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~ PENALIZATION ARD REGULARTZATION
OF QUADRATIC COST CONTROLLABILITY PROBLEMS
IN A FINITE DIMENSIONAL SPACE

Goong CHEN” and Wendell H. MIIIS, Jr.**
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Résumé : Nous étudions les problé@mes de contrdlabilité avec un colt qua-
dratique dans un espace de dimension finis par les méthodes de
pénalisation et de régularisation. Les feedback-synthéses associé
3 ces problémes sont aussi &tudiés. Nous calculons des approxi-
mations par la méthode des &léments finis du contrdle optimale
sur un exemple numérique pour illustrer notre méthode.

Abstract : We discuss controllability problems with a quadratic cost in
a finite dimensional space by the methods of penalization and
reqularization. Feedback synthesis derived from these problems
is also studied. Finite element approximations to the optimal

control are camputed with a numerical example illustrating
our methods.
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§ 0. INTRODUCTION

Given a control system

._____dxét?u) = A(t) x(t;u) + £(£) + B(t) u(t), ostsT
(IC)

x(ozu) = X
where

x(t) : the state of the system at time t
X, oo initial state (eRn)
u € Uad is an admissible control

A(t) = (aij(t))mm e C(lo,T]. R )
B(t) = M (£). e L2, R ™, ms<n
jooi
" f(t) = (fi(t))e L% ([o,T]; RY)

the controllability problem is : for some prescribed final state X find
an admissible control u such that the state of the system at t=T is X;,
i.e.,

(0.1) x(T;u) = Xy

Examples of such controllability problems are easy to find. Projec-
tiles being used by military forces are one such instance. The control of
a projectiles flight-its pitching, rolling and yawing- is achieved through
maneuverin§ the three principal control surfaces : elevators, ailerons and
rudder. We want to achieve a certain target X This becomes a controlla-
bility problem, with u(t) steering the system fram X to X,

Of course, the above is just a simplified model because we have not
taken many other factors (guidance, gust distrubances and physical cons-

traints) into account. Also, the target may be moving.



Controllability problems have been undergoing extensive study by
mathematicians and engineers. For example, the classical rank condition
criterion : rank (B, 2B, ..., An-lB) = n for controllability of an au—
tonamous system. |

dx (t)

- Ax(t) + Bu(t)

A, B are constant n x n, n X m matrices

is well-known, and there are same generalizations of this to partial dif-
ferential equations (e.g. [9] ). Basically, this approach differs very
much from that of optimal control in the sense that no optimization is
needed in the procedures.

The controllability terminal condition (0.1) actually can be regar-
ded as a contraint thereby enabling one to apply the optimal control tech-
nique to study the controllability problem. This is clearly indicated in - .
Lee and Markus' far reaching paper [4], where optimal control problems for
systems governed by nonlinear ordinary differential equations are studied
in great length and under a very general setting. In particular, the tar-
get set can be moving.

An important way to handle physical constraints is by the method of
penalization. In [2], [3], (6], this method was used to attack the opti-
mal control problem with contraints : instead of attempting to solve di-
rectly the ‘contrained phase optimal control problem, one considers an un-
constrained problem x;vherein the original cost functional is augmented by a
nonnegative penalty term. This sharply increases the cost associated with
trajectories which violate the phase constraints. In many cases the cons-
trained phase solution of the original optimization problem may be appro-
ximated to any desired degree of accuracy by optimal solutions to a se-
quence of augmented-cost unconstrained problems. In [5], the penalization
method is also applied to tackle the optimal control problem, where the go-
verning equation itself is considered as a constraint.



In camparison with the existing literature, our treatment in this pa-
per has the following features :

(1) The problem we are considering is a controllability problem associa-
ted with a quadratic cost functional.

(ii) The methods of penalization and regularization are used. In addition
to the convergence results, optimization procedures by feedback syn—
thesis are concerned.

(iii) Finite element approximations -a constructive aspect- are included.
In this paper, we will only study a simple model of unconstrained li-

near (time-varying) systems governed by ordinary differential equations.

Systems with constraints and those governed by partial differential equa-

tions will be treated in a forthcoming paper.

§I. CONTROLIABILITY AND PENALTY

Throughout this paper, we assume that
Uad = 1.2 (0,T;R™

. Suppose that ¢(t,s) is the fundamental matrix solution ofr A(t), i.e.,
®(t,s) satisfies ’

-0 Y L s(t,9) = awmolt,s) oss<tsT

d(s,s) = Inxn

In case s = 0, we simply write &(t) instead of ¢(t,o). Then we have

o(t,s) = o(t)o(s) *



The solution x(t;u) to (IC) becames
t

(1.2) x(tju) = o(t) X, + / ®(t,s) [E(s) + B(s) u(s)Ids
(o]

t . t
o (t) X, + F(t) + / o (t,s)B(s)u(s) ds, F(t)f/@(t,s)f(s)ds
(o) (e}

For any x(t;u) satisfying (IC), suppose we have a quadratic functional

J(x,u) = ] fl]C x(tsu) - z(t) | |2 + <Mu(t), u(t)>1dt

(o}

where
C: L2(0,T;Rn) - Lz(o,T;Rp) is linear
2 Rm 2 Rm . .
N : L(0,T;R) -+ L°(0,T;R") is linear such that
2
< Nu,u> 2v [|u]]”, v>o
Lm(o,T) Lm (o,T)
and N = N*

Z e L2 (O,T;RP)

We are now in a position to pose the Optimal Controllability Problem (OCP;

Given some Xy e‘Rn, find a control u ¢ Uad such that the solution x(t;u)
of (IC) satisfies the terminal condition x(T;u) = Xy and the control cost

J(x,u) is minimal,

If there is a u which steers the system fram x“to x, (with a minimal
cost J(x,u)), we say that (IC) is controllable fram X to X, - If (IC) is
controllable for arbitrary X and X,, Wwe say that (IC) is (globally) con-
trollable.

1'



Without requiring the minimality of the control cost, the concept of
controllability is dual to that of observality. The following duality theo-
rem can be found in [7].

Theorem 1.1 The system

(1.3)  dx(t;u)

T = Aft) xft;u) + B{t) u(t)

is controllable for any initial and final states Xor %Xy if and only if the
system
& - a* () y(b)
(Lo)
w(t) = B(t) "y(t)

is observable. (I0) is observable if and only if
T

(1.4) Z(T) = o(T) [[ d>(s)-1B(s) B” (s) (<I>(s)_l

)*ds] o (T)”

is a positive definitive matrix. Furthermore, for any Xor Xq¢ the control
- . * -1
d(t) =B (t) & (T,t) Z(T) [x1 - o(T) xo] o<ts<T

steers (1.3)- from x_ to x, such that Hall 5
: L, (@D

is minimal.
‘Here we prove a slightly generalized version of the above theorem.

Theorem 1.2. The system (IC) is controllable for any initial states X and
X, if and only if the system (LO) is observable. (10) is observable if and
only if

(1.5) 7, (T) = j 5(T,s) B(s) N(s) * B*(s)e*(T,s)ds

o



is a positive definite matrix. For any X, Xy the ocontrol
(1.6) 4 =N B we 0z Mk, - #Mx FMI, ostsT

steers (IC) from x_ to x, such that < NG, @ > is minimal.
(o} 1 2
Lm (0,T)

Proof : We first note that Theorem 1.1 remains true with the presence of
f(t) Z o in (1.3) because only a translation F(T) is resulted from
fat t="T.

Now, we show that 4 steers (IC) from X, to x
T
x(T) =0(T)x+ f 6(T,s) [B(s)l(s) + £(s)1ds

1°

o]
T
2mx, + Fm + [ o@)BEN (5)8" (5)0" (7,5)ds{zg" () [x; -0 (D) xsF (D) 1}
(o]

=0 (T)xo + F(T) + ZN(T)' {z;l('r) L x, =0 (T)xO-F(T)]}
= X

1

Note that there is no question about the existence of Z;]1 (T) because
Z(T) in (1.4) is positive and N is invertible.

Next .we prove that i has the minimal cost < Nu,u >. Let u also steer

X to'xl. Then
T T
X, - <I>(T)xo - F(T) = f ®(T,s) B(s) u(s) ds = f@(T,s) B(s) d(s) ds
o (o)
S0
T

f<I>(T,s) B(s) [u(s) - d(s)l ds =o0
o



= o (as a scalar)

T
f [x, - #(@)x, = F(T) 1* (z.;l('r))* ®(T,s) B(s) [u(s) - 4(s)1 ds

o
Hence T .
f 8" (s) N(s) [u(s) - G(s)1ds = o i.e., < G, N(u-0) > =0
2 L (o,T)
with N* = N, we derive
<Nu,u>-<Nﬁ,ﬁ>=<N(u-ﬁ),u'ﬁ>2V||u“u||22 20
L, (0./T)
Q.E.D.

The above is equal to o if and only if u = Q.
We have same more to say about this theorem in §III.

Now return to the (OCP). Instead of directly minimizing J(x, u), we

oconsider

(1.7) J (x, u) =J(x, v + Y(e) |x(T ; u) - X1|2 €>0

+ -+ .
where Y(e) is a positive continuous function fram R into R, strictly de-

creasing on (o, eo) for some €, >0 and such that

(1.8) P (g) +' +o0 as € YO

The simplest such Y(g) = 1/e. In general, Y(g) is a function of the
mesh size € in finite element approximations. Here in (1.7), we regard the

controllability terminal condition x(T ; u) = X, as a constraint. If x(T;u)
is not satisfied, the penalty ¥(e) |x(T;u) - x1|2 is imposed.

¢ 12(0,T ;RY wich mini-

Theorem 1.3 For every € > o, there is a unique ﬁe

mizes J8 (x, u).

The proof is standard : find the weak limit of a subsequence of a mini-



zing sequence and use the lower semicontinuity of J e (x,u) to show minimal-
ty. The uniqueness follows from strict convexity of J c* Q.E.D.

Sor for every € > o, let ﬁe be the unique control which minimizes

Je(x,u). For o < €y < & (<eo) '

. - . 2
J (x, G ) =09, 4 ) +¥le) x(T;a)-x]|
62 82 82 2 62 1

Il 8 ) + bl | %@ s 8 ) - x 1%+ (Wley) = wie )| (T ﬁ€2)~x1|2

v

I (8 )+ (be) = vle)| X7 ) - x|

v

J . (x, G_)
1 1
Accordingly, Je(x'ﬁe) is increasing as € is decreasing to o. This means

that cost gets higher as more controllability is achieved.
The following is the fundamental theorem.

Theorem 1.4 The system (LC) is controllable fram X to x if and only if
J_(x,8)) is bounded from above by some M > o(depending on x,, %;). If (IC)
is controllable from X to Xy, then 4
(as € + o) which solves the (OPC).

¢ oonverges strongly to a control 4

Proof -+ If (IC) is controllable from x  to x then there is a control u

which steers (IC) from X to xX

l’
1’ °

(1.9 J(x@ =306 + v |xD - x| > min I_Ge,0) = J_(x,8)

u
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Thus Je(x, ﬁe) is bounded from above for all O<€<€o by M=J (x,1) -

Conversely, assure that all J_ (x,ﬁe) is bounded from above by same M>o.
Then

Ik, @) + ple)| x(ma) - x |? <M
Hence
(1.10) Ix(T;uE) - xl|?s MY () >oas e > o

Because {ﬁe} is bounded in L; (0,T), it contains a subsequence ﬁe + 4
n
weakly convergent. From (1.2) and (1.10), we see that

t

x(T ; @) = lim {® (T) X+ F(T) + / ® (T, s) B(s) ﬁe (s) ds}
e _YoO n
n o
=1im x(T; 4. ) =x
en+o €n 1

So 4 accamplishes controllability. (LC) is controllable fram X to x
From (1.9) we have

lo

(1.11) Jx, @) =2 JE (x, ﬁ&:? > J(x, ﬁe).

On the other hand, weak consequence ﬁs -+ { implies the strong conver-
. n
gence of x(t ; ﬁe ) to x(t ; 4). We have
n

(1.12) J(x, ) < lim inf J(x, G_ )
. €
€n+o n

Canbining (1.11) and (1.12) and the remark before Theorem 1.4., we

conclude



en+o n

This implies that ﬁe converges strongly to 4 in Li (o,T) since

1/2 n 2

<Nwv,w> is an equivalent norm in Lm (0,T) . We also remark that the

whole sequence {ﬁe}converges strongly to i, since every subsequence

{ ﬁe } contains a subsequence converging strongly to .
n

Now for any u steering X to x, we have

J(x, U) < lim inf Je (ﬁl8 )
n n

for a subsequence ﬁe . From (.19) we deduce that
n
I = J(@)
Hence G solves the (OCP).
The rate of convergence (1.10) can be improved to
¢(€)1/2| x(T;ﬁe)-xllz*o as e+Vo
because J(x, ﬁe)‘ converges to J(x, 4). Q.E.D.
‘i‘heorem‘ 1.4 formulates an equivalent condition for controllability
depending on initial.and terminal conditions only. In the next theorem,
we will formulate an equivalent ¢ondition for global controllability.
Theorem 1.5. (Global uniform bounds)
The system (IC) is controllable from X to X for arbitrarity given

X,r X, if and only if there exists a positive constants M independent of
Xy X, such that

11
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3 (x, 8) <M |x -eDx - F(T)|% + 4 ||C||2||<I>(.)xo + F()|]? ) +
£ Ln(o,T)
+2 ]2l |%
L® (o,T)
p
Proof : By theorem 1.2, the control
= - -1 _* * -1
u(t) = N(t) ~ B () (T,t) Zy ~ [x = &(T)x, - F(T)]
steers (IC) from X to X, Therefore
J(x, u = Je (x, ﬁe) for all o<e<e.
But T
Jlx) = /(ICx<t ;W) - z(®) ]2+ @) aw, a®>) at
(o}
T
< /Ezmw s w2+ 2|z(t) |2 + < N(B) a(t), alt)>] at
A ,
It is clear that
<M, T K| %, - 0@ x, - F(D |2
with
= ||/ *o(r,t) B(Y) B (1) o(T,0)" 7 at]|
Also fram (1.2)
T T
,/|C x(t, u)l2 dt < 4{ /[IC( o (t) X, + F(t)|2 +]c /@(t,s) B(s)
(o]

(o] O

Nl(s) BY(s) 6% (t,8) . B T (x - O(T) %, - F(D)]

N

2 351 at}
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2 2
+ K X =0(T)x_ -~ F(T)
2o * 2 1% 7 00, < F]

<4 ||d|? |14

where K, can be similarly defined.
let M= K1 + Koy the proof is complete. Q.E.D.

§ II. REGULARIZATION AND PENALIZATION

In this section we adopt an approach [5] which provides us with a
sequence of regularized controls approximating optimal control. Let

U, = (O, T) = {ulu, u' e L (o, T)}
and consider minimizing
T

J(x,u) + W(el)l x(T;u) - Xy 2 + £%//~ <u'(t),u'(t)> dt
O

il

(2.1) J (x,u)
el,ez

for all u € H (0,T). Using the same argument as in Theorem 1.3, one easi-

ly proves that there is a unique element ﬁe e in U1 which minimizes Je .
1,72 1,72

Theorem 2.1. Assume the systan is controllable from X to x.. As N >0

1° €2

1‘.‘1s ¢ converges strougly in L (0,T) to some 4 which 1s the unique solutlon

for t%e (OCP) . For each fixed e > o, ﬁ€
to 4. which is the unique solutlon in

€1

converges strongly in Lm (o,T)
Theorem 1.4.

1,52

Proof : ILet 4 , U minimize J (x,u) and J (x,u), respectively.
1,72 1 1, €2 € 1

Since H (0,T) is dense in L (o, T) , there exists an Hl -~ sequence w; > G,
1

strongly in Lm(o,T) such that

Ik, W) + e |x(r 5 WY - x |? < T, ) () Ixma, ) = x|+ 2
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for any n > o provided n is large enough.

On the other hand, we have

€ €
J (x, 4 ) 3 (x,wnl)gJe(x,\‘i )+n/2+e:2||wnl||2
1, 2 1, 2 1, 1 €1 L

(SR
We choose €, SO small that €2|| wnl || £ 2. Thus for any n> o, there

éxi:sts g(n) such that for 625 e(n,
J (x, 4 Y< J (@) +n

SO

Now as € € >0, Q0 is bounded in Li(o,T) , SO it contains a sub-
4

g, €

1’ 2
sequence converging weakly to 4 in Lli for some d. According to the proof
of Theorem 1.4., this @ steers (IC) fram X to x,. Also,

J(¢,u) < lim J(x, ﬁe e ) £ lim Je (x, ﬁ€ )y = J(x, Q)
e-l,ezw 1’72 el+o 1 1
Hence for a subsequenoé s{n) ’ eén) , we have
Cqs - . om NGO
11(12) o) < Nue(n) e(n), ue(n) e(n) > < N4,4 >
€ 1 € o 1’ "2 T 72

This j.mplieé the strong convergence of ﬁe > 4 in L.

For fixed €7 one easily sees from the proof of [5, Theorem 1.5 , p. 361}

that ﬁE e converges strongly to \‘i€ as €, > O. Q.E.D.

172 1 2
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§ III. FEEDBACK SYNTHESIS

The optimal control ﬁe minimizing J€ can be characterized [5] by the

variational equation

+ < N3, v-a > +

<Cx(o ; @ -z, Cx(o; V) = Cx(t; Q> , )
Lp(o,T) Lm(o,T)

+¢(E)<x(T;ﬁ)-x1,X(T;V)-x(T;ﬁ)>n=o
R

Introducing the adjoint state P (t)

dP (t) * * *
-—g-,z— = -A" p_(t) - CCx(t ; a) +C'z(t)
pe(T) = Y(e) [x(T ; ﬁe) - %]

we obtain

]<N(t) ﬁe(t) + B*(t) pe(t), v(t) - ﬁe(t)> 1{“= o VvV Uad

(3.2) | & _ax+ BN Bp =f

dp
> * x -
EE—+AP€+CC){—CZ

pE(T) = Y(e) [x(T ; ﬁe) - x]



1o

on [o,T].

Consider the above (3.2) begining at same intermediate time s ¢ [0,T].
We write

(3.3) ax _ -
T Ax + BN

1l _* -
Bpe f

dp
€ * * _ A%
= * AP, + C'ex =C'z

x(s ; ue) =h

pe('I‘) = yYle) [x(T ; ﬁe) - X

We decompose x, ps into x Yy + Yy pe = P1 + P2, where Yyr Pl satis-

fy
(3.4) dy
1 -1 _x_
5 Ay, + BN BP =o
it} + AP, + C'Cy, = o
at 1 1
y,(s) =h

Pi(T) = Y (e) Yl(T)'
and Yor P2 satisfy

(3.5) dy2

-1 _* _
aTt—_Ay2+BN sz—f
dp
2 * * - %
- +AP2+CCY2 Cz
Y,(s) =0

Pz(s) = P(e) y,(T) - Y(e) Xy



From (3.3) we see that Pl(t) (s <t <T) is a linear function of h, in

particular, at t = s. So we write Pl(s) =P (s)h. Pz(t) is independent of h,
so we denote it by Ye(t) . Thus we have the affine relation

(3.6)  p_(0) =P_(th+y_(£) =@_(t) x(t; ) +v_()

thereby achieving the decoupling

(3.

(3.

' - -1 = - %
7) ;1>€+1>€zss+z¥h>E P_ BN B’ﬁg c*c

8) ®_(T) = y(e) Inxn

and Ye (t) satisfies

(3

(3.

' * - -
.9) Y€+Ay€ IPEH\I

lB*Y =-P f+ C*'z
€ €

10) YE(T) = - Y(e) X)

\

One easily verifies that P has the following properties ([87]) :

('PE* (t) =@_(t) for all t ¢ [O,T]

‘Pe(t) > 0o, l.e., <1P€(t)y, Yy> 20 for y ear
. R

iPE (tl) sYPe(tz) if t1 > t2

YPE (t) zYPE

2

1(t) ifo<52<el<go

The,teri;dnal conditions (3.8) and (3.10) indicate that
]|+ = @] = as 4o
This seems to be a great disadvantage for Riccati equations synthesis.
Now éonsider the special case of C = o. Then
7 .

J(x,u) = /lz(t)]z + <N(t) u(t), u(t)> ) dat

o

17
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so J(x,u) is minimal if and only if < Nu, u > is minimal. The optimal
control 4 on [0,T] is known in Theorem 1.2. By Bellman's dynamic pro~

gramming, the optimal control ﬁs (t) which minimizes <Nu,uw 2
' L”(s,T)
m

with initial and terminal states x(s ; ﬁe) and Xy (resp.) is.
(3.11)  d(s, £) =N '(6) BY(®) ¢¥ (1, &) 27" (T, 8) [x - (T, 8) x(s 7 &) -

-F(T, s)] (s<ts<T

where
(T, s) 57¢>(T,c) B(z) N (07 B* (@) o%(T,0) &
S
T
F(T, s) = / o(T,z) £ (z) dg
S

In the context of (3.3), x(s ; ﬁs) is h. Therefore, camparing (3.1),
(3.6), (3.11) and letting t = s, we get

Theorem 3.1. Assume that C
Then

o and B is nonsingular (a priori, m =n).

* -1
P_(.) > &7 (T, )z (T,.) &(T,.)
v () > @ (T, ) 7 (T, [x) - F(T,0)]
as E"* O-‘

The above theorem explores to some extent the structure of solutions
to Riccati equations. One can see that as s +~ T, the (operator) nom of
0" (T,s) ZN-l(T,s) ® (T,s) becomes unbounded. This coincides with our earlier
cbservation that ||P_(s) || »~ as s + T. Similar observation also holds for
Ye (s) as s + T. Nevertheless, we do not knows what the rate of convergence
is as related to €.
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In general m < n so B can not be nonsingular, we tend to think that
theorem 3.1. remains true. We have yet no proof to confirm this.

As for the cost functional J.. in (2.1), the optimal control 4

1,82 €

1’2
is determined by

X'=Ax+Bu+f

x(0) = X,

p' = A*p - C'cx + ¢z
p(T) = w(el) (x(T) - %]
- ezu" +Nu+B*p=o
u'(o) =u'(T) =o
o<tx<T

This is a coupled system of initial, terminal and boundary value pro-
blems.

§ IV. NUMERICAL APPROXIMATIONS AND EXAMPLE

We choose Sh to be the space of continuous precewise cubics on [0,T]
on a mesh of length h and let

3

h h

S S

I
=]

_ i=]
Let {cbi‘} be a basis for S°. If [0,T] is divided into k intervals, then
the mmber of elements in {q)i} is 3k +1. Consequently, the set of elements

(Pij = ¢i ej, ej : the j—th unit vector, 1 < J<m

becames a basis for Sh consisting of NS = (3k+1) .m elements.
We want to approximate the optimal control G by elements in the space

. According to the theory we have established in § II, G can be approxi-
mated to any desired accuracy by ﬁe' Therefore, we consider the minimization

Sh

problem
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T
Min  J(x,v) ={ [||lcx(t;v) - _z_(t)]l2 + <N(t) v(t); v(t)>] dt +

b’
&‘l
veS o

+ Y |x(T; v) -xllz}

where x, 2z, N are finite element representations of these functions. The

variational formulation of this problem is :

(4.1) Find G e éh such that
T
f[<c§(t P V) - z(t), Cx(t; v) =Cx(t; G)> + <NE)v(),
o

v(E) - G (0>] dE + Y(h) < X(T 5v) - x), X(T 5 v) - x(T ; §)> =

-

=0 veS

We state the following fundamental theorem here. Its proof will be gi-

ven in detail in a forthcoming paper.

Theorem 4.1. As sume that (IC) is controllable from X to Xy and let 4 be
the solution of the (OCP). Let ﬁh denote the unique solution of (4.1). Then

g ~a in.2(0,T) ash -+ o

i=1

and letting v run through all the basis elements { ¢j}i]s,

equation (4.1) is reduced to the following NS x 1 quadratic system :

the variational




1
1l
(4.2) (s ~] -] 3 ) (Com™ @) +M 35+ )t + gl =0
| 1 sxa
where
=% _ I .
[0 - LOLl, 0!.2, ...,Ol..NS]
T t . t
G = (Yij)NSxNS' Yij ’:‘f <C f@(t,s)B(s) wi(s)ds, C fcb(t,s)B(s)xpj (s)ds >dt
o o o
T
D= (6ij)NSst' 6ij Ef <N(s) wi(s), wj(s)> ds
o
N T
M= (uij)NSxNS M =< f@(T,s)B(s) lpi(s)ds, f @(T,S)B(s)q;j (s)ds >
_ o o
T t
D _ .
= 1By By e Bg) ¢+ B = <Clooxn, + F®) - 20, ¢ f e(eaBEy;ie)
o o
ds > dt
t
C* = [Cl'CZ' ce vy ENS] r CJ =< Q(T)Xo + F(T) - Xl, /@(T,S)B(S)(]}J,(S)dS)
o
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Systém 4.2. is very ill-conditioned. The standard non-linear system sol-
vers .will not work for (4.2) with cubics. This is typical of known penaliza-
tion methods for linear partial differential equations [1]. So, instead, we

solve the linearized system

1

(4.3) . [u;(h)—1 (G+D)+M3]+ [w(h)— Btz 1 =o0

The matrix 1p(h)_1 (GHD)+M is also very ill-conditioned for large y(h).
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But we can use some standard stiff linear system solvers and campute
_ -1 -1 -1
a == [Yh) "(G+D) +M [(h) = B+ ]
It is clear that if o is a solution of (4.3), then a is also a solu-
tion of (4.2). In fact, (4.2) corresponds to the linear variational pro—
blem

(4.4) Find §_« sP such that

T
f [<Cx(t ; §) - z(0), Clx(tiv) - 2(b)x - E(t))> + <N(B)G (t),
o

v(t) >ldat + y(h) <x(T ; ﬁh) = Xy X(T ; v) - &(T) xo-F(T)>=o
Thus a solution of (4.4) is a solution of (4.1).

We end this paper with a simple example.

Example : n=m=2 , T=m/2

-

<« @] lo 1llxw] [ o] [uw
%E 1 _ 1 + 1 1
_xz (t').l -1 o sz (t) o 1 u, (t)
(%, (0) | e [x, E
' sz (o)_ 11 sz (T) 1
cos (t - s) sin (t - s)
o(t, s) =
-sin (t - s) cos (t - s)
C =02 ' 27 % + N = Ing
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The exact solution and the optimal control are, respectively,

(-?T-t-l) cost + sin t

x(t) =
- (%t— 1) sint + cos t
icost u, (t)
m 1
u(t) = =
4
—Fsmt u2(t)

For covenience, we imput the exact ®(t,s) in our camputation of (4.3).
In the following two graphs, one can see that the broken line (representing
the finite element solution coincides almost exactly with the dark line (e-

xact solution)). The error is <1074,
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