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1. INTRODUCTION

In the previous paper (2], several facets of (PLP) were discussed. We
showed that non-negative constraints and clique constraints are trivial facets
of (PLP). We also showed that, for the case of 3 plants and 3 or more
destinations, all of the non-trivial facets of (PLP) correspond to chordless
odd-cycles of length 9 in the associated intersection graph.

We start this paper by discussing several lifting theorems for set-pack-
ing problems in section 2. The so-called claw-inequality [6] and its vari-
ations are discussed in this section. |

In section 3, we consider the following questions for (PLP):

1) Can a facet for a smaller dimensional problem be also a facet for a
larger dimensional problem?
2) Is it possible to generate a different facet from a known facet and,

if so, how?

In section 3, we give an affirmative answer to question l. Theorem 3.4
in section 3, answers question 2  artially. Is is proven that, if the known
facet-defining inequality has O0-1 coefficients, we can generate a new facet
by adding a plant that supplies the same destinations as onelof the plants
with positive coefficient in the known facet-defining inequality. Finally,
theorem 3.5 in the same section gives necessary and sufficient conditions for
non-trivial facets of (PLP) witﬁ 0-1 coefficients.

The results of [2] and those obtained in section 2 and section 3 are
applied to derive a family of facts in gsection 4. Then, in section 5, we
describe all facets for the case of 3 or more plants and 3 destinations. Con-
trary to the caée of 3 plants and 3 or more destinations treated in (2], a
non-trivial facet for the case of 3 or more plants and 3 destinations contains
an odd-cycle of length 9 but not necessarily without chords.

For notations and definitions, see section 2 of the previous paper [2].



2. Lifting theorems for the set-packing problem,

In this section, we will discuss some of the lifting theorems for the

set-packing problem and, in the following sections, we will discuss some

more special lifting theorems for (PLP). Several litting theorems for the

set-packing problem can be found in [6].

In this section, we use the terminology and notation as defined in
[6]. More precisely, we will use m and t instead of (m,u) and (x,¥),
respectively. In other words, for 1 =1,2,...,p and j =1,2,...,d ,
we let Tii T M(i-1)d+i0 X4 = t(i-l)d+j’ and for i =1,2,...,p we let
By = Togeis ¥i = Epgeqe Let P = {t€r"| At s e, 0 St se } with &
being a 0-1 matrix where e, e are vectors of ones and

n

S
Pl =Py N {ter?| ty = 0 for all j €S} where Py = conv {t€P| t integer].

Also, let S be the support of s, i.e. S = [jGNI nj > 0} and GS = (S,'Es)

- be the induced subgraph of G with a node set S and an edge set Es SE.

Definition. [6 ]
A vertex-induced subgraph G° = (S, E5) of G = (N, E) with node set s = N

is facet-producing if there exists an inequality nt < ny, with non-negative

integer components nj such that (1) nmt < m, is a facet of P? and (1i) mt € m,

is not a facet for Pz =P N fter™| by = 0 for all j € T} where T is any subset

of S such that lTl = lSI - 1. A subgraph GS of G 18 called strongly facet-producing

if there exists an inequality nt < Ty such that (1) holds and (i1) holds for

all TCS satisfying |T| s S} - 1. A subgraph G of G is facet-defining Lf there

exists an inequality mt S m, such that (i) holds and (iii) such that nj >0

for § € S.



Theorem 2.1." If the inequality

Tat, s 1 (2.1)
5€s 37

3

is a facet of Pi. then there exist non-negative numbers ajlio < aj < 1, such that

Tn A T at, <1 L (2.2)
s 3 gews 3

is a facet of PI-

Proof: See [5 , theorem 3.3].

A facet (2.2) is called a lifting of (2.1). There are several ways that
one can lift a facet. One way is to consider one potential node { € M-S at a time
in a sequence, called a sequential lifting, and the other way is to cons ider

several nodes at a time. Some versions of the latter procedure are illustrated

below.

Remark 2.1, 1In a sequential lifting, nJ for § € S remains the same and different
orders of the nodes in N-S may yield different facets. The calculation of the
coefficients, ay, JEN-S, is carried out iteratively, see [5]. The first step

of the calculation is ‘as follow:

For k € N-S let

S~k
= max { £ wjtJ{tEPI y b = 1}

zk j€s
Then in an ordering where variable t, appears in the first position
@, = l-z, . For iater reference we call this number the first-order lifting
coefficient of variable ck or, simply, the lifting coefficient of vari-

able tk'




Construction 1. Let G be any facet-defining graph with a node set

N = {1,2,...,n} where n 2 2 and define G* = (N*,6E*) as follows.

N+ = N U {n+l, n+2,...,2n,2n+1}

E* = E U {(1,n41),(2,n42),...,(n,2n)} U {(a+l,20+1), (n+2,2n+1),...,(2n,2n+1;
See figure 2.1 where the construction is carried out for an odd cycle of length 5,
Let nt < 1 be a facet defined by G. Define n* € R2"+1 as

"™ e n for j = 1,2,...,n

3 J
“:+i - for {1 = 1,2,...,n
n _
bl = Taeg T L
i=1
1 6 :
\
\‘.\ S
3 8 ST § |
4 B
5 10~

Figure 2.1,

Theorem 2.2. let G = (N, E) be a facet-defining graph on n > 2 nodes and

let nt < 1 be a facet defined by G. Denote by G:* = (N¥*, E*) the graph cbtained

from G as i{ndicated above, Then, G* stronecly produces the facet

n+l
T+ Lo

n
I T .

t
+
{1 n+i {=1 n+i

Proof: See [ 6, theorem 6].



We extend this theorem as follows.

Construction 2. Let G be partitioned into q > 2 node-dizjoint complcte

subgraphs CL satistying ICL‘ 21 for 1 =1,2,...,q and define G* = (N*, 6 %)
as follows,

N* = N U (n+l,n+2,...,n+q+1} (2.3)

q .
E*=E U U [(J,nt)] € ci} U {(n+l,n+q+l), (n+2,n+q+l),..., (n+q,n+q+1)} (2.4)
=1

See figure 2,2 vhere the construction is carried out for an odd cycle of length 5.

Let nt < 1 be a facet of G, Finally, let z = (tl’t2"'"tn’tn+1""’tn+q+1) and
define 7* £ Rn+Q+1 as follows.
nj = nj for § = 1,2,....,n (2.5)
nt . ® max n for { = 1,2,...,q (2.6)
n+i jECi J
K 2
3 = < -
Tt T e 7 2.1
q
¥ = * -
X nn'hq+1 +1 ifln:"'i (2.8)

1
>"6\ ¢, = {1,2]
>7 =9 & = 0.4

Figure 2.2,




Remark 2.2. Since rt £ 1 i3 a facet of PI(G) and q 2 2, there exfsts a 0-1 vector

t € PI(G) satisfying nt = 1 and £ t, = 0, say, i.e. cj = 0 for all j € C,.
JEC -
1

(Othervise, mt = £ t = 1 which implies that the facet will be § ¢t sS1
j€c, 3 1€c,

and this is a contradiction to the fact that G i{s a facet defining graph with

q 2 2.) Furthermore, C

i's are complete subgraphs and thus ﬁjtj S mr

n+i’
j€Ci

q
which implies ¥ I m.t

15y * 's partitionIG, we have
=2 j€C, {=2

q
*
Tn +

. Now, since C
n+i

i

q q
L Z mt = % mt =1, Therefore, L m* ., 2 1 and since n* > 0, we
=2 jec, 11 wde kk e O* at+l

q
have & n*+i >1, {,e, n* > 0,

f=1 1 n+q+l

Theorem 2.3. Llet nt < 1 be a facet defined bv G and m, > 0 for §{ = 1,2 ....n.
J

Let G* = (N* E*) be defined as in (2.3)~(2.4) with raspect to some partitioning

of G into q 2 2 disjoint complete subgraphs C., 1A= 1,2,...,9. Llet z, v and r#
p S

be defined as in (2.5)-(2.8). Then, n*: < mt defines a facet of PI(G*). i.e.

- q q q
} ” - < i i 3 (*.
nt + T ﬂ:+itn+1 + (L ":+1 l)cn+q+1 z nn+i defines a facet of PI G*)
i=1 i=1 i=1
Proof:

Llet =z € PI(G*) be the incidence vector of any independent node set in G*,

1f 1, then oy ™ 0 for { = 1,2,...,q and thus 2z satisfies the inequality

cn+q+1 * +1

™z < ny. If tn+q+1 = 0, then by construction we have m*z < m¥. Thus, the

inequality m*z < r¥ {s a vaiid inequality for PI(G*).



Let A be a n x n non-singular matrix of incident vectors of independent node

sets 1in G satisfying nt = 1 and consider

A0,,.01
A* = F E-I O
0 e 0

where E-I is the q x q matrix having zeroes on the diagonal and ones every
where else, F is the q x n matrix having exactly one 1l per row and zeroes
else where, 1 is the column vector with n entries equal to one, and e is a row

vector with q entries equal to one. The one entry in row { of F is chosen for

that node of C1 (L.e. those columns of A) where the max n, is assumed, It follows

3
jEC1
that A* is the (n+q+l) x (n+q+1) incidence matrix of n+q+l independent node

sets of G* all of which satisfy m*z € m} at equality. But

- "
|a*| = |a| E-I1 0 F\ A" (N...0 1)'
( e 0) - (O)
= |a (E-I 0) i (F) (0...0 m)

e O 0

= lal | 1 T
e 0
= dal |-t TR '
‘ e 0
= labr ':§+1 |
l 0 ;EI”;ﬂ
; BT as a
Al -1 T T

implies that m*z < ¥ 1is a facet of PI(C*).

>



Construction 3, Let C., C

1* Careees Cq' q 2 2 be any node-disjoint complete

subgraphs of G satisfying lci| 22 for 1 =1,2,...,q, {,e. they do not necessarily

q
partition G and thus it is possible to have N - U C, # @, Define G* = (N*, E*)
i=1

as follows,
N* = N U {n+l,n+2,...,n+q+1} (2.9)

q
E* =E U U {(J,n+i)] j € Ci} U {(n+l,n4q+l), (n+2,n4q+1), ..., (n+q n+q+l)}(2.10
i=l

See figure 2.3 where the construction is carried out for an odd cycle of length 5.

Let z = (cl’tz""'tn't 1eeayt +1) and define m* € Rn+q+1 as follows,

n+l ntq
ﬂ? = (Q'l)ﬂj for § = 1,2,...,n (2.11)
- a1 - 2,
L:+i . 1 -c¢ for 1 =1,2,...,q+1 (.12)
= q-~-c (2.13)

where ¢ = max fnt| t € P_(G), T

. t, =0 for all i = 1,2,...,q}.
P gec,

Figure 2.3,

Theorem 2 .4, Let =t £ 1 be a_facet defined by G and nj >0 for | = 1,2,...,n.

Let G* = (N*, E*) he defined ag in (2.9)-(2.10) with respect to a collection of

9. 2 2 node-disioint complete subgraphs Ciot =12,...,9. Let C, ™* and r* bhe
] £y




defined as in (2.11)-(2.13), and, for a subset K of {1,2,...,a} such that

1 s kKl q, let c,_= maxfnt| t € PG, t =0 for § € U Ci} and

3 1€x
k i - Ve
c = maxfc,| JK| = k}. (note: cd = c.) Suppose ¢ <1 and ck €] - ih;%%i;—l—
q+l
then 'z < n¥ or equivalentlv (q-1)rt + (l-¢)I € +i $ q-c defines a faccet
i=1

(C*
of PI\L ).
Proof:

et z € pI(G*) be the incidence vector of any independent node-set in G¥*,

I “nqel © Lchent =0 for i=1,2,...,q and z satisfies the inequality
m*z S ng because mt < 1, If Ctqtl 0, then mz < m¥ follows from the construction.
For if z is such that £ t, = O for exactly one index i, then t = 0 for k ¥ 1
n+k
jECi
q+l
and (q-1)nt + (1-¢)T ¢t S q-l+4l-c = q=c = ¥, while {f T t,Z = 0 for k = 2
n+i b
i=1 jeci
q+l K
indices of i then we have (q-1)nt + (l1-¢)T tn+i < (q-1)c + k(l-c) S (q-1)+(l-c) = r¥
i=1

Thus, m*t < =¥ {s a valid inequality for PI(G*).

Let A be a n x n non-gsingular matrix whose rows are incidence vectors of

independent node-sets in G satisfying mt = 1 and consider

A0...01 \
F I 0 /
a e 0

where I is the q x q identity matrix, F i3 a q x n matrix and i-th row of F
corresponds to an incidence vector of an independent node-sets in G satisfying

wt =1 and T tj = 0, e is a row vector with q entries equal to one, 1l is
jGCi
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a column vector with n entries equal to one, and a is the incidence vector of

some independent node-set in G satisfying 7t = c and T t =0 for all i =1,2,.,,,q
j€cC
i

It follows that every row of A* defines an incidence vector z of some independent

node set in G* satisfying m*z < mf with equality. Furthermore,

-1
|a*] = |A] 10 Fy A" (0:..0 1)!
| (e O)- (a)
= Ja] | (1 0y _ (F) (0...0m
,(e 0) (a)
=JAl |1 -1
e -c
= |A] (q-¢)
$ 0.
Consequently, m*z $ m¥ defines a facet of PI(G*). 4

The question whether or not Constructions 2 and 3 yield facet-
producing or even strongly facet-producing graphs is left for future re-

gearch.



3. _Faccts of (PLP) with 0-1 coefficients.

In this section, we will discuss Recessary and sufficient conditloans

for facets of (PLP) with 0-1 coefficients.

We note that {f a non-trivial facet mx + Ky £ mo has 0-1 coefficients,

] A
of G whose node set corresponds to the support

then there exists a pd-subgraph ¢
S

of this facet, 1,e, N° = {xijl "y >’0] U {yi' By > 0}, and s s an |I3] x IJS}

adjacency matrix, In fact, from 2) and 3) of theorem 5.1 {n (2 ], cach row must

contain at least two non-zero elements and each column must contaln at least two

nen-zero elements. Also, from theorem 3.1 in (2 ], {t' follows that Mo = a(cd).

For our discussion below, we &eod the following theorem by Chvatal [lj.

Theorem 3.1, If all of the edges gh‘4§§ - (Nslgf)' are critical and 3
is connected, then the inequalfty o

T L s,x,, + T y. s oG (3.1)
S S i17°1) s {
€1° yeg €1

S
is a facet of Llliwhere 3 = 0or 1.

i)

Prool: See [1, theorem 4.2.].

Cornue jols and Thizy (C-T) (3] proved that the sequential lifting

cocfficients of an odd-cycle facet are either 0 or 1. We prove the

following more géneral result.

Theorem3 .2. Let S be an lIsl X le] adjacencvy matrix where IS C Pand JO =D

so that the inequality

m
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S

s G
Zs :»:ssijxij + zsyi a(G™) (3.2)
1€1° 3€J 1€1

ig a facet of Li. Then, there exists @ p x d adjacency macrix U

. . S -3
whose elements are either 0 or 1 with u,. 2 38,, for i€I°, J€J
LJ’ =J

and uij = 0 elsewhere such that the inequality

T s z Suijxij
€1° 33 €1

+ Ly € a(G) 3.3)
s

is a facet of Lpf;

T

Proof:

We distinguish four cases.

Case 1, v = xij where { € P - Is, jJ €D. Since (3.2) is not s tri-

vial facet there exists a solution vector (x,y) € Li such that 7 _x ,k = 0 which
1€1

satisfies (3.2) with equality. Hence we can set Xgq = 1 and the lifting

coefficient of Xy is equal to 0.

Case 2, v = xij where 1 € IS, J € D-JS. Since (3.2) is not a tri-

vial facet there exists a solution vector (x,y) E‘Ls

I such that 7y 0  which

satisfies (3.2) with equality . Hence we can set x and the lifting

1y ° 1.

coefficient of Xq 4 is equal to O.

Case 3, v = Yy where { € P-IS.

We can simply let yo * 1 without altering any solution vector (x,v) € Li

which satisfies (3.2) with equality. Hence, the lifting coefficient of

Yy is equal to 0.

~ )
Case 4. v = xij where i€I° , jEJS such that sij = 0,
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Since (3}2) is not a trivial facet there exists a solution vector

(x,y) EL? such that Z s¥ij = 0 which satisfies (3.2) with equality.
i€l o

Hence setting Xgy = 1 reduces I g¥; by at most one and thus the
i€l
lifting coefficient of x;; 1is either O or 1. a

From theorem - 3.2 we obtain the following corollary.

torvllary 3.1-. For Is < P and JS C_ D, let the {nequality

Y L s x + Ly, = 'a(cs) (3.45
P g 13713 g 1
€17 3€J 1€1
d
be a lncet.of Lg vhere ’ij = Qor 1, If PC P* and D C. D* with lpw| = p*
and D = d* then (3.4) is also a facet of LP**.

I

We make the sams case definiticn ae in the proof of Theorem 3.2, lhe
corresponding first three cases are identtcal and lead to lifting co-
efficionts of zero. In the fourth case it tollows that the liftinyg co-
officient i3 zero because (3.4) is assumed to be a facet of Lid. a
Corollary 3.1 can be further generalized to the case where the

coefficients are not 0-1 integers.

corollapy 3.2 For IS S P and J5 Sp. let the tnequality

<
z S b s“ijxij + I s“iyi "o (3.9)
1€1° j€J 1€1
: d
be 4 facet 3 F Lz where ﬂ‘LJ and Hti:ﬂ ngn-nciva;““\ ’nigggtv. 1If P P* and D C n*

p'.d*
-1

with 'p¥! = p* and [p*[ w d* then (7.5) is a facet of
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Proof:

The proof is similar to the proof of corollary 3.1.

The two corollaries state that a facet of the polyhedron L?d stays
a facet if either p of d or both are increased. The following
theorem gives one way of constructing a class of facets from a given

facet with 0-1 coefficients.

Theorem 3.3, (Replicating theorem) let S be an [Isl X !JSl,adjnt-ncy matr ix

corresponding to the type (3.4), which is a facet of Lgd .__Suppose w+ anpend

one move row to S so that the new row k veplicates some other row q alriadv in §,

and call this new matrix S'., Then, the inequality

s‘
© ' < G
P Tyt T E ¥
€1’ € €1
or _equivalently,
. - S
T S £ S'ijxtj + I sy1 + T xkJ + Ve * a(G”) + 1 (3.6)
€17 J€ 1€1 jGJq
]
118115

1
is a facet of L vhere J = [jlfs * 1 for some g € Is} and ¥ £ [s -fs
- 1 —q 1) - :

Proof:

. S' S
First, we note that a(G™ ) = a(C”) + 1 because, due to the constructton,

the covering number remailns the same while there 13 one additional plant and
re change in the number of destlnations. Stnce !J | 2 2, we choose u and v

in Jq so that u # v, and consider the following inequality,

by r s x + + S , g
] 1%y Ysyi xku+xkv+yk < o(GTY + 1 (3.7)
1517 J€J €1
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Using the construction 3 and theorem 2.4 in scction 2, we prove that (3.7) is

. G* * P S
a facet of LI , where G* is a subgraph of G {nduced by N° U {xku' xkv’ yk}.

Let ¢, = {x | 1€ IS andsv'l}.

1 lul iv

S
Then, the maximal node packing of G with T XU = 0 is a(GC7)-1, This {s so
' x”ECIUC2

i€ Isands =1} and ¢ = fx
. fu 2

because there must exist a solution vector (x,y) € Ll;d satisfying (3.4) with equal-

ity such that & x‘_j = 0 for J =uor j = v, licnce, the maximal node pucking of G
. iEIj :

with bX xij = 0 {s at least a(Gs)-I. On the other hand, since u,v € J and
X 56, W, 1

u # v, we have 1 n Iv # 9 and so there exists no solutlon vector (x,y)

satlstving 3 .4) with equality such that I «x = 0and ¥ x, =0, otherwise,
iu iv
1€I“ i€ Iv

- for q € Iu n Iv’ we can let yq = 0, xq“ =1, xqv = 1 and others same so that it

is still feasible but the left hand side of (3.4) becomes ::(GS)+1. This {s

4 contradiction, Therefore, the maximal node packing of G with Z xtj = 0
& | 0
XLJ\(-IJCZ
3 a(GS"-l
is @(G7)-1 and, f{rom theorem 2 .4 noting the fact that q = 2 and ¢ = =——7f—,

a((?s)
*

(3.7) is a facet of Li .

Now from the fact that the row corresponding to the plant k

is a replicate of the row corresponding to the plant q, it follows by

sequential lifting that sllj equals 1 for jGJq. Since by assumption

(3.4) defines a facet of Lgd , S 18 a maximal pd-adjacency matrix. On

K

drops by one. Thus, i = 0 for jéJq. A

the other hand, if ', = 1 for some jéJq, then the covering number
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Remark 3.1. 1If a new plant is added to the (PLP) with p plants and d destinations

theorem 3.4 enables us to generate a facet of L§P+I)d from a facet of L;d by

making a new plant k to play the same role as another plant q so that Jk = Jq'
This procedure can be repeated as many times as there are additional plants to
be added. In each replication, the right hand side of the fnequality increases by
one, However, this result does not carry ovér for the case of adding a new desti-

nation because, from 4) of theorem 5.1 in [2 ], a facet must have distinct Ij's.

Next we state several useful properties of maximal adjacency matrices.

Lemma 3.1. A _pd-adfacency matrix S 1s maximal L{f and only {f S sat-
isfies the following properties:

1) 3 > 2 where 8 is the covering number of the associated pd-subgraph GS.

2) For cach row and column, there exist at leasc 8-1 zero elements. [Furthermore,

if si*j**. 0, then there exist B-1 plants among f;;ﬁ(s IS-I,L) including i*
. ) 37

such that all of the destinations except i{* are covered,

3) Suppose that the rows { and k are distinct. Then, there exist B8-2 plants

different from i and k gso that together with i and k cover all destinations.

4) For anv row { in Is, there exist at least two rows different from the row 1.

s) The support of any row can not be a proper subset of the support of another

row.,

6) No two columns are same and the support of anv column can not bhe a proper

subset of the support of another column.

7y 112 2 for all 1 € 15,
1 N
+ ! S
8) lri;z 2 for all § € J°,
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Proof : Let S satisfy properties 1) - 8). If S is not maximal then
there exists an entry sij which can be changed from O to 1 without

changing 8. This contradicts property 2) and thus S is maximal. We

prove now that any maximal matrix S satisfies all of the eight properties.

1) Tf 8 =1, then there exist at least one row whose elements are all one.

This implies that all of the elements in S must be equal to 1 because S is maximal.

But, this is a contradiction to the fact that each column of S must have at least

one zero element.

2) Suppose l}:l <f - liwhere 3: = JS - Ji' Then, since there must exist at

least one non-zero element in each column, the covering number will be less than
B because we need at most |3I| plants different from L to cover all of the

destinations J such that s, = 0, This is a contradiction to the fact that

13

the covering number is 8. Thus, there exist at least B-1 zero elements for

each row.
- - S - S
Since S is a pd-adjacency matrix, lIJI 2 1 for each J € J where Ij =1 - Ij
Without loss of generality, let si*j*ao. Since S is maximal, if we let si*j* =1,

then the covering number will reduce to B-l. Furthermore, these B-1 plants

must include the plant i* because, if not, then the covering number of S

(with s = 0) will be B-1 leading to the contradiction. Thus, for each

frj*
column, there must exist at least 8-1 zero elements,
Also, if any one of these B-1 plants covers the destination j*, then

the covering number of S(with si*j* = 0) will be 8-1 leading to the contradiction.

Thus, if si*j* = 0, then there exist f-1 plants among Ij* including i* such

that all of the destinations except j* are covered.
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3) let j € Ji but j e Jk. Then, from 2), there exist 8-1 plahts

among IJ {including k so that they cover all of the destinations except j. Since

the plant i can cover the destination j, the proof is complete,

4) First, we note that, since S is a pd-adjacency matrix, the pd-subgraph GS

is connected and{lIsl 2 3 and IJsl > 3,

Suppose all of the rows are same with the row i, Then, there will be a
column whose elements are all zeroes. This is a contradiction.

Suppose there is only one row that is different from the row i. Without
loss of generality, let k be the row that is different from the row i. Then,

there exists no colpmn jJ such that sij =1 and g, = 1, Otherwise, all of the

kj
elements in the column j will be one leading to the contradiction. Therefore,

the nodes Yy and ¥, €an not be connected. This is a contradiction.

5) Suppose the support of the row { is a proper subset of the support of the

row k. In other words, J, € J . Then, there exists i* ¢ J

i k

k-Ji such that

sij* = 0 and skj* = 1. From 2), we know that thefe exists B8-1 plants in Ij*

including { such that all of the destinations except j* are covered. Thus, if
we replace the plant i by the plant k, then the covering number will be 3-1
because plant k covers the destination j* and all of the destinations that

can be covered by the plant i, This gives a contradiction.

6) Suppose the column j and q are same. Then, we must have f; = f;.

From 2), we know that, if sij = 0, then there exist B-1 plants among 1,

3

including { such that all of the destinations except j are covered. But,
I,

3

1£ T, = T;, then any, plant in can not cover the destination q. Thus, we

i

have a contradiction.
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Suppose the support of the column § is a proper subset of the support of

the column q. In other words, f;<: I,. Then, there must exist §-1 plants among

J

I; that cover all of the destinations except q. But, this is impossible because

these £-1 plants can not cover }.

7) Suppose lJLl = 1, Then, the support of the row { will be a proper subset
of the support of some other row. This is so because for j & Ji there must be

at least one more plant k such that xkj = 1 and xkq = 1 for some q # j in order

to have two rows different from row i.
8) Suppose IIJI = 1, Then, the support of the column j will be a proper
subset of the support of some other column because each row must have at least

two one's, Otherwise, we can not have distinct columns. Thus, IIJ|22 for all jEJS. &

Remark 3.3. A maximal pd-adjacency matrix S may have identical rows.

Theorem 34 . Let I° ¢ P and Js_g D. Then, the inequalitv

z z

+ Ly, % «(6>) (3.8)
€15 g€

S b. 4
45%13
S e’

. : S
is a non-trivial facet of LPd if and only {f S {8 an IISLAx |J [ maximal

I s ——

pd-adjacency matrix.

Proof:

(#) This is obvious. Because, if not, then the inequality (3.8) can be lifted.

(¢) Let S' be a submatrix of S such that all of the rows in S' are distinct.

s!' S s' S S _S'
Note that I°" € I”  and J° = J . Since all of the rows in I"-1" are replicates

]
of some rows in IS , if we can show that the inequality
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' s'
T z LY + I ot s oG ) (3.9)

i€1”  j€J _ 1€l

] ]
is a facet of L;d where or(Gs ) = a(GS)-IIs|+iIS | , then, from the replicating

theorem, the inequality (3.8) is a facet of L;?

] 1] L]
We first show that all of the edges in Gs - (NS ,Es ) are critical,

L}
Case 1. Suppose we drop an edge connecting the nodes x,, and Yy where { € Is

1}

' ’ —
and j € Js . Then, from 2) of lemma 3.1, there exist B-1 plants among Ij (= IS -Ij)

different from i such that all of the destinations except } are covered, Thus,

if we let xij = 1 and " 1, then the left hand side of (3.5) can be equal to

a6 )41,

Case 2. Suppose we drop an edge connecting the nodes xij and xkj where {,k € Is

'
and j§ € JS . Then, from 3) of lemma 3.1, there exist B-2 additional plants in Is
different from i and k so that together with { and k cover all destinations.

Thus, if we let x,, =1, 1, yi = 0 and Yie = 0, then the left hand side

i) ey T

]
of (3.9) can be made equal to cv(Gs )Y+1,
'

‘ S
Thus, from theorem 3.1, the inmequality (3.9) is a facet of LI .

Now, since S' is also a maximal pd-adjacency matrix, all of the lifting
coefficients will be equal to O and, from theorem 3.2, the {nequality (3.9)

is a facet of ng. ' A



4, Two families of facets of (PLP).

In this section, we will derive some facets of (PLP) applying thé results

obtained {n section? and 3.

Recently, Cornuejols and Thizy (C-T) (3] derived a particular family of

facets of (PLP).

Theorem 4,1. Consider anv integer q and t such that 2 £t <q < p and any
subset J ¢ D such that 1] = ]Q;\‘ d and JII = q, let Aqt be a matrix with |I|
t

rows and |J| columns so that columns are all of the combinations of 0-1 vectors

with t ones and q-t zeroes, Then, the inequality

p 2.2;::” + 2’1 S<q>+t -1 (4.1)
1€1 jJ€J 1€I

pd

Tt

is a facet of L

Proof: See (3, theorem 6].

qt
Remark 4.1. A%° 1s a maximal pd-ad jacency matrix with S(CA ) = q-t+i and

qt '
ac =<:)+c-1.

In saection 3 of [2 ]}, we showed that

' [k
? . Z c.cuxij + I y sk - [E]
1£1C j&3 118
is a valid {nequality of (PLP) where the macrix C 18 defined to he a

kxk cyclicfmatrix whose rcws are 0-1 vectors in which t consecutive ones
are successively moved one position to the right. We show one way of lift-
ing this inequality to a facet of (PLP). For this, we let k = tm + n

where ﬁ and n are integers satisfying 1 $n <t and m 21,

21



Let C (s=1,2,...,m) be the submacrix of ¢ obtained by delcting tihe flrst
s

t(s-1) rows and the first ¢t(s-1) columns of C. (note: ¢, = C and C.,

is a (tm) x (t+m) matrix.) The following construction generates a ncw

~ C c
matrix C whose P£(G ) equals B )2

Construction of C.

0) Start with a (tmn) x (tmin) cyclic matrix C with ¢t consecutive ones
and define Cp 2s done above.

1) Add one's into C; so the C, becomes a (t+n) x (t+n) cyclic matrix

with t+n-1 consecutive one's per row. Call this-matrix Em'

2) For s = m-1, m-2,..,.,1, we generate C. by appending additional t columns

and t rows to'C‘+1. First, we append columns so that the first (t-1) columns

of C' are replicates of the first (t-1) columns of C’+1 and the t-th column

~

{s a vector of 0's, Next, we append rows so that the first t rows of C arc
8

replicates of the first t rows of C..

be C,

3J) Lec C1

~

Remark 4 .2, For ¢ = 3, m= 3 and n = 2, the newly constructed C is of the
following form where the circled ones are the new +l entries added to

the original matrix C.

4 5 6 7 8 91011

1 2 3
11 1 1

2l 111

3 1 1 1

a@% 1 1 1

5 111

6 1 1 1

70 O Qa 11 1Q
8 ) 1110
10 1 11
101 @ DEO) D D 11
141 1 éﬁ tﬁ@ 1

22
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Remark 4.3. C is non-singular and [C| = (c+q-1)2(c-l)(m-l)- (See

appendix I.)

To describe the matrix c combinatorially we denote the plant (r-1l)t+k

to be I: and the destination (r-l)t+k to be J: where k st if r € m-l.

The plant (destination) (m-1)t+h will be denoted by I: (Jﬂ) where h £ t+n.

This gives a unique representation of the plants and destinations. Let
t+n

t
I = U{If} for v =1,2,.0.,m-1 and ™ = U {q:] (similarly for JF and J™).
k=1 K h=1

) - - — C —
Finally, let Ij = {i|clj=1}, Ji = [j[cij=l}, I = 1,-1j and J; = J'-J . Note

that Ij, E;, J; and J. are non-enpty. Also, we define Iﬁ =@ and if

i
t
h>¢e, U 1; = 9.
k=h

I. A destination { can be supolied from the followinw st of nlants.

Case 1. Suppose j = J: for s = 1,2,...,m-1 where 1 £ q € t-1. Then,

¢ s-1 =9 r t+n m
1, =U (r, '} v v u(n}l v u frl
kaq+l r=s k=l k=q+2

Case 2. Suppose | = J: for s = 1,2,...,m-1. Then,

t
s
g k81£?¥].

Case 3. Suppose } = J: where 1 £ h € t+n, Then,

t
= ou ™h o
Ko X
9 k=h+l k€K

whore K = {kl ks 2,3, ...,t+n 1f h = t+n; k = 1,2,.,,,h,h+2,... t+n ochvrwisc}.
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II. A plant 1 can supply the following set of destinations.

Case 1. Suppose { = I: for s = 1,2,...,,m-1 where 1 € q < t-1, Then,

s-1 t-l r t s q-1 +1
= U ufrd u Ul v U fag ).
r=1 k=q k=q k=1

(note: If q-1 = 0, then the last set is empty.)

Case 2. Suppose { = I: for s = 1,2,...,m-1, Then,

t-1
s s+l
i - {Jc} U U I, }.

k=1l

Case 3. Suppose i = I: where 1 < h < t+n. Then,

m-1 r o
3= U U {5} uu (5]
r=1 kEK1 kGKZ

2,3,000,:'1 if h = 2;

vhere K, = (k]
k=1,2,...,h-2,h,,..,t-1 {f 3 Shsc+1
k =1,2,...,t-1 otherwise},

K, = {kl k =1,2,,,.,t4n-1 {f h = 1; k = 2,3,...,t4n {f h = 2;

k =1,2,...,h=2,h,...,t+n otherwise}.

Lemma 4.1. The matrix C 1s a maximal pd-adiacency matrix with A = m+l.

Proof:

First, we can easily see that C is a pd-adjacency matrix. Note that

GC is connected because C 1s a cyclic matrix, which, in turn; implies that

G 1is connected,

Step 1. 8 = m+l.

We first show that 8 2m + 1.

It can be easily seen that in order to have Eij = 1 for all j in

m
U [JE} we need at least one i from each I° for r = 1,2,...,m.

r=l
Suppose a plant { chosen from I™ {s such that i = I:* where q*

is as follows:
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Case 1. Suppose q* = 1, Then,

€

m-1 . A
gxy = 0 for JEU (5.} v {me+n}.

r=1

Thus, we need at least m more plants because there ts no single plant

that can cover more than one of the above destinations.

Cagse 2. Suppose 2 £ q* £ t. Then,

m-1

~ . ' - r r m
ci*j 0 for jergl {Jq*_l, Jt} u Jq*'l.

The destination J:*_l can be covered by either a plant in I" different from

-1
i* or the plant IZ* because q* $ t. In the former case, we still hawve to

m-1
cover U [JZ} destinations which require m-1 additional plants. Thus,
r=1
- m=-2
B 2 m+l. In the latter case, we can cover J, but not Jq*-l' In other

- -1
words, there is no single plant that can cover {J;*El' J: , J;*-l} for a

particular r. Thus, we must have at least m more plants beside i* to
cover all destinations.

Case 3. Suppose q* 2 t+l. Then,

m-1
Ciuy = O for j€ rEl{Jt} U Jgwoye

Thus, we need at least m more plants because thare is no single plant that
can cover mbﬁe than one of the above destinationms.

Therefore, we have shown that B 2 m+l.

Now, it is easily verified that if we choose any one plant from each
Ir for £ =1,2,...,m~1 and any two plants from Im, then all destinations
can be covefed.

Hence, B = mtl.
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Step 2. C is maximal.

We prove this by showing that, 1if :i*j* were changed from O to 1, then
B reduces to m. There are 3 different cases depending on j*.

, u g
Let i* = L € Ij*.

Case l. Suppose j* = J: wﬁere 1<s<m-l and 1 £ q S t-1. Then,

—_— g=-2 q -1 m-1l ¢ r o
rj*-urru u{g, }uu U {f} u r.
r=1 k=1 r=s k=q+l_ q

Thus, if we choose m plants to be

s-1 " m
%
{(1*} v rglirq} U rgs“‘lf’l]’
r#u réu

then all destinations can be covered, This can be seen as follows.

s-1 m ‘
Case la, If u=s and u # m, then U {I:} u u [I;+1} cover all destinations
r=l r=s

r#u

’

u+l  |u
, J_}. But, all of these can be covered by i* because u 2 s

s
except {J°, J .
Pt g’ “q t

implies that b 2 g+l.

Case 1b. If u=>2s and u = m, then i* covers all destinations except
T - - b r T\ b e .
{Jq: r=1,2,...,s-1,s841,...,n; and 1Jt| r=1,2,...,m-1) all of which can ue

1 m-1

S~ -
covered bv U {17} Uy {1%,. 1.
. q+l
r=1 " r=s
s-1 r m "
Case le. Ifu<s, then U (I} U U (I +l} cover all destinations
gt ot

u

u R
q’ Jt}' But, if b = q, then all of these are covered by i%.

s
except {(J_, J
pt { q

1

If b = q+1, then J: is already covered by I:+ because b > q+1 implies that

u < s-1 in order for i* € Ij* and J: and J: are covered by i¥,
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Case 2. Suppose j* = Jg where 1 £ s s m-l. Then Ij* = 1-1%. Clearly,

u #s. If we choose m plants to be

m
(1%} U AL el »

A, s
111

then all destinations can be covered. This is so because Ib and I§+1 cover all

destinations except szl r=1,2,...,m-1} all of which except J: can be covered

by (I;l r=1,2,,..,8-1,8+1,...,m-1}, But, {* covers J:.

Case 3. Suppose j* = J: where 1 £ h < t+n. Then,
— w2 min{h,t} -1 m
L,= U U U {7} U I, where h* y{1 1f h = t4n
r=] k=1 h+l otherwise

If we chooge m plants to be

m-1 r

{i*} u ufyl u T,
r=1
r#u

then all destinations can be covered. This can be secn as follows.

Case 3a. If h s t, then I:* covers all destinations except {JZi r = i,i‘...,m-l}
and fJil r=1,2,...,m} all of which except [J:, J:} and possibly J: can be covered

m-1
by rglt;' Now, ;* covers J: and J:. If u < m-1, then I:+1 covers J:. If u = m-1,
. .

r#

since i* € I, we must have b £ h and {* covers Jﬁ. Finally, {f u = m, then we

J*

have J: -4J: which is covered by {i*,

-

Case 3b. 1If h > t, then Iﬁ* covers all destinacions except fJ:I r=1,2,...,m1}

and fJ:} all of which except J: can be covered by the other m-1 plants. HBut, {*

0 r l
- - R R e . - -
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~

Therefore, the matrix C is a maximal pd-adjacency matrix with § = mtl.
Since «(GC) = 2(tmtn)-(m+l), from lemma 4.1 and theorem 3.4, we have
proven the following theorem.

Theorem 4.2. Llet C be a matrix defined as-above., Then, the inequality

T_ IL_& x, *+ Ty < 2tmhn) - (mtl) “%.2)
i€1® jes 1e1°

is a facet of Lgi.

Remark 4.4, If t=2 and n =1, then (4.2) is a lifting of an odd-cycle
inequality. In particular, Theorem 4.2 shows that odd-cycle inequalities
must. in general be lifted in order éo get facets for (PLP).

Remark 4.5. The maximal pd-adjacency matrix C in theorem 4.2 was con-
structed by appending t columns and t rows to Em in a particular way
and repeating the process m-1 times. Since Em corresponds to a facet
studied by Guignard [4], (4.2) is a lifting of Guignard's facet to a higher
dimensional polyhedron. In the above construction, t was fixed to be the
same at each step. However, we may allow t to vary, L.e. for s = m-l,
m-2,...,1, we may replace t by tg {n the construction of C provided

tg satisfies 2 £ tg < min (ts+1+1,t+n) for s =1,2,...,m=-1 while

ty = tin-l. The same arguments as before are valid with the right hand side
of (4.2) becoming 2|IC|-(m+1). (see appendix II).

Remark 4.6. There are other ways to generate a different maximal pd-adjacency
matrix without altering #, and hence giving a differénc facet from the one
constructed in Theorem 4.2. For example, if t =3, m=3 and n =2,

then the following matrix does not change B.

A
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1 2 3 4 5 6 7 8 91011
11 1 1

2l 11

3 1

B o

5

B o 0
7 1

8 1 1 Q@
-] ©) 1 11
101 @ 11
111 1 @ 1

The next theorem extends Guignard's facet [4] to the case where

plants are added without altering the number of destinations.

Theorem 4.3. Let I and J be a subset of P and D, respectively, such that

|71] = !J] = m where m > 3. Consider a facet given by

r I n.x + Zuy, =1
€1 J€3, 14 e Pt

W cmmm— - — ! : .
where T Tmed * < om-2 oF 0 and the sets, J; s are all distinct sets with

lJ.[ = m-1,. Suppose we add |st+]T{ plants and no additiongl destinatioas

den §

so that a plant in S can supplv all but one of the destinations in J and a

plant in T can supply all destinations in J. Let [|S| = g and IT| = t.

pd
T

Then, mx + uv £ 1 is a facet of L. Where

THT st tor 1€ [ U € d
My T B Tmts-2) (m-1)+€ (m-2) or {t€LUS, JEJ,.an

m=2 .
My TR Tameee2) (mel)+t(me2) (oF LET, JE I

Proof:
Since each plant in S 1s a replicate of a plant in I, by the replicating

theorem (theorem 3.3),

z T om,,x + T uy < 1
€108 J€1, B es VR

. R m+s )m _ _ 1 . .
is a facet of £I and "ij il YR e for i€IUS and JGJL- Thus, the



theorem holds when T = #,

Suppose we add one plant q€T. Then, tha new corresponding interscctlon
graph L3 such that there are edges connecting each new node Xq§r with all the

nodes in the corregponding Cj for § = 1,2,...,m where CJ = £‘ijlnij >0tnr {€I.S]).

.

Furthermore, there is an edge connecting the new node Yo with each of the nodes

xqj fOt j - 1,2,...,0.

We now, apply theorem 2,4, First, we note that e = 2:::-2 <1l and for k<m

k = 2m+s-k-1 k-l .m=2 k-l . k=D (1-c) .
¢ Zm+a=2 1 - 2m+s =2 m-l 2mye-2 1 m-1 . Thus, all of

the conditions {n the theorem 2.4 are satisfied.

e = 222 < = (m- ec) = (2mte-2) (mel)4m-2  ve e
Since l-c Zure-2 and m-c (m=1)+(1-c) e =3 , Lf we let
.y onl 1 - m=-1 -
)T TR Tmves? T (mre-2) (mel)dmez o L€ IS, J € J and
- - o l=c . m-2
g " F

q m-c (2m+8-2) (m-1)+m-2 'for jGJq-[l,Z,...,n}, then

£ 1

. 1

Z mx + I ' .y
121UsUlq)  3€3, 17y - 1€1UsU(q). 1 1 .

ls a facet cf the appropriate pd-subgraph.

We note that the sequential 1ifting coefficients for X(ys LEIUS and j41
continue to be zero. This is seen as follows. Suppose ”L*j? >0 for
L*€IUS, j*ﬁJi. Then the plant i* covers all destinations and the left hand

side of the inequality becomes 1+n1*1* > 1, leading to a contradiction.
Thus, the theorem'holds when |T| = 1.

Suppose the theorem holds when |T| = t-1 and consider the casc whun b

en. ¢ w ~Lm¥8)(m-1)+(t-1)(m-2)
Then, ¢ (2mte=2) (m-1)+(c-1) (n=2) <1 and for k < m

p (ot ) (m=1)4(t-2) (m=2)+(m=-k) (m=-2)
l (2m+3-2) (m=1)+(t-1)(m=2) !

< & max

{mts=1) (m-1)+(@=k)(m=-L)+(t-1)(m-2) |
(2m+8-2) (m=1)+(t-1)(n-2)
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o (mts-1) (m=-1)+(m=k) (m=1)+(t=-1) (m-2)
(Inrts~2) (m-1)+(t=1) (m=2)

o L2mts=2) (m=1)+(t-k) (m=2)+1-k
(Zm+s-2) (m-1)+(t-1)(m-2)

Since lec = (m-2") (m=1)
Hee e = Imre-2) (m-D)+(cT) (a-2) @ Ve have

L GeDe) (k-1) (m-2) . (2m+s-2) (m-1)+(t-k) (m-2)
m-1 (2m+s-2) (m-1)+(t-1)(m-2) ~ (2m+s-2) (m-1)+(t-1)(m-2) °

Thus, ck s1- k-;_ll-C) and all of the conditions of the theorem 2.4 are

(2m+8-2) (m=1)2+(t=1) (m=2) (m=-1)+(m=2) (m-1)
(2m+8-2) (m=1)+(t-1) (m=-2)

satisfied. Since m-c =

. (2o+8-2) (n=1)3+£(m-2) (m-1)

v e
(Zmts-2) (m-L)+(e-1)(m-2)  * Lfwe let
. - . m=1 m-1 - (m-1)°
Ui “i mec * (2m+8-2) (m=1)+(c-1) (m=2) (Zuts=-2)(m-1)"+t (m=2) (m=-1)
= m-1 for 1 € IUS, § € J, and
(2m+s-2) (m-1)+ t(m=2) ’ i
- m=2 el
"3 T M T e T mtsd) (mDtt(mez) oF 1€ T. )€ Jy, then
< T ﬂijxij + I By S 1 is a facet of the appropriate pd-subgraph.
ISTUS'T j&J i€ IUSUT

{

We note that the sequential lifting coefficients for x L€ IUS and § ¢ JL

1§’
_continue to be zero. This follows by the same argument as in the case where

IT] = 1.
Thus, the theorem also holds when ITI - t,

We note that the family of facets given by Theorem 4.3 has co-
efficients different from zero and one when brought into the standard

form with integer coefficients.



5. Nonm-trivial facets for the case of several plants and 3 destinations (o 2 3).

pd
I

and d 2 3. There, we showed that the facet defining graphs are odd-cycles of

In section & of [2 ], we presented all the facets of L.  when p = 3
length 9. 1In this section, we will derive all the facets of Lid when p 23
and d = 3, and show that the facet defining graph, in general, will not be
just a chordless odd-cycle of length 9 but must contain an odd-cycle of length
9. 1In f;cc, we give the necessary and sufficient conditioas for non-trivial
facets of Lid when p23 and d = 3, |

For our discussions belcw, we let K, = (L] (3,1 =2}, &y = (1! IJ1| = 3}
and D = {1,2,3}. Note that K, = {i] IJLI = 1} should be empty because we
must have either [J,| =0 or |J, | 22 as shown by theorem 5.1 ia [2 1.

d
Lemma S5.1. If mx + uy <1 is a non-trivial facet of Li with o 2 3 and d = 3,

then the facet defining graph must contain an odd-cycle of length 9.

Proof: By remark 5.2 of [2 J,Lf mx + py < 1 i3 a non-trivial facet, then

for each destination J there must exist three plants 1 such that W, > 0

with at least one plant satisfying nij = 0, Let the plants 11,12, 13 be such that

i >0 fort=1,2,3 and m 2= 0 and n133= 0. Then, we must have

aQ, m
t 1!

12
Jil = {2,3}, JLZ = {1,3} and J13 = {1,2} because |J;| wust be equal to 2.

Thus, and 13 are distinct. Now, the subgraph induced by the nodes

i 5
{yi|i=il, i

1 12, 13} ig an odd-cycle of legth 9.

2 13} and {xijleJi for L = 1

Lemma 5.2. If mx +uy $11is a non-trivial facet of Lid with p 2 3 and d = 3.

then the following gstatements are true.

) wy =m, for all I€J,, 1€K,LK,.

2) 2w If 1 k€K, or 1,%kEK,.

py=2u _ 1f 1€K, and g€K .

Proof: 1) Let plant 1€K, and J = {2,3}. Since mx +uy S 1 1is a
- 1

non-trivial facet, there exists a solution vector (x*,y*) € Ho " such
14

that, x¥, = 0 and yf = 0, This, in turn, implies that xfs a ] because,
' 32
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if not (i.e. xf3 = 0), thea we can let (X,¥) be same with (x*,y*) except

;1 =1 and x.. = 0 so that (X,¥) is feasbile but X + py = mxt o+ ouy* Fouy > 1,

11

which leads to a coatradiction. Fur:hermoré, we must have ul =3 because,

if not (i.e. ul > my.See theorem 5.1 in [2 ]), then we caun let (%,3) be

game with (x*,y*) except §13 = 0, 91 =1 and.ill = 0 so that (X,¥) is
feasible but mk + u§ = mx* + uy* - m3 + uy > 1 which leads to a contradictiom.

Thus, =21 .

"1 13

Similarly, by noting the fact that there exists a solution vector

# yk) € * = - , T IR . A
(x%*,y%) ‘Hn,u such that ¥y 0 and y{ 0, we can show that K PR

Since plant 1 was arbitrarily chosen from Kz, we have proved that By = 7ii
for all j€Ji if iEKz.
Let plant 4€K3. Then, there exists 3 solution vector (x¥,y*) GHﬂ "
oy

= Jo = { o =
such that x&l 0 and yd 0. This, ia turn, implies that X%y 1 or

* = i i - Yo m
X3y 1 but not both. This is so because if xfz 0 and Xy 0 then we
can let (X,¥) be same with (x*,y*) except ;L = 1 so that (%,¥) is feasible
but MK + py = AXF £ oy o, > 1 which leads to a coatradiction. On the
* = * m i [ ;

other hand, if xaz 1 and x43 1, then there must exist a plant k\szK3
such that y; = 0 and le = | because, if not (i.e. xtl = Q for all i), then
we can let (X,y) be same with (x*,y*) except E&l a2 1 so that (X,y) is feasible
but TR + py = mx* + uy* + ™1 > 1 which leads to a contradiction. However,
{f we let (X,¥) be same with (x*,y*) except §41 = 1, §k = 1 and gkl = Q, then
(%,y) is feagible but X + Wy = mX* + py* + 1 + e " nkl > 1 which leads
to a contradictiom.

Thus, we have proved that if a solution vector (x*,y*) is such that
yz = 0 and le a 0, then we must have either sz = 1 or x* = 1 but not both.

43

Without loss of genmerality, let xZZ = 1 and xZ3 = 0. Then, we must have

By = 42 because, '1f not (i.e. W, >'ﬂL2), then we can lat (X,y) be same with
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(x*,y*) except ia = 1 and ELZ = 0 so that (x,y) is feasible but
mX + LY = mx* + py* - m, +u, >1 which leads to a contradiction.

Note that this solution vector (x%*,y*) satisfies the condition that
there must exist a solution vector (x,y) GHn,“ such that ¥, = 0 and X, = 0.
However, there must also exist a solution vector (x¥*,y%*) Eﬂr u such that

Yy

yz = 0 and xzz = 0 in which case we must have either le =1 or KZB = 1 but

not both. Without loss of generality, let xz3 = 1 and le = 0. This im-

plies that oy = nh3.
Now, we prove that Ky = ﬂzl' Note that, for each j€D, there exists a3
solution vector (x¥*,y%*) GHn M such that yZ = 0 and x#j = 1. OCtherwise, the
’ S
facet must be a trivial facet of the form x&j 2 0. Thus, Lf a solucion

vector (x¥,y*) €H is such that y* = 0 and x* = 1, then we must have
T H 4 41

either x* = 0 and x* = QO or x*¥* =1 and x* =1,
42 43 X 2 43

Suppose By, > WAL Then, there exists no solution vector (x¥*,y¥*) EHﬁ "

such that y* = 0, x* = 1, x:z = 0 and xZB = 0, Otherwise, we can let x,y)

4 41

be same with (x%*,y*) except i& = 1 and E;l a 0 go that (Q,;) is feasible but
X +uy = mx* + py* + by T > 1 which leads to a contradiction. Thus, aay

solution vector (x,y)€H_ " must satisfy v, - x41+ X, + x43 = 1. This is a
Ty 2

contradiction to the fact that mx + py < 1 is a facet. Therefore, k, = WK

Since plant 4 was arbitrarily chosen from K3, we have proved that

by o= ﬂij for all j€Ji if L€K3.
2) We first show that z e oy = 1 where 4 = max u,.
€K, UK, © k  yex, !
%5 €K,
Let kEKz be such that Wy = max W,. Without loss of generality, let

i€
‘Jk = {1,2}. Then, there must ekist a solution vector (x*,y*) EHP " such that
A T,

v o= ok = = i + -
Yk 0, X1l 1 and x:z 1. Otherwise, we must have Y + 1 T Ko 1 for

all solutions in i, w Now, we may or may not have x§3 = 1 for some L. But,
b

if xfB = 1, then yf = 0. In any case, noting from 1) that u; = m;4, we have

that mx* + py* = T uc+u.k=l.
tEKHUK,



'y

L2t plant 1€K2 and Jl = [2,3]. We now show that by R L.e. Lq = o

i qéxz. Suppose Ky < o Then, there exists no 3olution vector (¥, y%) €l s

such that yf = 0, xrz = ] and xfs = 1. This is so becauss, if y*l = 0,

xfz = 1 and x;s = 1, then
X% + uy¥ s ¥ 'u.c:*'fr +n.= B+, < I uo+u = 1.
12 13 t 1 . € k
CEKZUK3 CEKZUK3 t€K20K3

tAl
In other words, any solution vector (x,y) EHn,u must be on the hyperplane
¥y + X, * X4 ® 1 which implies that 1 + X9 + X13 €1 is a facet. This
13 a conctradiction because " + X2 + xl3 £ 1 {s not even a valid inequaiity.

. ) __g . . = l‘
Finally, let plant AGKJ. We now show that My, =3 e i.e. pq 2“k i€

-l . .’1 " Sl .
q-k3f Suppose pa r-zuk. Then, we mugc have “Z 2!*k because 3 vector (x,y)

such chat vy, =0, x =1, x , = 1, x =1landy =1 forall Lt 74 is
4 43 i

41 42
feasible, ond we thus have m™x + gy = ¥ w_ + 2k,. But, z u o+ =1,
4 -., < k
céxzuxa ::A25K3

. Ly 1 1 .

! s me 3 \ b . < =l o 4 i

which implies that PA Zuk ~ Suppose now that M, <3k Then, it is obvious

that cthere exists no solution vector (x*,y%) EHTT sduch that y* = 0, x* =1,
2 b 4 41

<* =1 and x* = l. Now, recall that Lf (x*,y*) GHn " {3 such that yf = 0

42 43 ,
then x* = 1 for at leasc ome j§, 1 £ 3 <3, but not for exaztly 2 different
<]
values of j. Hence, any solution vector (x,y) EHn ., must sacisfy
| N d
' . 1
+x,. *+%,.,+x . =1 which again leads to a contradiction. Thus, W, =sp « A

Yo T a1 T %2 T Y3 8 SRS o™

Now, we are in & position to prove the necessary and sufficient condictiors

for the non-trivial facets of Lgd vhere p 2 J and d = 3,

-
-

and

. o d
Theorem J.1. rmx + yv § 1 1s a non-trivial facet of Lg where P = KZUKB

D = f1,2,3) if and onlv {§ l)_L§3| > 3 and there exists an odd-cvcle of

1§ngch 9 and Li) the coefficients are as follows.
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= = 2 4 ’ . 1% i
ﬁij By *3 K2|+|K3|+2 for all L € kz, Je Ji’ and if K3 =0

s = 1 . ) c -
Ty = e T3 I EI AT for all X € Ky, § € J) {1,2,3]}

Proof:
(=)From lemma 5.1, lK,l > 3 and the existence or an odd-cycle of length 9

must be satisfied in order for mx + uy 21 to be a non-trivial facet of L;J

where p 2 J.

Using lemma 5.2 and letting a = Hae > 0 where kEKZ we can express ™x + py € 1 as

y + 3¢ zx'+zyk)s1

a( Z x,,+ T vy 3 K3
k€K3 jGJk k€K3

13 i
€K, JEJ, 1€X,

or

® fro

o 2(cC Lxy+Ty) + E Eox,+ Ly 2
[
1€k, JEJ, 1€K, KEKy €I, k€K,

However, it is obvious that the maximum possible value of the left hand side

2
21x2|+ax3r+z

is equal to 2]K,|+|K3|+2. Thus, a = and the result holds.

(=)Sufficiency follows directly from theorem 4.3. 1In other words, {{ we let

m=3, s = lle-s and t = lx3|, then (2m+s-2)(m-1)+t(m-2) = 2|K2|+|x3i+2 and

we get ( 5.1). . L
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Aggendix T.

le| = (tn-1y2 (E DB

Proof:

We first note that Cs is constructed as follows,

cm {s a matrix obtaiéed by interchanging the adjacent rows of (K'I)(t+n)x(t+n)

for (t+n-1) times where E is a matrix of one's and I is an identity matrix.

In other words,

cC = <
m
) (t(m-s+1l)+n)x(t(m-s+l)+n)
) .
[
T1 =
'. ! txt

o el e al ik ” Lo
e o+ HOrHH
e H O
- Orte o

Ot o o
Orse o o o

(t+n)x(t+n)

where

ooooor
O+ ¢« Oreinr
Qe Orte
OOKrse »
QO rés o o
e

[ ™
—-es + OO
e O o
o
o
o
[
o
o
(=]
o
00 DO0 0O

—_reO. .
—_O s o o
Qe o o+ o
O« ¢ ¢
Qe o o
Qe * .

e o o o
Oe o o o

tx(t(m=-s)+n)



/7

Firse (t-1)

// .

3 - | colummns of

cs+l

OO0 O0OO0O00DO0OO0OOOOO0O

(t(m=3)4n)xt

Thus,

-1
s+l T3

CO0O0OO0OO0O0OO0COoOO0CO O
« o s o O OO
[eReo NN e Ne]

oo+ O

e s s e s 8 O s O
QQOQOOOOOOC}

O
O o o = »
Qe o ¢ ¢ o
o

(t(m=3)+4n)xt

~.1
ToCss1T3

(]
o
o

- O
—=.s ¢ 20O
—Oo-
[~YeN-NoNoNe)

e

txt

~.1
Ty = ToCsi1T3

P S

txt

~-1 ‘ tén-1

'-. c - pt = - -.3 -
But, |cs| = lcs+1||1'1 - 7,6, ;1| and lle [(-1) 7 (t+n-1).

=1 t- t-1
Therefore, since |T1 - T2C3+IT3| 2

1' |Esl = lEs+1l 2

ol

t=-l\m-1
| = (-1 (27770

- m
allvy

for s = a-1,m-2,.
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Appendix II: Lifting of the Guignard's facet.

1. (Lifting of odd-cycle valid inequalities, i.e. t=2 and n=1.)
4!
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2. (Lifting of the Guignard's facet when t = 3 and n = 1.)
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