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RESUME :

Des résultats de controllabilité sont présentés pour
des problémes pseudo-paraboliques dans un domaine de RP s p=1,
2 ou 3, ainsi que des conditions de compatibilité pour les contrain-
tes sur 1'état pour des problémes non contrblables.

Un probléme concret est envisagé et un résultat de régu-
larité est donné pour le contrdle optimal.
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problem is considered and a regularity result is given for the optimal control.
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Point Control with State Constraints
by

L. W. White

1. Introduction.

In this note we consider the control of a pseudoparabolic (or parabolic)
equation at a point with constraints imposed upon the state function. Indeed,
let @ be an open parallelopiped in RP with sides parallel to the coordinate
axes with a € , Q=@ x (0,T) , and Z = 3R x (0,T) . The underlying

equations governing the control problem are

(1) (1 - A)yt - Ay =v(t)s(x - a) in Q
(2). y(x,0) =0 in &
(3) y(xst) = 0 on Z

with the minimization problem

. e s 2
minimize vl p
subject to v € L2(0,T)

ly(Tsv) - zll , <o
L (9)

where z € LQ(R) and p>0 .

In order for problem (4) to have a solution the set

U= {ve LQ(O,T) : ly(Tyv) -zl ) < p}



"

must be nonempty. Hence, we consider the controllability of problem

(1)-(3). That is, we seek to determine whether the set given by
(5) Y(T) = {y(-,T3v) : v € L2(0,1)}

is dense in L2(R) . Here ve éstablish conditions for controllability of
(1)-(3) for R C RP with p =1, 2, or 3 . This is in contrast with the
parabolic case in whiéh controllability holds only in the case that p =1 .
If (1)-(3) is controllable then U is nonempty for any o > 0 . In the case
that (1)-(3) is not controllable, we give here a compatibility condition
depending on z in order for U # ¢ .

After having given criteria for the formulation of (ﬁ), we determine
regularity of the optimal control- Uy - For ease we devote our attention to
the case & = (0,1) € Rl , but we point out extensions for QC RP . Further-
more, we indicate results for the parabolic case and for more general equations

than (1).

2. Controllability of (1)-(3).
We determine conditions under which Y(T) = LQ(R) . Hence, let E € L2(9)

have the property that for every v € L2(O,T)

(6) (&,y(T3v)) , =0
L(2)

Hence, we seek conditions under which (6) implies & = 0 in L2(R) .

As is usual [1, 2, 4], we introduce the adjoint problem




(7) ~(1-Mp -8p=0 in Q

Q - A)'lé(i) in @

(8) p(-,T)

0 on 2 .

(9) p(x,t)

Multiplying (1) by p and integrating by parts, we see that equation (6)

implies that for all v € L2(0,T)

(10) (pla,+),v) 5 =0 .
‘ L°(0,T)

Hence, it ,follows that
(11) . p(a,t) = 0

for almost all t in (O0,T) .
We consider the implications of (11). Changing variables, for con-

venience, T =T - t , with q(-,T) = p(-,t) equations (7)-(9) become

(12) (1 - A)qt -Aq=0 in Q
-1 .
(13) q(+,0) = (1 - 4) "&(:) in @
(14) ' q(x,7) =0 on 32 .
62
Now for @ = (0,1) with A = —5 and zero Dirichlet conditions at 0 and
ox

1 , we consider equations (12)-(14) in terms of the Fourier sine series.

Set &= I & sin(klIx) . The solution of (12)-(14) may be given by
k=1
) E" - t
(15) a(x,t) = 2 ————E§~§-e " sin(kIx)
k=11 + k'l
K’

e = %5 * We note that q is the uniform limit of functions
1+ k“II

where

continuous in x and T . Hence, we may evaluate q(a,t) to have



(16) qa,t) = 2 _—_EE§_5 e_ukt sin(kla)
: . k=11 + k'II :

for all t >0 . From equation (11), we have qa,t) = 0 for all t € (0,T)
In fact, q(a,t) is analytic for t > 0 since from (16) it is the uniform
limit of analytic functions. Hence, in fact g(a,t) =0 for all t >0 .

Since convergence is uniform in (16), we may take the Laplace transform
to obtain

A =& 1

(17 q(a,s) = kil -]__;_;—2;-'[—2— ;—-i-_p;

with a(a,s) =0 for all s > 0 . Define the funciton

sin(kIla)

f(z) = ; ———fii——— sin(kila) —*
k=1 1 + k212 z + by

Now £(z) is a meromorphic function with poles at o - Furthermore,

0 and

£(z) = 0 for =z real and positive. We conclude then that £(z)

has zero residues. Thus, we have
(18) gk sin(klla) = 0

for all k . It is an immediate consequence of (18) that if a € (0,1) is
an irrational number then gk =0 for every k € N . Hence, & 1is zero

in 12(0,1) , and T(D) = L2(0,1) .

Theorem 1. If a € (0,1) is irrational, then (1)-(3) is controllable.

. . n . .
In the case a 1is rational say & then (18) implies &k = 0 only

for k # ¢m for any £ in N . Otherwise, sin(énll %) = sin(énll) = 0 .
Hence, if & = 2 &8 sin(£&nllx) , then & l_Y(T) and & # 0 . Thus, we
£=1

may describe the orthogonal complement of Y(T) and gain information about

Y(T) itself.



L
Theorem 2. If a = g-, then Y(T) is the span of the functions

{sin(&nﬂx)}zzl . Hence, Y(T) is the closure of the space of finite linear
combinations of the functions {sin an}k¢’m .
Now in the case of RP ,» with p = 2 or 3 , an analogous proof remains

valid with say @ a rectangle or a parallelopiped with sides parallel to

the coordinate axes. Hence, we have the following.

Theorem 3. If @ ¢ RP with P=2or 3 and & is the square (0,1) x (0,1)
or is the cube (0,1) x (0,1) x (0,1) and if a €  is a p-tuple with ir-

rational components, then the initial value problem (1)-(3) is controllable.

Remark 4. These results are in contrast to those for parabolic equations
which are controllable only for the case % € R , [2]. The proof here is

i in (15) (where
2
2_22 2, 2+ M
Xk=k%] ) imply uniform convergence for & € L“(R) . This, of course, is

true for higher dimensions because the factors

due to the presence of the term 1 - A in equation (1).

3. A control problem.
In this section we consider control of (1)-(3) by means of the following
minimization problem with state constraints

. e 2
minimize Il 5
L°(0,T)

(19) subject to v € L2(O,T)

Iy(rsv) -zl , =p
L7(R)

where z € L2(9) . Hence, we have the set of admissible controls

u( ) = {v ¢ LQ(O,T) : |lv(Tsv) - zf| ) <o} .
L7°(R)
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In order to have a meaningful problem, it is necessary that U be nonempty.

An immediate consequence of Theorems 1 and 3 is the following

Corollary 5. If a € (0,1) is irrational, then U(p) is nonempty for

any p> 0.

Corollary 6. If & is (0,1) x (0,1) or (0,1) x (0,1) x (0,1) , then
U(p) is nonempty for any p > 0 whenever all the components of a are

irrational.

Suppose now that for (1)-(3) the number a is rational. A similar
aréﬁment holds for a being a p-tuple with one or more rational components.
In this case it has been shown in Theorem 2 that Y(T) is a proper subspace

of LQ(Q) . Now certainly in order for U(p) to be nonempty, the condition

(20) p>d = minimum|ly - z|| 0

y € Y(T)

must be satisfied.

To fix ideas let =z ¢ L2(0,l) and a = %—. Then we may express z

-]

in terms of a Fourier series z = 2 Ck sin(kIx) . TFurthermore, we may
k=1
write

z= 2 sthﬂﬁk)+ z z&lﬁnwﬂk)
k#2m =1 7

Thus, it follows that

lz - Z gk sin(kiIx)|| 9
k#&m L°(0,1)

IS 2, sin(enIx)]|
2=1 Bm. L2(0,1)

[aV)
1




(21) o a=(z 2%,
. =1
and we have
1, o ) 2 L2
(22) d = 5{ z (z,sm(ZmIIx))2 ]
: 2=1 L°(0,1)

Hence, we have the following

Theorem 7. Let 2z € L2(9) . If p satisfies p>d where d is given
by (22), then U(p) 1is nonempty. That is, there exists v € L2(0,T) such

that [ly(T;v) - z| 9 <p.
L°(0,1)

Having determined conditions to guarantee that U(p). is nonempty, we

now consider problem (19).

Lemma 8. The admissible set U(p) 1is a nonempty closed convex set in

LZ(O,T)

Proof. That U(Q) is nonempty is a consequence of Theorem 7. Certainly
U(p) 1is convex from the linearlity of the map v - y(T;v) and the triangle
.inequality. |

Let v »v in L2(0,T) . Again using equations (7)-(9) with

g € LZ(Q) and multiplying (1) by p , we see that

(23) (&,y(T;vn)) 5 = (p(a,*J,v.)

LK) "'12(0,T)
for all AN In the limit we have
(&,y(T3v)) 2 = (p(a,*),v) 5
L°(R) L°(0,T)

so that y(T;vn) + y(T;v) weakly in LQ(R) . Now there is a sequence of

convex combinations zen y(T;v

) = y(T;ZQn v ) that converge strongly to
i .

i i1
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y(T;v) . Thus, it follows that

IA

ly(Tsv) - z| HZ:GT,I y(Tyv_ ) - zll

L2(R) i My L2(9)
<26 |ly(Tyv. ) - 2 .
N3 Ny L2()

Hence, we have ly(T;v) - z|| s S0P since v. € U(p) , and v € U(p)
L7(R) N
so that U(p) is closed.

We immediately have the following.
Theorem 9. There exists a unique solution Uy of problem (19).

We now determine regularity properties of u, - Firét, we note as a
consequence of the controllability and compatibility results that there

exists v € L2(0,T) such that |ly(T;v) - z 9 <'p . This implies, c.f.
L7(R) :

(4], the existence of a positive Lagrange multiplier, see also £31.

Theorem 10. If the conditions of Corollary 5 or 6 hold, or if the compati-

bility condition of Theorem 7 holds, there exists a positive number A such

that for
2 2 2
A(v) = |vi o + N |ly(T;v) - zl 5 - p7)
L°(0,T) L°(R)
the following holds
' 2 . 2 s .
(2u4) HuOH = min |v|| 9 = min A(v) = A(uo)

L2(0,T) veU(p) L2(0,T) veu(p)

As a corollary of Theorem 10, we have

il
pel

Corollary 11. Hy(T;uo) - zl| 9
E— . LY(R)

Calculating the variation of A , c.f. [4], we see that A(uo)(v) =0
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for all v € L2(0,T) so that
(25) 0 = (u,,v) + NMy(T3u,) - 2z, y(T;v))
%" "L2(0,m) ° 12(g)

By introducing the adjoint problem (7)-(9) with & = y(T;uo) ~- z , we obtain

(u, + \p(a,-),v) =0
0 LQ(O,T)

for all v € L2(0,T) . Hence, we see that
(26) uo(t) = -\p(a,t)

for almost all t in (0,T) . But t + p(-,t) is an analytic map of
(0,T) into Hé(ﬂ) n HQ(Q) . Thus, we have the following as a consequence

of equation (26).

Theorem 12. The optimal control u, is equal almost everywhere in (0,T)

to an analytic function.

Remark 13. The existence of a positive Lagrange multiplier \ is dependent

upon knowing that there is a v satisfying [ly(T3v) - z|| 5 < p . Hence,
L(R)

compatibility and controllability conditions play an important role here as

well. The result'clearly holds for & a rectangle or a parallelopiped with

sides parallel to the coordinate axes.

Remark l4. Similar arguments to thgse 'in the controllability proof remain
true for £ a more general domain and for -A replaced by a symmetric
uniformiy strongly elliptic operator L(x) . The ability to explicitly de-
termine the Y(T) depends on knowing the eigenfunctions and their zeros for

L on Q.
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