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RESUME

Dans ce travail nous analysons une classe de problémes non lindaires
de coques peu profondes. Nous rappelons tout d'abord les équations non linéaires
classiques de coques peu profondes de W.T. KOITER basées sur une représentation
de la surface moyenne de la coque a 1'aide d'un systéme général de coordonnées
curvilignes. Ensuite, nous démontrons un théoréme d'existence de solutions de
ces &quations en utilisant la théorie des opérateurs pseudo-monotones. Enfin,
nous montrons l'unicité des solutions lorsque les charges sont suffisamment
faibles. Comme cas particulier de cette &tude, on retrouve les résultats
d'existence et d'unicité pour la théorie non lindaire des plaques.

ABSTRACT

This work is devoted to the analysis of a class of nonlinear shallow
shell problems. First we recall the classical nonlinear shallow shell equations
of W.T. KOITER based on a representation of the middle surface of the shell by
a general system of curvilinear coordinates. Next, we prove an existence theorem
for solutions of these equations using the theory of pseudo-monotone operators.
Finally, we prove that solutions are unique whenever the loads are sufficiently
small. Existence and uniqueness results for the nonlinear theory of plates are
reduced as a special case from our theory.
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1. INTRODUCTION

1.1 Introduction. The classical nonlinear equations of shallow

shells are derived and discussed in, for example, KOITER [1l, paragraph 11].
These equations generalize the classical von Karman equations for large
deflections of thin plates, which have been analyzed in some detail

by several authors; in particular, we mention the works of BERGER [1],
BERGER and FIFE [1], CIARLET {1], CIARLET and DESTUYNDER {1], DO [1],
DUVAUT and LIONS [1], FIFE [1], JOHN [1], JOHN and NAUMANN [1], RNIGHTLY
(1], KNIGHTLY and SATHER [1], NAUMANN [1,2], and NECAS and NAUMANN [1].

A4 review of the results can be found in WEINITSCHKE [1].

By contrast, few authors have studied questions of existence
and uniqueness for theories governing the geometrically nonlinear be~
havior of elastic shells. We mention, for example, NAUMANN [3],
RUPPRECHT [1], and VOROVICH and LEBEDEV [l]. A review of some results
can be found in DIKMEN [1].

For simplicity, we consider the case of a clamped shell so that
we emphasize the study of the properties of the nonlinear operator
associated to the problem under consideration. More general boundary
conditions 1like, for example, unilateral conditions could be considered
by using the techniques developed by DUVAUT and LIONS [1], NAUMANN [1,2],
and others, for nonlinear plate problems.

Following this Introduction, wé record the equations governing
a theory of large deflections of arbitrary shallow elastic shells. We
give the associated variational formulation of these equations in

paragraph 3. The main results of this investigation are given in para-



graph 4 in the form of an existence theorem of solutions for the problem
under consideration. We essentially use the abstract theory of pseudo-
monotone operators - see LIONS [1l, chapter 2, § 2.4]. Similar methods
have been employed by NAUMANN [2] in the case of the nonlinear plate
theory, and ODEN [1] for certain nonlinear elliptic problems. Finzlly,
we conclude the study with some results on the uniqueness of solutions
to the shell equations.

1.2 Hypothesis and Notatioms. Throughout this study, the

geometrical and mechanical hypothesis and notations of KOITER [1] and
certain results of BERNADOU and CIARLET [1] will be used. We shall

frequently make use of the properties of the Sobolev spaces

WP = (v ¢ LP(@): p% ¢ LP() for |e| < m}

(1.2-1)
m>1 integer , l<p<e.
Here §I denotes an open bounded region in the plane Ez . When equipped
with the norm
N 1/p
- 1.,.2
Ivlly,p = J Z, |10%|P agTag (1.2-2)
la] <m

WP 45 a Banach space. BHere El, Ez denote a system of orthonormal
coordinates of the Ez—plane. Particularly, the space Wm’z(ﬁ) is a

Hilbert space when endowed with the scalar product



((u,v))_ ., = S *up®v artac?
W)y o - o uDv d§7dg” . (1.2-3)
o <m |
Moreover, we define
wﬁ’P(n) = closure of D(2) in W P(Q) , (1.2-4)

and we shall use the following consequence of the Sobolev embedding

theorem:

2oy & WA o i )
(1.2-5)

nm= 0,1.

Here the notation C:_.7 represents inclusion with continuous injection.
For more details on Sobolev spaces, we refer to ADAMS [1],
LIONS and MAGENES [1], NECAS [1]), and ODEN and REDDY [1], for example.
Throughout this paper, ¢, cl, Cos +ves denote generic positive
constants, not necessarily the same at each occurrence, which will be
particularly independent of the parameters € and n that are intro-

duced below.

2. THE SYSTEM OF NONLINEAR EQUATIONS

2.1 Geometrical Considerations. We begin by recording geometrical

descriptions of a general thin shell essentially following KOITER [1]



and we then introduce some convenient complementary geometrical hypothesis

of the type considered in shallow shell theory.

General Definition of the Middle Surface:

The middle surface S of the shell is defined as the image of a
connected bounded open set ) in a plane Ez by a mapping ¢ € C3G§) )

i.e.,

¢ : 0 CEL— E5 (2.1-1)

-~

where EB is the usual three-dimensional Euclidean space; i.e.,
, 1 2
s=1{9(8) , £E=(£,E9¢ . (2.1-2)

Subsequently, we shall assume that all the points of S = ¢(%)

are regular, in the sense that the two vectors

3¢
P _?i , a=1,2, (2.1-3)
AR 14 .

are linearly independent for all points £ = (51,52) € § . These two

vectors define the tangent plane to the surface S at the point ¢ (£)

Next, we define the normal vector

33 = _:}_"2 y (2.1_4)
- |a, x a2]
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!'] denoting the euclidean norm in E3 equipped with its usual scalar pro-

duct (a,b) > a * b . Then, the point ¢(£) and the three vectors a;

~

define a 1local reference system for the middle surface.

As a rule, we shall use Greek letters a, B, ..., for indices
which take their values in the set {1,2} , while Latin .letters 1, j, ...,
will be used for indices which take their values in the set {1,2,3} .
Also, we shall employ the summation convention for a repeated index,
occuring once as a subscript and once as & superscript.

B

To the vectors aa , we associate two other vectors a of the

-~ -~

tangent plane defined by

- (2.1-5)
_ B o _ _aB aB _ o, B _ _Bo _
= aaB a , a a 38 , a a a a R (2.1-6)

where (aae) denotes the components of the first fundamental form of the

surface, i.e.,

= = . = . 2.1-7
0B~ %Ba  Zn " 2B 9,a ?,B ’ ( )
and where the matrix (aGB) is the inverse of the matrix (aas) . This

inverse matrix is well-defined since all the points of the middle surface

S are assumed to be regular, i.e.,



det (aaB) =a#0. . (2.1-8)

Moreover, the second fundamental form of the surface (baB) is
defined by

b, =b (2.1-9)

af

Bo - T2y " 23,8723 " %,87 233" 8.0

This second form permits us to measure the normal curvatures of the middle

surface. In particular, themean and Gaussian curvatures H and K of the

middle .surface are defined by

_ 1/ 1 ) _ Lo
B = 2R + R } 2P
1 2 (2.1-10)
1 1 .12 .12
K= i;"i;"' byby = byby
where
o ai
- . 2.1-11
b8 a b>\8 ( )

The expressions ii— and Ei— denote, respectively, the maximum and the
1 2 ‘

minimum of the normal curvatures of the middle surface.

General Definition of the Shell

2
In addition to the two curvilinear coordinates El, £~ defining

the middle surface, we introduce a third curvilinear coordinate, &~ ,



which is measured along the normal a, to the surface S at point
1.2 1.2 .3 . .
9(5 ,EY) . The system (§7,£",E7) of coordinates is, at least locally,

a system of curvilinear coordinates in 53 , generally called a normal

coordinates system.

The thickness e of the shell is defined through the mapping
@eHen ~xeER; x> 0} . (2.1-12)
Then, the shell S is defined as the closed subset of £3
s=1{mc &3 ; o = @(El,gz) + §3§3 ,
e en, -Lehth < <3ttt . a1y

The Geometry of the Shell

Using the conventions and geometrical properties outlined above,
we can now describe geometrical features of a wide class of shells by
essentially imposing certain restrictions on the normal curvatures and
on their variatioms.

Firstly, let us observe that for a given surface, as defined above,

there exists two constants Py >0 and Py > 0 such that (BERNADOU and

CIARLET [1, §3.1]):



laggls 12510 Tals Ioggl [0g1, 16%1, fagg 510 12% ]
L < pl(2‘l-lA)
a0l Togg al 15 50 10% 10 g
J
P, :-all’ all, 8,509 a22, a (2.1-15)

uniformly on S , where in (2.1-14), TgY denote the Christoffel symbols of

the middle surface, i.e.,

o] o]
=a * & = a

8~ 2 "7 2 7 igy (2.1-16)

These coefficients are, of course, used in the definition of the co-

variant derivatives of vector and temsor fields defined on § : for

example,

L]
-3

aly ~ Te,y T Tay A

>\ 1

ol (0 o
= + T , 2.1~
T IY 1 TR T ? (2.1-17)
A A
= -T -T -
Tagly = Tog,y ~ oy Tag T By Ton

a . .
The tensors Ta or T are the covariant and contravariant components
of a vector T with respect tc the basis (aB) or (aB) of the tangent

plane to the middle surface, i.e.,

T=T a + 1T a3 = 1% a, + T a, . (2.1-18)



=10~

For the normal components T3 = T3 , we have

A

T 3,a’ T3la8 = T3,a8 - rdB T3,l ’ (2.1-19)

3l T T

Secondly, we note that, for a given shell defined as above, there

exists two constants el >0 and e2 > 0 such that the thickness

e(&l,iz) satisfies
0<e 5.8(51,52) <e,, ¥ Ehehen . (2.1-20)

Finally, in the remainder of this paper, we shall be interested

in the set of shells So(pa,ea,wa) and in its subset Se(pa’ea’wa)

defined as follows.

Definition 2.1-1: The set S (p_,e ). Given once and for all,

)
o*"a’ o’ a

seven constants 0.

.L, pz’ els ez’ wl) mzy Ro suCh that

O<w, <Ww R >0

2 ’ 1 — 2 ’ o ’ (2-1—21)

0<p2_<_pl, 0<e_<_e

1

we denote by So(pa’ea

,ma) the set of shells S , defined as in (2.1-13),
such that

(i) the inequalities (2.1-14), (2.1-15), and (2.1-20) are
satisfied;

(ii) the coefficients of the second fundamental form bs are

such that
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<z s (2.1-22)

uniformly on S for all a, B, A .
(iii) the reference domains § are sufficiently smooth, and, in

particular,

Cw) C & CClw,) , (2.1-23)

where the notation C(wa) denotes a square with a side of length wa . []
This definition will be useful in obtaining estimates 'in which
constants are independent of the shell under consideration among those

in the set S (p_,e

o Py a;ua) . Moreover, the assumption (2.1-23) combined

with the relations (1.2-5) insure the existence of the constants

dl(ma) >0 and dz(wa) > 0 such that (m € N)

A

Wl , ca ol , » ¥ved™i@, )

vy e ™2,

N

(2.1-24)

'

“VHm’4 = d2 ”V”m_*.l,z

¥ verifying (2.1-23) . J

Another family of shells of interest here is introduced next.

Definition 2.1-2. The subset Se(pa,e ,wa) . Let there be

o
given a parameter € > 0 such that

0<e 5RA . (2.1-25)
o]
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Then the set Se(pa,e ,wa) is the set of all the shells S €,So(pa,ea,wa)

o
such that

v21 BINETE (2.1-26)

Remark 2.1-1: Comparing condition (2.1-22) with the result

(2.1-10), this condition can be interpreted as follows: the normal curva-
tures and their derivatives are uniformly bounded on & for any shell
S €'So(pa’ea’wa) . In particular, when the parameter € is small with
respect to pl » the condition (2.1-26) implies that the normal curva-

"small." This appears to be one of the

tures and their variations are
basic assumptions in the usual forms of shallow shell theory. This
suggests that the set Se(pa,ea,wa} covers a large class of shallow
shells. For discussions of the connection between the condition (2.1-26)
and the usual hypothesis of shallow shell theory, comsult GREEN and
ZERNA [1]) and RUTTEN [1]. [

Remark 2.1-2: Note that the special case of a flat plate is in-

a’wa) ) E]

cluded in the definition of the set SE(pa,e

2.2 Strain and Stress Measures in Nonlinear Shallow Shell Theory.

In the present shell theories, the basic strain measures can be defined

by introducing the middle surface strain tensor YuB and the modified

(KOITER'S terminology) _change-of-curvature tensor paB . Consider a

displacement field u on points of the middle surface of the shell

measured from a fixed reference configuration



=13~

u =u . ai R (2-2‘1)

For a classical nonlinear shallow shell theory, KOITER [1, (11.43)

(11.44)] shows that suitable expressions for the tensors YaB and paB
associated to the displacement u are given by:
(2.2-2)

I ) = b

1
Yog(¥) = z(ua]s a8 3 7 2 U3,0%3,8 °

Das(g) = U3)gg (2.2-3)
We note that in KOITER'S general linear theory of shells (see
KOITER [1, (3.7) (4.10)] and BERNADOU and CIARLET [1]) the corresponding

values of these tensors are

Yap(® = %“‘als *ugiy) T Pagdz (2.2-4)
onp () = U3ag * ba|s“x (3"5\[8 Ug|a)
(3uk|a a|k) i2.2-5)
. For convenience, we set u = (ul,uz) and
£,0(W = % ol * (3u>‘|8 - ugp)

1A
+ ZﬂB(Sukla - ualk) , (2.2-6)
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so that the expression (2.2-5) can be written
DL (u) = v + £ (u) . (2.2-7)
aB ~ 3laB 7 TaB= ’

Thus, the main changes in progressing from the general linear theory to
the classical nonlinear shallow shell are
(1) the introduction of a nonlinear term in derivatives of ug
in the expression of themiddle surface strain tensor YaB H
(ii) the great simplification of the expression of the modified

change-of-curvature tensor ouB due to absence of the term faB(g)

in (2.2-7).

Stress Measures

‘The stress measures are now derived from the above strain
measures and an appropriate constitutive equation for the shell material.
We will restrict our study to the simplest possible case, based on the
following assumptions: (a) the material of the shell is elastic, homo-

geneous and isotropic; (b) the strains are small everywhere in the shell;

(¢) the shell is in'a state of stress in which all nonzero stress components
are developed on surfaces parallel to the middle surface. Then, we have the
following relations between the tensors qu(g) and pku(E) , on the one
hand, and the symmetric tensors of tangential (membrane) stress resultants

nas(u) and moments mdS(u) , on the other hand:

-
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3
O T (2.2-9)

~

aBAu

where e denotes the thickness of the shell and E denotes the temsor

of elastic moduli for plane stress at the middle surface; i.e.

TINTIN E ai_Bu ag_BX | 2v _aB_Au
E = S [a7a™ + a a  + Ty 2 a ] (2.2-10)

where E is Young's modulus and Vv is Poisson's ratio for the material.

2.3 The System of Nonlinear Equatioms. For simplicity, we

consider the case of a clamped shell. Let

P=7p 2 (2.3-1)

denotes the resultant external applied forces per unit surface area de-

fined on the middle surface of the shell. Then, following KOITER [1, p. 48],

one can show that the principle of virtual work assumes the form
-, aB aB i
{n""(u) &y ,(u) + m " (u) Sp_,(u)} ds = p Su. ds (2.3-2)
g - aB = b B~ S i

We obtain the corresponding equations of equilibrium by means of the

divergence theorem,

2@+t =0, (2.3-3)
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3

2% | g = bgn™ @) - (uy1 2@l - p7 = 0 (2.3-4)

3]a

with the usual conditions of a clamped boundary, i.e.,

ou
0

- 3 -
vlas =0 alas =0 (2.3-5)

Remark 2.3-1. It is important to note that the equatiomns (2.3-3)

(2.3-4) represent a slight extension of the nonlinear equations of shallow
shells considered by KOITER [1, (11.43) (11.44)]}. This extemnsion is based
on the introduction of tangential surface loads in order to obtain, as

a particular special case, the von Karman equations for large deflection
of thin plates. In the same way, more general boundary conditioms can

be considered. For example, unilateral conditions of the type studied

by DUVAUT and LIONS [1] and NAUMANN [1,2] for nonlinear plate theory could

be easily incorporated into our theory. [:]

3. VARIATIONAL FORMULATION

3.1 Variatiomal Formulation of the Problem. We now consider a

more specific variational formulation of the problem defined by (2.3-3) and
(2.3-4). We begin with the case in which u = uiéi € (C2(§))2 X CA(E) R

where C"(S) denotes the set of functions m-times continuously differentiable
on S . Then, we multiply (2.3-3) by v, € Cl(g) and (2.3-4) by vy € CZ(E)

and we integrate on S to obtain
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Js <n8°‘<3)18 + p°‘> v, ds =0, (3.1-1)
js {mae(‘i)lae - busnas(g) - (,uan"‘S(g))|8 - p Y vy ds = 0. (3.1-2)
Assuming that the functions u and v are such that
v v c0 . | Ga
:
-a—;r% = % =0 , (3.1-4)
3s 3s

we can easily integrate (3.1-1) (3.1-2) by parts (see GREEN and ZERNA

[1, (1.13.61)]). If we set

(3.1-5)

L= (ul’uz) y V= (Vl’vz)

then, using the mapping ¢ defined by (2.1-1) and ds = Ya dEldiz R

2 i i )
a =25y 8y, - (alZ) , we derive the following set of equations formu-
lated on the domain £ :

JQ' %) 705 + Vg)o) - o M arteg? = 0 (3.1-6)

aB oB
JQ =™ (W V3lag o (W [u3|a V3|g "~ baB v3]

- p’v,) VA actas? = o. (3.1-7)
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By continuity, the equatiomns (3.1-6)(3.1-7) are still valid for

u,vEY, p1€L2(Q) , 1=1, 2, 3, where

v= G l@n? x v ie

d

The norm on the space V is

2 1/2
2 2
vev vl - :E; v 17 5+ lvslls
a= ’ ’

(3.1-8)

(3.1-9)

Then, from equatioms (2.2-2), (2.2-3),(2.2-8), (2.2-9), (2.2-10), (3.1-6),

and (3.1-7), we obtain the following variational formulation of the

problem: Find u €V such that

B(u,¥) + b(uy,¥) = J p%v /E agtag’, ¥y € o2 @)’

§

2 2,2
A(uy,v,) + a(u,uy3v,) = J p3v3V3 dgldg , ¥V, €W ) .

9]

In the previous expressions, we have used the notatioms,

B(u,v) ='% JQeEaB)‘u(u)\lu + uu“\)(valB + VB‘G)/E d£1d€2

=1 aBAU 1
b(ug,¥) = ZJQ ek [-bygus * 3“3,03‘13,8]

1,2

(3.1-10)

(3.1-11)

(3.1-12)

(3.1-13)
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_ aBAiu 1,2
A(u3,V3) = JQ e E basbxuu3v3¢3’d5 dg

(3.1-14)

e~ Lafiu 1.2
TR ugapia @ 9

CTINIEN
0 e E { baBuB U3 suv3’>\

a(g,u3;v3) = J

1 -
+ E[(ualg + uBld) + u3’au3’8] > (3.1-13)

1} Va dEldEZ .

* Tug (V3 5 = PapVs

We note that in the particular case of a flat plate, these
equations reduce to the classical equations of a nonlinear clauped
plate. Indeed,for a representation of the plate through an orthonormal
system of coordimates, we need only substitute b = 0 and replace

oB

covariant derivatives by usual derivatives in equations (3.1-12)

to (3.1-15).

3.2 Some Ellipticity Properties. Here we establish several

fundamental properties of the bilinear forms A(*,+) and B(-,*) which
will be useful in the next paragraph. We start with three lemmas.

For v cat 2@ x vl , we set

o) = (b @ [P+ @ 2+ Ivg,@ 1+ lp‘l‘lcplz
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(3.2-1)

L
+ |o§2(g)|2 + lozz(y)lz}l/2

where |*| denotes the LZ(Q)-norm and where the linearized strain temsor
Y{;B and the change-of-curvature tensor DEB are given by the relatioms (2.2-4),
(2.2-5), i.e.,

L 1 '
Yog(¥) = E{valB N VBIa) = bag¥s (3.2-2)

RPN ) 1.2 .
Pa?) = Valag * Pole"n * 22aCVals T Va[W)

(3.2-3)
1A
AT ICUN R APV
Our first lemma is as follows:
Lemna 3.2-1 (Infinitesimal rigid body motion - lemma). For any shell S

defined by (2.3-13), the folloving conditions (i), (ii1) are equivalent :

ow) = 0, ve i) x i@

(1) (3.2-4)
where & 1is given by (3.2-1); J
(i1) v=A+Bx¢ \
where A, B .are constant vectors in £5 and > (3.2-5)

where X denotes the vector product in E3 .
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Proof: See BERNADOU and CIARLET [1l, Theorem 5.1-1 and Remark

5.1-2). [

As a consequence of the previous lemma, we have:

Lemma 3.2-2: Let V be the space defined by (3.1-8) and let @

be the functional defined by (3.2-1). [Then,
{e(v) =0, gél’,}—:;g:g. (3.2-6)

Proaf: See BERNADOU and CIARLET [1, Theorem 5.2-1]. E:]
Finally, we have the following fundamental result on the equiva-

lence of norms:

Lemma 3.9~-3: There exist constants cq > and ¢q > 0 such that

€ ”2” A <I>(13) A HEH s
(3.2-7)

¥ E € v, ¥ S € So(pa,ea,wd) ,

where ||v|| is defined by (3.1-9).

Proof: For & given shell S the equivalence of norms (3.2-7) is

a consequence of BERNADOU and CIARLET (1, Lemma 3.4-2 and Theorem 6.1-1].
Since the set So(pa’ea’wu) is defined through the compact sets [0,01],_
[pz,pl], [el,ez] (see (2.1-14), (2.1-15), (2.1-20), respectively),
proof by contradiction reveals immediately the existence of constants
cq > 0 and ¢, > 0 such that the inequalities (3.2-7) are valid for
any shell S € So(pa’ea’wa)' [:]

Now we turn to some convenient properties of ellipticity of the

bilinear forms in (3.1-12) and (3.1-14).
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Theorem 3.2-1: There exist € > 0 and two constants cg > 0 and
e, >0 (03,c4 independent of €) such that
Blv,v) > e, ||v]|®
L2/ 2 ¢z 020y,
(3.2-8)
4 2
voewelm)®, ¥ €S (ogepu)
Ao v, > e, v, |2
8T8~ T4 ghz, 2 ?
(3.2-8)

.2
v, € wi (), ¥SES (o e )

where the bilinear forms B(*,*) and A{(+,*) are respectively defined

2 .
by (3.1-12) and (3.1-1¢), and where Hgnf 5 = zl Hvan? 5
3 a__. L]

Proof: The definition of the middle surface as an image of

a compact set $ through a mapping 9 €(C3G§i9, the assumption 2y X a, #

—_ oBA
for all the points of & and the definition (2.2-10) of the tensor E BAu
involve the existence of a constant Cg > (@ such that

' P 2
B(v,v) > ¢ z v + v
Y 5 o.g=1 a|8 " "8la'0,2
(3.2-10)

vy o l@)®, ¥ S €S (ogue,my) -

But, for all v € V such that vy = 0, we have, from (2.2-4), (2.2-7),

(3.2-1),

0

-~
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<)

N2 _ :ZJ 1 2 2 _
.0y &, & 1¥alg * velallo,s + Iae@llg,2) - G210

— — —

The definition 2.1-2 of the subset Se(pa’ea’wu) and the relations

(2.2-6) immediately lead to

e llg,, < =ellzlly 5 - (3.2-12)

Then, the equivalence (3.2-7) and the relatioms (3.2-11)(3.2-12) give

T\
2 2_22 2
1<QLB<2 Ivy1e *+ Valallo, 22 4y - lizliy 5 - (3.2-13)

c
For any ¢ > 0 such that E‘<7§% , the relations (3.2-10)

(3.2-13) give the result (3.2-8) with cy = 2cic5°

Similarly we piove (3.2-9). From (3.1-14) we obtain

2
<
A

Alv,,v,) > ¢
3’73 =~ 76 o, B=1

2 02
(e wally 5 + llvgaellp 2 >
w8 3'0s2 3]lag'l0,2
(3.2-14)

»2
vv,e I @ , %S (py-e0)

Moreover, for any v € V such that v =0, we have, from (2.2-4)

(2.2-7)(3.2-1)

2 . 2 2
o(,v )= Ly (b vl + |lvoi 015y . (3.2-15)
( 3> 1<a<B<2 I aB 3 ‘0,2 3laB'0,2

The result now follows from Lemma 3.2-3. E:)
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4, EXISTENCE THEOREM - REMARKS ON UNIQUENESS

4.1 The Abstract Setting. The goal of this paragraph is to prove

that the nonlinear system of variational équations (3.1-10) and (3.1-11)
has at least one solution E~€ Y . The main arguments of the proof will

be to use the properties of pseudo-monotonicity and coerciveness of certain
operators that we define later. For clarity we recall the following
results:

Definition 4.1-1 (LIONS [1, chapter 2, definition 2.1). Let V

be a2 separable, reflexive Banach space. An operator 4 from V = v'

is said pseudo-monotone if:

(i) A is bounded, i.e.,
”AuH*f_M for any u €V such that Jlul| <c (4.1-1)

1§m inf <§(uj),uj -'V> > <§(u),u - v:) , ¥veEgv. (4.1-2) [:]

In the following lemma, we give a convenient sufficient condition

to check the property (4.1-2).

Lemmg 4.1-1: Let U,V be two reflexive Banach spaces such that

VG0, U (V is compactly embedded in U). (4.1-3)
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The norms in U and V are respectively demoted |
and |- |l

U

Let 4 an operator from V into V' such that

Atw) = Atw),u = vy > —g( flull, vl ) llu - v||§
(4.1-4)

¥u,v€ ¥V, o> 1, g a continuous function;

o(t) = <A(u + tv),ui} is eontinuous in t , ¥ u,v,w €V . (4.1-5)

Then, 4 satisfies property (4.1-2).

Proof: This result is essentially the same as a theorem given
by ODEN [1]. For completeness, we will outline some of the details of

the proof. Let

uj.—>-u (weakly in V)
(4.1-6)

lim sup (é(u.),u. - Q} <0 .
3 J J

We must show that
Al . /
l?m inf <§(uj),uj - §>.Z (@(u),u - ﬁ> , ¥w( V‘.

Perform the following steps:

Step 1: For all v €V,
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Gy - 4 uy = 9 2 gyl vl flay - ]IS

hence

Blu),u - v > RCHBNERYE (), - v

= gCllug s vl ey = vl -
Step 2: Since uy —~u in V (weakly), uy +u in U (strongly).

Thus, using the fact that (uj —= y) implies that HuJH is bounded,

s inf (v),u - w2 Ho st SLACHENEENS

+ @(V),u - v> -cllu - vH%

But

lim inf <A(u.),u - v> > - lim sup <A(u.),u. -w
3 J - 3 J ]

+ (A(v),u - v> -c|lu - v||g ,

and then, using (4.1-6)

1::Lm inf <A(uj),u - V>_i Q\(v),u - v> -cllu - v”% . (4.1-7)
J
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Step 3: Set v=u-6(u-w), 6>0, warbitrary. Then,
8 1lim inf Q\(uj),u - w>_>_ 8 <A(u -6(u - w)),u - v>
b
- 8¢ lu - w|lg .
Divide by © and take the limit as © - 0 :
lim inf A(u),u - » 2 QA@,u -w), ¥uev . (4.1-8)
j \ j ] -— H s v
Step 4: Next, observe that
: o
Alup) - aw)uy - wy > - gCllugll el fluy - ully -
Hence
(03
Q‘(uj)’uj - >_Z <A(u),uj - u> -c Iluj - u”U

Thus,

l:?m inf <A(uj),uj “w>0 (4.1-9)

Step 5: Combining (4.1-8) and (4.1-9) gives

l;.m inf <A.(uj),uj - w) Elgun inf <A(uj),uj -u+4+u- ‘b 1
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Z_l§m inf <:A(uj),uj - €>
g (4.1-10)

- 1§m inf <A(uj),u - w

Z(A(U),U—W>, vwev.J )

Lemma 4.1-2 (LIONS [1, chapter 2, theorem 2.7]). Let V be a
separable, reflexive Banach space. Let A be an operator from V =+ V'
satisfying the following properties:

(1) 4 is pseudo-monotone; (4.1-11)

(11) A 1is coercive in the sense that

_@I(_Iv)lzl_vz + 4+ o 1f ”v” + 4 o . (4.1-12)
v

Then, for all f € V', there exists at least one u ¢ V such that
Alu) = . (4.3-13)

In other words, 4 4t surjective from V omto V' . [

Remark 4.1-1: 1In the particular case of a plate, the method of

pseudomonotonicity was used by NAUMANN [2]. For orthotropic inhomo-
geneous shallow shells parameterized with the help of a curvilinear
coordinates system giving the principal lines of curvature (i.e., 2, &
= 0), VOROVICH and LEBEDEV [1] proved an existence theorem using the
theory of the topological degree of a map. Unfortunately this method is

not constructive and, with respect to subsequent studies of approximation
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" (e.g. by finite element methods) and of bifurcation problems, the pseudo-
monotonicity method is more attractive. - [:]

4.2 The Existence Theorem:

. 1
Theorem 4.2-1: There exist real numbers €, 0 <¢ < % and
]

p, > 0 such that for any pt € e ., i=1, 2, 3, verifying lelo,z

< P, s for any shell S €& Se(pa’ea’wa) which particularly satisfy (by

definition)
: B B
- i, o=1
gz Upgls B ld < e (¢.2-1)
The variational system (3.1-10)(3.1-11) has (at least) one solution u € V.

This result is independent of the value of the third component pg € L2(Q )
of the load resultant p.
Proof: For clarity, the proof is subdivided into six steps.
Step 1: For each fixed Uy € Wﬁ’z(ﬂ), the equation (3.1-10) has
one and only one solution u Ej(Wi’z(Q))zz
cn . Wl,Z 2
From Theorem 3.2-1, the bilinear form B(*,*) is ( o (D))"~

elliptic, i.e.,
2 2 00n2
ey llvlt , <B@w » ¥y€ at@n?

and the comstant c, is independent of the shell S under consideration in

the set S _(0 .e,,w,) . Next, from (2.1-14), (2.1-20), (3.1-13), we derive

the following estimate:

pyw] ce txnggh llugllg,; * gl Hixlly 5
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or, with the relations (2.1-24)(4.2-1):
by < ellally , lsglly , @+ loglly > -
Moreover, setting ”EJ‘O,Z = ( azl ”pa]|g,2)1/2 , we get

iJ pava/z dEldEZ
Q

<elslly , llly

Then, it remains only to apply the Lax-Milgram lemma.
Step 2: The map G:u3 € Wﬁ’z(ﬂ) U= G(u3) € (W:CL,’Z(SZ))2

is continuous.

Substituting the estimates of Step 1, writtem for v =1u , into

the variational equation (3.1-10) and taking into account the definition

of u= G(u3) , we finally get

lelly 5 = Hotwplly 5 < el lleglly 45+ Nuglly

+
el 5]
Now, let us consider solutions U and v of the equations

Bww) +bGyw = | % E et ve ey ion’

Q

By + b0y = | Pfumagte, vwe aptan?,
= - Q © o

(4.2-2)
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so that
. | S 1,2,00.2
B(u - v,w) + b(u3,§g) -bvaw) =0, Fuw € W 7 )

We set w =u - v and, by analogy with the derivation of the estimate

(4.2-2), obtain:

”5—3“1,2 = HG(U3) = G(V3)”l,2
(4.2-3)

A

llug = vally o @+ Nuglly 4+ loglly )
Step 3: We substitute u = G(u3). into the equation (3,1=l1).

For every U, € W‘i’z(ﬂ) , the relations (3.1-14)(3.1-15)

reveal that the mapping
v, € WZ’Z(Q) > Alu,,v.) + a(C(u,),u,;3v,)
3 o) 373 37°73°73
. 2,2 !
defines an element A(u3) £ (Wo (1)) such that
Q\(u Y,v.N = A(u,,v,) + a(6(u,),ug;ivy) ¥ v, £ WZ’Z(Q) (4.2-4)
37 3> 3’3 » 37273737 2 3 o '

Moreover, the application 2 € Wi’z({z) - JQ p3v3/§ dgldi2

defines a linear and continuous form £f¢ (Wi’z(ﬂ)) ' such that

G- J p3v3/z arfas? , wv ¢ wﬁ’?(sz) . (4.2-5)
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Thus, solving the equation (3.1-11) is equivalent to finding a

solution u, € Wﬁ’z(ﬂ) of the equation:
A<u3) = f (4.2"‘6)

To conclude, we check that we are allowed to apply the Lemma 4.1-2
to the equation (4.2-6). Briefly, we must show that the operator A
is (1) pseudomonotone, (ii) coefcive. This is the objective of the next
two steps.

Step 4: The operator A is pseudomonotone.

First, we show that A is bounded in the sense (4.1-1). From

the definitionm 2.1-1, (2.2-10), and (3.1-14) we readily obtain the bound

|A(u3’v3)| Sc “U3”2’2 ”V3”2’2
From (2.1-24), (2.2-10), (3.1-15), and (4.2-2), we derive
12
latetug),ugsvy) | < e+ (luglly , + Hluglly P
x (1 +

lleslly, 2 llvsllz,

Bence, with (2.1-24) and (4.2-4),

2
lapll, < e+ fluglly 5 + lluglly @+ lugll, o) (4.2-7)
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Next, we use lemma 4.1-1 with V = w>’2(Q) and U = W'*(@)
From Kondrasov's theorem (see ADAMS [1] and LIONS and MAGENES [1], for
example) the injection from V into U is compact. We have, with

(3.1-14), (3.2-9), and (4.2-4),

2
Chlug) = AWg)ouy = v > ¢ flug = vyl 5
+ a(G(u3),u3;u3 - v3) - a(G(v3),v3;u3 - v3) (4.2-8)

where the constant c, is independent of the shell S under considera-

tion in the set S (pa,ea,wu) . But, for any _E,X'Q(Wi’z(ﬂ))z

Ug,Vq, Wy € W (Q) , we have from (2.2-2), (2.2-8), and (3.1-15),

a(u u3 w3) - an v3 w3) = ng{nxu(g)uB,u

Au 1..2
n (Y)v3,u}w3,k va dE~dE

1 aBAU ' _
-3 Jge E bkuw3 {ual8 + uBla > (4.2-9)
+u, u -v -V -v, Vv }
3,0°3,8  alB Bla 3,0 3,B
V/a agtag?

so that with (4.2-1)
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- A A
|a(g,u3;w3) - a(z,v3;w3)l <c {”n u(‘j) -n u(Y) ”0’2 ”u3,1-‘”0,4 W
AH
+ “n (Y)”O,Z ]Iu3’u = V3’u”0’4} ”W3’)\“0,4
+ ce||w3”0’2 “E - ‘—7‘“1,2 + ée||u3 = v3”1’4

x (”u3”1’4 + ”V3” 1,4) HWBHO,Z *

P(&.Z-IO)

But, the expressions (2.2-2) and (2.2-8) and the hypothesis (4.2-1)

reveal that
¥ @1, <eCliuly , +ellvglly , + livyliT
Moreover, with (2.2-4) and (2.2-8), we have
M) - M) = e Ml - v
+glug g g = vy o)
+ vy gluy o~ Vg 1)
and then,

12 @ - oM@l , <elllu-xlly , +elluy - vyl

(4.2-11)
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(4.2-12)
g = vglly g Cllglly o+ Dol 03 J

We now substitute the estimates (4.2-11) and (4.2-12) into the estimate
(4.2-10), .use properties (2.1-24) and the hypothesis (4.2-1), and

obtain
la(39u3;w3) - a(st3;w3)| <_C ”W3”l’41 {“B - X“l’z

e+ luglly 3+ luy = vylly , Uil ,

? (4.2-13)

+ (”u3”1,4 + ”V3Hl’4)(€+ ”u3”l’4

+ “‘73“1’4‘)]} J

Next, we replace u by G(u3)xy by G(v3),w3 by Uy - Yy

and use the estimates (4.2-2) and (4.2-3) to obtain

.
|a(G(u3).,u3;u3 - v3) - a(G(v3),v3;u3 - v3)l
cellog = vyll2 tllpll g, €4 Hluglly > (4.2-14)
2
+ llvall g 27T - |

Then, the estimate (4.2-8) becomes
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2
(atug) = ALYy = ve) 2 ey flug - vallg

> (4.2-15)
2
- c ”u3 = v3”1’4 g( ”u3”1’4 ’ HV3“1,A) s

so that we get an inequality of the form (4.1-4).
To apply Lemma 4.1-1 and to conclude this step, it remains to be

proven that property (4.1-5) holds. Let us consider the expression

(4.1-5), i.e.,
p(t) = <§(u + tv.) w\> u,,v,,w., fixed in WZ’Z(Q) . (4.2-16)
3 3727377737373 o -
From (4.2-4), we get

o(t) = A(u3,w3) + t A(v3,w3) + a(G(u3 + tv3),u3 + tv3;w3) (4.2-17)

For a fixed to € R , the estimates (4.2-3) and (4.2-13) involve the

existence of a continuous function t + O(t) such that
Ia(G(u3 + tv3),u3 + tv3;w3)‘- a(G(u3 + t°v3),u3 + tov3;w3)|
< Je -t lece)

This estimate implies immediately the continuity of the function

t >~ ¢(t) defined by (4.2-16) or (4.2-17).
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Step 5: The operator A is coercive.

We must show the property (4.1-12), i.e.,

Qlpovyy

i o, .2-18)
v = i lvglly, te (4.2-18)
32,2
By definition (4.2-4),
<A(v3),v3> = A(v,,v,) + a(6(vy),v53v5) (4.2-19)
For simplicity, we write v instead of G(v3) . We obtain from (3.1-10),

(3.1-12), (3.1-13), and (3.1-15),

o 1..2
a(v,v,35v,) + 2 J P, Ve dgdE

9]

= a(v,vy3vy) + 2 B(v,v) + 2 b(vy,¥)

J e EGBXU[(V A) + v
Q

A T Yy 3,1"3,u

"
N

> (4.2-20)
3
=7 bval [(VCXIB + VBla) *V3.0%3,8

3 1,,2
-3 basv3] Ya dag~ak

2 aBu 2 Lag? .
-2 JQ e %MW p b, Vi VE aEdE
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The definition (2.2-10) reveals immediately that the first integral

in the last member is positive. Next, we get

I j 2% v detag?
Q o

<elizlly , Nzl

The hypothesis (4.2-1) implies

aBAp '2 1.2
l JQ e E basbxuv3@—d5 dg

<c el v,z ,
so that, with (2.1-24) and (4.2-2), we obtain
2(G(v,),v45vy) 2 =cl ngno,2 lewplly , + € llvsll 53
> =l ol , + &+ lpllg,,) llvgll3

+ € ”2”0,2 l“V3”l’4] .

Then, this estimate, the property (3.2-9) and the relation (4.2-19),

yield

2
<A(V3),V3> ib(cﬁ - cez - c ”2”0’2) ”V3“2’2

- ellplly , Clipllg, o +ellvslly 40, .2-21)
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Hence, for € and ”EJIO,Z sufficiently small, we obtain the property
(4.2-18).

Step 6: There exists at least one solution U, € Kﬁ’z(Q) for
the equation (4.2-6)

In the lést two steps, we have checked that the operator A 1is
pseudomonotone and coercive. Then, according to Lemma 4.1-2, A is
surjective. Hence, the system (3.1-10)(3.1-11) has at least
one solution u € Y . [:j

Remark 4.2-1: According to the Sobolev embedding theorem, we

have a continuous injection WZ’Z(Q) < CO(Q). We are thus able to
assume only p3g; Ll(Q) in the statement of Theorem 4,2-1. [:]

4,3 Remarks on the Uniqueness. In the next theorem, we prove

that under the hypothesis of the Theorem 4.2-1, the variational problem
(3.1-10) (3.1-11) has one and only one solution u € Y whenever the
normal load p3 is sufficiently small.

By analogy with DUVAUT and LIONS [1, 86], a convenient way to
obtain such results is to introduce a fixed load resultant p and a

-~

small parameter n > 0 , n -+ 0 such that
p=np,n>0,n+0. (4.3-1)

To every solution u of the problem (3.1-10) (3.1-11) we associate

the function gﬂ , defined by the relation

u=nu_ . (4.3-2)
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Through a substitution of (4.3-1) (4.3?2) into the variational system

(3.1-10) (3.1-11), we get the following problem:

Find Gn € V such that

A 1 U.BA]J ~ A A
= E -
B0 +3 JQ e [=boglan * Fan,olsn, 6 Oa |y
(4.3-3)
+v .) Va agtae? = J 2% va agtar? | ’
ulA Q o
vvewolan?, )
QRAL )
~ E ’ - ~ A
Allgp,vy) JQ & { MPag¥antan,u’s,A
+ L0 o F G, )+ e, 6 )
24 \Yan|B Bnla 3n,a"3n, B
> (4.3-4)
x [N, v. . = b, v.]} /=& dEtae?
3n,u 3, AL 3
=j v, vz detag?, vov, c W l@ .
Q 3 3 o

Theorem 4.2-1 implies that for € and n sufficiently small (eg,n
are respectively defined by (4.2-1) (4.3-1)) the problem (4.3-3)

(4.3-4) has at least one solution gn .
Under suitable hypothesis, we will prove in the Theorem 4.3-1 the

uniqueness of un and, hence, the uniqueness of u . Moreover, in

Theorem 4.3-2, we shall study the asymptotic behavior of Gn as n=>0.
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Theorem 4.3-1: Let Q be a fized load resultant and n a small

parameter such that n > 0 . Then there exist € > 0(e j_ﬁL) and mn >0
0
such that the variational system (4.3-3)(4.3-4) on the one hand, and the varia-

tional system (3.1-10)(3.1-11) associated with

p=np (4.3-5)

-~ ~

on the other hand, have respectively unique solutions ﬁn and u for
any given shell S €‘S€(pa,ea,wa) , and for any n such that 0 <n < n,
Moreover, the solutions u_ and u are linked through the relation

-~ ~

u=mniu_ . | (4.3-6)

Step 1: The solutions u (respectively gn) of the variational
system (3.1-10) (3.1-11) (respectively (4.3-3)(4.3-4)) are bounded.
From (4.2-4)(4.2-5) the nonlinear equation (3.1-11) is equivalent

to

Q) vy = Evyd, ¥ v, € W@

The definition (4.2-5) implies immediately

3
|<f»V3>I .ic”p ”0’2 “V3”0’2
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On the other hand, the inequality -(4.2-21) gives
atwy) ey > ¢, - ce” = e llplly pllugll
—37? £>- "4 =g, 2 32,2

- ellpllg 5 Cllellg, * € lleglly 00

so that, for € and le]o , sufficiently small, Theorem 4.2-1 insures

the existence of a solution u such that (observe that n sufficiently

3
small implies ”2“0 2 sufficiently small):

2 2
(C4 - CcE = ”2”0’2) “u3”2’2 - (ce ”2”0’2

3 2
+clp7lly o) Nugll - cllplly , <0 (4.3-7)
0,27 ¥3lip 2 Plig,2

Thus, for € and lelo 5 sufficiently small, i.e.,

¢
cez + ¢ ”£||0,2 < 7? ’

the inequality (4.3-7) involves the existence of constants ¢ > 0

independent of £ and p such that

-

||U3”2’2 < e ”_PHO,Z + ”PBHO,Z)i c'”P.”o,z . (4.3-8)

Then, the estimate (4.2-2) gives
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”_’:‘_”1,2‘ ¢ ”E"”o’z aQ + ”E”o’2> ' (4.3-9)

Moreover, the estimates (4,3-8)(4.3-9) involve the following

estimates on

e ll, 5 < clizlly , o (4.3-10)
Ny, < eligllg @+ nliglly 5o - - (4.3-11)

Step 2: For € >0 and n > 0 sufficiently small, the problem
(4.3-3) (4.3-4) has one and only one solution §n €ev:

Let gﬂ and ?ﬁ two different solutions of the system (4,3-3)
(4,3~4), For simplicity we shall write g and g* instead of §

and ﬁ% throughout this step in our proof.

We begin noting that (i) U 4is solution of (4.3-3) with

I

v =4 ~-8* and (41) &* is solution of (4.3-3) with y = G* -

By adding the equations detrivéd in (i), (ii), we obtain

1

A Ag A A 1l aBiu, A oa
B(u - u¥,u - u¥) + 3 JQ eE by = 85 )
_Tl A A - A ~ - A . -
+ 300y (83 g - 85 03 OIIE - 80y ? (4.3-12) |

+ (@ - o%)),) /3 e’ = 0 )
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On the other hand, we write that (i)' §i is solution of (4,3-4)

3 =i « {i%
with v3 u3 63

By then adding the

A(G

3

5 (i1)' @* is solution of (4.3-4) with v, = ﬁg -3

3

equations derived in (i)' and (ii)', we obtain

~ ~ - oy dB)\U = A oA
0%, U, ug) + JQ E {-nb B(u3u3’u
Ag AN ~ ~ l ~ A ’”~ ~
CIRICIEE SURE TGRS LR
@ - @9g1) = by 8y ~ 8D, (85 g
A A n A - A A
u§’ u3’8] + 2(u3,k u§’k)[(u B + u8|a)u3’u
~ nz
©F1p *+ 88100y, ) + Ty - 85 0183 485 g8y
Ié Fo) A l 2
Gx Gx Gx 1}/a d&TdE" =0

3"

(4.3-13)

The ellipticity properties (3.2-8), (3.2-9), the assumption (4.2-1),

and the estimates (4.3-10), (4.3-11), valid for all the solutioms of the varia-

tional system (4.3-3)(%.3-4) (particularly for § and @*), permit to

derive from (4.3-12)(4.3-13) the estimates,

A N 2 N A ~
c3 ”l“. "H*Hl,z < c(e + n) ”_‘.1 - _’:_i_*”]_’z ”u3 - ugllz’z >

A N 2 A
e, 18, - 83115 , < ele+m |l& - 8%y ,
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+ n_l]ﬁ3 - ﬁg]]
or, after simplification,

18 - &[], , < cte+mlg; -8 (4.3-14)

3”2,2

Py

ey - asll, , <ele+mlla-axll, , +nlla; -asll, )1 . (4.3-15)

Then, for € and 1n sufficiently small, the estimates (4.3-14), (4.3-15)
reveal immediately that & = {i* and ﬁ3 = ﬁ%f , i.e., 1} = 1:1* .

Step 3: For € >0 and n > 0 sufficiently small, the problem
(3.1-10)(3.1-11) has one and only one solution ug¢ V.

This is an immediate consequence of Step 2 and of the derivatiom
of the system (4.3-3)(4.3-4) from the variational equations (3.1-10),
(3.1-11) through the relatioms (4.3-5), (4.3-6). L]

To study the behavior of the unique solution ﬁn of the system

-~

(4.3-3), (4.3-4) when n + 0, we introduce the following problem:
. L
Find u” € V -such that

L 1 aBiu L 1.2
B(u ,v) - 5 jg e E ba8u3(v>\|u + vulk) va df~dgf
(4.3-16)

=f % vaagtag? , vy canian?,
Q.

o4
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1

L b\
A(u3,v3) - = JQ e EPB ubku(u2|8 + ug Va dEldEZ

2 la)VB
(4.3-17)

- J 53v3 vz aetae? , v, e wrl@ .
Q 3 °

We then have the following result:

Theorem 4.3-2: Under the hypothesis of Theorem 4.3-1 we have

. EL weakly tn V when m =+ 0, (4.3-18)

n

8>

where gL 18 the unique solution of the problem (4.3-16)(4.3-17).

Proof: Firstly, for € sufficiently small, we use the Lax~-
Milgram lemma to establish the existence and the uniqueness of a solu-
tion ELE Y for the linear variational system (4.3-16)(4.3-17).

Secondly, for € and n sufficientl§ small, Theorem 4.3-1
verifies that the problem (4.3-3) (4.3-4) has one and only ome solution
g € V . The estimates (4.3-10), (4.3-11) prove that the solution gn
is uniformly bounded in Y with respect to N . Then, the EBERLEIN-
SHMULYAN theorem (see YOSIDA [1l, page 141]) and the compactness of the
injection of (W 2@)2 x W 2@ into O @)% x wht@ imply
the existence of a subsequence, still denoted gﬂ and the existence of
a function w € V such that, as n > o,

Uy == W weakly in V ,

>

-> w strongly in (WO’A(Q))2 *VE”A(GQ.

-~ -~
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Then, when n =+ 0 , the system (4.3-3)(4.3-4) becomes

1 aBAu 1.2
B(w,v) ZJQ e E baew ) Va dg"dg

3(\7>\|1“l + vU])\

- JQ 8% vz attae? , vy e iy ien’

AGuy,v,) - %jg e EOBAL IV, VE dctag?

XU(WGIB T Vg

={ $Pv, vz agtat? , v v, evii@
Q 3 o

If we compare these equations with (4.3-16), (4.3-17) we obtain

L - . ,
uniqueness: w = u . Thus, the limit w is independent of the subsequence

~

considered. Hence, the assertion follows. [:]
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