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.CONTROL AND STABILIZATION
FOR THE WAVE EQUATION IN AN EXPANDING DOMAIN

Claude Bardos™ - Goong Chen™*

Résumé : Nous utilisons des invariantes d'énergie pour étudier des estimations
de croissance et de décroissance pour les solutions de 1'équation des
ondes dans un domaine en expansion. Nous donnons des conditions suf-
fisantes pour obtenir une contrdlabilité exacte (avec paramétre dis-
tribué) de 1'équation des ondes.

Abstract : We use energy invariants to study the growth and decay estimates
for solutions of the wave equation in an expanding domain. Suffi-
cient conditions are formulated which ensure the exact (distribu-
ted-parameter) controllability of the wave equation.
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§ 0. INTRODUCTION

In three of the earlier papers [11, (21, [31, we have studied con-
trollability, stabilizability and observability theory for the wave equa-
tion in a bounded domain § E:RN. Q was a fixed domain with the passage of
time. In practical situations, many processes evolve in domains whose boun-
dary has moving parts. A simple model, e.g., is a heat process in a combus-
tion chamber where a piston is attached. Part of the boundary moves with
the motion of the piston. Partial differential equations in domains with
moving boundary have been studied by [41, [51, [6], [7], etc... ; see also
the references therein.

In this paper,we will be concerned with the controilability and
stabilizability problems for the wave equation in a domain with an expan-
ding boundary. As for as we known, the present paper is the first attempt
to resolve the above questions. We prove that, under certain conditions,
(1) the wave equation is satbilizable with the introduction of viscous dam-
ping and compensation and (2) the wave equation is exactly controllable
with distributed parameter controllers.

We first note that the energy of the wave equation increases as the
domain expands and decreases as the domain contracts. Therefore no backward
stabilizability [10] is obtainable in an expanding domain as one reverses
the sense of time. This causes some complication to the study of controlla-
bility when one tries to apply Russell's complete stabilizability method

[10]. Here we devise a scheme with high compensation so that, when combined
with the energy method of Morawetz, it can provide us with an upper bound
for the energy growth during time reversal.

Basically, our assumptions are as follows. (A) the space dimension
N = 2. (B) the domain rests still until t = TO. (C) after To’ the domain
expands, but every point on the domain lies within the distance 6t, 0<6 < 1,
of the origin at t z‘TO. (D) a geometrical condition on the boundary which
in the stationnary case reduces to the star-shapedness condition. Condition (A)
is very restrictive. Conditions (B) and (D) ensure that the energy of the
wave equation will not change too drastically in the process of boundary de-
formation.



In § 1, we start with some basic notations and the statement of the con-
trollability problem. The existence, uniqueness and continuity of solutions
of wave equations is stated without proof.

In § 2, we derive the growth and decay estimates for the wave equation
(without control) in an expanding domain. It is important in itself as well
as preparatory for the material in §3.

In § 3, the distributed-parameter exact controllability theorem is given.

We give an example of an expanding sphere in § 4..

The authors acknowledge the influence of the work of Strauss [11] and
Tartar [12] on this paper.



§ 1. NOTATIONS - STATEMENT OF THE PROBLEM

N

Points in space R" are denoted as x = (xl, Xos «ovs xN). Also

2 2_ .2 ' 2,2
Y© = |x]" =% X5 s V= (3/3%0s «uvs 3/3xy) » Vot = (v, 9/3t) and & = L 37/0x;.
For t = o we postulate bounded open sets Q(t). Let

t

2
a(t) x {t}, I(ty, t)) = U 8a(t) x {t)
=t1 t=t1

2

f
G ot

Q(t;» ty)

denote the space-time domain and the lateral surface from t; to to. In case

ty = 0, we simply denote Q(o, t,) and z(o, t,) as Q(t,) and 2(ty)s respecti-
vely. We assume that £(t) is precewise smooth for all t > o. Let

v = (vl, cevs Vo vt) = (vx, vt) be the unit outward normal at (x, t) on I.

Throughout this paper, we assume

(H,) Vel < [v | on I(T), for any T > o

From 6 , we understand taht (HO) holds if and only if each point on the
boundary moves in the normal direction at a speed less than or equal to one.

If u is a smooth function satisfying u = o on E. Then all the tan-
gential derivatives of u also vanishing on Z. So

Vx’tu=—\7\)
ou - au U _ du - ueX
(L.1) 5 T v Ve Br = v Y (here v = vy r)

The abdve remains -valid in the sense of distributions if u has a well-
defined trace. )

For each t =2 o, Hg (Q(t))® HO(Q(t)) denotes the Hilbert space equipped
with the norm

2 2
=/ []w]| + v2ldx
a(t)

RICAM E,(w,v) = the energy of the state (w,v)

or an equivalent norm :

2

||(w,V)||$ =Q{t§lvw|2 + YW+ vzjdx, Y 20



for any (w,v) e Hé (2(t)) HO(2(t)).

We are now in a position to pose the
Exact Controllability Problem (ECP). Let

cs) [ ML) - oaw(x,t) = f(xat),  (x,t) € Q(T)

3t2
w(x,0) w_(x)
" I c H(l)(Q(o))QHO(Q(O))
5g(X50) Vo(X)
Wm = o

be a given distributed parameter control system governed by the wave equa-
tion. For any initial state (wo, vo) € Hé(Q(O) HO(Q(o)) and any preassigned
state (wp, vp) € HE (@(T))®HO(2(T)), find an admissible control £eL2(Q(T))
such that the solution w(x,t) satisfies the preassigned terminal state (WT’VT)
at t =T.
&
The theorem of existence, uniqueness and continuity of solutions is given

below.

Theorem 1.1 Consider the equation

WOGE) -~ w(x,t) = F(x,t) (x,t) € QT) 5 e L5(0(M)
at

W(x,0) = W (x) € H3(2(0))

FH060)= v, (x) « K(a(0))

.

Wlgry = ©
in Q(T): Under the assumption (HO), the solution w(x,t) exists and is unique
such that

(w> ) ¢ CO(10,T1 5 H (3(£) @H(R(L)))

The proof can be done by a change of coordinates [4] and then use theorems
in [8] Chapter 3 to prove continuity.



§ 2. GROUWTH AND DECAY ESTIMATES FOR THE WAVE EQUATION IN AN EXPANDING DOMAIN

In the sequel, we will need the following assumptions from time to
time.

(Hl) The space is not two dimensional, i.e., N=2.
(H,) The domain (o) rests still until t =T  for some T >o0, i.e.,
2 0 0

a(t)

Q(o) for o <t < TO.

(Hy) For t> T , the domain expands, i.e., a(t)) g alty) fork< t, <t
and for any x ¢ Q(t),
Yy = |xl < ot s 0<H<1 for some ©

Our first theorem, which is independent of the preceding hypothesis,
indicates that the energy of the wave grows and decays as the boundary shrinks
and expands.

Theorem 2.1. Let

(WE) %%ﬁ-- Aw = 0 in Q(T)
g&x,o) = wo(x) € HggQ(o))
Hix,0) = vo(x)  H((0))
WIZ(T) =0

be a wave equation in Q(T). THen the energy El(t) is non-increasing if Q(t)
is expanding, and El(t) is non-decreasing if Q(t) is contracting.

Proof : Let the motion of a point on 89(t) be given by x = x(t). Then
(dx/dt,1) is tangent to I(T) at (x(t),t). Thus

. d
(2.1) V. H% t Vg =0

As the boundary 3Q(t) of (t) is expanding outward, the component of dx/dt
in the direction of Vo must be non-negative, thus vy dx/dt is non-negative.



Hence Vi is non-positive.

Now writing

. ,
J MWW - 9 loaw 2y, -
(2.2) o=gF (5F-aw = g5 [plgg + w3 dw(Bt v, W)
and integrating over Q{t), o < t < T, we obtain
(2.3) 1 ! (§_w_2_+ |Vw|2)d = .:.l_ S (-a—viz— + ]VWIZ) dx -
-1 f (§-M£+IVW|2)\) do + [ . ow w. v do
(2.4) =+ f 3W2+|vw| dx + 3 J Miv(]vlz-vz)do

The second term is always non-positive because Vi is non-positive and (Ho).

Therefore El(t) is non-increasing.

On the other hand, if aQ(t) is contracting inward, Vi is non-positive.
The second term of (2.4) becomes non-negative. Thus El(t) is non-decreasing.

Q.E.D.

In what follwos, we will use C.S. Morawetz's energy invariants (9] to
study the growth and decay estimates for the wave equation. They are

)"
_ W 2 © W oW
Ez(t) = J [t(ﬁ + |VW| ) + 2'Y 5y é—f + (N'l)W '—t 71dx
Q(t)
E _ 2:.2 aw2 AW W 1l
(t) = / [y *t7) (5= +|Vw| + 4ty + 2(N- 1)tw - (N-1)w"]
3 , ? 3t 5y
Q(t)
Lemma 2.2 For any domain QERN , N'z 2, we have
X 2 2 (N-1) (N-3) 2
Y2 X 2 4 2
& 1 Y Q v



/
Q2

2

(r- + t

2 2
ow N-1 W 2
. W v dx]= - (N-1) é wdx -

i

) [Z(N-1)

<]

(-1)(3) [ (o ) 24

Q v?

provided that w = 0 on 9Q

Proof :

They are straightforward integrations by parts. One need only note

that the singularity at y= o does not make any contribution because N = 2

Theorem 2.3. Assume (H1-H3). Let w({x,t) be the solution of (WE) inQ(T), T =T

(1)

(iii)

(2.6)

Proof :

0

If tvt + TV = o on 3R(t) for T0 < t<T, then Ez(t) is conserved
during [TO,T] . We have the energy decay

(1+e)T0 1

El(t) < -———1:'6—""' —t' El(O), t>o0

If (Hy) tvg
Jecreasing, and (2.5) also holds.

+vaso on a(t) , t 2 T0 holds then E2(t) is non

If tv, +yv, 20 on a(t) for t 2T

(1-6)To 1
El(t) 2'_(—1—:6_)—— ? El(O), t > TO

We kpow that

i then E2(t) is non-decreasing and

%w ow ow ., N-1
0= 2(;;7 - Aw)(t-gf + Y5;-+ —= w)
2
3 oW aw aw MW
5T [t(at +|V v| ) + 2y = + ({-1)w 53 1
aw2 2
- div [2t Vw + 2(X.UW) Vw + x + (N-1)wvw -|vw] “x]

ot

Integrating the above over Q(To;t), we obtain



Bw aw aw ow
(2.7)  Ep(t) = E5(T,) +J (Lt + W% + 2y 57 3¢ + (N-1)wgglv, +
2(T,st)
ow aw2 2
+ [2ter W+ 2(x. VW)W + == X + (N-1)wow - | Vw] x1.v,} do

Using the relations (1.1), we can simplify the above boundary integral to

2
(2.8) J vyl - v
T 0’

t) [tv, + rv,.] do

From here one easily sees that the conservation of Ez(t) is proved. Now,

define
X.
_ oW N-1 "1
(2.9) )\1 = —__BX_i + 5 _-Z-Y W
Then E,(t) = / {t[aw2 + Z(x Mol K 2,0y B (- 1)w2¥dx
en E,(t) = by et 7Y Y33 5t

(integration by parts once and simplification)

2 2
-1 @) v 2 e x]dx+-ﬂ-—11ﬂ—31f My dx
Q(t) Q(t)
By (H3), vy <6t on Q(t), we have
oW 2)1/2 we Lo 12 W | .2
|2 55 ¢ x1x|_2| My tz A7) ‘at L A§) < 8t( 5 + IAY)
Therefore
o’ BN-1) (- 3) W
(2.10) (1+8)t S (3¢ +T x ) dx + L dx > Ey(t) 2
2(t) a(t) Y
2
> (1-6)t / (iw—mx dx +_ﬂ—11ﬂ—31f Yy ox
a(t) Q(t)

Substituting (2.9) back, using Lemma 2.2 and simplifying, we get
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2 2
(2.11) (1+8)t / (%-‘g— + |vW|2)dx - (N 4N'3 ot f Yy dx > Ey(t) 2
Q(t) a(t) ¥
2 2
2(1-0)t f (—g—vtl- + |le2)dx + N'14 N-3) ot %’z— dx
Q(t) Q(t)

Combining the above inequalities with (2.7), (2.8), we conclude that for

t zTO, if tu, + vaso on Z(To,t), then
v’ 2 aw’ 2
(1+0)T / (55— + lvw|“)dx 2 (1-8)t /(g ¥ |vw| ©)dx
(T,) a(t)
0
Hence (2.5) is proved because El(TO) = El(o)

If tvt+ yvyzo on Z(To,t), then

T 2 o’ 2
(1+6)T, gfz(T (gp= + 1w ©)dx < (1-0)T §f2(t) (50 + [9w|)dx

so (2.6) is proved.

Remark : The assumption (H,) is similar to the "pulse illumination" condition
of Cooper and Strauss [6] . For example, after T0 if x e 3Q(t) moves according
to the law |x| = 8t, o < 8 < 1, then (H,) reduces to v, + Bv, <o. An example

illustrating various situations in Theorem 2.3. can be found in §4.
.‘As for E3(t), we have the following theorem.

Theorem 2.4. Assume (HO)-(H3). Let w(x,t) be the solution of (WE) in Q(T),
T2 TO. If the condition

2)

(Hg) (Y2 t + ztyvyzo, x € 3t), t 2T,

Vi

is satisfied, then Eq(t) is increasing (t = T ) and
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2
n T
: 1 ,1-6,2 ‘o
(2.12) El(t) 2 1+62 (m ;2-— El(O) t > TO

Remark : (1) (H5) js satisfied provided that tvt+vazo is satisfied, because

2 2 2 2 2 _
(Ye+ t7) v t 2tyvy,z(1+9 )t vy 2tva22t vy ¥ 2tyvY =
= Zt(t\)t + yv} >

(i1) The estimate (2.12) says that under (H5), El(t) cannot decay with
a rate faster than 1/t2. This estimate does not seem to be too useful from the
energy decay point of view, because we already known that El(t) < El(O). How-
ever, such an estimate is very important in the controllability study in §3.
Compare (3.5).

(ii1) For a sphere expanding with a uniform speed 6< 1, it is impossible
to have

2
2
(y?+ t )vt + 2 tvaso on 39,

for all t = To. Therefore one in general cannot expect a result like (2.5)
from E3.

Proof : We follow along the same line of argument as in the proof of the pre-
ceeding theorem.

It is known that

0= 2(%—1"} - aw) [(yae t8) s 2tyg”YV (N-1)tw ]
t
2
) 2 aw oW 2
= at [(y2+t )(grc_’_ + ] wl%) + Aty g 5y + 2N 1)tw 2 3t - (N-1)w"]
2, ow

2
2 div [(y2+t9) T Wt %¥~ X + 2t(x.Vw) Yw - thw|2 x + 2(N-1)twvw]

Integrating over Q(To,t), we obtain
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2
(2.13) Eq(t) = Eo(T.) + S {[(y2+t2) Mgy + 62 ka2t (x. TW)TH-t T X
3 3V o 3t o t
Z(T,»t)
2
2, W 2 oW ow
+ 2(N-1)twwwl.v, -[(y2+t )(at + |ww|2) + 4ty Tyt

+ 2(N-1) twd¥ - (N-1)w"1v,} do

Using (2.3), we again simplify the above boundary integral and get

(1vy |2 - vi)C(y 2+t2\ vy F2trv ] do

(2.18) Eq(t) = E4(T,) + g(T LR

o’t)

Now we use (2.9) and integrate by parts, we get

2

2

EL(t) = f {(Y2+t2)[(8w + 1 22184t 2 mxy Ay N-1 N 3) ;XA \2ux
’ a(t) o a(t) v

For t = To’ y < 6t on Q(t), so 2ty < %%5? (y2+t2)

Thus

at 2 nxpn, < 4ty By < oty (T + nd) < 28 (v2+t2) (B + 2%

ot
Therefore

i (y2+t2)(aw ¢ Zyax + QDO3)

1+e2 2(t) Q(t)

(1+

2442 2
Al el dx 2 E3(t) 2

28 5 (vt )(éﬂ_ s Dyax ¢ (LNI) -y X wldx

> (1-
1462 Q{t) Q(t)

2 2
-Ll—gl— t={ s (gg + 22 ;ydx + XELJJX———)- / Y dx}
1+6° a(t) a(t) v

Substituting (2.9) back and using Lemma 2.2, we obtain

2
(%:2 S w2dx -

2 "
2.15) 07 p (et @k ] P)ax - (n-1).
Q(t) Q(t)

146

J2e (WDINY) vt 24,6 (g L AT R ENES

dx
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Now

(2.16) v+t < (1462)t°

combining (H5), (2.14), (2.15), (2.16), we obtain

2
2 oW 2
(1+8)t é(t) (Sf— + |vw|7) dx = E3(t) > E3(To) >
2 2
> (1 - 2
P s B w)
a(T,)
19 2 ow’ 2
= TO f (-5——E+ IVWI ) dX
1 +02 (T,)
so (2.12) is proved. ‘ Q.E.D.

For the cas N=2, the function w2/y2 is not integrable in general due to
the singularity at x=o0. In order to be able to derive some energy estimate,
we must assume taht each Q(t) is of annular shape.

Theorem 2.5. Assume that for each t > o0, Q(t) is an annular region and its
————— ¢ .
boundary 3Q(t) consists of two partsrox{t} and Ty The interior part T, is
star-shaped with respect to the origin. To is fixed, byt the exterior part

Ft may be moving. Assume (HO), (H2, (H3), (H4). Then Ez(t) is non-increasing
(t=T) and
0
2 T 2

1 o w .0 146 1 o W

(2.17) E(t) g1 [ sy g T 715 / =z }dx
1 1-9 a(t) Y t g 1' o 1-9 Q(To)

for t Zofo.

Proof : It is the same as that of theorem 2.3.except some modifications. We

replace (2.7) and (2.8) by

E2(t) = E2(T0) + boundary integral over the exterior lateral surface of
. w?
Q(TO, t) + 2(t TO) Io(x. vx) By doX
T
0
The Tast additional term is always non-positive. So E,(t) is non-increasing
Now the proof of (2.17) follows immediately from (2.11). Q.E.D.



§ 3. STABILIZABILITY AND EXACT CONTROLLABILITY
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Our first theorem is a stabilizability theorem. Here we obtain "for-

ward" decay estimates by using high damping compensation. It is an analogue

of [2, Theorem 4.1.1.

Theorem 3.1. Let w(x,t) be the solution of

3t ot

W(x,0) = W (x) e H (2(0))
A(x,0) = vy(x) € L¥((0))

w(x,t)lz(t) =0

Assume that the domains are expanding, i.e., Q(tl) = Q(tz) for o

For any € > 0, if RS 1/2e, v, = 1/e3, then

2
aw 2 2 l+e¢ 2 4
/ Aﬂgf_ | TW[® oy, T ldx < T-e+2AT / [Y +|Vwo| T YWy Jdx
QL) (o)
Proof : We use aw /3t as multiplier and obtain
(3.1) 0= Bw(a W w2y Ny w) = §_.[l_§_3 +|v w| + w2
y AL Yoot Y TATAY: Y,
2
ow
R

Integrating over Q(t), we obtain

8

5 I W +|vw| +y wz)dx=% / (v2+|vw0|2+ YW, 2)dx+ i)
) 2 (o) 2 2(t)
2 . 2
1,9 2 2
- 5 (5¥—) + |vw|© + Y, W) v do - 2y, 6{t) at dx dt

- Bzw(gaﬁl +ylaw(x’tl—-Aw(x,t)+YZW(x,t) =0 (x:t) e Q(T)

<

tl <

)1 ~div (2w

ot

tzs T

) +

The boundary integral is the same as those occured in (2.2), therefore it is

non-positive. The third term on the right is always non-positive. Therefore
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we conclude that

2
(3.2) s (§!L.+ |Vw|2 + YW
Q(t) ot 2

2)dx

is non-increasing as a function of t.

Now using Aw as multiplier, we get

Co 22w _ oW vy 9 oW 2.
(3.3) o= kw(ﬁif’ Aw + 2y1 st ¥ yzw) =x{ 5F [w 5t Y, W ] div(wiw) +
2 aw2 "
| vw| - 5T +y W } [(3.2) + (3.3) and integration over Q(T)1==>

Y 2
f( ) [%(%%— + |Vw| )+ AW =% at (?3-+Ayl)w2]dx = f( )[ %( |Vw| ) +
(T

.
sow Aoy 2 +AY1)w2] dx+ 1 (negative termydo - £ Dn |vw]?

ot 1(T) Q(T)

2
+ (2 yl-x) g: + xy w2 7 dxdt

Hence for every € > 0, we have

I/ [IVW|+(2y)\,at +xy2w]dxdt+f {2[(13)5-E—+|Vw|]+[?—+

o Q(t) Q(T)

2
(- 73)3 W oadx s 1 (30 (re) B mil®T g A 7o)} dx

Q(o) 3t

We choose A =y = 1/2¢ , Y, = 1/e3 and use the decreasing property of
1
(3.2) to get

2 2
- 2 2 1+ aw 2
(3.4) (AT + Tl =) sz(t) [——g‘z + |Vl +y, W 1dx < ———e— oLt | vw Y W

a(o)

2]dx

Q.E.D.

So the proof is complete.
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When we reverse the sense of time, an expanding domain becomes a contrac-
ting one. Therefore by theorem 2.1., we can not expect backward decay as we
had in [2], (31, [101. Instead, we use a scheme of high compensation in kee-
ping with the compensation we made in theorem 3.1. Under those assumptions
in § 2, we desive the following backward growth estimate.

of the backward equation

E-) | Z2ME L pui,t) 4y w(xt) =0, (1) ¢ ATy y > 0
ot

WX T) = we(x) e H

(2(1))
S (%T) = vp(x)  H(a(T))

Then the following inequality

2
2 T
oW 2 2 1 ,1-6,2 o
(3.5) S0 S (x,T)+ |vw(x,T)| "+y w(x,T)] dx 2 - (=) /
aw2
5€— X,0)+|V W(x, )| +y w (x 0)1 dx

holds.

Proof : It is straightforward to verity that

2
0=2 (3_7 pwyw) [ (r2+t2) 2% +

2
ot )

2
+2tn——+2(N 1)tw] =-§E [(r +t2 %¥}+|V wlz + YW

3w2
3t

+ 4trd ow F2(N-1) twd (N-1)u?7 - - 2div [(ro+t%) 20

St or 5t VWt =

x+2t(x.Vw) Vw -

- t|v w|2x+(N-1)twv w - th2X 1 - by tw2

Integrating over Q(T ,T), we obtain

2 2

(3.6) £ [(r+T9) oy W
T)

| | 2 YW )+4Tr St 5?-+2(N-1)T Wer -(N-1)w"] dx =

2
oW oW aw
) +|Vw| + YW )+4T r<t S *2(N-1)T W = -
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+ integral over the boundary % (TO,T) - [ 4y thdxdt
QT »T)
0

The above boundary integral is the same‘as the one in (2.13) with t=T, S0
it is non-positive by (H5). The very last integral over Q(TO,T) is always non-
positive.

Again using xi as defined in (2.9), with (H3), we obtain

2 2,12

26 2 2, ,3W 2 2 N-1)(N-3 r+7° 2
(14 =—=) (ro477) (25— +Z A S+y wo)dx e dx =
2 (1 S (AT s 08 nd)aeMEIE3) p o EaT e >
0 i 4
Q(To) at Q(TO) r

2 2 2
1- 2 2 2 N-1)(N-
zi——e-)——To [/ (%‘%i-+z'xi+yw )dx+(—1)7£——3) é ¥ dx

L+p2 o(Ty) (Tg) v

The' rest of theproof follows from the same type of argument as in Theorem
2.4, and will not be reproduced here. Q.E.D.

Lemma 3.3. Under the same assumptions of Theorem 3.1. and Lemma 3.2., respec-

(i) Let w(x,t) be the solution of (E ) with initial state (wo,vo). Let
2,(t) = KL (2(0)) ® H(q(0)) » Hi(a(t)) 8 HO(a(t)) be the linear trans-
formation defined by

\ ‘ W
o 4(t) ((Hy:vp)) =(w(o,t)s I (.5t))
THen¢+(t) is continuous for each t ¢ [0,T].
(ii) let w(x,t) be the solution of (E_) with terminal state(wT, vT). Define

o-(t) = Hé ((T))8 HO(Q(T)) > HZ(Q(t))@ HO(Q(t)) to be the linear trans-
formation

o= () ((wpvp)) = (W(,t) SF (1,1))

Then ¢-(t) is also continuous for each t ¢ [0,T].
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Proof : We need only prove (i), (ii) will follow from a similar manner. Let

(WL ’VE )s (wi ’Vi ) « H! (2(0))8 HO(2(0)). Let w(x,t) be the solution of (E+)

with initial state (w0 —v% R w% 'Véi)' From (3.4) with T replaced by t, we
have 2 2
(At+ 125) f(t)[%¥- +|Vw|2+Y2w2 1dx < 1%5 Lo §§€-+in|2+Y2 W Jdx
Thus
(At+ l%E)IIcD +(t)(wlo-w20,vlo-v20)||$2 < 1+€|| (wo- w0, vio-v o)||
The continuity of &+(t) is clear. _ Q.E.D.

Theorem 3.4. (Exact controllability of the wave equation in an expanding
domain).

Assume (Ho-( 3) and (H ). Let T > 0. For any given initial state (wo,vo)
€ Hlo(Q(T))Q HO(2(T)) there is a control f ¢ L2 (Q(T)) which solves the (ECP).

Proof : By [2, Theorem 4.2.1, we need only consider the case T = T . We first

consider the case of controllability to zero, namely, (wl,v1)=(o,o). Let
w(x,t) be the solution of :

B (1) - ai(x,t) =2 t) (), (xit) € O(T)

2
ot Y1 > 0 Y2 > 0

(W(x,0)» ¥(x,0))=(P(x), £(x)) ¢ K ((0))@ HO(2(0))

The terminal state.of (W(xst)s-V(x5t)) at t=T is (W(x,T), ¥(x,T)), which is
in H (Q(T))@ HO(Q(T)). Let w(x,t) denote the solution of

ézji%t_l A W) = yam(xet)s  (Xst) e Q(T)

ot
(W(x,T), T(T)) = = (006T)s ¥(x.T)) € Hoa(T)e Ko (a(n)

Define
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1

w(x,t) = W(X,t) + w(x,st), (xst) e Q(T)

f(x,t) -2Y1%¥ - yalH(x,t) + W(x,t)]

Then w(x,t) satisfies the equation

ﬁw—(%i)- AW(X,t) = f(X,t), (X’t) € Q(T)
ot

with the terminal state (w(x,T), v(x,T)) = (0,0). The initial state is

(W(X50)5 V(X,0)) = (W(x,0), V(X,0)) + (W(X,0), V(x,0))

(p(x)s g(x) + @_(0) &, (T) [ - (p(x), g(x))]

(3.7)

[ 1-0_(0) ,(T)J (p(x), f(x))

Now choose y1= A = 1/2e, Ya2= 1/€®. By theorem 3.1. and Lemma 3.2, we de-
duce that '

146.2 T¢ 1+e¢

(3.8)  1]o_(0) o,(T)]|% < (14+62)( ) T T
0
Here the operator norm is relative to || !IY on Hé (2(0))0H°(Q) and
HE(2(T))e KO@(T)).

We choose e so small that the right hand size (3.6) is smaller than 1. The-

L(2(0))8H (2(0))

refore I-@_(o)®+(T) is an invertible linear transformation from H0

into itself. We choose
(p.g) = (I-®_(o0) ®+(T)]'1(wo,vo)
Then f steers the system from (wo, vo) to (0,0) at t=T.

For arbitrasily prescribed final state (Wl’vl) € Hé(Q(T))@HO(Q(T)), we
first let w (x,t) be the solution of '
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Bzw-fxst) - Aw—(x,t) =0 (X,t) € Q(T)

[w-(x,T) Wl(x) ,- -
v ixn) [F vy(x) (terminal condition)

and next let w+(x,t) be the solution of

22w (x,t) -, 4 )
__,g__l Soawt(x,t) = f(x,t) (x»t) e Q(T)

ot
W' (x,0) W (X,0)
vi(x,0) ) Vv (X,0)

where f is a control which steers the system from (w (x,0), v (x,0)) to (0,0)
at t=T. Then w = w' + w~ satisfies the equation

2
SWXE) _ p(x,t) = F(x,t)
ot

with f steering the system from (wo,vo) to (Wl’ Vl)' Q.E.D.

Remark : The above theorem generalizes slightly Russell's controllability
via stabilizability principleé [10] in the sense that we do not need to have
both forward and backward decay. What is most important is to have

|12(0) @,(T)[|<1, thereby ensuring the invertibility of I- ¢_(0)¢  (T).
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§ 4. EXAMPLE

Let Q(0) be a sphere with radius y_ in RN, N = 2. Let Q(T)=U Q(t)x{t}
0 o<t<T
where
Q(t) = (o), o=<tx To
{ZERN|Z=[| x|+ 6(t-T,)3 x/"|x|s x = 0, x € Q(0), z=0 if x=0} t =T
0<6<1

In other words, after time To’ the boundary of Q(t) expands radially out-
ward with a velocity 6 < 1. Let

2
(4.1) DMLY ) wixet) = o
5t

be the wave equation in Q(T). One can, by making the follwing global change
of variable

1 .
= 1+6 t-T, X t=T,

<
|

u(y,t) = w(x,t) = w(l1+8(t,T )1y,t)

derive a time-dependent hyperbolic equation

N 2

32 29 d 82
(4.2) —% wu(y,t) - —— I Y: moag U(Yst) ¥ —————
3’ TO(ET,)) §op 71 340t [146(t-T )1
2 2 (yst)+ 2 8 U(yat)] - —— L A u(yst)
. Vi o= u(y,t)+ T ysys u(y,t)d - B u(y,t)=0
1 ay i, 7 3y 7 (140 (t-T) 12 Y

on the fixed domain Q(o) for t > To' It is easy to check that the symbol of
the principal part of (4.2) which is

6% 1 2
p(t,y,E)= £ y g Est T Y:YiELEs oy
0 1+eZt T i071i [146(t-T )] i, LAV B [1+6(t-T0)jF ;Ui

R4
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always has two distinct real roots g for p(y,&)=0 with any given (t,y,El,--,En)
Thus the strict hyperbolicity is conserved.

On the boundary of the truncated cone Q(TO,T), Tet the motion of a point
on 32(t) be given by (x,t). Then

dx(t) _ X Vx

a O T TN
since

BLE) 1) v, v) =0 onz (TT)
we have

V, & = =——m—

0
t 1462

1
==> |\) l T =
X \J1+92

Returning to theorem 2.3., one easily verifies the following :

(1) if T, = ro/e then r = 6t and tv,+ rv =0 on an(t) for t =T . Hence
after T E2(t) is conserved. El(t) decays with a rate 1/t and E3(t)
grows with a rate t.

(i) If Té > ro/e, then r'> 6t and tug + rv.< 0 oon x(t) for t > TO.
Hence E2(t) is decreasing after To‘ El(t) decays with a rate 1/t.
E3(t) is increasing after certain T, > o.

(iii) If T <r./e, then tu, + rv. > 0 on an(t) for t = T .

o+ Therefore Eo(t)

is increasing after To.

Suppose T0 satisfies the condition that

0

(4.3) YO < TO < m YO



then —
1-41-8
5 t <ot+ (r-6T) = Ix(t)] = t
Thus
XE + _%EE? = - e_%Ef? > 0 forall t =T
Yy r+t r +t

SO (H5) is satisfied.
Combining (4.3) and (ii) above, we see that if

-n2
yo/e < Tos ero/[ 1-4/1-6%]

on q(t), t=T

o
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o

then the assumptions (Ho)'(HS) are all satisfied. By theorem 3.3, the wave

equation is exactly controllable for any T » o.
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