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Abstract :

The resequencing or reserialisation problem is of basic
interest in distributed systems and camputer camunication systems.
This is because a flow of packets, messages or updates entering
a camunication system in chronological order fram the same port
or fram different ports may be disordered. The receiving port must
then insure that these objects are resequenced in the appropriate
order before they are fed to the output of the system. In this
paper we ahalyze the end-to-end delay incurred by objects travers-
ing such a system, including both the disordering delay, the delay
introduced by the resequencing algorithm and the delay due to the
output server at the receiving port. The analysis is carried out

via spectral factorization methods.

Résumé :

Les phénaménes de reséquencement sont de premiére importance
dans les systémes 3 contrdle réparti (bases de données réparties,
réseaux de processeurs, réseaux de télécamunication) . En effet,
la répartition du ccntrdle ne permet pas, en régle générale, de
préserver 1'ordre chronologique des émissions de messages (demandes
de mise i jour, messages de synchronisation, paquets de données)
pouvant avoir lieu en chacun des noeuds du systéme 3 destination
d'un noeud teriminal donné. Les algorithmes de reséquencement implé-
mentds en ce dernier noeud sont destinés & restaurer 1l'ordre chrono-
logique des messages arrivant au processeur terminal. Dans cette
étude, nous analysons le délai de bout en bout subi par les messages
traversant un.tel systéme : délai de transmission, délai de resé-
quencement, délai de traitement. Des équations récursives sont établies

qui permettent de réduire 1l'analyse de ce délai i des problémes de

factorisation spectrale étudiés en détail sur des exeamples.
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AN END TO END APPROACH TO THE
RESEQUENCING PROBLEM

1. INTRODUCTION

The resequencing problem is a fundamental issue in networks
ard in distributed systems. Let us first give an abstract statement
and then provide examples of same practical occurrences of the pro-
blem,

Consider a sequence of objects {cl;n}rl ' where N denotes
the set of all non-negative integers. They enter a cammunication
system at instants {a } _ . where a  correspords to ‘i’n‘

Each ¢_ is then delayed by scme time D, n ¢ N. Thus at the
output point of the system the objects appear at instants {a n*D }
these instants are not necessarily in chronological order any more
(i.e. it is possible that a + D, > ay + Dy for £ > n).

nneM’



These objects are then processed by the Resequencing Algorithm
(RA) where ¢ will receive same service of duration S and will then
depart at time dn‘ However this service can only be given in the same
order as that of the external arrival instants ; i.e., ¢,, must be served
after ¢n—1 and before ¢ ,,, which does not necessarily coincide with
the order of arrival to the RA. We would like to know what all this

would cost, and in particular we would like to evaluate the total
effective delay (d -a ).

This problem has multiple practical incarnations : let us now
outline a few areas of application.

I.l. Packet switching networks

Packet switching networks are well known practical camputer
camunication systems [1] used to interconnect camputer systems or
subsystems by transmitting streams of data in the form of standardized
packets. Thus packets belonging to the same message, or to the same
logical stream (e.g. in the case of a file transfer) have to be reas-
sembled at the receiving station in the proper order, identical to
the order at the transmitting station. Yet the packet switching net-
work may not necessarily guarantee this particular order if it allows
adaptive routing, or alternate routing, in order to handle congestion
problems or temporary unavailability of certain routes. Therefore,
the ocutput nodes of the network may themselves insure proper packet
reassembly before they provide an output ; in this case, the resequenc-
ing delay must be included in the end-to-end delay evaluation for the
network.

I.2. Distributed data bases

Several consistency preserving mechanisms or algorithms [2,3,4]
for distributed data bases use a logical or physical time-stamping
mechanism in order to determine the order in which updates must be
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carried out on the data. For obvious reasons, updates do ‘not necessar-
ily arrive at the system sites in that order : these updates may
originate at distinct nodes, thus they often arrive out of sequence
even though the network may be able (and this too is not always the
case) to transmit updates in sequence between a given pair of nodes.
Thus the désequencing introduced by the system, and the correspond-
ing resequencing problem, are basic issues in time-stamp oriented
algorithms. It is this particular application which has motivated

the first analyses of the problem [4, 5, 71.

I.3. The Mathematical problem

Consider the system shown on Figure 1. The objects {d)n} which
enter into the system at instants {a n} and which depart (in order)
at d1 < d2 < eus £ dn < ... must be processed by the resequencing
algorithm before being transferred to the output server queue.
Notice that S, is a service time inside the RA.

aSesesa < ... {a, +D_}
‘ Resequencing
—— ] i —>—
: > Algorithm
objects Disordering Osdlsdzs...sdns.._
: System Resequenced

Departures

Figure 1 : Structure of the resequencing problem

Kamoun, Kleinrock and Muntz [5] have analyzed the distribution of the
number of objects in the "Resequencing Algorithm‘il box of Figure 1
under the assumption that the arrival instants constitute a Poisson
process, that the delays {Dn} ns1 Xe independent identically
distributed ; (iid) randam variables of exponential distribution (this
corresponds to the case when the disorder is provoked by an M/M/«
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type system) and when the processing time is zero (Sn=0) .

This analysis allows them also to obtain the average

delay due to the resequencing algorithm. Harrus and Plateau [6]
generalize this approach to the case where the delays {Dn} are iid
randam variables of general distribution. Baccelli and Znati [7]
have considered an "apprroxjmaté" model of the cutput queue in

which the resequencing is represented by interruptions in the ser-
vice mechanlsn Finally Feuvre [8] has also developed an approximate
approach by modelling it as a queue-length dependent bulk service
mechanism,

In this paper we take a formal "end-to—end" approach to the problem,
which allows to include the effect of the cutput service mechanism.
- We obtain certain "existence" type results with very weak assumption
on the varicus variables involved, and then examine cases where the
{D } are, or are not, iid. Our approach provides a camplete solution
to cases previously considered in [5, 6], and also allows analysis
of a case where the delays {Dn} have a form of deperdency : this is
an important extension for the following reason.

In the {Dn} represent delays of successive packets or updates
travelling through a network or a distributed system, delays expe-
rienced by successive packets will be independent only if the paths
traversed by successive packets or updates are disjoint, or if the
message traffic rate is very low. In other cases, same form of depen-
dence will naturally exist.

0

2. A WAITING TIME OR TOTAL DELAY EQUATION FOR THE RESEQUENCING
ALGORITHM

The resequencing algorithm (RA) operates as follows. It delays an
object ¢ until all of the objects cbj, j < n, have been released by
the RA. The RA will release objects sequentially, taking Sh units of
time to release ¢ , only after 9,,., has been released.



Thus the RA may be viewed as a "real-time sorting algorithm".
We are interested in the end-to-end properties of this! system, fram
the arrival instant of an object to its instant of release by the RA.

Remark 1. In the other nﬁdels considered in the litera- .
ture, and in particular the one treated by Kamoun, Kleinrock, Muntz
 [5] and Harrus, Plateau [6] the processing time s, of the resequencing
algorithm is not represented. Our basic model reduces to their's
simply by setting Sn =0, nz2=1.

‘ LetuscallT d -a, the total delay separating the instant
a at whlchtheobjectcb arrlvestothesystenfrcmthemstantd
at which it is released by the RA.

We may write
Tn=Dn+Sn+Wn

where W_ is the time during which ¢ has to wait in the RA before it
is serviced and released.

Lemma 1. WehaveTl=D1+Sl,andforn22:

D,+8, if D >T _, - (an-an_l)
Tn =
D, + S, + [T ;- (an-an_l) - D1 , otherwise

Proof : ¢, will only be released after ¢ _,'s release instant
which is
31 * Tnmy

but obviously not before

+ D+
an Dn Sn

v
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Thus ¢ cannot be processed by the RA before instant

+
an Dn

Hence if

an + Dn > an—l + Tn-l

then ¢ will be released at instant
a + Dn + Sn

yielding Tn = Dn + Sn' Otherwise, if
a,+Db,<a , +T ,

it follows that ¢n—1 will wait in the RA for a duration of

a1 + Tn_1 - (an+Dn)

and will only be released at

Dn+Sn+[an_1+T_

n-1 = @n*Dp) ]

hence the result. 0

We shall write the formula of Lemma 1 in the more convenient
form

W1 =0
(1)

. ‘;- - - - +

Wy =Wy "2+ 8~ OgD )T, n22
where W, + S is the total time spent by ‘bn in the RA, [X1' denotes

max[0,X] as usual, and A =a-a .



Lemma 2 . Consider the sequence {Wn} ns1 defined by equation (1).
Define the randam variable gn by

E. =8 -%-(D—D ), n=2

n n-1 n n-l

. so0 that we can write

Wl =0
(2)
_ +
Wn—[wn_l +£n] ;, n2=22
If (£ n}n > 2 is a sequence of identically distributed (but not necessar-

ily independent) randam variables, then when E[En] < O it follows that

Wn + W a proper randam variable
P

Proof : Notice that (2) is identical in form to the well known
waiting time formula for the G/G/1 queue. The result then follows direct-
ly (see for instance Borovkov [9]), since it is identical to the corres-

ponding result for the G/G/1 system. O

Remark 2. If we view the RA as a "real-time sorting algorithm", then
we see that the condition E[gn] < 0, or equivalently

E[A] > E[S,_, ] +EID _, - D], or Ela # 1> Ela 4D _ 1+ E[S 1]
is a sufficient (and in fact necessary) condition for the sorting algo-
rithm to keep dp with its workload.

n

3. THE CASE WHEN THE DELAY IS AN INDEPENDENT INCREMENT PROCESS

l

3.1. The waiting time

In this section we make two assumptions which are quite cammon :

the (An)n s 1 and (Sn)n > | are iid and mutually independent.



Furthermore we assume that the (D) ., , arenot independent.
wWe shall assume however that the (Dn)n s 1 have independent increments.
That is, that

6, =Dy ~ D021
D0=0

whrarethe{en}nz S )

,lareiidandirdepextdentofthe‘(l-\l)hzl, (nnz 1
Physically this is an appealing assumption since it states that
D, is "nearly" equal to D__., but differs fram it by an "error term"

n-1
given by -Gn.

Lemma 3. Under these assumptions, {Wn, n = 0} is a Markov chain with
state space R satisfying the following transition equation

+
1) Wn = [Wn-l + gn ]

n2=1

Proof : this is simply because , £, is independent of the
{Wi’ i < n-1}. O

Lemma 4. Under these assumptions, the Laplace Stieltjes transform
of the stationary distribution of the Wn's, F* (s) satisfies the
following functional equation if E[gn] <0 :

For Re(s) =0
(2)

[1 - A%)0"(s).8%(s)1 F'(s) = U" (s)

where U*(s) is same unknown function which is analytic and bounded in
the damain Re(s) < O.

Proof : IetF(x)beP[Wnsx]in steady state and C(x) be-
P[gn < x]. We derive from (1) :



0 Xx<O
F(x) = X
J F(x-y)dC(ly) x 20
Define now
(o) x20
6(x) = X .
J’ F(x-y) dC(y) x<O

We have, ¥ X R :

X
F(x) + G(xX) = j F(x~y)dC(y)

-—00

Taking the Fourier Stieltjes transforms of both sides of this
equation yields :

{F* (s) = F*(s)A* (-s)S* (s)0* (s) + U (s)

for Re(s) =0

where

[ <]

F(s) & f_ e GF (x)
(o]

for any s with Re(s) > O

and
* A ot —~SX X
‘U (s) = -f e J. F(x-y)dC(y)
for any s with Re(s) < O

Notice that F~ (s) (resp U*(s)) is analytic and bounded in the damain
Re(s) 2 O (resp Re(s) < 0). 0

Hence the analytical solution will be obtained by the spectrum
factorization of the function



[1 - A" (-5)0*(s)S" (8) ]
In the special case where 0™ (s) may be factorized as

0*(s) =D'(s).D (~s) , Re(s) =0

where both D¥ (s) and D™ (s) are amalvtic in Re(s) = O

then A* (-)0* (s)S* (s) may be factorized as (A*(-s)D (-s)) (s* (s)D* (s))
so that the problem reduces to the analysis of the GI/GI/1 queue with
A*(s).D"(s) (resp S*(s).D'(s)) interarrival (resp service time)
distribution.

As an example, we now analyze the case where the delay increments
have a bilateral exponential distribution function and the arrival
process is poisson of parameter ). (However, the techniques developed
in the proofs may be generalized to any bilateral coxian distribution
for the increments and coxian distribution for the interarrival times).

Theorem 5. In the case where 0" (s) = -2—&—2 , Re(s) =0,
If AE[S] < 1, then 0°=5
JFEX) = lim PW, < x], with Laplace Stieltjes transform
e
s(s+0) (s-€)

. (1-AELS]).
(A-s) (02-52)-202S* (s)

(3) F(s) =

WO

where ¢ is the unique strictly positive real solution of the equation
(A-s) (0%-s?) = A0%s* ()

vProof : °~  Define
R(s) = (A-s) (0-S)F" (s)=-AF" (5)S" (s) ¢’
s) = s) S) [ s s Sorv

for Re(s) 2 O

L(s) = U*(s) (@-s).(A\~s)

for Re(s) < O

- 10 ~
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We derive fram (5) that R(s) and L(s) are equal for Re(s) = O.
Thus, R(s) is the analytic contimuation of L(s). We dencte as G(s)
this unique function which is analytic in the whole camplex plane. .

v

o)
0]

G(s) =\R(s) for Re(s)
L(s) for Re(s)

A

Let H(s) be

(s & GS1=G(©)
50

and I(s) be _
I(s) & H(s)-H(A)

S=\

I(s) is analytic in the whole camplex plane. Furthermore, I(s) is bounded
for Re(s) < O since in this damain :

_HO) _ G(0)
s=\ (s=2) (s-0)

I(s) = + U*(s)
I(s) is also bounded for Re(s) > O since in this damain :

E[s]-E[O] _ E[A]-E[0O]
s-0 A0

s\

I(s) =F (s) +

92

A R * o
where E(s) = -AF (s) S (s)'6+s
Therefore, by Liouville's theorem I(s) is constant. Hence, u* (s),
initially defined for Re(s) < O may be continued for Re(s) > O by
the function

H()\) + G(©)
S=A (s=A) (s-0)

U*(s) =C +
Hence, we derive fram equation (2)

g = S0%=s%) 0-s)HO) (©%-s%)46(0) (Ots)
(0°-s%) (A\-s) - 20%5* (s)
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The necessary condition

F" (s) » F(O)

s+

yields the relationship
F() =C

The necessary condition
F' () =1

yields the following_ :

O[F(0)A-H(A)] = -G(O)
and (using 1l'Hospital's rule)

F(O) = @-%- (1 - AE[S]) - H(\)

Thus, F (s) 'nay be writen as follows :

s(F(0) .s-a)
* €]
(A~s) (0=s)-A0S" (s) 515

F'(s) =

where
a & or1-rE(s) ]

Let N(s) (resp. M(s)) be the mmerator (resp the denaminator) of the
expression up there. N(s) has two real roots in Re(s) 2 0 : O and
E%o) (a is positive since AE[S] < 1). M(s) has at least two real
roots in Re(s)l > O : the first one is O and the existence of at least

another real positive root is a consequence of :

M(Q) = O
M(+0) = 4
M'(0) = O(E[SIA-1) < O

The analyticity of F' (0) for Re(s) 2 O implies that M(s) has at most
one supplementary root in this damain, say ¢ and that this root coinci-
des with F-%J)' campleting the proof. 0



Remark 3. A special case of interest is when 0 + « (ie D;=D_, n 2 1).
We derive then from theorem 5 :

5) F'(s) = S@S)[FO)SOO-MEIS])] , (1-\E[S))s
(A-s)(@z-sz)-kezs*(s) Caa s+A(S¥ (s)-1)

which coincides, as expected, with the waiting time transform in the
M/G/1 system.

Remark 4. Ifsn=0,n21 then

2+4G)2.

6) ¢ =4

2
Remark 5. Another quantity of interest is the average value E[W] of
the waiting time at steady state. After same algebra, we obtain as a

consequence of theorem 5 :
2
0. (1-AELSY) (0-1)+A. 2. (1 L)

(7) E[W] = >
(1-AEL[S]) .0, T

whensn=0, this becames :

2
(8 Emwy = LE2A0)

Sy

3.2. The number in the system

So far, we have been exclusively interested in properties of
the delay incurred by an object in traversing the system. We shall
now consider properties of the mumber of objects in the system.

Let Nn denote the mumber of objects in the system just after
the departure of cbn. Since the order of departure with respect to the
order of arrival is first-in-first-out, this is simply the number of
arrivals in the interval ]an,an+Tn]. Since Tn: Dn + Wn + Sn' and

- 13 -

because the arrival instants after a n do not depend on these quantities

(W, depends on the arrivals befare a , see (1)), we can write



PN, = k]

© k
f Q‘%—)— e X @P(T < x]J
o 1

using the Poisson arrival assumption. We therefore have

()  EINJ = XE[T] = XE(D_] + AE[W) + AE[S ]

Theorem 6. Under the assumptions of theorem 5, the average mumber
of objects E[Q] waiting in the RA in steady state is given by

2
0 (1-XECST) (0-5) +Ar (140 ELS)
(10) E[Q] = AECSHA 2 0

z.02. (1-)E[S])

Notice that, since Dn and Wn‘are not independent, it is not easy
to obtain the distribution of Q.

- 14 -
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4. ANALYTICAL SOLUTION FOR THE CASE OF INDEPENDENT DELAYS
OF EXPONENTIAL DISTRIBUTION

In [5], and later in [6], the case where the {D_} , , are iid
has been analyzed. The case when delays are exponential was treated in
[5], while general independent delays were considered in [6]. In both
cases, the number of custamers in the R.A as well as analytical proper-
ties of the output process of the RA were camputed (this last being
considered as a bulk departure process). However, this approach
leads to same difficulties for analyzing the end queue, since there is
a correlation between the interarrival times and the bulk sizes. In the
present section, we show that the end-to-end approach yields a tractable
approach for analyzing the whole system including the end queue.

We first write the expression derived in lemma 1 in a form better
suited to the present assumptions. Notice that when the {D } , , are
iid, {Wn}n s 1 given by (1) is not a Markov chain anymore.

Therefore, define :

<
1l

T-Sn, nz1

n n
where Tn=Dn+Sn+Wn;thenwecanwr1te
Y, =D,

or

(11) Yn = max[Dn, (Yn-l + Sn—l - An)] , n=2=2

as a direct consequence of Lama 1.



We shall assume that for all n 2 2
E[En] = E[Sn-l - An] <0

(notice now that E[D 1 =E[D _,1) so that
W => W ( a proper random variable)
P

Since Yn = Dn + Wn , we have also

(12) Y => Y ( a proper randam variable)

np
Denote
D(x) = P[Dn < x], ¥Y(X) = PLY < x]

c(x) = P[En < x]
Fram (11) and (12) we can write

X
D(x)j Y(x-z)dc(z), forx >0

(13) Y(X) =
o] for x <O
Now define
Y)/HDOE) if x>0
Ux) =

(o] otherwise

Since W_ > 0, it follows that for all x = O

PLY < x] < P[D < x]

Thus Y(x) < 1 for all x > O ; furthermore, since Y and D are proper randam

variables

lim U(X) =1

X0

-16-
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Furthemmore by (13), U(x) satisfies

X
U(x-z)D(x-z)dC(z) if x>0

-0

Ux) =
0 otherwise

so that it is non-decreasing ; hence U(x) is a probability distribution
function (In fact U(x) is P[Y, < x|D_ < x]). Define now

Ux) ifx =20 0 .:Lf x20
U+(x) = U_(x) = X
(o] ifx< 0O U(x-z)D(x-2)dC(z) if x <O

and their respective Laplace-Stieltjes transforms

% _ ® e
U+(s) = f e d U+(x), Re(s) 2 O

-—00

‘ U:(s)

T x
f e dU (x), Re(s) <O

00

Let S*(s), A*(s), be the Iaplace-Stieltjes transforms of the densities of
S and of A, respectively. We can write using (14) for all x :

U, (x) +U_(x) =fx U (x-2)D(x-2)dC(2)
so that when Re(s) = O :
(15)  Uj(s) + Ul(s) = 5"(s) A7(-8) K’ ()
vhere

K" (s) =f_ dlu, (x)D(x) ] e > , Re(s) 20 .
o)

R T
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4.1. The case of Poisson arrivals and exponential distribution

Equation (15) was obtained assuming that the {P\m}n > 1
{Dn}n s 17 {Sn}n 5 1 are mitually independent sequences. To proceed
further with the analytical solution we must take specific instances
of the distribution. Assuming Poisson arrivals of parameter A and expo-
nentially distributed delays of parameter u, we have :

*
e -
so that
% * * *
K"(s) = Uj(s) - Uj(stu) + Up(sh) .5

=Uj(s) - g Up(stu) , Re(s) =0

yielding, using (15), for Re(s) =0 :

Uj(s) + Ui(s) = 8*(s) 35 [U}(s) - - Uf(st)]

which is

(16)  UZ(s) (\=s) = Uy (s) (s-A) + AS™(s) [UL(s) - o= U} (stu) 1

for Re(s) = O.
Notice now that the Left-hand-side (ILHS) of (16) is analytic for
Re(s) < O, while its RHS is analytic for Re(s) 2 O, and by (16) they

are equal for Re(s) = 0. Thus the RHS of (16) is the analytic contimua-
tion of the LHS

U* (s) (A-s)

for Re(s) > O. Clearly then U:(s) can have at most one pole for Re(s) > O
at s=\, so that we may write

ul(s) = 3% + gls)



where g(s) is same analytic function both for Re(s) < 0 and for Re(s) 2 O,
ard o is a constant. Furthermore, since U:(s) ard U:(s) are bounded on
their respective damains, so is g(s). Therefore by Liouville's theorem
g(s) must be a constant. To obtain it, set s=O in (15) ; since

Ul (0) =A% (0 =50 =K'(0) =1
it follows that U'(0) = 0, yielding
g(s) =g(0) = - a/A

Therefore (16) becames

AsS* (s)

* *
U+ (s) [s=A+)AS (s)] ~

U:_(s-i-u) + so/A

a7 ul(e) =§ . nls) + 2(s) Ui(sh), Rels) 20

where
n(e) = —Ser
o stA (S (s)-1)
(18)
*
L(s) = AsS (s)

(s+u) [+ (S¥ (8)-1) ]

Iet us first determine a, using the fact that U:_(o) = 1, After same algekra,
necessitated by the indeterminate forms which arise, we have

. 2
(19) o = A(Q-XES]) - & UF()
n o+
where U:_(_u) is still unknown. Notice also that % is exactly U(0).

We are now ready to prove the main result of this section.

—=19=
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Theorem 7. If AE[S] <1, then U:_(s) the Laplace-Stieltjes transform

of Ulx) & Yx)/D(x) is given by :

(20) Ul(s) =U(O).E(s)

o n-1
where £(s) =m(s) + I m(stnu) I L(stin)
n=1 , i=0
and
u(o) = (HE[S])"‘Al_' 0
1+1-1.E;(u)

Proof : By applying (17) recursively to itself we obtain for any N > O

o) n—-1 N
(21) U:_(s) = UO)Mm(s) + I m(stnp) I R(stip)] + M L(s+iy) .U:_(s+(N+1)u)
n=1 i=0 i=0

Notice first that m(s) and #2(s) are analytic for Re(s) 2 O.
To show this it suffices to examine their poles for Re > O, which are
simply the zeros (see (18)) of
s+ A(S8*(s) - 1)
Now clearly for Re(s) 2 O
d o
lgg S (s)| < ELS]
so that, if AE[S] < 1
S * *
|xf_ d s*(s)| = A|s*(s) - 1] < AELS]|s| < |s]|
o)
Therefore by Rouch&'s theorem s+ (S™(s)-1) has exactly the same number
of zeros for Re(s) = O as s, namely one at s=0, which cancels with the zero

of m(s) or of % (s). Hence m(s) and %(s) have no poles for Re(s) 2 O and are
thus analytic. Clearly



lim |m(stmy) | = 1
oo

Lim U} (stmy) | = U@ <1
n>oo

and for same positive constant K,

575

n ,
T 2(stnu) =<

X
|
i=0 i

=

for large enough n. Thus as we take N + « in (21) the last term vanishes
and we remain with (20).Themﬂmwnconstantu:(ﬁ) is determined by

solving (20) at s=u.
a

A few remarks concerning the form of (17) are worth mentioning.

Remark 6. We see that m(s) is very similar to the waiting time distri-
bution transform of an M/G/1 queue (it suffices to replace a/A by
(1-AE[S]) in the numerator). Therefore U can be viewed as the sum of two
random variables, the first of which is similar in form to the waiting

time of an M/G/1 system.
Remark 7. As u-+« (the delay D is zero), (19) yields
a = A(1-AE[S])

since 2(s) =+ O ; hence (17) becames

* _ _S(1-AE[S])
U+(S) - *
s+A (S (s)-1)

which is precisely, as expected, the transform of the waiting time in the
M/G/1 system.

More generally since

Ux) = Yx)DKX), x>0

-21-



it follows that when D is exponentially distributed
Y(x) = Ux) - e Ux)

so that
Y'(s) = U} (s) - Uj(sh)

Fram (17) we then have

Ui(s) = U m(s) + L(s)[U}(s) - ¥ ()]
or

* _ n(s) , .* 2 (s)-1
(22) Y (s) =U(0) Tt u, (s) [W]

A special case of interest corresponds to the model analyzed
in[S]whenwesetSn=o,n21.Wethenhave:

Corollary 8 Under the conditions of Theorem 7, if Sn=0, nz1,
it follows that

n

(23) U:_(s)=e-}‘/u L+ ¢ T S+Lui))
n=1 i=l

Remark 8. For u >> ) (the average value of D is very small) we have

(24)  UL(s) = [1+ A/(stn)] / [1+ M\l

or

= - A‘H ~ux
U(x) 1 l+>\/ue , X20

so that



i

- A ~2ux AU .
Y(x) 1-e”"(1+ﬁ§}/‘—u)+e ﬁ%ﬁ

vielding

=1 My - L
ELY] H (1+1+)\ u) 2u ° 14\ /u

e

~ 1
Y1 ==+
ELY] 3

Remark 9. The average mumber of custamers in the system just after
a departure may be obtained in the case of Poisson arrival using equa-
tion (8) which remains satisfied here.

CONCLUSIONS

Resequencing algorithms have been analyzed in this paper for
two types of disordering systems of interest for modelling cammuni-
cation networks and distributed systems. The case where the disorder-
ing delay is an independent increment process, as well as that of
independent identically distributed delays, are considered. The approach
taken is that of examining the end to end delay encountered by each
object in the system. These leads to same new analytical results con-
cerning both the “pure” resequencing problem and concerning the
effect of an "output service time" on resequencing delays.
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