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RESUME :

L'équation de Broadwell est le modéle le plus simple de 1'équation de
Boltzmann pour lequel les équations de la dynamique des fluides sont non
triviales.

Et il a une théorie compléte pour 1l'existence de solution de cette
équation avec valeur initiale donnée. Ici nous montrons formellement que si
les &quations de la dynamique des fluides a une solution . Alors la solution
de Broadwell converge vers celle-ci quand le libre parcours moyen tend vers O.
Cette limit est valable méme s'il y a un choc dans le flux, bien que dans une
fine couche limite le long du choc la convergence n'a pas lieu. Une donnée
réguliére conduit & 1'existence d'une couche initiale qui n'entre cependant
pas en interaction avec la couche limite de choc.

ABSTRACT :

The Broadwell equation is the simplest model of the Boltzmann equation of
kinetic theory for which the corresponding model fluid dynamic equations are
non trivial. For this equation there is a complete existence theory for the
initial value problem. Here we show formally that if the model fluid dynamic
equations can be solved, the the Broadwell solution asymptotically converges
to the fluid dynamic solution as the mean free path goes to zero. This limit
is valid even if there is a shock in the fluid flow, although there is a
thin shock layer in which the convergence does not hold. Arbitrary smooth initial
data is allowed, which leads to a short initial layer of non-convergence, but
the initial and shock layers do not interact due to the assumed initial
smoothness.
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[. INTRODUCTION

The Broadwell model of gas kineties [1] describes a gas as composed
of particles of only six speeds with a binary collision law and spatial va-
riation in only one direction. It leads to a relatively simple model Boltzmann
equation (called the Broadwell equation) and to non-trivial fluid dynamic
(Euler) equations. There is an asymptotic equivalence between these two equa-
tions at small mean free path, which was proved by Caflisch and Papanicolaou
[2] when the fluid flow is smooth. The purpose of this paper is to demonstrate
formally that even if the fluid flow iﬁcludes a shock this fluid-dynamic
approximation is still valid, although there is a thin shock layer in which

the convergence is non-uniform.

From the Broadwell equation a smooth profile for a steady plane shock
was found explicitly by Gatignol [6], Broadwell [1], and Caflisch [ 3]. The key
to the present analysis of a time dependent shock is that to leading order the
time dependent shock profile has exactly the shape of a steady shock profile

with paremeters that change in time.

There is a complete existence theory for the initial value problem for
the Broadwell equation developed by Inoue and Nishida [ 9 ] and Tartar r15].
The classical Boltzmann equation and its fluid-dynamic limit has been investi-
gated by Grad [7, 8], Ellis and Pinsky [5], Nishida [14], Kawashima , Matsumura
and Nishida [10] and Caflisch [4] and the corresponding steady plane shock so-

lution was found by Nicolaenko [13]. The fluid-dynamic limit of the Carleman model

was analyzed by Kurtz [11] and McKean [12].

After the Broadwell and model Euler equations are introduced in sec-
tion 2 and 3, the fluid dynamic limit is described in s=ction 4. The Hilbert
expansion (or outer expansion) is developed in s=Ction 5 and the shock layer

expansion in section 6, but the proof that -ie corresponding equations can be



solved 1s in section 7. The initial layer expansion is presented in section 8.

This work was performed while visiting INRIA. Their support and the

hospitality of Professor Bensoussan is greatly appreciated.



[1. THE BROADWELL EQUATION

Broadwell [ 1] proposed a simplified Boltzmann equation which describes
the evolution of a gas composed of particles all of speed c and each moving in
one of the six directions parallel to one of the three spatial gxeg . If the gas
is assumed to have spatial variation in only the x direction and to be constant
in the y and z directions, particles moving in the latter two directions have ef-
fective velocity o and the model describes a gas consisting of 3 species of par-—
ticles with velocities +c,0 and -c. The density function for each species is

written respectively as £, fo, f , and the equations for the evolution of the

svstem are :

9 ) 2
a _ 1 _
(2.1) sz-fo =-3 (f f+f )
9 _ . 2. 2 _
(5{ Cc E)x)f- fO f+f_

The terms on the left side of this system represent the streaming of

particles ; those on the right represent binary collisions between particles.

We introduce the following vector notation :

f+ c o o
f = f vV = o o o

o

f o o -c

- 1
Q(f,g) = fogo - E(f+g_ + f_g+)
1

(2.2) _
= Q(f, ) -1/2

O
~
Hh
-
aQ
~
I



and rewrite (2.1) as
(2.3) Df = Q(£f,£).

We will now describe the basic properties of (2.3) which can be found
in [2] and all of which are analogous to properties of the classical Boltzmann

equation.

A density function f describes a gas only if f.1 20, fori =+, o, -.
In fact we will assume throughout that each fif >o0. Equation (2.3) preserves
positivity, i.e. if fi(t =0, x) >0 for all i and x and if f(t,x) solves (2.3),

then fi(t,x) > o for all 1 and x.

w
+
The equilibrium states w = R for the collision process satisfy
Qw, w) = o, i.e. w_
2
(2.4) W, w .

They are called local Maxwellians and will plays a basic role in the

following theory. Each local Maxwellian can be represented in a unique way as

P_

w+ = 5 (F(u) + cu)
2c

(2.5) w, ==L (c? - F)
° 4

w_ = L5 (F(u) - cu)
2c

in which 0 and u are any functions of x and t satisfying p > o, |u] < ¢ (in or-

der to insure positivity) and

231 + 36%/H M2 C gy

(2.6) F(u) = %

During a collision the number and total momentum of the particles is

conserved. If we denote



v = U, 4 D

(2.7)
‘PZ = (Cs o, —C)

and use <, > for the usual vector inner product, these conservation law are

written respectively as
(2.8) <y Q(f,h)> =o0, fori=1, 2,
for any density functions f,h. Define correspondiﬁg moments of f by

pe = £+ 4fo +f_ =< wl’ f>
(2.9)
pgup = mg = c(f+ -f) =< wz, f>.

If (2.8) is used in (2.3) we see that a solution of (2.3) must satisfy

) ] _
-gz Of+ 3)—(.mf o
(2.10)
) 3.2 _
Sz-mf + Fwn c (f+ +f ) = o.

Now let f be a fixed positive distribution function. The linearized

collision operator Lf is defined by
(2.11)  Lp=2Q(£,.) ,

and has the matrix representation

£ 2 -f,
a2 1= i -¢ L
) f 27— o +
-f 2f -f



Zero is a double eigenvalue of Lf and --(f+ + fo + f ) is the third

one. Corresponding to (2.8) we choose for left eigenvectors P vy and

(2.13)

by =wi= (6, + £+ £

The dual basis of right eigenvectors is

(2.14)

2%
¢f = (f, + £+ f_)_l %(f+ +f)
7o
s + ¢
2c + o}
by = (E, ¢ £+ 07 | (e - £)
- %E(Zf_ +E)

- 1/2

©
w
|

We denote by Pf the projection operator into the null space of L

It has the explicit form

(2.15)

in which the products on the right are tensor products

_f £
Pf = ¢l wl + ¢2 ¢2,

in 3 X 3 matrices. From (2.9) we see that

(2.16)

(2.17)

~ £ £
Peh = pp &) + m 9,

Given a vector h, consider the linear system

qu = h.

(F_, -2£, £,).

£

between vectors resulting



From the Fredholm alternative, (2.17) can be solved if and only if

Pfh = 0, and then the solution is unique up to addition of an element in the

nullspace. We denote the inverse of Lg in the range of I - Pf by Kf, such that
Pfo = o, Explicitly if

1
(2.18) h = (wg,h) o =h | - 172
1

it follows that

~ 1

- - - = _._________h -—
(2.19) th = Lf (1 Pf)h (f++fo+f-) 1/2

1
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I[II. THE MODEL EULER EQUATIONS

The Euler equations of fluid dynamics for the model gas are derived
by assuming that the gas is in a state of equilibrium for the collision process,
i.e. that £ is a local Maxwellian. Then cz(f+ +f) = pf F(uf) and the conser-

vation laws -(2.10) -become

3 ]

PR TR
(3.1

9_ 9 m, _

e m + 5 pF(p) =0

These model Euler equations give an alternate description of the pas

in terms of its macroscopic density P and momentum m.

These equations have been studied in [3] and [6], and we will only
list some of their properties. Let p ,m be a solution of (3.1) with p(t=o0)>o0
and |u(t=o)| = |m/p (t=o0)| < ¢, to be consistent with (2.9), then

(3.2) o(t) >0, |u(t)| < e, for t = o.

The system (3.1) 1is strictly hyperbolic and genuinely nonlinear with

characteristic speeds )\ and v given by

1/2 1/2
(3.3) y =24 + F(u) / v =2 u - F(u) /
2'Q-F(u) + 1 -37 F(u) + 1
c c
which satisfy the bounds
(3.4) - c<v<o< A<eg, if |u| < c.

Shock solutions of these equations satisfy the Rankine-Hugoniot jump

conditionns
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Dz(ug - 8) = Dr(ur -s) = a

(3.5)
L Eh) - ot s) = ot (FW) - W) = b

2, ul) and (pr, ur) denote the limits from the left and right res-

in which ( p
pectively of (p,u) at the shock and s is the shock speed. There is also an en-
tropy condition

(3.6) ur < uz or s( pg- pr) > 0

which is equivalent to the condition that either

r 2

(3.7) A < s < Ag or vi<s <v
We will assume that (3.1) has a solution Por @, satisfying the following :
Condition S

For o < t < T, the fluid state (po(x,t), mo(x,t)) has a single shock
which starts at t = t; > 0 and moves along the curve X = p(t), with p'(t) = s(t).
The fluid state is smooth away from the shock and tangentially to the shock ;
across the shock it satisfies (3.5). The shock curve x = p(t) is smooth and starts

off in a characteristic direction;to be specific we assume that
(3.8) s(t)) = k(t])

It follows.that the shock has zero strength at t = ts i.e.
T 2 r 2
uo(tl) = uo(tl) and po(tl) = po(tl), and that
r 2
(3.9 0 < A (t) £s(t) £ A(t) for t > ty-

Next we study the linearized inhomogeneous Euler equations
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3 _ P+ & = o

at "1 9x 1
(3.10)

3

m, M %; ((F(“o) - qu'(uo)) O1 * F'(uo)ml) ) %E "1

Q
cr

in which the inhomogeneity W, will be a function of Do’ uo = mo/ p and their
o

derivatives. The functiors g and u, can be discontinuous along x = p(t) and

1
must satisfy the following linearized inhomogeneous Rankin-Hugoniot conditions

[- s py ¥ mIJ =a,
(3.11)
[-sm + (F(uo) - u F'(uo)) Pyt F'(uo) m, + W1] =B,

in which the brackets [ ] denote the jump across the shock, and o, and B] will

1
come from the inner expansion at the shock.

The system (3.10) can be diagonalized as

0 5] o 0
G2y : f N l = a7l AR N 1
: 3t % 5 At AW)
in which
A o 1 1
N = A=
o Vv A Vv
(3.13)
%) P
= A
™ m

The jump condition (3.11) becomes

6

1 o 1
(3.14) (-s A + AN) + [ ] =
Y1

The system (3.12) has the same characteristics as (3.1) with slopes A
and v . It follows from (3.9) that the Ar, AZ, and V¥ characteristics are in-

coming at the shock while the VQ characteristic is outgoing (cf. Figure 1).



Thus.ei,e% and nf will be determined by integrating along the characteristics and

n, can be chosen to solve (3.14) (here GT, 6%, nT, n% denote the limits of 91 and
n, from each side of the shock as before). Since there are two equation in (3.14)

this leads to a solveability condition on o, and B, which is found after eliminating

n% to be

Vap -8 = 0F -6 =D o] + 0F - v - V) T -
(3.15)

- (\)l - }\2)(3 - XQ) 8% - [w]].

The remaining equation for n% can be rewritten as

2 -2

R R I R S N IO L
(3.16)

v (s - a2 ef + [w, 1)

Figure | : Shock curve with characteristics :

Vo <0, v, <0, O« Ar < s < Ag
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IV, THE FLUID-DYNAMIC LIMIT

The model Boltzmann equation (2.3) can be rewritten in dimensionless

form as
(4.1) DfS = EI-Q(f€ , £
(4.2) £(t = 0, %) = F(x)

in which the one parameter € is the mean free time between collisions.

The fluid dynamic limit which relates (4.1) and (3.1) is the limit € - o.

Let
(4.3) p(x) = < ¥, B >, m(x) = < §,, Fx) >

and suppose that (po(x,t), mo(x,t)) is a solution of (3.1) satisfying condition

S with
(4.4) p,(t=0)=p>m(t=o0) = m

Let w(x,t) be the local Maxwellian density associated with 0 and m
. . . S
as in (2.5). Then we will construct an expansion for f in powers of €, so that

fE is a formal solution of (4.1) and formally satisfies

(4.5) sup |£5(x,t) - wx,0)| < ne ,
0<8<:<T

|p(t)-x|=5>0
in which the constant % will depend on §.
The solution f° will be the sum of three terms -an outer expansion

(the Hilbert expansion) fH, a shock layer expansion fs, and an initial layer

. I .
expansion £ - written as
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t

4.6)  £e0 = 50y = 228 b yfle, 1= 5

in which lim fS = lim fI =0, i.e. fs is confined to a neighborhood of the

|y|—}00 T-»0

shock and f' to a neighborhood of t = 0.

The restrictions to § < t and |p(t) - x| > 6§ in (4.5) are due to the initial and

shock layers.

We shall obtain asymptotic expansions for fH, fs and fI, although we are unable

to show that these expansions are asymptotic to an actual solution.
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V., HILBERT EXPANSION WITH A SHOCK

The Hilbert expansion is

(5.1) fH=w+ef1+ezf2+...

Substituting this into (4.1) and equating the coefficients of power of € leads to

(5.2) 0 = Qw,w)
(5.3) Dw =1L, £
(5.4) Df, = L £, + QE|,£,)

From (5.2) we conclude that w is a local Maxwellian as suggested by the

notation. A solution £, of (5.3) exists 1f and only if
(5.5) <¥p, Dw>=<9y,, Dw>=o

These are exactly the model Euler equations (3.1) for
(5.6) Po = S Vpw >, m = <Yy, w >

and their solution is taken to be the fluid state described in section 4, with a

single shock at x = p(t) and satisfying condition S.

Now from (2.19) we have

(5.7) f1 = f1 + K Dw
with
(5.8) Pw f, =f
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~

i.e. f; is a purely fluid-dynamic vector and is determined by its moments, which

are

Py =<y > =<y, £, >
(5.9)

~

m = <Y, fl> = < Yy, fl >.

These two quantities are determined by the solveability condition

for (5.4), which is
(5.10) p, D £, = P, Df, +p D Km (1 - P, ) Dw = o
It was shown in [2] that

(.10 c2(f1+ * £, = (F) - uF'(u)) o) + Flu) m —uu) %E’Uo

and that (5.10) are exactly the following inhomogeneous linearized Euler equations

P} 3
3t P1 T3 T °
(5.12)
S o+8 {((F(u) —u F'(u)) ¢ +F'(u)m}=a—(u(U)—a— u )
ot 1 dx [o) o o 1 o’ 1 ox o’ 9x ’
in which
2
5.13)  p(w = 2 S = EW
(1 + 3u2/c2)3/2

The jump conditions for Py and m; at x = p(t) are taken to be (3.11)
with W, = u(uo) g;-uo 3oy and 81 will be determined later. Using (5.11) the

jump conditions can be rewritten as
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(- s(fl+ + 4f + fl_) + c(fl+ - fl_)] = q

lo
(5.14)

[- se(f, = £, +c’(5, + £,)] =8

This procedure is continued to find fi for i 2 2 in the obvious way.
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SHOCK EXPANSION

The shock expansion is

(6.1) fs(x,t) = go(y,t) +egyly,t)+ Ezgz(y,t) + o
with

_x = p(t)
(6.2) =

The equation for g; are found by supposing that fH + £5 is a continuous

solution of (4.1). After substituting (5.1) and (6.1) into (4.1) and matching

powers of €, the terms containing only w or f; can be eliminated using the Hilbert

expansion equations. To simplify the calculaitions we replace w and fi by their

Taylor series expansion in x around x

x < p(t) and x > p(t), and we denote

W' = wlx = p(t) +) Wb = wlx = p(t) )
2
3w’ _ dw _ dw” _ dw _ _
(6.3) % " 3% (x =p(t) +) Ny §§~(X = p(t) -)
n
etc. for ——g-and f..
o i
The resulting equatioms are
L
Qgy, *+ 207, g ), y<o
8 0
(6.4) (V - sI) 35 8
Qg + 2w, 8 ), y > o
L dw®
\ 20(g, + w', g) + 20(y T
(6.5) (V - sI) Ty 8, = T
2Q(g, + w, 8)) + 20(y —;

p(t) which must be done separately for

y< o
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We look for a solution satisfying :

(6.6.)a Each sum w + 8, f1 + 8> f2 + g, is continuous

(6.6)b For t < tl,g =g = ... =0

o
(6.6)C As y ~» iw,go-+ 0, 8 >0, ...

The first condition 3implies that each 81 is continuous except at
x = p(t) ; the last condition is to insure that the shock layer is confined

to a small region around the shock.

Denote

g +tw, y <o
(6.7) k = { °

go +w, y > o

Then k is continuous and solve

(6.8) (V - sI) g—y k = Q(k,k)

r

k(y =) =w
(6.9 2
k(y = -») = w

This system was analyzed in [3] and [6]. Applying (2.8) and (3.5)
to (6.8) and (6.9) yields the following identities for P = <w1,k> and

m = <w2,k>

-s £ + = a
(6. 10) { kT
- s m + c (k+ +k ) =b,

from which it follows that



(6.11) k =
with
(6.12) A=

Now we have

- 2 - -
Q(k,k) = {Q(A,N) ko + 2Q(4, Ao) ko *+ QA Ao)} -1/2
1
(6.13) 1
=q(k) | -1/2
1

. r r L2 .
Since Q(w ', w) = Q(w',w”) = o, it must be that
(6.14)  qCk) = QAN & - o) & - oh)

: o ’ o o’ o o
Therefore ko solves
6.15) -5k =-Lq @)

: s 3y o 2 1850
which has the solution

2 r 1 = L 1
(6.16) ko(Y) = - 2(wo wo)tanh (Z; Q(A,A)(wo wo)(y + yo)) + E(w
Since
2 2
- ¢+ 3 [} 1 2 2. 2 r

(6.17) QA0 = c—z—_—sz—— w -’ — 20 =D, m e )

- 21 -

+
o = A ko + A
2s a+b/c
c-s 2(c-s)

1 A = o

o

-2s -a+b/c
c+s 2(c+s)

2
o}

T
+ W
o)
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we see that k satisfies (6.9) if and only if the entropy condition (3.6) is true,

or equivalently if and only if

£ r
(6.18) s(w0 - wo) > 0

The shift parameter Vo = yo(t) may depend on time and will be chosen later.

Apply (2.8) to (6.5) and integrate once using (6.6)C to obtain

-s(gy, * g1, * gl—) ¥ C(g1+ - gl—)

2
- Sc(gl+ - gl_) tc (g1+ + gl_)

(6.19) F N 8o+ * “Bgo * Bp-
- J TS (z,t) dz, y <o
-00 c(g0+ - gO_)
T, [Bos " “Boo T Bo-
)( 5‘{ (Z,t) dz, y > o0
y c(gg, =~ 8p-)

This can be rewritten as in (6.11) as
(6.20) g = A 2o + A1

with
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y
| b(Z) dZ, y<o
J 1
Al = o
- f b,(z) dz, y>o
y
(6.21)
2c
(c—S)2
9
b= o g (t,2)
_ 2
(c-S)2

Then (6.5) can be reduced to a single linear first order equation for
80" There is a complicated inhomogeneity which we abbreviate as 61, and then
9

(6.22) -5 5o 8 =~ Qk,g)) + Q

Now

- = _ l. . _
(6.23)  Qk,g)) = Uk, + 4, Agy o +4) =5 a' (g + ABLAD,

and (6.22) can be rewritten as

3 1

= = qa' 0
(6.24) 5; glo T 2s 4 (ko) g10 * QZ

From (6.18), (6.9) and the quadratic nature of q, it follows that for

some positive number q,

—i-q'(ko) < - q for y large enough
(6.25)
—l-Q'(ko) > q for y large enough.

Also the inhomogeneous term Q, is a linear functional of g, and-%g g,
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which is decaying exponentially to o at y = i». Therefore Blo and also 814 and
g, are decaying exponentially to o at y = *». ., This is true for any walues of gfo

and g%o, the right and left limits of 8, 3t ¥ = o.

Next we check the continuity of fl * gy First we require that

r L _ S AN
(6.26) €10 ~ 8lo (flo flo)
This still leaves one value, say gfo undetermined. The continuity

for the other two components is checked by first writing the following jump

condition from (6.19)

- slgy, *he, g telg, T8 K 3 B0+ 4800 %80
(6.27) ) = f by (y,t)dy
mse(gy, ~ 8 ) * el +g) 'w c(80,~8p-)

Comparison with (5.14) shows that we must take

[e o]
B
o =] 3r (Bos ¥ 48g, * B .0y
(6.28) .
__[ 3
81 = -‘ _B-E' C(g0+ - go_) (Y,t)dy

From (6.13) these can be calculated explicitly to be

a,(6) = - y'(©) ("D - pT () = y_(©) ("' (©) - oT' (1))
(6.29)

B () = s(8) 0 () = s'(1) y () (*(t) - pT ().

Finally from (6.26) and (6.24) we see that we can write the dependence of 1o

on the (so far) undetermined value:gfo as
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r

(6.300 g, ) = YO 81,

t g,
in which

y
(6.31) Y(y) = f %; q’(ko(z))dz
(o}

~

and g, is known in terms of fl’ w and gy and is decaying exponentially to o

at y = foo |

A similar procedure is used to solve for g, . We will only display the

result that the inhomogeneities in the jump condition are

_d - d T N
% =Y 8 ta | | Vi Mg v AP W
(6.32) ©
_d - r d
82 = EEJS Y glp) + FrY [ <m2, Aglo + Al> dy
in which
, . [ v
(6.33) v(t) = —5—5 e dy.
s -c
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VII. SoLuTION OF THE LINEARIZED EULER EQUATION WITH A SHOCK

In this section we solve the linearized Euler equations (3.12) with
the jump conditions (3.15) and (3.16).with o) and Bl given by (6.29). First we
define the characteristic curves Xl(t,i) and Xz(t,i) starting from X, which satisfy
d d

-d—E- Xl(t,X) = )\ -d—,t_ Xz(t,X) =

I
<

(7.1)

>
~~
[e]
>
~
>
N
~
e}
>
<
|
»]i

Denote by E(i) the time at which the characteristic curve Xz(t,i)
crosses the shock, so that XZ(E(X),X) = p(t(X)). Using (6.29) the equations
(3.12), (3.15), and (3.16) can be written as

d
3 $1 Xt =a; 6, +ay n + b
4 (X.,t) =a, 9, +a +b
at M1 "2 3 Y1 4 N 2
(7.2) o
n% = 35 GT + a6 nf + a7 6% + a8 yo + b3, at t = t(X)
d _ r r 2 2
at Jo "398 YA gn ta 8 ra,m ta sy +b,

in which a, and b.1 are functions of Py Mo and their derivatives. In particular

there are constants Al and Y, so that

Alt

(7.3) la;l < v . Ipy sy e

Now we solve these equations by iteration. The (K+1)St iterate 1is

chosen to be
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t
éfK+l)(X1,t) - ! (a, QgK) T a “fK) + b)) (X (s),8)ds + el(i’o)
(o]
t
n§K+l)(X1at) = j (a3 GEK) +a, an) * bz)(xz(s)’s)ds * nl(i’o) for
(o]

o<t< tX

(7.4) M = ag o] e ag a1 O e O gy e
t = t(X)
t
R O R P ICACICIIPE R N N
t
for t < t
t
yiK+l)(t) = f (a9 ST(K) + a, HT(K) + a, 6%(K) + a, n%(K) +
(o]
+a, yéK) + b4)(s)ds.

Suppose that for some positives constants Yos Y3 and Az

At
RSP
At
Ian)(t)l Syge forostst
At
€7.5) |nl(K)(t)| < .Y3 e 2 for E <t
ALt
2
|y @] s vy e
| 1
ot =) <5, e =0 < 3 v,

After requiring that -



Al < Az, YIS Y, S Yy
(7.6) A G Y, Y Y)Y
. 2 2 Y3 7 Y2l =37,

2 1
by v Y23,

we can make the following estimates :

&) <ty 1, 1y R iy, gt
|n§K+l)(t)| s AEI(Z Yy Y3t Yy) e}\2t + %—yz <Y, e>\2t for o< t <t
(7.7) In%(K+l)(t>| ‘ Yi - ekzt - ekzt
Ian+l)(t)l < le(z Yy Y3t Yy) eAZt * (4 Yg *Yy) exzt S Yg e>\2‘:for t<t
At At

-1 2 2
Ay (5 Yy Y3 ¥t Y2> e sy, e

IN

|y§K+l)(t)|

If in addition we require that

N
—
-

-1
(7.8) Ay Yy S H (3 + vy, )u

then we find that

N At
sp e 2 Ao @] susw e 2 (Jafe @]+ 850 mD
O<t<T o<t<T
-A t -\, t
sup e 2 IAK+1 nl(t)| < pusup _ e 2 (|a K Gl(t)| + |AK nl(t)l)
ostst ostst
-\ t -A.t
(7.9) sup e 2 [AK+1 yo(t)| <spuswp e 2 (|A K Gl(t)l + |AK nl(t)l +
' oSt<T 0<t<T

+

K
8"y (O]
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[ /
i /
] ;
CeALE -\
2 K+1 K+1 - - K+l
R G R A G R P HOTT
R
/ a7y @D
/
¢ -\ t A t
2 K 1
) sup e A @] susep e % ([af 6, ()| + |25 n (] +
/ t<t<T _ t<t<T
/ -A,t
..‘/ + e 2 ' K+1 (t)l
in which AK+1 0, = 6§K+1) - 9§K), etc.. These can be combined to get
At Rel K+1 K+1
sup e (|a ll + |A nl! + |a Yol) <
OSt<T
(7.10) At K K K
' S@B+ydu sup e T (jame |+ AT n |+ ATy ).
2 1! 1 o
ost<T
Using (7.8) it follows that
(K) (K) (K)

which are solutions of (7.2) satisfying the bounds (7.5).

Now that 61, n and y, are known, we can find f1 and glifrom (5.7,
(6.20), and (6.30) although this does not determine gfo. It is found along with
6, and n, using the linearized Euler equations and their jump conditions exactly

as above, in which ay and B, are given by (6.32).

NG
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VIII. INITIAL LAYER EXPANSION

The initial layer expansion is

(8.1) £l(x,t) = h_(6,T) + eh) (x,T) + ezhz(x,T) P
with

t
(8.2) T =g

As before we ask that fH + fI is a (formal) solution of the Boltzmann
equation. Using the Hilbert expansion equations we can omit all terms involving
only w or fi’ and we replace the remaining  of f, terms by their Taylor series

expansions in t around t = o. We also require that

w(x, o) + ho(x, o) = f(x)
(8.3.)
fi (x, o) + hi(x, 0) =o0
and
(8.4) hi—>oasr—>oo

The shock does not appear until t = tyor T = tl/s, by which time
fI will be quite small. Thus we can ignore the effect of £°5 on fI and vice-versa.

The equations for the hi's are

d _
(8.5) = h_ =Qw+h, h)
(8.6) -3—h=2Q(w+h h)+2Q(-c-a—-w+f,h)-v§_h

) oT 1 o’ 1 ot 17 "o 93X o
2

9 ) 1 2 9

P hZ-ZQ(w+ho,h2)+ZQ(T W +Ef,h) v20GT a—? w o+
(8.7) ‘

] )
* ot £ty B - Vg hy
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Here we denote w = w(t=o0), %E-w = g;-w(t=o), fl = fl(t=o), etc...

From (5.6), (4.3) and (4.4) we have that < wi’ w(t=0)> = <wi, f> . It
follows from (8.3) and (8.5) that

(8.8) < wi’ h0(1= 0)> =< wi’ ho(r) >=ofori=1, 2, o<t<T
Thus

-2
(8.9) ho = 1 hoo

-2
so that (8.5) reduces to
(8.10) G h, = - 1-{2( W +w +w)-3h. 1} h

: oT 0o 2 o + =7 Oo Oo
which has the solution
.1 1
h (%,7) = -3 (0, +w,_+w) tam Glo, + o, +w)(T+ T,0) +

(8.11)

This goes exponentially to O as T - «, The shift parameter To(x) is

chosen at each x so that h0 (x) +w (x) = f (x). Since
o o o
(8.12) 0 < (hg, *w ) *+ho tw) + (hy +w)=- 3hp, + (ug Yo, *w)

then any suitable initial value of h can be attained from (8.10) by a proper

0o
choice of To-

We only briefly describe the rest of the expansion since it is exactly
as in [2] (only the tanh form of hOo was left out of that account). From (8.6)
and (8.4) we see that
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(o]
_ ]
(8.13) < w.l, hl(r) > = f < lpi, V"&’Eho(s) > ds
T
This gives the initial values for Py and m, in (5.9) and (5.12) since

(8.9) implies that

p](t o) = - P> h1 (t = 0) >

(8.14)

ml(t o) = - <w2, h2 (t = 0) >

The two relations in (8.13) allow (8.6) to be reduced to a single linear

first order equation for h, with a negative linear coefficient. Since the inho-

lo
mogeneities in the equation decrease to o exponentially as T » «, so will

h, . The initial value of h
lo lo

through (8.3.) and (5.7).

is found from the initial values of w, Py and m,
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