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A TWO-STAGE FEASIBLE DIRECTION ALGORITHM
INCLUDING VARIABLE METRIC TECHNIQUES FOR NONLINEAR OPTIMIZATION PROBLEMS

José HERSKOVITS

Abstract :

We present a feasible direction algorithm for the solution of the nonlinear
programming problem with equality and inequality constraints. At each iteration
a descent direction of an associated lagrangian function is defined. By modi-
fying if, a feasible and descent direction is obtained. A linear search proce-
dure assures the convergence of the method and the feasibility of the new iterate.

An extension of variable metric methods to the constrained case is develo-
ped. The inclusion of this approach in the algorithm produces superlinear con-
vergence.

The algorithm is tested on some numerical examples. The results exhibit
a behaviour comparable to that of the best methods known at present for

nonlinear programming.

REsumé :

On présente un algorithme de directions réalisables pour résoudre les
problémes de programmation non lindaires avec contraintes d'égalité et d'inéga-
1ité. A chaque itération, une direction de descente pour une fonction de
Lagrange associée au probléme est d'abord calculée ; elle est ensuite modifiée
pour obtenir une direction de descente réalisable ; enfin une recherche linéaire
est effectuée pour assurer la réalisabilité de 1'itéré suivant, et la convergen-—
ce du processus.

Les méthodes 3 métrique variable pour problémes sans contraintes sont
8tendues au cas avec contraintes. Incluant cette approche dans 1l'algorithme, on
obtient un taux de convergence superlinéaire.

L'algorithme est test& sur quelques exemples numériques. Les résultats

montrent un comportement comparable a celui des meilleures méthodes de

programmation non linéaire.

This research was supported in part by the Brazilian Research Conseil (CNPq).
* permanent address : COPPE/UFRJ, Caixa postal 68503, 21944 RIO DE JANEIRO,
R.J. Brazil,




1. INTRODUCTION AND PRELIMINARIES

In ref. [9], we have developed a feasible direction algorithm for the

solution of the problem

min f(x) (1.1)
X

subject to gi(x) < ; i=1,...,m

and gi(x) =0 3 i =m+l,...,m+p,

where f(x) and gi(x) are nonlinear real valued functions of a vector x in
the n-dimensional Euclidian space R". We proved the global convergence of the
method and showed that the numerical results obtained in the resolution of

some test problems, are very satisfactory.

In this work we shall modify the mentioned algorithm and make an extension
of variable metric methods for unconstrained minimization, to the constrained
case. The inclusion of this approach in our algorithm will be done, in order
to obtain superlinear convergence, and maintain the very good reliability of

the method.

In unconstrained problems, quasi-Newton methods construct an approximation
of the second derivative of the objective function. Under nonlinear constraints,
it is also necessary to take into account the constraint curvature. The
second derivative of a suitably defined Lagrangian function

m+p

L(A,x) = £(x) + L Xig-(X)
i=1 .

gives thi. .ntormation. We shall call
HLx) = v L(A,x) .
XX

It will not be necessary for H(A,x) to have positive eigenvalues in

directions normal to the constraint boundaries.




Positive definite Hessians can be obtained by considering extended
Lagrangian functions, but they give numerical problems and need the use of

active set strategies under inequality constraints.

However, it is possible to assume that H (A,x) has positive eigenvalues
in the tangent subspace at the solution of the problem (sufficiency condition
for a local minimum). Then, those methods which construct an approximation
of H(A,x) restricted to the tangent subspace, have the advantage of

manipulating positive definite matrices.

Extensions of quasi-Newton methods to constrained problems were proposed

by different authors, in relation to several constrained optimization methods.

In references [6, 11,141 there are descriptions of projected gradient
and reduced gradient algorithms for equality constrained problems including

this approach.

In a kind of methods studied by Han [ 7, § ] for problems with equality
and inequality constraints, a quadratic approximation of the objective function
by quasi-Newton is included. In these works H (A,x) at the solution of the
problem is approximated. Powell [13] modified the method, taking an approximation

of the projection of H (A,x) 1into the tangent subspace.

In Biggs' recursive quadratic programming [ 1 ] and Tapia's diagonalized
multipliers methods [ 5], update rules for the Lagrange multipliers are used,
which depend on an approximation matrix. In order to have positive definiteness,
Tapia works with the Hessian of an augmented Lagrangian function and Biggs takes

the projected Hessian of the simple Lagrangian.

The algorithm presented inréf. [9] , can be considered as an iterative

method for the solution of the nonlinear system of equations
m+p
S(x) = VvE(x) + L AOi(x) Vgi(x) =0 (1.2)

i=1

where AOi(x) are determined by an updating rule given by the method.



Quasi-Newton methods for the solution of (1.2) [ 5] make iterations of the

kind
e I e S IS | (1.3)

where Bk is an approximation of the Jacobian matrix of &(x), noted J ),

and tk represents a step-length.

In this work the iterative scheme is similar to (1.3). We develop a
technique which enables the use of symmetric and positive definite Bk. This
is helpful, because as in variable metric methods for unconstrained optimization,
there are many ways of updating Bk so that the algorithm is invariant

under linear transformations of the variables.

In section 2 we state the algorithm, and its global convergence is proved
in section 3. In section 4 we give some results concerning the Jacobian of
§(x). The variable metric approach is introduced in section 5 and superlinear
convergence is studied. In section 6 we give some details concerning the
practical application of the algorithm and the results obtained in the

resolution of some problems.

NOTATIONS

All vector spaces are finite dimensional, the space of all n X m matrices
) x
is denoted by RY™ and the transpose of M by MT. If ¢ 1is a real valued

function in Rn, then
ap(x) 9 (x) 3¢(x))T '

Vd)(x):—:( s 3 e TR T
Bxl 3x2 axn

We call § the feasible region for the inequality constraints, that is
Q= 1{xe Rn;gi <0 , i=1,...,m},

and denote by

g(x) = [g) (x),g,(0),..00gy, (0T

and o AX) [Vlg(x), ng(x),...,ng*p(x)] .



DEFINITIONS

Definition_ 1.1 : A point X 1is a "stationary point" of problem (1.1) if there

. m+ s .
exists a vector A inR P such that the following requirements are

simultaneously satisfied :

gi(i) <0 ; i=1,...,m
gi(i) =0 : i=m+l,...,m+p
Aigi(i) =0 ; i=1l,...,m
and
VE(x) + T A Vg (X) =0 .
. i %1
i=1,m+p

Definition 1.2 : A "Kuhn-Tucker point” of the problem (1.1) is a stationary point

associated to a vector A verifying

>

v

o
-

i=1,...,m

Definition 1.3: d € R® is a "descent direction" of a real continuously differen-

tiable function ¢(x) in Rn, if

al ve(x) <0 .

Definition 1.4 : d ¢ R® is a "feasible direction" [10] of problem (1.1) at

x € Q 1if for some T > 0 we have
x+ td e § for all t ¢ [0,T].

Definition 1.5 : A point X 1is a "regular point" of the problem (1.1) if the

elements of the set of vectors composed by all



Vgi(x) ; i= l!...,m so that gi(x) =0
and all

m+l,...,m+p

Vgi(:’c) ;i

are linearly independent.




2. STATEMENT OF THE ALGORITHM

From now on we shall consider the inequality constrained problem

min f(x) (2.1)
subject to gi(x) <0 ; i=1,...,m (2.2)

The results can be extended to the general nonlinear programming
problem (1.1) applying the theory given in [9] , section 4. In rsgf,
Lol our major objective was the development of a reliable method, having
global convergence with the weakest hypothesis and with a great freedom in the

selection of the different parameters defining the algorithm.

When we take also care of the final behaviour it is necessary to include

second order assumptions on the problem, then we shall suppose that
i) There exists a real number a so that the region
Qa = {xe Q; £(x) < a}

is compact and with nonempty interior.

2

ii) £ and g; are C in Qa.

iii) All x ¢ Qa are regular points of problem (2.1).

*

iv) Let x* be a Kuhn-Tucker point of problem (2.1), A" ¢ R® the corresponding

- vector of Lagrange multipliers, and T the tangent subspace to the

active constraints at x*, that 1is ,
T = {y ¢ R" ; Vgi(x*)y =0 for all i ¢ I*},

where

I*={ie (0,...,m) ; gi(x*) = 0} .



Then, we assume that

2 * o * _2 *
Vif(x' ) + Z A, Vig.(x)
=1+

H ()\*,x*)
is positive definite on T . That is, there exists 6 > 0 such that

yTHO xy 28y y 2.3
for all y eT.

We shall define a two-stage feasible direction algorithm for the solution

of problem (2.1), which is an extension of the method presented in .[9]w
The algorithm constructs a sequence of points {xk} verifying
k .
gi(x ) <0 3 i=1,...,m and k = 0,1,2,...;

and converging to a Kuhn-Tucker point of the problem. At each iteration a
vector of Lagrange multipliers Ao(xk) ¢ R® and a direction d0 e R" are
defined, where do is a descent direction in x of

L()\o(xk) x) .

In a second stage d0 is modified, obtaining d ¢ R" which is a descent

direction of the same function and a feasible direction of the problem.

In the present algorithm d0 and d depend on a matrix Bk, we shall

see different ways of defining Bk in order to have linear or superlinear

local convergence.

A linear search procedure assures the global convergence of the method
and the strict feasibility of all the iterates. We use an Armijo type procedure
in order to get a satisfactory decrease of the Lagrangian function L(Ag,x),

maintaining the feasibility of the new iterate.



The algorithm

Let

k

. o .. . . nxn
- B~ a sequence of symmetric and positive definite matrices in R

verifying
T T k
By y<y B y=<8, Ty k=0,1,2,... (2.4)
for any y € R®  and 82 > Bl > 0.
k . m P e .
-r a sequence of vectors in R verifying

By < 1§ < B, (2.5)

1

for 64 > 83 > 0. There is an updating rule for r?, such that

ii: r. AOi = ] ; iel (2.6)
and lim ey s 1€ T R
Kow 1 m

where o >0 and Agi will be defined later.

= Yg € (0,1) such that 1lim Yg =0 .
k>

Py > 0, ae€(0,1) and c € (0,1) .

Step 0. - Select a strictly feasible initial point xo € Qa and the values of
po, a, and c.

Set p = Pg -

R® and d, e R" by solving the linear system of

Step 1. - Compute A 0

o €
equations

-1 m
d, = -B [VE(x) +

0 Ag; V85 ()] S (2.7)

i=1



Step 2. -

Step 3. -

T = -
do Vgi(X) = r.

i AOi gi(x) ; i=1,...,0

where it is understood that x = X and B =B .

If d0 = 0, stop.

—q) aF _
~ (1 a)QC Vx L(Ac,x)

Compute p, = — —
: |d0|2 Ag re(aTB" ! A-RC) e

where R = diag(r) and G = diag(g).

If 0 < py < P, set p = pl/2.

Compute A € R® and d e R" by solving the linear system of equations

m
d=-3lvEG) + I A Vg.(x)]
T

T 2 .
d” Vg, (x) = -[r; A g, ) +p |dp|®] 5 1=

For each constraint, set Y; = Yo if Ai 20 or s

A. < 0.
1

Let T be the largest ti such that

gi(x + ot d) < Y; gi(x) ; i=1,...,m

and set T = min {Ti}.

Find t ¢ (0,7], the first value of the sequence

{1, 1/v, l/vz, 1/v3,...} with v > 1,
such that

LOg,x+Ed) < LOAgyx) + EelV, L(Ao,x)JTd.

(2.8)

(2.9)

(2.10)

(2.11)

if

(2.12)

(2.13)

(2.14)
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Step 4. - Set the new iterate

X =x + td .

Step 5. - Go to step Il.

Introducing the matrix notation given before in (2.7) to (2.11) we get

Ao = - @B7'a - k)T ATET! v, _ (2.15)

dg=-8"' (1-a@a"s'a-re)"! AT ve (2.16)

A= aT3'a - re)"! (-aTB 7l + p |d0|2 e) (2.17)
and

d=dy-p |d0|2 B laaTs A - re) ! e (2.18)
where

e = (1,l,...,1)" .

This algorithm preserves the most important features of the method given

in ref [9], in order to have a similar global behaviour.

Conditions (2.8) and (2.11), which perform a selection of the active
constraints and determine the speed of convergence 1in directions normal to

. . e . . k
the constraint boundaries, are not modified by the inclusion of B".

At the stationary points of the problem, A and AO coincide with the

Lagrange multipliers, according to definition 1.1 and d and d, are zero.
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The feasible direction d 1is obtained by a modification of the descent
direction dO’ in a similar way as in [9].

The linear search procedure maintains a monotone decrease in x of the
Lagrangian function L(Ag;x). It also guarantees the feasibility of all the

iterates.
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3. GLOBAL CONVERGENCE THEOREM

The global convergence of the algorithm can be proved, by showing

successively that :

i) d0 computed at xk, is a descent direction of the Lagrangian function

L (AE,X)

ii) d computed at xk, is a descent direction of the same function, and also

a feasible direction of the problem.

iii) The algorithm produces a sequence of points converging to a stationary

point of the problem.

iv) If a stationary point is a point of convergence of the algorithm, it must

verify Kuhn-Tucker conditions.

. _ .. 1/2 .
Because B 1is positive definite, we can suppose that B / exists, Then,

(2.15) can be written

-1/2 1 -1 TB—l/ZjB—l/Z

d. =-B [1 _pT1/2 AT A - RG) A

Lemma 3.1 in ref. [9] can be easily extended in order to prove that

w =aT sl A-Re (3.2)

is positive definite.

Even if it is not a requisite in the proof of global convergence, it is
interesting to remark that d0 is a descent direction of the objective
function. This can be shown in a similar way as in the proof of lemma 3.3

in [9] .

Because B—l is positive definite, premultiplying both sides of (2.7)

by VX L (Ag,xk), we deduce that d0 is a descent direction of L(Ag,x).

vf . (3.1)
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Lemma 3.1. The direction d(xk) defined in step 2 of the algorithm is a

descent direction for
k
L
(Ao,x) .

Proof : In consequence of expression (2.18) for d, we have

T _ T _ 2 T -1, -1

"V L=d,V L-p|dy|[v, LI'B AW e (3-3)
where all the functions are evaluated at xk.

Considering

\7x L=Vf+A)\0,

and expression (2.15) for A , we get

0
a" v, L=al ¥ L-p |4 ? A roW ! e. O (3.4)
If
Ag RGH ' e 2 0 (3.5)
we get
dlv. L <dafv L <o
X 0 x

and the lemma is proved. Suppose now that

1

Ag RGW e < 0 ,

considering the definition of p in step 2 of the algorithm we have
T T o .
d Vx L <a dO Vx L , (3.6)

which implies that d 1is a descent direction of the Lagrangian function. [J
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Note that inequality (3.6) gives an upperbound of the derivative of L (Ag,x)

in the direction d, in terms of its derivative in the direction do.

Since all xk are in Qa compact and f,gi are continuously differen~-

tiable, vf and Vg, are bounded in Q_.

As W is positive definite in Qa, W_l is also bounded in Qa. It follows

from (2.15) that there exists 85 < «© guch that

T _ o]
= Ay RGH "e < B, (3.7)

for all x € § .
a

When (2.9) produces a positive (P conditions (2.4) and (3.7) give
..l '
(1-o)B
S 2

P2 -
I 812 8, (3.8)

Then, p defined in step 2 of the algorithm remains constant after a

finite number of iterations.
We are now in a position to show the existence of B > 0 such that
lagl®28 [a|? (3.9)
holds in Qa. The proof can be developed like in ref. [9], corollary 3.l.

Lemma 3.2. There is a real positive number 8% such that d is a feasible
direction of problem (2.1), according to the definition 1.4, for all T ¢ (O,Tmax]

and all x ¢ Qa.
The proof is given in ref. [ 9] lemma 3.5.
Comparing the present algorithm with the one given in ref. [9] we remark

that Ao(x) and A(x) are no longer continuous in x. This is due to the

introduction of rk and Bk, which can change at each iteration.
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However, this fact does not produce major difficulties, since the
values assumed by AO and )\ at the stationary points of the problem are

‘independent of rk and B.

Lemma 3.3. Any accumulative point x* of the sequence {xk} generated by

the algorithm is a stationary point of the problem.

Proof : If the sequence terminates

and (3.6) gives

or

v
(]

T,—1
—[VxL]B VxL

Since B—l is positive definite, it follows that

and (2.7), (2.8) prove the result.
Suppose now that the sequence
{xk} > x* ; ke K

Because of condition (2.4) on Bk, there exists a sequence K] c K

such that

AO > AS and Bk > B” ; ke K,

. * .- . .
with B positive definite.
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Consider the step-length tk defined in step 3 of the algorithm, there

are two possibilities

a) there is a sequence K2 c Kl such that

tk >t 40 ;. ke K2

b) there is a sequence K3 c Kl such that

Condition (2.14) can be written

k k¢l
0%

) S LOG,) + e el L (ag,x 17" (3.10)

L(A x

If a) is true, taking limits for k - o in both sides of (3.10) we have
*x  * * * * x, T %
LOg,x) < L(Ao,x’3+ telv, L (Ag,x)1 4,
where
a* = 1im d¥ = d(x¥)
koo
It follows that
* *. T ,*
[VxL (Ao,x yl>da =20,
and as (3.6) is also valid in the limit for k - o, we have
v L 05T Lo ) = 0
X 0°* X 0’ = y
In consequence
* *
Vx L(Ao,x ) =0

and the lemma is true.
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If the alternative b) is verified, we can find ko such

k k
t >0 and v.t < TO 5 k > ko , k € Ké
with T given in lemma 3.2.
Consider the sequence
ko k.
t V.t ; ke K3 s k > ko .

It follows from step 3 in the algorithm that t'k does not satisfy
(2.14), then

L(xg,xk + ka6 L()\l(;,xk) + 1k elv, L(Ag,xk)JT a*

or
O+ erkaky - 08,1768 > e o Lok, IT &

We can find 6% € [0,1] so that

(L O, e d ) - LOS9 /e = 1o, L O, ek k)3T o

and in consequence
k k. .k ,kk T .k k _k,-T .k
Vx[ L(Xo,x +9t''d)] d > ¢ [Vx L(Ao,x Yj- 4" .
Passing to the limit,
v, L %x1T a* 2 ey, L (%,xM1T d" (3.11)
X 0’ = x 0’ . .

On the other hand, (3.6) implies that

(v, LT(A;,x*)]T d*so0. ' | (3.12)

In consequence of (3.11) and (3.12), we have



_18_

* * T
[VxL (Xo,x )17d =0,

since ¢ < 1. Then, the result of the lemma is obtained in the same way as

in possibility a). 0

The proof of global convergence of the method is completed by the

following theorem.

Theorem 3.1. Any accumulation point of any sequence generated by the algorithm

is a Kuhn-Tucker point of the problem.

The proof is given in ref, [9] theorem 3.1.
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4. SOME RESULTS CONCERNING THE JACOBIAN MATRIX

The first step of the algorithm of section 2, can be considered as an

iterative method for the solution of the nonlinear system of equations

m
S(x) = VE(x) + 151 AOi(x) Vgi(x) =0

with iterates of the form (1.3) and Ao(x) given by the updating rule (2.15).
This interpretation shows the great importance of J (x), the Jacobian matrix

of 6(x), in the study of the local convergence of the method.

In this section we shall suppose that B and r. are fixed during the

iterative process, r, verifying
r., = l/AOi(x*) , for all 1 € 1 .

and

r.=r , for all 1i e .
i o

. . . . *
Under this assumptions, we shall give some results concerning J(x ),

which will depend of the way of defining B.

Consider the tangent subspace T , defined in section 2, and call N the

subspace normal to T .

Let

*x ?

A% (x™) = [V (xD)]
iel

then

N = AT AT T A e (4.4)

is the projection matrix on N, and

T=1-N : | 4.5)
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the projection matrix on T.

In order to have good convergence characteristics, it is necessary to find
the conditions under which J(x*) is positive definite in 7. These conditions
will be given in Lemma (4.1) and Theorem (4.1). Furthermore, under slightly
stronger assumptions on B, we shall prove that J(x*) is positive definite

. n
in R.

. * . . .
Notice that, when k - =, Ai(x ) of the non active constraints and its

derivatives depend, in particular, on L

Lemma 4.1. Given 8, > 0, there exists r >0 such that for all ie I,

and all ro 2 r we have
v A..x™)] <6 (4.6)
01 S T '
Proof : (2.15) is equivalent to
O R W S I 7 (4.7)

where A,G,Vf, and AO are functions of x. Derivating both members with

respect to xj we have

oA
T -1 0 5 T -1 .3 T -1
] J J
and
oA
0 _ _ T -1 _ -1
3, - ABAR)T b, (4.8)
J
where

T AT,
bJ. = axj (A"B Vf) + [ax'(A B A RG)JAO . (4.9)
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Since
* .
Aoi(x ) =0 3 iel ,
and

9(RG)
ox.
J

is diagonal, we deduce that bj(x*) does not depend on r., for 1 € I*.

Let us consider the linear system of equations

*
P& aTB 1a-re) b (4.10)
ascj j * :

X=X

and apply Cramer's rule for its' resolution. Then

* .
Noi ®)  gerwly .
3xj det (W) X=X

where y was defined in (3.2) and wi is obtained substituting by bi(x*)

the i-th row of .
Consider now W, then

X _ T -] . .
wii(x ) (Ve;) B Vgi|x=x* s tel,

* T -1g.  _ .
and wii(x ) [(Vgi) B Vgi rigi]|x=X* ’ el .
Let us call q = Card T*, and take r.=r for all i € I Then

det[w(x*)] is a q-th degree polynomial in T s the highest order term being
D49 0 g (™ deela™T ™) BT A*xMH1 L
m . =4 i :
1el .
which is not zero because of the regularity condition. Since bj(x*) is

independent of L det[wl(x*)] is a polynomial in r of degree less than

or equal (g-1) , for all i e I
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In consequence

*
. a)‘Oi(X ) . =%
lim I I =0 ; iel ,
ox.
r -+ ]
m
so there exists r such that for all rm >T
*
oA, (x7) 8
0 1 . -
=l <=z s ieT . (4.11)
] n
Inequality (4.11) gives the result of the lemma. 0O

Theorem 4.1. If f{(x*) verifies condition 1iv) in section 2, there exists

T >0 such that for all v ¢ R® , and all r 2f
F T3 Ty 2 6T v|? (4.12)

Proof : It follows from (1.2) that

2 - 2 T T
J() =V £(x) + I Ag;(x) Vg (x) + I Vg, (x)[VAy, (x)] (4.13)
i=1 i=]
or
m
J(x) = H(x) + I 9, (WA, 1T | (4.14)
i=l

Since at a Kuhn-Tucker point
* .
. T Vgi(x ) =0 ; iel,

we have

VTHE) TvsviT (1

78, I (6)17) v
iel

vT TJ (x*)T v

and as

T

v T H(x*)T v (4.15)

v
ov

VrIe) v v THE Ty - VT s e D ) T
ie :

(4.15)

is true.
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Since

, |
V8 D M| [T v _zi*lvAOi(x*>IIVgi(x*>| ,

IVT t{ %
I ie

iel

taking in Lemma 4.1.

*
6, =6/ 2% , [vg, (x|,
1el

we have

IVT T{ I, Vgi(x*XVAoéx*)]T}Tvls %—6 |T v|2 .
1el

Then, the assumption iv) in section 2 gives (4.12).

Consider now the updating rule for AOi’ given in (2.8). Derivating,

we get an expression for J(x)

7Ty 87! ve, (x) + v2g, 0B 8(x) = £, Dhg; (0 Vg, )+, GOTAL (0T 5

i=1,..., m, (4.16)
In a Kuhn-Tucker point of the problem, we have
§(x") =0,
g, (x) =0 ;3 iel,
and
AOi(x*) =0 ; ie I%.
Then, for 1i € I*, we have
A(4.l7)

3Ty BT ve () = v ()

and for 1 €¢I
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JT(x*) ™! Vgi(x*) =T gi(x*) V)\Oi(x*) , (4.18)
which give m conditions on J(x*).
In particular, equations (4.17) show that
Vgi(x*) , for all i ¢ 1 .

. . T, x, -1 . .
are eigenvectors of the matrix J (x ) B and the corresponding eigenvalues

are unitary.
In consequence, for any v ¢ R"
JT(x*) B_] Nv=Nv. (4.19)
Lemma 4.2. ](x*) is not singular.

Proof : We shall show that, if v € Rn,

Jx") v=0 (4.20)

implies v = 0.
Considering

v=Tv+Nv,
(4.20) gives

JEH Tv=-J")Nv, (4.21)
and

VN iy tve-vINB g Ny,

Then, by (4.19), we have
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vT NTv=- vT Nv,

which implies

Substitution in (4.21) gives
J(x*) Tv=20,

and by Theorem 4.1

In consequence

It is clear that the division of the Euclidian space in T and N is
very important in the study of local convergence of the algorithm. Conditions
(2.8) on dO’ which impose a speed of approximation to the active constraints,
are concerned with the local convergence on N . On the other side, (2.7)

gives the local convergence on T , which will depend on the way of defining B.

It seems then reasonable to maintain this separation between T and N
in the definition of B. Thus, from now on we shall suppose that N is

invariant under B. In other words, if v e¢ N , then Bv ¢ N

Since B 1is symmetric, T is also invariant under B and there are two
complementary sets of eigenvalues of B’{uni} spanning N and {uti}

spanning T .
Under this assumption, we shall prove

Lemma 4.3. J(x*) and B have the same eigenvectors and eigenvalues in § .
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Proof : Call Mo the eigenvalue of B corresponding to

from (4.19) that

1) 370

i
[~

ni ni

then

(]

or
J(x*) Yni T uni uni
which gives the result.
Lemma 4.4. T 1is invariant under J(x*).
Proof : Let us consider v € T, it follows from (4.19) that
VT.JT(X*) B-] u . = VT u . for all ni .
‘ni ni
In consequence
vT.JT(x*) u. =0 for all ni ,
ni
which implies
JG&™) veT,
since {uni} are a basis of N .
Theorem 4.2, J(x*) is positive definite.
Proof : Consider v ¢ Rn, it follows from Lemma 4.3, that

vT T_J(x*) Nv=20,

énd

u
n

It follows

(4.21)
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VINIGE) Nv>0 (4.22)
Lemma 4.4 gives

VINIGD) Tv=0. (4.23)
Then,

vT_](x*) v = vT N_](x*) Nv + vT T_](x*) Tv,

and considering (4.22) and Theorem 4.1, we get the results of the present

theorem. O
Let us sum up; when N 1is invariant under B, we have :

i) ](x*) coincides with B in N.

ii) N and T are also invariant under ](x*) .

iii) J(x") is positive definite in R™.

. *, . . .. . .
iv) J(x*) 1is not necessarily symmetric in T . A nonsymmetric perturbation
on the Hessian of the Lagrangian, can be introduced by the inactive

constraints, as.is obvious from (4.14). This perturbation goes to zero

as 1 increases.

v) It follows that J(x*) can be considered as a perturbation of a symmetric

and positive definite matrix in R".

We shall not present further results concerning the local convergence of
the algorithm, with B defined in this section. However, it seems possible
to show linear convergence, and obtain results similar to those given by

Cohen [ 3] in relation to descent methods for minimizing real-valued functions

. n
in R".



_28...

5. AN EXTENSION OF VARIABLE METRIC METHODS TO CONSTRAINED OPTIMIZATION
PROBLEMS

In this section we shall consider B and give some additional conditions

on it, in order to obtain superlinear convergence.

We shall define a class of symmetric and positive definite matrices, and

prove that if B is near a matrix of this family, then B must also be near

Jx).

Consider
T
+ C A(x) Ao(x)AT(X) ’

) : Vgi(X)LVgi(x)]
= +
Yo,r, 0 T O T

(5.1)
where € > 0 and Ao(x) = diag[AO(x)].
The positive definiteness of Vb’r (x*) is assured for C and r

sufficiently large by the two followingmlemmas :
Lemma 5.1. There is a r > 0 such that, for all r = r

vT T V(x*) Tv > —;—6 I'I‘ v|2:
for any v ¢ Rn, and 6 given in assumption 1iv), section 2.
Proof : Since

T A AT AT T =0, (5.2)

and considering (2.3), we have

vT T VC,r (x*) Tvz=20 |T v --%— v

m m

|2 Trmrv,

where
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Vg, ") [Vgi (x*) ]T
M= I
ieT* - gi(x*)

is positive definite.

If we call My the highest eigenvalue of M, we can deduce that
r=2 uM/G
verifies the requirements of the lemma. 0

Lemma 5.2. For any r_ 2 r defined above, there is a C > 0 such that,

for all ¢ =>=¢C , VC " (x*) is positive definite.
>m

The proof is a consequence of lemma 5.1.

In the following, we shall consider Y(x) = YC . (x) with C and r
H
given by lemmas 5.1 and 5.2. n

Our aim is to show that, if
*
|x-x"|

and

[TCY(x) - B] T d(x)]|
[d(x) |

are small enough, then

|F(x) - x*I

x - x|

is as small as we want, where F(x) = x + d(x).
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We call
B = {Be Rnxn symmetric, positive definite, and N
invariant under B ; !IB-III < By s [1B]] < B,}
where B, > B, > 0 and ||.]| is any matricial norm, consistent with the
22 vector norm |v| = vl V.

Lemma 5.3. Given € > 0, there exist 61 >0 and 62 > 0 such that

whenever X e Qa and B ¢ B satisfy

|x - x| < s, (5.3)
and

B Pl <, G0
then

JU(x)';(z)]IMx)I <e (5.5)

Proof : It follows from (4.14) that

m
TJx)T=THx) T+T{ & Vg LV )\Oi(x)jT}T (5.6)
i=1

Considering (4.16), we get
m

: T, T - ’
T-{ifl Vg; (X)L VA, (x)17} =T D(x) B BIORE V0, (5.7

where

Vg, (x) Mg, (01"

D(x) = L
ieI” Tm gi(x)

and
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T g0 8T BT g ()

=T ) . z -
by = T L, Ve GO Ag; 0O+ T, T, 800

Vgi(x)[Vgi(x)fAOi(x)
s T* gl(x)

(wB(x*) = 0 for any B because of Kuhn-Tucker conditions).
It follows from (5.6) and (5.7)
T Jx) T=T Hx) T+ T D(x) B! [J(x)-BIT +T D(x) T + wB1<x> ’
where
Vg () = Y0 + C T AG) M) AT T

Then,we get

T [B-D(x)] B [JG)-BIT = TIY()-BIT + ¥ () ,

and

T[B-D(x) 1B} T [J(x)-BIT = TLY(x)-BIT + by, G (5.8)

where
Vgp () = Yy (O = TLB-DG)IB NLI(x)-BIT ,
(wsz(x*) = 0 for any B 1in consequence of Lemma 4.4),

Since D(x) 1is negative semidefinite and B 1is positive definite, we
deduce that [B-D(x)]B—l is not singular. Let 66 be such that, for any

V € Rn,
|TeB-D) 187 T v| < 8, |T V] .

It follows from (5.8) that




- 32 -

g0 d) |

1TI(x)-BIT d(x)| _ 1 |TLy(x)-BIT d(x)]

[dGo | “B 1A "B @™
(5.9)
In consequence,
I[J(ﬁzi)]‘li(x)] < 8—16- lT[VT(;‘)(;?IJT‘ 46l 4y oo (5.10)
where
b o L 1020000 a0 sr ae | |, J0eo-B de]
B3 ~ B [dG)] [dGOT [d(x) ]

Because of lemmas 4.3 and 4.4, we have

N[J (x*)-BIT = 0

and
[J(x*)-BIN = 0 , for any B,

then
lim wB3(x) = 0 for any B.
XX

Thus, there exists a constant 61 > 0 such that if x € Qa and

X - x*l < 61 s

then

Vg () < g,/2
for any B ¢ B.

The result follows taking




_.33_

As we shall see, inequality (5.4) gives a rule for the determination of

B in order to have superlinear convergence.

Clearly, if |[[V(x)—B]|| is small enough, then (5.4) holds. However,
(5.4) only requires that B approaches Y (x) along the tangent projection

of d(x), which is a weaker assumption.

\

This way of defining B makes possible the use of symmetric and positive
definite updating matrices B, which is in concordance with the theoretical

development made up to now and has a great importance in numerical applications.

In the following of this chapter, we shall suppose that the step-length -

given in step 3 of the algorithm is

Lemma 5.4. Given €,y > 0, there exist 63 >0 and 64 > 0 such that,

whenever X € Qa and B e B satisfy

|x - x*| < 8 (5.11)
and

|T[V[(:i<z;;s?r dx)| 6, (5.12)
then

S[F (x)1]
|d(x) l <e (5.13)

with §&§(x) given in (1.2).
Proof : Using a second order Taylor development, we get
SIFG)T = 8(x) +J (x)d(x) + o |d(x)|? (5.14)

It follows from (2.7), that
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[}

G(X) - B do(x) ':

and by (2.18) with € = 1, we get

8G) = - Bd@ +p |d )2 AW ef (5.15)
Substitution in (5.12) and division by |d(x)|, gives
[8lFG) 3| _ [LI(x)-B] d(x)|
]d(x)l < ld(x)] . + wBl&(x) ’ (5.16)

where

o av'e| [ ]?
Vg T [ ]

+o [d)]| .
Since (3.9) and as Aw_l is bounded, we have
lim_ |pAWw le| [d .|| =0
L e 0 | ,
X¥X X
and
1im* WBA(X) =0 , for any B ¢ B
XX
Thus, there exists a constant 65 >0 such that if x ¢ Qa and
X - x*[ < &8,
then
Ypa (X) < €5/2
for any B ¢ B.
Taking in lemma 5.3
€ = €/2

ve get §, and 65 = min (55,51)- O
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Theorem 5.1. Given g > 0, there exist 64 >0 and 65 > 0 such that,

whenever x ¢ Qa and B satisfy

|x - x*| < 8g : .17
and

sl o
then

111§l:§—l < e. (5.19)

Proof : Since, for a given B, ](x*) is not singular, there exist ¢y > 0

and cy > 0 such that, if
*
|x - x| < cy s : (5.20)
then
[6[FG | > e) [FG) - x™| . (5.21)
Applying lemma .(5.4), we get,
Fo - x| 52
d(x) ¢y

It follows that

which implies

[FGeo) - x™| . 2
Ix - x| S

Then, (5.19) is verified if
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€2 < cle/(1+g) .

The value of 64 is obtained in lemma 5.4, and 65 is the smallest of

O

63, given in the same lemma, and Cy-

Since the algorithm given in section 2 converges globally, if we state

some updating rule for Bk such that, for a given 64 >0, (5.17) is verified

after a finite number of iterations, then the rate of convergence of the

method will be Q-superlinear. This is a very strong result in nonlinearly

constrained optimization.



- 37 -

6. PRACTICAL IMPLEMENTATION AND NUMERICAL EXAMPLES

Superlinear convergence of the sequence {xk} defined by the algorithm

depends of the method of calculating {Bk}.

Because the formulae that we use are all related to a single iteration,

. . - . +
we drop the superscripts k. We write x instead of xk ! .

The formula prefered by several authors for defining B when there are

no constraints is the BFGS updating rule

T T
Bdd'B , n n (6.1)
aTea  aT q

=~1}

=B -

where the vector n is the change of the gradient of the function. If the

matrix B is positive definite, B is also positive definite provided that

the inequality

afn >0 (6.2)
holds.
We let
Y g v, LOGR) - 7 LOG,x) .

In the application of our algorithm, we cannot assure that it is possible to
- T . s . .
choose the step~lenght t so that d°y 1is positive, even if r. 1s

large enough and J(x*) is positive definite.

In order to satisfy the positive definiteness condition (6.2) we shall

adopt a procedure for the definition of N, given by Powell in references

[12,13].

Consider the number 6 given by
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1, dy=>0.2 d'Bd

T
08d B Ty <o.24" ma,
d  Bd -dy

then n 1is defined to be the vector

n=6y+ (1-6) Bd , - (6.3)

and B 1is thé matrix given in (6.1). Thus n 1is the closest vector to

Y of the form (6.3) that satisfies

dTn 2 0.2 a¥ Bd .

We state also an updating rule for Vs in the following way :
If r, < l/rm take Ei =T . Otherwise take

r, = 1/ Xi .

The given algorithm was applied to several test problems. We report
here our experience with four problems, described in a work by Hock at al.[l0].

We shall identify them with the same number as in the mentioned work.

Problem 35 - (Beale's problem) has 3 design variables and 4 linear equality

constraints.

Problem 43 - (Rosen - Suzuki, [2]) has 4 design variables and 3 nonlinear

inequality constraints.

Problem 86 - (Colville N° 1, [4] has 5 design variables and 15 linear

inequality constraints.

Problem 117- (Colville N° 2, [4] has 15 design variables, 5 nonlinear

inequality constraints and 15 linear inequality constraints,
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In all of them, the initial point is feasible for the inequality constraints.
The iterative process was stopped with a value of the function correct to five

significant digits and the inequalities verified.

The tests were performed on a HB-68 DPS/Multics computer. All the
calculations were carried out in single precision (27 bit mantissa), except

problem 117, calculated in double precision.

In Table 6.1 we give our final results and also intermediate results in

which the objective function value is correct up to two significative digits.

Problem Iterations Func. and grad. Function value
evaluations
35 3 4 0.1130046
6 7 0.1111178
43 6 8 -43.85651
9 1l -43.99907
86 5 5 -32.14405
9 9 -32.34860
117 35 37 32.93569
48 50 32.34877

Table 6.1.

We shall compare our results with those obtained in a work by Hock et
al. [ 10], and with our results in ref. [$] . 1In [10] the best performances

are given by VF2A and OPRQP programs.

In the numerical tests shown in [10], in general VF@2AD needed a less
number of functions and gradient evaluations than OPRQP but in counterpart,

OPRQP used less calculation time.
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In the three first examples, the number of evaluations with the
present method is similar to the number with VF@2AD and smaller than in the
results obtained in ref. [9] . In problem 117 we needed a number of evaluations

much greater than with VF@2AD. This may be due to a nonconvex feasible region.

Even if we have no computation time informations, we estimate that the

calculation needed by our method is similar to that of OPRQP program and

significally smaller that VF@2AD.

Considering also that the present is a feasible method, we conclude

that the numerical results are very satisfactory.

The method proved also to be very reliable. This is due to the fact that

active set strategies are unnecessary, and that the linear search scheme

doesn't introduce discontinuities.
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