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ABSTRACT

The size of the smallest planar circuit for a problem, its planar
complexity, is shown to provide a lower bound on _the performance of VLSI
algorithms as measured by the products ATZ and A2T where A is the VLSI chip
area and T is the number of cycles executed. These bounds apply to a simple
model of VLSI chips. The planar complexity of several problems is considered
and it is shown that integer binary division, certain reciprocals and powers
all have planar complexities quadratic in the lengths of their inputs. The
‘same results hold for predicates associated with these problems.

The relative strengths of the two inequalities showing that AZT
and ATZ are both bounded below by planar complexity is considered. It is
shown that problems exist with linear planar complexity for which ATZ is the
better measure and others for which A%T is superior. Finally the area required
when inputs that are normally grouped together, such as components in binary
numbers, are contiguous on the boundary of a chip is considered. It is shown
that problems exist for which the area needed becomes square in the lengths
ofhthe inputs, while in the absence of the condition, linear area can be
acheived.

RESUME

Nous montrons que la taille du plus petit circuit planair pour
un probléme, donc sa complexité planaire, donne une borne inférieure _sur
la performance des algorithms VLSI mesurés par les produits AT2 et A2T, ou
A est la surface de la puce VLSI et T est le nombre de cycles qui sont
exécutds. Ces bornes sont &tablies pour un modéle trés simple des puces
VLSI. La complexité planaire de quelques problémes est étudiée et nous
montrons que la division des entiers binaires, certains inverses et
puissances ont des complexité planaires qui sont quadratiques en le nombre
des données. Les mémes résultats sont obtenus pour des prédicats qui sont
associés avec ces problémes.

Nous considérons la précision relative des deux inégalités
données par ATZ ou A2T. I1 est montré qu'il existe des problémes avec une
complexité planaire qui est linéaire et pour 1esque1leS'AT2 est la meilleure
mesure et d'autres,pour lesquelles A2T est supérieur. Nous considérons
aussi la surface qui est requise quand les données qui sont normalement
groupées, comme les composantes des entiers binaires, sont contigiies sur
1a frontiére d'une puce. I1 est montré qu'il y a des problémes pour
lesquelles la surface devient quadratique en le nombre de données quand
cette condition est vérifiée mais pour lesquelles la surface devient linéaire
autrement. ' ’



1 - INTRODUCTION

In 1979 Thompson [1] demonstrated that, under a suitable model
for VLSI chips, the product AT2 of chip area A and time T to compute the
Fast Fourier Transform (FFT) on n inputs must satisfy AT2 Q(n ). This
mode]l accounts for the consumption of chip area by wires. This work was
subsequently extended to include sort1ng [23, and bounds on this problem
and the FFT were improved to n(n Tog n) Brent and Kung [31] introduced a
somewhat different model for VLSI chips in which the area occup1ed by wires
and circuit elements is convex. They demonstrate that AT2 = n(n ) to multiply
two n-bit integers, a result obtained independently with the original
Thompson model by Abelson and Andreae [(4]. Brent and Kung show that A = a(n).
They also present algorithms that come c1ose to meeting their lower bounds.
Savage [5] obtained bounds of AT2 = Q(p ) with bath models for p xp matrix -
multiplication, inversion and transitive closure. Algorithms previously
given for matrix multiplication and transitive closure by Kung and Leiserson
[6] and Guibas et al. [7] were shown to be optimal. Preparata and Vuillemin
[87 subsenquently introduced a family of optimal matrix multiplication
algorithms for @(logn) < T < O(n).

Vuillemin r91 has extended the Brent-Kung model to pipelined
chips. If P is the period of computations, that is, the time between the
production of two successive results, he shows that AP n(n ) for transi-
tive functions on n 1npu£s He also demonstrates that A = @(n) for these
problems. Yao [10] considers VLSI algorithms for x +y = z, over a finite
field F, as well as predicates and derives bounds of the form ATZ = Q(n ).

Similarly results are obtained by Lipton and Sedgewick [181 for a number of

predicates. They also consider the role of randomness and nondeterminancy.
In this paper we present a new framework for the consideration

of VLSI algorithms. Our model as presented in Section 2.1 is a simplification
of the Thompson and Brent-Kung models. It is basically a sequential machine
realized from discrete components. We show in Section 2.3. that the area, A,
of the chip, with wire widths and spacings of at 1east A, and the number

of cycles, T, needed to compute a function f : {0, n" -+ (o, 11", must

satisfy the three following computation inequalities :



C(F) < V(AADT,  C3(F) s 1292 min (AA2)T2, (A/22)%13

Here v is the number of layers in the chip, C(f) is the size of the smallest
circuit for f and C;(f) is the size of its smallest planar circuit in which
there is one node associated with each input variable of f. The derivation
of these inequalities is preceded in Section 2.2 by a discussion of some of
the properties of these two circuit measures. There it is shown that planar
circuit size is at worst quadratic in the unrestricted circuit size measure.

‘The Planar Separator Theorem of Lipton and Tarjan 111 is
reformulated in Section 3 to provide conditions on single-output and multiple-
output functions from which lower bounds on planar circuit size can be
obtained. Lipton and Tarjan [ 11] have shown that the shifting function and
matrix multiplication, as well as any functions that reduce to them through
assignments to some input variables, have planar circuit sizes quadratic in
the lengths of their inputs. Our new framework thus provides alternate proofs
to previously obtained results. We prove that many new problems reduce to
the shifting function. These include the e th power of a binary integer,

e > 1, e th power of reciprocals, e > 0 for e = g/2k, g > 0 and binary
integer division. We also extend a proof of Vuillemin [9] to show that
transitive functiens have quadratic planar circuit size and improve the
quadratic lower bound of Lipton and Tarjan 111 for matrix mu}tip1ication
by about six orders of magnitude.

The area required by a chip is examined in Section 4. There we
extend a method of Yao 7101 which is used to obtain lower bounds to the
area required by l-output functions.

Section 5 contains a discussion ot the relative strengths and
weaknesses of the three computational inequalities cited above. By consi-
dering binary sorting, which is shown to have 1inear planar circuit size
and to require chip are which is logarithmic in the Tength of the input,



2 - COMPUTATIONAL INEQUALITIES FOR VLSI CHIPS

In this section, we introduce a model of VLSI circuits which is
somewhat more general than those presented by Thompson [ 1 1 and Brent-Kung
{3 ] and use it as a basis for deriving computational inequalities.

2.1 - The VLSI Model

The model is described as follows :

Al. The chip realises a sequential machine constructed from
discrete boolean logic elements and straight wire segments.

A2. Wires have a width of A and a separation and a length of at
least 1. Each Togic element occupies an area of at least A2,
The chip has v planes each of which may contain wires or
logic elements.

A3, Inputs are read and outputs are produced at times that are

data-independent.

A4. Each input variable is supplied exactly once to the chip.

Concerning assumption Al, we note that every sequential machine
can be realized from discrete logic elements and flip-flops, and the latter
can in turn be realized from logic elements using feedback. In practice,
chips are realized at the level of transistors but designed at the level
of flip-flops and gates. In the sequential machines the flip-flops need
not all change state at the same time ; however, for all values of inputs
the sequencing must be correct. We include logic circuits in the category
of clocked sequential machines ; they execute one cycle of computation.

Assumption A2 reflects the fact that photographic resolution
1imits the width, length and separation of units and that the technology
of chip fabrication Timits the number of layers of material which can be
deposited on a chip. Our assumption places the same lower bound, 32, on



we demonstrate that the inequality A2T = Q(C;(f)) is sometimes stronger

than the inequality A2T = Q(C;(f)). On the other hand, another function is
given with linear planar circuit size for which the reverse is true. Thus,
care must be taken in ascribing undue importance to the AT2 measure. This
section is closed by a discussion of the importance of natural constraints
on chip size. It is shown that if binary numbers are supplied to the
boundary of an adder on a convex chip, while honoring the natural conti-
guity between components in these numbers, then area quadratic in the
lengths of inputs is necessary. Linear area suffices if this constraint

is dropped. Conclusions are stated in Section 6.



the area of any unit of a chip; although the area of units, such as logic
elements and ports, do vary depending upon function. This only strengthens
the lower bounds. Permitting several logic elements to be placed above one
another on different planes runs contrary to current practice, but again
only strengthens the lower bounds.

The third assumption presumes that the chip is to be used for
a special purpose, say as part of a machine complex, so that the irregular
reading or writing could cause a deterioration in system performance.

A chip that satisfies assumption A4, namely, it reads each
input variable exactly once, is said to be semelective (This is a neologism
formed from the latin words “semel", meaning once, and "lectio" meaning
to read). Some of -the computational inequalities that we derive do not
depend on this assumption. However, the condition is apparently essential
for the derivation of strong lower bounds on the chip area required for
certain problems.

In the Thompson model [ 1 ] assumption Al is modified by requiring
that wires run on a rectangular grid while the type of processing elements,
that is, whether Boolean gates or more complicated operations, perhaps with
memory, is ignored. In [2 ] assumption A3 is dropped and A4 is augmented
by requiring that each input and output variable be associated with unique

nodes on the chip.

The Brent-Kung model [ 3 ] replaces assumption Al by the assumption
that the several layers of the chip describe an outer boundary that is convex.
Otherwise, the remaining assumptions prevail, although A3 can be relaxed.

2.2 - Circuit complexity

A logic circuit is the graph of a Boolean straight-1ine algorithm
(SLA). An SLA with Boolean inputs xj.Xps..-sX, is a sequence of steps
81,82,7..,Bk in which

1. B.i E_{XI:XZa---:XnQOsl}

or 2. B.i = (h’Ba’sb)" a,b < 1-3



h is 2-input, l-output Boolean function and ST --sX, are
indeterminates to which values in {0,1} may be assigned. A step is sa1d
to be of type 1 or 2 according to its classification above. For each step
B; of an SLA, a function Res(Bi) is defined recursively as follows :

B.

1. If Bj is of type 1, Res(si) ’

2. If B; is of type 2, Res(Bi) h(Res(sa), Res (8y))

An SLA computes f = (f},...,f), f; : {0,13" > (0,1}, if for
each j there is a step B. such that Res(g. ) = f..

. J'i J'i J

From each SLA a graph called a logic circuit may be derived.
Each step is associated with a node and the node associated with B, of
type 2 (a logic element) has edges directed into it from the nodes associated
with 8; and Bp- The condition a, b < i insures that this graph has no
directed loops. i/

We will be interested in SLA's for which the corresponding graph
is planar and those for which it is not. We will also be interested in
SLA's which are semelective and those which are not. The semelective
condition will affect one of our complexity measures, planar combinational
complexity, but not the other.

Definition 1

A Boolean function f : {0,1}" + {0,13™ has combinational
complexity C(f) if the minimal number of steps of type 2 in an SLA for f
is C(f). Such a function has a planar combinational complexity C (f) if

it is the minimal number of steps of type 2 in an SLA for f whose logic
circuit is planar. If in addition, the class of SLA's considered is seme-

lective, the corresponding measures are called CS(f), C;(f). 0

Observe immediately that C(f) = Cs(f) since any non-semelective
circuit can be converted into a semelective one without the addition of
logic elements ; oﬁly edges need be added. When it is required that the
circuit be planar, the relationship between C (f) and C3 (f) could be as
large as quadrat1c, although no examples are known wh1ch illustrate this.



Standard combinational complexity has been extensively studied
(see Savage [121) but as yet no lower bounds have been derived that are
non-linear in the number of inputs and outputs except for functions defined
essentially by diagonalization. However, the planar combinational complexity
of several multiple-output functions is known to be at least quadratic
(see Lipton and Tarjan [11]). The following theorem establishes some simple
relationships between C(f), C,(f) and C;(f).

THEOREM 1 : For all functions £ : {0,13" + {0,13"

C(F) = cp(f) s C3(F) < 6rc(f) 7

PROOF : The first two inequalities are immediately obvious. The third

| follows from the observation that a (potentially non-planar)
circuit with C logic elements has 2C edges, one for each input
to a logic element, and the number pairs of crossing edges thus
cannot exceed (%f) or C(2C-1). Each pair of crossing edges can
be reduced to a planar circuit with 3 EXCLUSIVE OR's, as shown
in Figure 1. Thus, from an arbitrary circuit of C elements a
planar circuit can be constructed using at most C + 3C(2C-1) < 6c°
elements. O

Some of the functions on n inputs discussed later will be seen
to have C(f) = 0(n(1ogﬂ?)and Cp(f) = Q(nz) thus demonstrating that the

spread suggested by these inequalities can be nearly ach ved. However,
at this time no function is known for which C;(f) = e([C(f)]z).

The following result demonstrates that although individual
functions may have a néar]y quadratic gap between their planar and non-
planar circuit sizes, for all almost all functions f : {0,1}n > {O,I}m,
the gap is at worst a factor of n.



, n
THEOREM 2 : For any 0<6<l a fraction of at least 1-2-&"2

f: {0,137 + {0,13" have
C(f) = m" (1-5-0(n))
i - ;

of the functions

if ]ogzm = 0(n), and for all such functions and all values of
m and n,

C;(f) <7m2"

PROOF : A proof is given here of the upper bound. The lower bound is
obtained by a standard counting argument which is given in
the Appendix.

The bound is obtained by constructing a vlanar semelective
circuit for an arbitrary function f : {0,1}" » {0,13". This
is done by first realizing a planar decoder circuit, a
circuit with inputs X 3Xpse e sXp and 2" outputs, each asso-
ciated with one of the 2P different minterms in these
variables. As shown in Figure 2, a decoder fé") on n inputs
can be realized from a decoder fé"‘l) on n-1 inputs using

2" logic elements plus 3 elements for each crossing of the
input line x_ and the "1 outputs of the circuit for
£{1) Thus,

c In). .e. .In=-1). - an-1

logic elements. To realize f : {0,1}" -~ {0,1}", supply
inputs XyseeeaXp to m decoders, as shown in Figure 3, using
at most n(n-1)/2 crossings of input edges for each decoder.
Therefore,

c;(¥) cm(5 2" + 2" 4 3n(n-1)/2) < 7 m2"

which completes the proof. 4 O



For standard combinational complexity Lupanov [13] has shown
that the lower bound that applies to almost all functions can be achieved
up to a small constant (see also Savage f121, page 116). The exact value
of €3 (f) for f : {0, 11" *-{0 11" for n 1arge and logzm = 0(n) is not
known and its determination remains an open problem.

Before going on to evaluate the planar combinational complexity
of individual functions, we demonstrate its role in the analysis of the
performance of VLSI circuits by deriving computational inequalities based
upon it. '

2.3 - Computational inequalities

Three sets of computational inequalities are.now derived that
apply to the use of area and tjme by VLSI chips. The derivations constitute
simulations of chips by planar and non-planar circuits.

TEEOREM 3 ¢ Let f : {0,1}" » {0,1}™ be computed in T cycles by a VLSI chip
that has area A. Then, the inequality

C(F) < AT
)‘

must be satisfied.

PROOF : This is a restatement of an earlier result by Savage [143. It is
obtained by constructing a circuit for f using?at most the indicated
number of logic elements from copies of the chip. A stack of T
chips 1is formed and where loops exist on the chip in flip-flops,
the loops are broken and signals fed to the corresponding position
on the chip above. A logic circuit of at most (vA/22)T logic
elements js created that computes the same function computed
by the chip. Thus, C(f) cannot exceed this value. g



It is important to note that T in this theorem is the number
of cycles executed and not the time in seconds to compute f. The physics
of chips may in fact require that the duration of a cycle be dependent
on the geometry of the chipi’as suggested by Seitz [157 and Chazelle and
Monier 16]. These observations also apply to the following theorem.

. THEOREM ¢ : Let T : {0,1}’l + {0,1}" e computed in T eycles by a VLSI chip
of area A. Then, the following inequality

C(F) = 1242 min((A/22)T2, (A/32)2T)

must be satisfied. If the chip algorithm is not semelective,
the inequality holds when C;(f) is replaced by C(f).

PROOF : A stack of chips with Toops broken and reconnected as described
in the proof of the preceding theorem, is used here also. However,
a planar circuit is now constructed. This is done by first
transforming the chip itself so that individual logic elements
are visible when viewed from above, so that no wires are seen
to overlap and so that at most one pair of wires cross at a
point. Then, the stack of modified chips is transformed into
a planar circuit. This is done in two ways to produce the two
inequalities. In the first case, the copies of the chip in the
stack are given_incrementa] shifté, as suggested in Figure 4a,
in order to make all wire crossings visible. Crossings are now
made planar using the schema of Figure 1 and a planar circuit
results. The second way in which a planar circuit is produced
‘is that the.T chips are placed side by side, as suggested in
Figure 4b, and crossings on the chip and those #reated by the
wires connecting them are replaced to produce a planar circuit.
If the VLSI algorithm is semelective, the same will hold true
for the circuits so constructed. The details of the proof follow.

Let n and w be the number of logic elements and straight-wire
segments on the chip. Let NeN be the number of places at which
exactly two wire segments meet.(Wires can meet on the same

plane or cén:meet between adjacent planes. We assume without loss
of genera]#ty that the angle between the wires is different

from 0° and 180°).



When seen from above the chip, wires on different planes may
appear to cross. Let cR be the number of such places exclusive
of those places where exactly two wires meet. Then,

R 2 %
n*Neg * Mgy < A/x (1)

—

Y
since, except for logic elements, the places at which wires meet
or cross occupy disjoint regions of the surface of the chip,
each of area at least A2, when seen from above, and at most v
logic elements, each of area at least A2, overlap.

Now make all logic elements infinitesimal in size and all wires
infinitesimal in width. At places where more than two wires cross,
as illustrated in Figure 5, give them an infinitesimal displa-
cement so that only pairs of wires are seen to cross. If the
wires that cross consist of straight segments, at most v(v-1)/2
crossings will become visible. If wires cross at points of
connection, at most 2v wires are involved and at most 2v?
crossings can become visible. If "ER is the number of visible
crossings of pairs of wires on the displaced chip, then

neg < 2v2 nep ‘ (2)

: v
Also, let NeN

the chip after displacement. Since a crossing could contain
v points of connection, we have

be the number of visible points of connection on

v
nen S Men * VPer (3)
From (1), (2) and (3) we have

Vv ' 2 2 ’
N+ Nep + Moy < 3vZ A/A (4)
which must hold. The number of wires on the chip, w, cannot

exceed
w < vA/22 - (5)

since each must occupy an area of at least 22 and they can

reside on: at most v planes.



When a stack of loop-free chips is displaced as shown in Figure

4a, each pair of crossing wires on the original chip generates

T2 crossings, as indicated in Figure 6a. Similarly a pair of
conneéting wires, if shifted in the right direction, will

generate T(T-1)/2 crossings (see Fig. 6b). It follows that the graph
produced by the displacement of Figure 4a will have n. T logic elements
and at most (nCR + "CN)T2 crossings. Replacing each of these

by 3 logic elements we have from (4) a planar circuit with at
most 9(v/k)2 AT2 logic elements for f, which produces the first
of the two inequalities.

To establish the connections of Figure 4b, wires are run in
parallel between two copies of the chip. There are at most w

of these wires and each can intersect each of the w original
wires at most once. Thus, at most w2 crossings are created for
each pair of chips. The graph thus produced has "LT logic |
elements and at most (nCR + "CN)T + w (T 1) crossings. Replacing
crossings by 3 logic elements we construct a planar circuit
which from (4) and (5) has at most

9(v/2)2AT + 3(v/22)2A2(T-1) s 12v2(A/22)%T

logic elements. This establishes the second inequality. 0

0f these two inequalities, the one involving (A/AZ)TZ is stronger
when A/22 > T. This is a condition that is usually satisfied for functions
for which quadratic lower bounds to AT2 have been derived. This includes
transitive functions and matrix multiplication. The inequality
A/»2 = T is satisfied primarily because such problems require a large
surface area, as will be seen below. Later, problems will be presented for
which the required surface area is small in which case the inequality
involving (A/AZ)ZT is the stronger.

As stated in theorem 4, if the VLSI algorithms are semelective,
that is, if each input variable is read exactly once, then each circuit
constructed in the proof has exactly one node associated with each variable.
If the chip aigorithm is not semelective, neither are ﬁhe circuits. Tne
semelective condition has been essential in all previdus derivations of

quadratic lower bounds to ATZ.



lca

Recently Valiant [24] has noted that the lower bounds on the
space-time product for uni-processor machines operating on straight-line
algorithms that are derived using the Grigoryev formulation [25] translate
directly into lower bounds on the product A2T. This has value since the
lower bounds derived by this method are obtained without the semelective
constraint. We can immediately translate previous results to show that
AZT must be quadratic in the number of input variables for n-degree
polynomial multiplication over GF(Z) [25], the discrete Fourier transform ,
sorting and merging (261, binary integer multiplication [271, and
matrix inversion [28]. Also, Gregoryev has shown a p3 lower bound for
pxp matrix multiplication [25].

i



3 - APPLICATION OF THE PLANAR SEPARATOR THEOREM

Lipton and Tarjan [11] show that planar vertex N-node graphs have

‘separators of at most 2/2N nodes that divide the graph into two disconnected
?gggyaphs of about equal size, as stated below in the Planar Separator Theorem
THEOREM 5 "111 : Let G be any N-vertex planar graph with non—negative vertex

costs summing to no more than 1. Then, the vertices of G

can be partitioned into three sets U, V, W such that no

edge joins a vertex in U with a vertex in V, neithei U nor

V has vertex cost exceeding 2/3, and W contains no more

than 2/2/N vertices.

Lipton and Tarjan [111 have shown that semelective planar circuits
which contain an n-superconcentrator, which realize p xp Boolean matrix
multiplication where n = p2 or which compute the shifting function f£n) must
have a number of logic elements which is Q(nz). We immediately conclude from
Theorem 4 that

2

AT? = a(n?)

for semelective algorithms for each of these problems. These results have
been previously demonstrated by direct means using the Thompson and Brent-
Kung models. The superconcentrator result has not been explicitly stated

but is immediately Bbvious following the analysis of Thompson [1, 2] or

that of Brent and Kung T3]. The latter obtain the result for the shifting
function and apply it to the problem of binary integer multiplication.

Savage [51 has obtained the stated type of bound for matrix multiplication
but the coigficient.on nZ §s much larger. The Lipton-Tarjan bound is c nZ for
c=8x10 "".

Of considerable interest is whether or not similar bounds can
be obtained for one-output functions. This issue arises because the method
of proof used by authors of each of the above results consists of measuring



information flow from inputs to a comparable number of outputs. Yao [17]

has a framework for consideration of information flow between two processors
that compute a Boolean function. He has used this formulation together with
the Brent-Kung model to obtain lowér bounds to ATZ for several 1-output
problems on graphs {101, including testing for isomorphism of two n-vertex
graphs. Yao's technique for measuring information flow is to consider a
partition of the variables of a function into two sets U and V, with U and

V of about equal size. He then considers the table of values of f where

rows and columns are indexed by the tuples of values of variables in U and
V, respectively. In this table, a mono-chromatic rectangle is the intersection
of rows and columns, each intersection of which contains the same element,

0 or 1. If d(f) is the minimum number of non-overlapping such rectangles
needed to cover the table, then he demonstrates that at least Clog, d(f) - 2]
bits must be exchanged between processors. If the table contains a square
MxM subtable with a single 1 (or 0) in each row and column, clearly

d(f) = logzM. Lipton and Sedgewick [181] have restated this condition on
Boolean functions and have independently used it to obtain good Tower bounds
to AT2 for 1-output functions. This condition is presented below using our
terminology.

Definition 2 :

A function h : {0,1}% + {0,1}% §s a subfunction of f : {0,13" » {0,1j"
if it can be obtained by suppressing some output variables and by an assignment
to a subset of the input variables. Also, h is a subfunction of f with respect
fo J if J ={1,2,...,n} and h is obtained from f by an assignment of values
to the variab]esAXj, Jed, of f.

O

Definition 3 :

A function f : {0,1}" = {0,1} is w-separated if there exists a

- subset X of its variables such that for any partition of X into two sets -

A, B with |Al, IB| < 2|X|/3, there exist at least 2" pairs {(2;5 b;)} of
variables such that f(a,, QJ) =1 if i = j and 0 otherwise. A function
f: {0,13" - {0,117 is also w-separated if it contains a subfunction which

is w-separated. f O



The following theorem is an analog of the Yao result and has been
stated by Lipton and Sedgewick for a variant of the Brent-Kung model. It
illustrates the importance of the above definition.

THEOREM 6 : If f : 10,13" + {0,11™ is w-separated, then

¢(F) = w2/32

PROOF : Since a lower bound is to be derived, we may assume without
loss of generality that f : {0,1}n + {0,1} and is itself
w-separated. Consider a semelective planar circuit for f.

Apply the PST and let U, V, W constitute a partition of the
graph when each input in X has cost 1/[X| and all other nodes
have cost 0. Then, U and V each contains at most 21X1/3 inputs.
Let the respective sets of inputs in U and V be A and B as well
as a partition of inputs in W so that [A], |B] < 21X1/3.

Consider the subgraph of the circuit with nodes W. It has at
most 214} nodes directed in from U and V. Thus, given 2" sets
of distinct pairs of values for input variables {(a;, b;)}
corresponding to A and B, by the pigeon-hole principle, if
21W| < w-1, there must exist some two pairs (Er’ Qf) and

(gs, 95) for which the inputs to this subgraph are the same.
Of course,.outputs of W are also the same. Without loss of
generality, let the node of the planar graph that is associated
with f reside in U or W. By the preceding argument, it follows
that inputs (g¥, gr) and (Er’ 95) provide the same values for
jnputs and outputs to W, and hence the value of f is the same
on inputs (Qr’ Er) and (ér’ gs). But this contradicts the
definition of f, so

4/2N = 2|MWl 2 w

which is the desired conclusion. ' 0



Definition 4 :

Consider a function f : {0,1}" » {0,1)™ and Tet X and Y be subsets
of the sets of input and output var%ables of f, respectively. It is said
to have a w-flow if for all partitions of X U Y into two sets A, B with
IAl, 1Bl < 2(IX1 + 1Y])/3, there are sets S c X and $* c Y, where § is a
subset of A and S™ a subset of B or vice versa, such that for some
assignment to variables not in S, the resulting subfunction h of f from
S to S* has at least 2% points in the image of its domain. A function f
also has a w-flow if it contains a subfunction with this property. 0

The following theorem illustrates the importance of such functions.
It should be noted that all previous quadratic lower bounds to AT2 or to
planar complexity are obtained by means of lower bounds on some type of
information flow.

I

THEOREM 7 : If £ : {0,13" + {0,1}" tas q w-flow, then

C3(F) > w2/8

PROOF : Without loss of generality let f itself be its subfunction
which has a w-flow. Consider a semelective planar graph or
circuit for f with N nodes. Apply the PST by giving each
input vertex in X and output vertex in Y cost equal to
1/7(IXI + 1Y]). Let U, V, W be the partition of the nodes
of this graph guaranteed by the PST. Then, |W| < 2/2N and
Uand V eacﬁ have cost < 2/3 or they contain sets A* and
B”, respectively, of inputs and outputs where
IA*1, 18" < 2(IX] + IY[)/3. Also, if W contains p input
nodes and é output nodes, then |A*| + 18*1 +p+qg=n+m
Distribute, the nodes in W between A* and B* to form sets A
and B where [A{, IB] < 2(IX| + IY1)/3 = 2(n + m)/3.



1/

Since f has a w-flow there are sets S, S* of inputs and

outputs where, without Tloss of generality,

ScAnX, S cBn Y. Then, for some assignment to variables

not in S, the mapping induced from S to s* by the resulting
subfunction of f has at least 2" points in the image of its

domain. However, if IW| < w-1, the outputs of the subgraph

with nodes in W can assume at most 2'”' different values which

is less than 2. Since all paths from inputs in S < U v W to outputs
S* ¢ V v W must pass through W, it follows that f cannot be computed .
if |W] < w-1. Thus, 2/2N = |W| = w from which the desired result
follows. . 0

Functions which have a w-flow also have corresponding predicates,
as given in definition 4, which are w-separated, as shown below.

Definition 5 :

Given a function f : {0,1}" + {0,137, f(xl,..;,xn) = (YyoeeesYp)s
its associated predicate F : {0,1}"+m + {0,1} is defined by

1 f(xl,...,xn) = (zl,...,qn)
F(xl,...,xn,zl,...,zm) =
0 f(xl,...,xn) z (zl,...,zm)

where Xqsee-sXp and zl,.l.,zh are the variables of F.

THEOREM 8 : If f : {0,1}n - {O,I}m has a w-flow, then its associated
predicate F : {0,13"" > {0,1} 7e w-separated.

PROOF : Assume without loss of generality that f is its own subfunction
which has a w-flow. Let X and Y be the subsets of inputs and
outputs with respect to which f has this property.

Let Q be the subset of the inputs of F corresponding to X
and Y. Consider an arbitrary partition~of Q into sets A, B
where |A], IBl < 2(1Q!)/3. This generates a partition of the
union of X and Y of 1nputs and outputs of f, respectively.



By the w-flow condition of f, there exist sets S X, $* c ¥
such that S c A and S* c B or vice-versa and such that by
some assignment to variables not in S, f defines a subfunction

from S to S* with at least 2% points in the image of its domain.
Let {X } be assignments of f to inputs which yield the set

{f(X )} of at least 2% distinct values over Y. If follows that

if the auxiliary variables'Z of F are given values Zq = f(xq),
then the condition for F to be w-separated is met. 0

As a consequence of Theorem 11, any function f : {0, 1}n + {0, 1}m
that has a large w-flow 1mmed1ate]y has an assoc1ated predicate for which
a large lower bound to its semelective planar comb1nat1ona1 complexity can
be derived. Thus, almost automatically we exhibit a large family of 1l-output
functions for which strong lower bounds to AT2 and A2T exist.

Bounds are now derived on the w-flow for two important classes
of problems, transitive functions and Boolean matrix multiplication, as
well as functions which contain these as subfunctions. Of the proofs presented,
that for transitive functions is an extension to a proof given by Vuillemin
[9] for the Brent-Kung model. The matrix multiplication result borrows some
ideas from a proof by Savage [5] for the Thompson and Brent-Kung models.

We now state the Lipton-Tarjan lower bound to planar combinatipna]_
complexity for the shifting function as a bound on w-flow.

THEOREM § : The shifting function ™ : {0,13"* 0, 13271 746 @ n/18-
ﬂow.:’

This same result holds if the 2's complement of the value of
fé") is taken since this operation realizes a bijective mapping.



Definition 6 [91]

A Boolean function hG(xl,...,xp,sl,...,sk) = (yl,...,yp) computes
a permutation group G if for ea;h permutation g € G there exist values for

Sys++-»Sy such that y; = xg(i), 1 < § < p. Such a function is transitive if

in addition for each 1 < i, j < p there exists g ¢ G such that g(i) =
In general, a function fG : {0,1}n > {0,1}m is transitive of degree p if fG

has a subfunction hG(xl""’xp’sl""’sk)’ which is transitive.

O

The function f(")(xl, cesXpsSqse ..,sk) = (yl, “s¥p ) which per-
forms all cyc]1c shifts of xl,...,xn js transitive of degree n as is the
function ABC defined by the product of three vn x /n matrices A, B, C w1th
addition and multiplication over GF(2)r91. The integer multiplication function
defined by the product of two n-bit binary numbers with the result in binary,
denoted f(") {0, 1} {0,1}2n contains as a subfunction the shifting
function f(")(x - ’xn-l’sl""’sk) = (yo’yl""’yZn-Z) where by assignment
to the contro] var1ab1es Syse--sSp the mappings

t < j < tin-l

0 otherwise

for each 0 < t < n-1. However, the shifting function is not transitive.

LEMMA 1 : Let 3y, a,, bl; b2 be integers satisfying the following constraints :
0 < bl’ b2 <m, a;+ b1 =m, a,+ b2 =m

< 4m/3, 2m/3 < b1 + b2 < 4m/3

al, az,
am/3 < a; + 3
for some integer m. Then,

21
P = & max (ale’ azbl) > 2m/9



PROOF :

Let ¢; = a; + a,, ¢, = by + by. In a;b, use the following substi-
tutions :

b2=C2-b1’ b1=m-a1

to give

_ _ 2
T b2 = alc2 ma1 + a1

1%
Similarly substitue
a2 =C - al, b1 =m - a1
to give
_ _ _ _ 2
Tp =ahy =¢em-ca; -am+ a
It follows that

2T

if and only if -
| a; 2 c1/2
since ¢ tc, = 2m. Thus, P is smallest when a; = c1/2. But this
implies that a; = 3y, b1 = b2 = c2/2. Consequently,
Pz c1c2/4m
where ¢ tc, = 2m and 2m/3 < Cys Cp S 4m/3.

Under these constraints, 1) is a convex function of ¢y with a
minimum at ¢ = 2m/3 and Cy = 4m/3, from which the desired
conciusion follows. il

THEOREM 10 : Let fén) : {0,1}n -> {0,1}n be a transitive function. Then it

has a 2n/9-flow.



PROOF : As Vuillemin [9] states, the sets Gij = {g]g(i) = j} all have

the same size and 'Gijl = |G|/n.

In definition 4, let X and Y be the permuted inputs

and outputs, respectively. Given a partition A, Bof X v Y
with |A], |B] < 4n/3, for each input in A n X and output in
B nY, there are |G|/n group elements that identify them.

A similar statement applies to pairings between B n X and

A n Y. Summing over group elements g ¢ G and inputs in X,
the number of pairings is at least

0 = L& max(1A a X1 1B 0 Y1, 1B a XI 1A 0 ¥I)
Since each g ¢ G is a permutation on inputs, there exists
g € G that maps at least P = Q/|G| inputs in S to outputs
in S*. Invoking lemma 1 with m = n, we have that a flow of
w = 2n/9 ex1sts 0

This result guarantees that C (f(")) 2 n /162 The proof given
above is an extension of that given in r9] for the Brent-Kung model. In this
model, one can assume that a common non-zero lower bound on |A n Y],
|IB n Y| exists, which is not true here.

We cite the fo]]ow1ng Temma whose proof is obtained by us1ng the
identity a e b = (a - b)

LEMMA 2 : Let € = (eo, el,...',em_l) and d =(d0, dl""’dm-l) be two Boolean

vectors. If m-1
:E: e. #d. <
i '

then the weights of e and d, le| and 1d|, satisfy

llel - 1dl] =



THEOREM 11 : The matrix multiplication function frflﬁ ) defined by the product
C=DxEof two p x p Boolean matrices has a p /12~flow.

PROOF : As in the proof of the lower bound to AT2 for the Thompson
and Brent-Kung models for this problem [51, we note that if
E is chosen to be a cyclic permutation matrix which shifts
the columns of D k places for some 0 < k < p-1, then

Cii = %, ek
for all 0 < i, j < p-1, where subscript addition is modulo
p. Similarly, if D is a cyclic permutation matrix, then for
some 0 < 1 < p-1,

Ci5 = €41, j
for all 0 < i, j < p-1, where again subscript addition is
modulo p.

In definition 3, let X be the components of D and E and Y
the components of C. Given a partition A, B of X v Y with
[Al, IBl = 2(IX] + |Y])/3 = 2p2, at the risk of some

confusion, we let [dij]’ [eij] and [cijJ take on the signi-

ficance of characteristic matrices where a component has
value 1 if the corresponding component of the corresponding
matrix is in A and 0 otherwise.

From the preceding discussion, if

and Pk 2 sz or Q] > sz for some values of 0 < k, 1 < p-1,
then choosing E as the k-th cyclic permutation matrix or D
as the 1-th, a flow wzzspz/z can be achieved. If

B = 1/6, we are done. Otherwise, assume that Pk < sz and
Q] < sz for all 0 < k, 1 < p-1. We show that this leads to

a contradiction.



Using the following inequality

aeb=(aec)e (bec)<(aec)+ (bec)

we have

R 2

k1" 12% i, 5ok ® Bie1,3 = P " Oy < 280
Now use a ¢ b = (a - b)2 to expand Rk 1 and sum over 0 < k,
1 < p-1 to give

pz(d + e) - 2de < ZBp4

- where d and e are weights of [dij] and [eij]’ that is, the

number of components of the two matrices which are in A.
Thus, if s = d + e it follows from the above inequality by
maximizing de that

s(2p% -¥s) < dgp*

from which we conclude that either

s < p2(1 - /TBE) or s > p>(1 + /I4E)

Also, using Lemma 2 and Pk < sz, Q] < spz we have

lc - d] < 8p°, Jc - el < gp?

where ¢ is the number of components of C in A. Then these two
inequalities imply that

2 2

> -8 <c<y+ep

Taking these inequalities together with the bounds on s, we
have that |A] = ¢ + d + e must satisfy

2 2
Al < 3 (1 - /T8 + me? or 1AL > 25 (14 VITEE) - gp

However, with 8 = 1/6 the constraints |A|, |B| < 2p2 are

2

violated.



This proof borrows the idea of sets of cyclic permutation
matrices to map inputs onto outputs from [5] but otherwise the proof is
different. It also differs from the proof of [11] and gives a lower bound
to planar combinational complexity that is about six orders of magnitude
larger.

It is immediately obvwous that the n-bit binary integer multi-
plication function f(") {0, 1} + {0, 1} " contains the shifting function
f(") {0, 1};+k -+ {0, 1}2n -1 as a subfunction, as does the Boo]gﬁn convolution

( - -
funct1on f BC (Xls eesX ’.yls ’y ) = (22""’22’1) where zk = 'H'J k X y *

It is alse straightforward to reduce binary squaring f(") {0, nt {0, 1}2n
to integer multiplication and then to shifting. The fol]ow1ng result is

more general and will be used to study a range of problems, including integer
division, powers and inverse powers.

LEMMA 3 : The function £0°P) 2 0, 11™ » (0,17, m = 2 + flogzp] defined
by fég p)(X) = rpX ], where p = /2 integepg 0 < k < 2n/3,
l1<qxs ZLZH/QJ 0 < X < 2"-1, and where X gnd [pX 1 are repre-

sented in binary, contains f(LG/QJ -3) as q subfunction for n 2 15.

a + b2® for e = L2n/3] and let 0 < a < 2"-1,
21-1 for m = L2n/9) and 1 = Ln/9). Also,
r]ogzq], t < [2n/9] and let k < [2n/3]. Then,

[px21 = [qaZ/Zk] + qab29+1'k + qb222e-k::

PROOF : Let X
0<b
let t

1A

since all terms but possibly the first are integers. Furthermore,
the middle term appears in pos1t1ons e+1-k,...,2e - k-1

of the binary expansion of rpX 1 without overlap from the first
and third terms. Thus, rpXZ] contains qab as a subfunction.

Now consider the following values for a :

S m
= | — 1<ac<? —1}
{,af [Q] 12

This implies that t < s < S where S 2m+ t - 2. Since




for integers u, v > 1, it follows that
s
25 < q [%—] <25+q-1

25h < qab < 2°b + (g-1)b

Hence

for the chosen values of a. Then, since q satisfies

2t-1 t

<q<?
it follows that (q-1)b < 2°0 for sy = t + 1 so that positions

sg> S + 1s....5] of qab contain 25b. Here sy-sp= m-1-2.

It follows that qab contains as a subfunction, the function
which shifts b by between So and $q positions, or equivalently,
by anywhere from 0 to s;-sy2 Ln/9]) - 3positions. Thus the
number of shifts is three less than the length of b. Thus, under
these conditions, qab contains fgl =3), where 1 = [n/9).

THEOREM 12 : The functions f'(z"’e) and fé"’e) defined by

fén’e)(x’Y)

[ fé"’e’ - B

in which 1 <2" -1, q/2 > 0, k and q integers
independent of n, and e>1 fbr f(n e), contain the shifting

funetion f( ), m=e(n), as a subfunctzon For 0 <e <1,

IA

f(n e) contains the 2's complement of the shzf%zng funetion

in e©(n) variables as a subfunction.



PROOF : Consider fé"’e) and Tet y = 2% + 7. We use Taylor's expansion

1 _ e(e+l) 2
R R LR

for 0 < n. It is straightforward to show that

IR(n)| s HELLEE) 3

KZ"Z)E - [Z(n-a)e _ | 1
22 (1+z/2%)¢

= oln-a)e _ ep(n-a)e-a 2 + 8(e+1) o(n-a)e-2a 42

Thus,

+ [2("'3)8 R(zlza)] '
if (n-a)e is an integer, (n-ale - 2a > 2k+l ang
Z < 23/3/(e+2)1/3. Also, in the binary expansign of this function
al] bits in e(e+1)22 appear unaltered in the gHtPgt. Apply the
preceding lemma with a the largest integer sugh (n—a)e is an
integer and (n-a)e - 2a = 2k+1. This implies pna; a = e(n) which
implies that this function contains the squaring function on
e(n) variables as a subfunction which in turn reduces to the
shifting function with e(n) variables.

To treat the function 22"xe , let x =22 + 2 and use the following
expansion : ’

. 2
(1'+e)®=1+ee+8(e)e | prey
: 2

Here |R(e)| < e(e-1) |e-2] e3/6. An analysis similar to that

given above produces the desired conclusion for e > 1. When

0 <e <1, it can also be shown that this function reduces to

2P - q(2k-q)z2 for p such that 2P > q(2k-q)z2 and 1 < z < 2™1,

m = [(n-s)/3], s a constant. Following Lemma 3, this reduces to
the 2's complement of the shifting function. 0



THEOREM 13 : Let fé"), fé"), f,&ﬁ), fgg), flg"), fl(,"’e) and flg“’e) be the
shifting function, a transitive function, p X P matrix
multiplication, n-bit binary integer squaring, n-bit integer
division, e th powers for e = 1 and e th inverse powers for € > 0,
where e = q/Zk. Each of these functions and their associated
predicates have semelective planar combinational complexities

' which are at least quadratic in the length of their imputs.

Matrix inversion and the transitive closure of Boolean matrices
are also of the type mentioned above since each can be reduced to Boolean

matrix multiplication.

The bounds given above translate into bounds on AT2 and A2T.
Yao [10] has quadratic lower bounds on AT? for several predicates including
the Boolean function that tests for isomorphism of graphs. Lipton and
Sedgewick [18] have the same type of bounds for several problems including
recognition of palindromes, pattern matching and the predicate associated
with binary integer multiplication. The Tatter result was obtained
independently of that given above.



4 - BOUNDS ON CHIP AREA

We now consider the area required by semelective VLSI chips.
The following class of functions requires large chip area, as shown
later.

Definition 7 :

Péném) is the set of functions f : {0,1}" » {0,1}™ for which

there exist at least g distinct subfunctions of f with respect to J, for
all sets J such that |J] = p.

This class has been studied in [12, p.34] form = 1. Q]egrly g < 2P,

Yao [10] derives a lower bound on the area required by a VLSI
chip of the kind examined here. He considers the information that must
be transfered in one direction between two processors with one way
communication to compute a function f, denoted C(I-Z;f), and shows that
the minimum of this quantity over all partitions of inputs into two sets
of about equal size provides a lower bound to chip area. Our theorem
stated below is a s]1ght generalization of his result which will useful
in Section 5. There we consider a function which is in Pé?gl) for g = 2P
and p = e(n/logn) and thus requires large area. However, the function

also has a small planar circuit size.




THEOREM 5 : Let f : {0,13" + {0,1}" Péném) be computed by a semelective

chip. Then, the cth area must satisfy
A/x2 > T log, g1/2

even if reading and writing by the chip is not done in a data-

independent marmer (condition A3).

PROOF : Let s = I"log2 g 1. Let k be the maximum number of inputs read
in any one cycle by the chip. If k = s/2, the result follows
immediately because at least k ports of area at least A2 each
are required. If k < s/2, let r be the largest number of bits
read by the chip over several cycles without exceeding p. Then
z p-(k-1). S1nce f e Pé"ém), it is also in P(n’ ) for
= p-a, V= 92 . It follows that if exactly p a 1nputs are
given to the chip and at most | 109291 -a-1 flip- f]ops exist
on the chip, the function f cannot be computed because these
inputs determine at least gZ'a distinct subfunctions yet the
chip can be in at most gZ-a-l states prior to receiving the
remaining n-(p-a) inputs. It follows that at least| 109297 -a
flip-flops are required or A/A? is at least this large.
Replacing a by k-1 and noting that k < s/2 we have that in this
case A/Ax2 2 s-(k-1) > s/2, which establishes the desired result.
We note that this argument holds whether or not inputs and outputs
are read or produced in a data-independent manner. 0

Several lower bounds have been obtained on chip area for multiple
output functions realized by semelective chips. Brent and Kung [3] have a
Jower bound of @(n) for n-bit binary integer multiplication, Vuillemin [9]
has shown that any transitive function of degree p requires area
A/»2 = p, Baudet [19] has shown that the shifting function
(n) : {0, l}n+k {0, 1}2n—1 requires area A/32 = n/2, and Heinz [20] has

demonstrated that p x p matrix multiplication requires area linear in p2



5 - DISCUSSION

Much of the recent literature on the performance of VLSI algo-
rithms concerns lower bounds to AT2 which are quadratic in the 1engths of
inputs. These results reinforce the notion that this measure is basic and
should be used to evaluate the performance of VLSI algorithms for all problems.

The two computational inequalities of Theorem 4 are restated
below.

Co(F) < 122 mint (AA2)T2, (A/A2)2T)

The (A/AZ)TZ inequa]ity dominates when A/A? 2 T. As shown in a

preceding section, a large number of important problems have S (f) ﬂ(nz)
for n the length of the input for f. For these same problems, the chip area
required is linear in n. Thus, if the 1nequa11ty given above is to be
satisfied, then it must be that T = 0(/n). Furthermore, it follows that
(A/AZ)T2 is the better of the two bounds. These observations further
reinforce the signifiance of this measure.

In this section we exam1ne problems for which the (A/AZ) T
measure is superior to (A/AZ)T These are problems for which Cp(f) = 0(n).
We also present a problem with linear planar combinational complexity that
requires a large chip area, thus showing that (A/AZ)T2 is sometimes the
better measure for simple functions. In addition, we consider the effect
of the simple assumption that inputs that are normally grouped together,
such as components of a binary number, are placed contiguously on a chip
boundary. We show that this can require a chip area that is quadratic in the
Tength of the input.

The sorting function fgng) 0,13 5 10,13™ that sorts
n k-bit integers k = [1ogzn] + 1 can easily be shown to be transitive of .
degree n. Let the control inputs consist of the k-1 most significant bits
in each integer. Ignore the corresponding bits in the output. By choosing

the k-1 most significant bits to represent distinct (k-1)-tuples, the



function fégfk) performs an arbitrary permutation of the n remaining inputs.
Thus, this problem and its associated predicate require chip area of at
least @(n) and have ATZ = Q(nz). Furthermore, as discussed above the AZT
measure is a weaker measure. (Thompson [2] shows that AT? - Q(nzlogzn) for
this problem).

The binary sorting function fég) : {0,13" » o,1" puts an
arbitrary binary n-tuple into ascending order. We show that C;(fég)) = 0(n)
and that the product AT = 0(n) can be achieved for A = 0(logn).
Thus, binary sorting is clearly a very different problem from general sorting.
Also, not only is AZT a better measure for this problem, in fact, the

measure AT and the computational inequality of Theorem 3 is even better.

The schema of Muller and Preparata [21] (also see [12] p. 73 )
has been used to realize fég) with a linear size (non-planar) circuit. This
function is constructed from a circuit fgn) : {0,1}n > {O,I}m, m= r1ogz(n+1)],
which represents with m bits the number of 1's among the inputs. It is
straightforward to show that this function has C:(fén)) = 0(n). The next
step is to apply the output of fé") as input to a decgder, In Theorem 2
decoders with m inputs are shown to have planar circujt size linear in
2™ or in n. The output of the decoder contains a positfong] representation
of the number of 1's in the input, which can easily bg canverted to the
desired output with a linear number of elements in a R]anar circuit. (As
a consequence of this construction, every l-output Bogleap symmetric
function can be shown to.have linear planar circuit siie.)

A chip for this problem for which AT = 0(n), can be designed as
follows. Group the n inputs into n/k groups of k each.'Shpp]y inputs to the
chip in these groups and app]y'fgk) to each group and qu to the previous
count which is held in a register of length O(logn). After T = n/k cycles
have been executed, generate outputs in groups of k us%ng a decoder and
auxiliary logic, as,described for fég). The chip has area A = O(k + logn),
and AT = O(n) if k = @(logn). This chip algorithm is optimal to within a
multiplicative factor. ) ‘



Meyer and Paterson [12, p 437 have introduced a Boolean function

(n) : {0, 1} + {0,1} that is contained in Pé"zl) for p = 2(n/Togn) and
that has a a linear standard combinational complexity. It is not d1ff1cu1t
to show that it also has a linear semelective planar circuit size. However,
no such circuits are known which have all ‘their inputs on the periphery of
circuits. The function .is defined on n = kb variables which are grouped
into k groups of b variables each. Here we can set b = 2p+1. On each group,
the threshold function of threshold p+l1 is defined to provide k output
variables 395875+ -98p 1~ These are used aslan address and

(P)(xo,xl, .,xn_l) X, where a = a,_12 cee + 232 4 ag. Since the

n+l outputs of fég) are threshold functions and since X, can be selected
by a decoder with adress-(ak_l,...,ao), a linear planar circuit can be

designed.

From Theorem 5, fég) requires A/A2 = 2(n/logn). since
Cs(f(")) 0(n), the AZT measure is clearly non-optimal.

Rs the last topic of this section consider the question of
contiguity of inputs and outputs. This is illustrated by the addition of
two binary n-bit numbers. Assume that they are supplied as ordered
contiguous bits to an adder whose boundary is a simple closed curve,
as suggested in Figure 7. There is no ovelap of the bits in the two
numbers. Then it is clear that node disjoint paths must exist between
xn/2-1’ -+ 5X15Xg and Zn/2 1222 and between Yp-1°" .,yn/2 and
Zp_yeeeeaZp o Thus, (n/2)? crossings must exist between these paths,
given the perfectly general ordering of x, Yy and z in Figure 7, so area
proportional to n~ is necessary. If contiguity is not required, a full

adder chain for addition can be constructed that has linear area.
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The same argument applies to integer multiplication under general
assumptions about the representation of the integers. If the integers are
represented .in the standard binary number system, then it follows immedia-
tely from the lower bounds on AT2 [3,4] that A = n(n ) if T = 1 for n-bit
integer multiplication. However, if integers are represented by exponents
in their prime factor decomposition, multiplication can be done by adding
exponents. In this case no semelective non-linear lower bound to AT2 in the
length of the representation of integers is known and in fact multiplication
can be done with constant area if sufficient time is permitted. On the other
hand, Yao [10] has shown that a quadratic lower bound holds for the function
X +y x2z. Consider, then, the case in which the product ¢ = ab is to be
formed 0 < a,b < N-1, the same system of (binary) representation is used
for a, b, ¢, and each is given on a contiguous segment on the boundary of
a simple closed curve. Suppose that as the curve is traversed, that the
bits in the representations of a and b occur in the same order and that
those of ¢ occur in reverse order. (If those of c occur in the reverse
order to those of a, say, the proof is also straightforward.) Each of a and
b can be identified with ¢ so we consider the "low order" k bits of each
for the smallest value of k such that at least [/N] different values are
assumed by these k bits. The remaining bits must assume at least [/NJ/Z
values. Thus, at least (1092 [/N]) - 1 bits of information must flow from
low order bits of a orb to c, and the same for the high order bits. Now
apply the same argument used for binary integer addition.

It should be noted that it is standard practice to designer adders
by overlapping two: registers on a common bus, loading each individually,
and then adding the two intermingled integers, thus avoiding quadratic
sized area (but perhaps only delaying the inevitable). It is not known if a
similar construction will work for integer multiplication with some repre-
sentation of integers. '

These simple observations are very important and reflect the fact
that chips containing a variety of functional units may present certain )
wiring incompatibilities that may be much more costly in area than any
requirements imposed by functionality considerations.



6 - CONCLUSION

Planar combinational complexity is shown to provide an inter-
mediate step in the derivation of simultaneous lower bounds on chip area
and time as measured by the number of cycles of execution. The planar
circuits, the size of which is used to state inequalities, can be required
to be semelective or not according to whether or not the VLSI algorithms
are semelective. It should also be noted that if I/0 is done on the boundary
of a VLSI chip, the two types of planar circuits which are constructed to
simulate the chip computation will also have I/0 on their boundaries.
Therefore, planar circuit size with input and output variables on the
periphery, that is, for which each input and output node is on the same
face of the plane, is a new constraint which needs to be explored. For
_example, the function fég) considered in the previous section has a linear

semelective planar circuit size when this condition is not imposed but f

appears to require size Q(nlogn) otherwise.

We also have noted that the gap between planar and non-planar
circuit sizes is at most quadratic but that no functions for which the gap
is this large are known. On a more technical level, the gap between the
bounds on these two measures for most Boolean functions, as stated in
Theorem 2, probably can be tightened.

We have seen that for all multi-output functions for which
quadratic lower bounds on cs exist, similar bounds exist for their associated
predicates. We also have derived such bounds for powers and reciprocal
powers of binary integers by reducing them to the shifting function. More
refined reductionsare possible so that the coefficients can be improved
and so that the results can be made practicable. ‘

Before ‘closing, we note that Baudet [23] has extended a lower
bound of AT2 = ﬂ(nlogzn) of Johnson [22] for binary addition to
APT = Q(nlogzn) for pipelined chips. Also, Chazelle and Monier [16] have
shown a Tower bound of AT2 = Q(nz) for this problem. In each case, the

i
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bounds reflect a time T measured not in cycles but in physical propagation
time. The Johnson and Baudet results use the fact that a circuit with n
inputs and one output must have depth of at least flog2n1. Chazelle and
Monier further argue that with many semiconductor technologies this time
may be o(v/n), or o(n) if the inputs lie on a convex boundary. In each case,
the authors are combining the number of execution cycles with their length.
A11 results in this paper are stated in terms of the number of cycles.
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APPENDIX A

THEOREM Al : For any 0 < & < 1 a fraction of at least 1

PROOF :

PN |
-2 sm2 of the

functions f : {0,1}" > {0,1}" have
o .
¢(f) = % (1- 6-0(n))

if logzm = 0(n).

The bound is obtained using a standard counting argument.

Without loss of generality consider optimal semelective

circuits for functions. Such a circuit with ¢ logic elements

has ¢ + n nodes, including those associated with inputs. The
circuit has 2c edges on its ¢ logic elements each of which could be
attached to the outputs of at most (c+n-1) nodes to form at

most (c+n-1)2c directed graphs. The inputs nodes contain

unique labels but each logic node can carry one of the 16

labels for the sixteen logic elements on 2 inputs.

Thus, there are at most M = (16)c(c+n-1)2c labeled, directed

graphs and they compute at most M/c! different sets of ¢

functions since there are c! different permutations of outputs of each
graph in the ensemble thus created. Each such distinct graph

computes (c+n)m sets of m functions f. : {0,13" + {0,1}, that

is (c+n)m functions f : {0,1}n + {O,I}m can be associated

with each graph. Consequently, since c! 2 cce—c, at most

N(c) = (16e)c (1+(n-1)/c)c (c+n-1)c (c+n)m functions

f: {0,1}" » {O,I}m can be computed by optimal semelective

circuits with ¢ logic elements. Using the inequality

(1+a/b)P < €2, it follows that

N(c) = [(16e)(c+n-1)]¢*""L (c4n)™



Hence, the total number of functions f : {0,1}" + {0,13"
that can be realized by circuits with C or fewer elements
is at most (C+1)N(C) which is bounded above by

P =[(16e) (C+n+m)(CHNHM)

n

Now let C be such that P = M2 (1'5). Then, since

y]ogzy = A
implies

y =2 A/]ong

for A > 2 we have that

m2" (1-6)
Tog,[ (16e)m2"(1-6)1

C+n+mz=

g

which implies that

zn
C2m < (1-6-0(n))

if 1ogzm = 0(n). Thus the fraction of the functions
£:1{0,1}"+{0,1}" that can be realized with this many or
fewer logic elements is P/2m2 which establishes the desired

Tower bound. : 0
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