ;—‘:ä‘:—{î:—;â% 

for the eight eigenvalues À of largest real parts of these matrices. The eigenvalues have 

been computed by the QR method on CRAY2. These gaps measure the closeness of the 

wanted eigenvalues and may be considered as indicators of difficulty. Finally an impor- 

tant factor that has to be taken into consideration is the departure from normality. Let 

QTAQ = À + N be the Schur decomposition of A, where Q is a unitary matrix, À is the 

diagonal matrix whose main diagonal contains the eigenvalues of A, and N is a strictly 

upper triangular matrix. À large factor of || N || Means that the matrix ÀA is very lar 

from a normal matrix, which may lead to an ill-conditioned basis of eigenvectors. Since 

| N {| is extremely difficult to compute, we can estimate it using Henrici’s formula {[6] 

AAT — A" A|| n3—n 
H—\/—(fil—:4—”——l—p <IN £ \4/ B | AAT — ATA R (22) 

P 2 

In T'able 4, we computed the above bounds for the matrices LNS3937, PORES3, and 

PSMIGRI. In Figure !, we plot the spectrum of all test matrices. 
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[ Matrix |[ v(A) | Boundsfor HN ll> __ mim, gap(X) | maxx gap(*) | 
| LNS3937 [ 44 107* | 1210" <TN , <3110® | 44105 | 1210? | 
| PORES3 |[ 3.510° | 2110*<|N|| < 35 10° | 45107 | 7310 | 
| PSMIGRI | 4.0 10" } 1410* <N ||-<14108 | 55107 | 37107" | 

Table4. Some spectral characteristics of the unscaled matrice s. 
_(](LP(À) — mînk I/\‘/\k 

max, [A-A,|" 

Although the scaling changes the eigenvalues, our aim remains the comparison of the 

block-Arnoldi and Davidson methods. We report on Table 5 the results obtained by thesc 

two methods on the test matrices. T'he gap ratio, as defined above, is also given for these 

matrices on Table 6. We notice that in all these test matrices, Davidson’s method gives 

better results than block-Arnoldi method. 

Davidson Matrix 

1 ms [ es | m 

[< 

5 

Arnoldi | 
Mat-vec ïn | 

M GREm07|| s200 | 95107 | 0 | 161 |85107| 218 
| WoRis1 | 360 | 90107 | 1145 | 261 | 6010" 
| LNSs937-5 | 1010 | 83107 | 24075 | 016 | 7110" 

| | 
| | 

6 

Table 5. Comparing the block-Arnoldi method and the unsymmetric 

Davidson method. Size of the basis m = 40 ; /l=8. 

Mat-vec : Matrix-vector multiplications , Max. res : 

Maximum of residual norms. 

minx gap(À) || max, gap(\) 

GRE1107 2.5 105 5.3 107* 
3 

3 10=4 
7 6 

| | 
| [. 

[ Honiai | 75105 | s107 | 
[ENss®a75 | 5310153107 
PORES35 | 26107 | 1610 | 
[esmiars | 31107 | 3010" 

Table6. Gap ratios of test matrices. 
(]a]7(/\) — mins l/\—/\k 

max, [A-A,|" 

As show the numerical results, the block-Arnoldi method may not be considered as 

à powerful technique in itself since the convergence can be very slow. It has, however, 

a large spectrum of applicability and its efficiency is not preconditioner-dependent as 

Davidson’s method. Chebyshev iteration constitutes a very good way for accelerating the 

block-Arnoldi method. The algorithm then consists of the following main steps. After 

construction of the matrix H, by Algorithm 2, one computes the eigenvalues of H, and 

splits them into two parts : the wanted ones which constitute an approximation of the 

sought eigenvalues, and one builds an ellipse which contains all the unwanted eigenvalues 
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Figure 1: Spectrum of test matrices.



from the rest of the spectrum. Using the parameters of this ellipse, one performs a few 

Chebyshev iterations aimed at amplifying the components of the restarting matrix Zx+1 

in the required directions while removing those in the unwanted ones. For more details on 

the implementation of this algorithm, see [11, 12]. We call this new modified block-Arnoldi 

method Arnoldi-Chebyshev. We have considered the matrix GRE1107 with m = 40 and 

we have computed the (! = 8) cigenpairs of largest real part by the Arnlodi-Chebyshev 

method using a Chebyshev polynomial of degree 40. We obtained the following results: 

matrix-vector multiplications = 2920 ; maximum of residual norms = 4.44 E-09 and 

time=24.90 sec. ’l'his constitutes a tremendous improvement over the results given in 

‘Table 5. See [12)] for other examples. 

Example 4. In this example, we compare the Davidson method using diagonal precond'i- 

tioning, the Arnoldi method and the Arnoldi-Chebyshev method with different values of 

the degree of Chebyshev polynomial. The matrix under consideration is of order 1000 and 

is generated randomly by setting its density of nonzero elements at 0.01. The nonzero off- 

diagonal entries are uniformly distributed in the range [—1, +1]; the full diagonal entrics 

are in the range [0,20]. the matrix has 10763 nonzero clements and is moderately diago- 

nally dominant. Table 7 shows the results obtained when computing the eight eigenpairs 

of largest real part. Notice the good performance of Davidson’s method for this example. 

Method Matrix-vector Maximum of 

e ipction | residul vs 
Dn % | 6w | 9 
MAmold | 7 | 9æE0 | 9085 
Cacuo, | @ | morbw | 518 
Mc | 206 | E | 818 | 
Mac&) | 2s | T@r0 | 8 | 
Ac | 20 | 2680 | 68 
C S E E N 
Table 7. Comparing the unsymmetric Davidson method with Arnoldi 

and Arnoldi-Chebyshev method. AC(10) means that 

Arnoldi-Chebyshev is used with à polynomial of degree 10. 

Time(sec) 

5  Conclusion 

In this paper, we have extended the block Davidson method for solving the symmetric 

eigenvalue problems to unsymmetric matrices. We have discussed theoretical convergence 

results and implementation aspects for this adapted version and for the block-Arnoldi 

method. There arc obvious ways to exploit parallelism in the dominant parts of these 

algorithms. Namely, in the matrix by block-vector multiplications, the matrix-matrix 
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operations and the eigenvalue problems of full/block Hessenberg matrices. Numerical tests 

have shown that the principal difficulties with Davidson’s method concern the finding of 

an adequate preconditioner. If a good preconditioner is used, the unsymmetric Davidson 

method may be quite superior to Arnoldi’s method. ÀA typical case is diagonally (resp. 

block diagonally ) dominant matrices where the unsymmetric Davidson method with a 

diagonal (resp. block diagonal) preconditioner appears to be very suitable and is much 

superior to the Arnoldi-Chebyshev method. 
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