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Résumé » La modélisation et l'identification des modes de vibration d'une

structure soumise 2 une excitation naturelle peuvent &tre:.considérées

comme un probléme de réalisation stochastique. Vu sous cet angle, ce pro-

bléme présente les difficultés suivantes :

1) — 1'excitation est non staﬁionnaire,

2) =- il s'agit de grands systémes car on souhaite jdentifier un grand
nombre de modes afin de détecter l'apparitionm &ventuelle de fatigues
dans la structure. On donne des résultats théoriques et expé;imén—

taux pour ce»prqblémg.

Abstract : The modeliing and identification of vibrating structures subject
to natural excitatiom is considered in this paper as a stochastic reali-
zation problem. The main difficulties are the following : the excitation

is nonstatiénary, and the system is of large scale since a large amount
.of poles and modes have to.be jidentified for the purpose of detecting fa-
tigues in the wibrating structure. Theoretical and experimental results

are presented for this problem.
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I - INTRODUCTION

Vibration monitoring is a basic tool for detecting fatigue dam—
ages or partial failures in a vibrating structure, or for designing
such structures. A very popular example is thevcontrol of rotating
machinary where rotors are the cause of vibrations in the structures
([24] [25]) ; another important example is the detection of fatigues

in an offshore platform. -

Most of the techniques ' used in vibration monitoting try more or
less to identify the modal characteristics of the structure through its

dynamic responses. Two approaches are available :

-- using artificial exeitation : periodic excitations with adjust-
able frequency, or dirac pulses ; such an approach is frequently used
for the design of ground and air vehicles [26] but is difficult to use
aboard an offshore platform'(although it has been successfully applied

in some experimental cases).

-- using natural exeitation : this would be especially'convenient
in the case of offshore plgtforms where the seawaves action is such a
natural and permanent excitation. In this case identifying the modal _
characteristics of the structure is a much harder task than in the case
of artificial excitation ; a brief review of the previously used tech-
niques is dome in appendix in the context of the modelling of offshore

platforms.

In thié paper, the problem we are interested in is mbtivated by
the detection of fatigues in an offshore platform. The approach is the
following. Assume a fatigue (one or several failures)‘bccurs in the
structure ; this should result in a modification of some of the modal
characteristics of -the structuré.~Thus, if a number of measurements of
the dynamic behaviour are available (for examﬁle through aécelerometérs

or gauges), and enable the jdentification of some modal characteristics



of the structure, they would provide us with a way of detectlng changes
in these characteristics, which could be interpreted in terms of the

change of the mechanic properties,

In this approach the difficulties are the following :

1) - An offshore platform is a fairly complex vibrating system, and
should be considered as an infinite order linear system with finite
(maybe large : 10 to 100 !) dimensional observatzon. Low order approx-
imations are not sufficient for our purposesince the detection of fa-
tigue is known to require the identification of hlgh order modes ([27]) ;
it is hoped that the identification of, say, 20 modes would be conve-

nient for detecting worse failures.

2) - As a natuyral excitation, the swell effect is difficult to identify.
It maybe assumed that, restricted on the bandwith of 1-7 §z we are in-
terested in, the effect of the swell on the v1brat1ng structure is equiv-
alent to anonstationary- white noise (1.e. a white noise with time-
varying covariance matrix), since it is mainly originated by secondary

wave actions : slamming phenamena, transient vortex shedding,...
t

The paper is organized as follows. In section II the model of our
system is 1ntroduced and the consequences of the previously mentioned
difficulties are discussed. In section III the problem of the nonstation~-
ary excitation is analysed as a nonstationary stochastic realization |
problem ; consistency results are stated in this context for the Instru-
mental Varlable method (see [3] for a similar result about the . Ho~kalman
method). In section IV the problem of finite order approximation of in=-
finite order systems 1s investigated through the asymptotic theroy of
PadéApproximants. The algorithms are given in section V, where a simple
geometrlc ‘approach is given for deriving lattice form algorithms. The
section VI is devoted to the experimental results : results are reported
" on real data coming from offshore platforms, and also on simulated data

corresponding to a complex system of masses interconnected by springs.



IT - OBTAINING THE MODEL

(II.1) - Continuous time model, dnd statement of the problem
Denoting by p the derivative operator, and by 4 the continuous

time, we choose the following model for describing our system :

.2

. (Mp~ + Cp +K) Z, = E
(rr.z) § &8
v, = LT,

where the first equation is the classical second order system encoun-
tered in vibration mechanics, and L is the observation matrix : E; is
a nonstationary white noise with time-varying covariance matrix QE(A) ;

the measurement noise is neglected. The corresponding state space model

is
. | pX6 = A X& + BA
(II.2) -
y
s HXA
where ;
ZA 0 1 | 0
X, =1. , A= B, =/ -1
s ez, sk et 8 (MO
(II.3) E
- UH= (L, oL

The matrix A is assumed to be asymptotically stable and has the

following spectral decomposition :.

1

A = UDU »

(II.4) - '

wo {100 -
u = = | v = _ I ()

7N A o A

4 | -~
() - The superscrnipt " " means complex conjugate.



where ¢ is the matrixwhose columns are the vibration modes, and A contaias
the poles of the system. The problem we are'interested in is the fol-

lowing :

PROBLEM 1 : Identify the matrices & and H ¢

Note that‘Aicontains the poles of the signal, whére,as the matrix
H ¢ contains the bbServed part of the vibration modes ; indeed, the whole
matrix ¢ cannot be recovered by observing the signal only, since a chan-
ge of bases in the strate spaée modify ¢ , while keeping unchanged the

matrix { ¢.

(I1.2) - The discrete time model ; the problems of model reduction and
‘nonstationary excitation -

Since we are interested in discrete time identification of the
system, let us introduce the discrete time system obtained by sampling
(II.2) at a sampling rate 1/4° ; and denote by £ the corresponding dis-

crete time :

41 t t t
(II.5)
Ve = HX,

where H is given in (I7.3), and

F 8°.A

e .
(Z+1)8° :
z‘/f e M g oM u Qls) =
] :

(II.6) 0

0|
0o tanur

u

9, -

Note that the discrete-time system (II.5,6) no more is the output of a

time invariant all-pale system driven by nonstationary white noise : indeed, .



"nonstationary" zeros are introduced by the coupllng effect due to the

sampllng in the formula (II.6) which glves QI

Now, the basic problem-l can be translated in this discrete
time context in an obvious way, since A has to be replaced by exp (8° A),
whereas ¢ remains unchanged. We have thus to solve a nonstationary
(partial since only H and F are searched for) stochastic realization
problem ; moreover, the identification has to be achieved with a single

sample of signal, since the time-varying covariance matrix Qt has an

unpredictable (and certainly not periodic !) behaviour.

Furthermore the model (II.I1) by no means can be assumed as an
exact one, but rather has to be considered as a reduced order model,
where as the true order should certainly be considered as infinite. This
point has to be taken into account in designing the corresponding iden-

tification algorithms,

(II.3) - Derivation of the identification methods
The following remarks will lead us to the nppropriate identification
procedures : - ’

. == gince the model-(II.5) has to be considered as a reduced order
model, realization algorithms based tpon the selection of independent
rows or columns in some Hankel matrix should be prohibited, for reasons
of numerical ill-conditioning ; as an example, belomging to this class

of methods is the famous Ho-Kalman realization algorithm [4].

-- Since, in our case (as it will be shown later), no reduced order
can be considered as "the most relevant ome", it is highly preferable to
be able to compare the results of the identification obtained on several

models of different orders.

. ~= Among .the various reallzatlon algorithms of Hankel matrices with

model reduction, the most powerful ones lnvolve the use of the so—called



"Hankel norm "approximation by the way of the Singular Value Decomposition
of the Hankel matrix ([5] [6] [7]). However, on one hand the models we
will work with are very large as it will be shown later, and on the

other hand we will need the result of the identification for several mo-
dels of different orders, Hence it will be _highly desirable to get ef-
ficient algorithms with the property of being recursive in the order of
the model. For that reasom, we left out the realization algorlthms based
upon the SVD of the Hankel matrix and preferred to use a ladder form ver-
sion of the Instrumental Varlable (I.V.) method, which will be now in-

troduced.

Let us assume, for the model (II.5), that (IT. 7) dim Vt d,
dim Xt p .
Let be n the smallest index such that there exists matrices

" ex
Ajsw-es A such that (I1.8) HF' = T, A HF ",

By Cayley-Hamilton theorem, we get n g +#; in fact it is generic
that p/d s n < p/d + 1, and this later index will be referred to in

the simulatidns as the generic order of the system,

- -

The pair (H, F), where

i 0 I
(I19) H=1(1, 6O  F - \\\\\:::::::\\
. | 5 1

is a (non-minimal) solution to our problem, in the sense that the pairs

(%, H¢ ), where A are the ezgen-values of F and N the corresponding.
ezgenvectors belong to the set of the pairs (A, ¢k) such that

n L
(11.10) (A1 - 3 M) o =0

e £



-

the inclusion being generally strict, unless F is a pxp matrix, i.e. .

n=p/d.

. Then, assuming the model (II.5) to be exact, we get for every
Z and 43 0: .

0 o
(where I = 0 by convention). Hence, using (II.8) and the fact that
)

Vt is a white noise, we get the following orthogonality conditions :
for every £ : . _ :
: n ‘ | o -
. . ‘ Lz
where’

(11.13) XLy meams E(xy') -
E denoting the expectation.

By using the minimum number of orthogonality comstraints in (II.12),

we get che :

Instrumental Variable (I.V.) method : Solve for A se.., A the orthog-
onality conditions
(IL18) Vg = L Ae Vemes 1 Ve . Yt

FRAES

. Now by taking into account the whole orthogonality conditions, we get
the,

Far Past Projection (F.P.P.) method : Solve (in the least squares semnse) for
A, reses An the orthogonality conditionms '



n -
z

(IT.15) VY - Al; 'y,tm..j_l _L_ V,t ’ Vz-J P

We have just explained what are the prinéiples of the methods we

shall use. The following problems remain to be investigated :

(Z).. The orthogonality conditions (II.14-J5) involve exact covari-
ance, which cannot be estimated since the-processvyt is nonstationary,
whereas only a single sample of them is available 3 this point will be

investigated in the next section.

(Z2).. What kind of approximation is obtained by satisfying (II,1¢-15)
when the model-(II.5) is not exact ? This will be investigated in section

Iv.

(Zii).. Will the solution of (II.14-15) provide us with what we
are interested in, namely g soZution'qf (II.8) ? We will now give a pri-
mary answer to this question by investigating briefly the wellknown stg-
tionary éase, thus assuming for the moment Qt = Q.

The stationary case : q eontrollability condition

For n2 o0, set

- y y T
(II.16) r, E Yn Ve

and introduce the Hankel matrices

(II.17)

_ %X;,N N

N — “N+n




given matrices H,F,G , denote by

. H
(11.18) O (H,F) = 'fi::
| _HF®

&, (F,6) = 16, F6, — , F'6l

respectively the observability matrix of the pair (#,F), and the con-
trollability matrix of the pair (F,G). Denoting by p the solution of
the Lyapunov ‘' equation

(I1.19) P=FPF + @

it is easy to see that the Hankel matrix iiz N of (II.17) exhibits the
b4

following factorization

(11.20) ¥, - O, W B (FH).

- -

-On the other hand, the matrices A],..., An defined before are

the solution of
(I1.21) [-A, ,eeey = A, 1] %n,N = 0

where N = n~1 for the I.V. method, and N = +% for the F.P.P. method
(solution in the least squares sense in the later case). Hence, from
(II.20) it appears that for (II.21) being equivalent to (II.8), it is
necessary and sufficient that the pair (F, PHT) be controllable. But,
provided that (H,F) be observable, this later condition is known to be

equivalent to the controllability of the pair

(£, o!%) (131 181 [9D).



Finally, <f the pairs (#,F] and (F, Ql/z) anzrespectzvely observable
and controZZabZe then the I,V. and F.P.P, methods are equivalent to
(II.8) (hence, solve our problem), at least in the stationary case. And
it is already known that omly the excited modes can be identified on
vibrating structures. The same po1nt will be dlscussed in the nonsta-

tionary case in the follow1ng section.

IIT - SOLVING THE NONSTATIONARY STOCHASTIC REALIZATION PROBLEM

In this sectlon, we assume the model (II.5) is exact, thus leav1ng

out the problem of model reduction.

Troughout this section, we assume that g single sample Vig s+ ¥g

of the nonstationary signal (yt) 18 available. We will now indicate what
is the lmplementatlon of the I.V. and F.P.P. method in this context. For
nsxC » set

S T

with %-=_Oiﬁy convention for £ <0 or £ > S .

Note ‘that there is no asymptotic behaviour for r (Slas S+ =
since g% is a sample of a nonstationary process. Denote by”?c N (S) the
Hankel matrix built as in (lI.l?), but using the empirical covariance

matrices F (S). Then the practical implementation of the I.V. and F.P.P.

methods in the nonstatlonary case is the following :
Instrumental Variable method : solve for Ay seee, An the linear system
(II1.2) [-A ..., A, , 1] %h,w (S)

and denote by AI (s),..., An(S) a solution.

410
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Far Past Projection method of order N : solve for AI""’ An in the

kast squares sense the linear system

(II1.3) [, ...,

Ay 1140,y 1S) = 0,

and denote by Ay (8),..., AZ(S) a solution.

- The analysis of these methods is dome in [3], where the following
consistency result is proved :

p———

- (III.4)

e

ASSUMPTION A J (7) The matrix Qt is bounded uniformly in £

(i2) The pair (H,F) is observable, and there exists a

matrix G*, such that the pair (F,G¥) be controllable,

satisfying the following inequality

Qat > G 'G::T.

The following assumption is much weaker than (III,4), since it

allows drastic changes in the geometry of the excitation matrix

’-:SSUMPTION A2

1 7 ‘3
(ITI.5) X
Rs %0
. where
S
(III.6) AS = I
Fa

=

0

Qt:

Same as Al, except for (II7.4) which is replaced by

the following condition :

with probability 1, we have

for S large
' T ee T
Verr Vg 2 B0 G,
- 2
[l Xl

It is proved in [3] that assumptions Al

The following result is also proved :

is assumed to .satisfy AS > . w,E.i as S » = .

implie assumptions A2.



12

r-THEOREM 1 : Let the assumptions Al or A2 be in force. Then there exists

an_integer N, depending only upon the bound on Qt and on

G*, such that the F.P.P. method of order N is consistent in

the sense that

n - E .
(III.7) Lm z (AN (S) - A,) HF'* = ¢ w.p. 1,
S+ei=l % <

where

A,,..., An is an arbitrary solutiom of (IT.8).

o

This is the desired amswer to our problem : the FPP method is
robust in presence of nonstationary driving noise. Furthermore, it is
seen in [3] that the accuracy of the metod (i e. accuracy of the iden-
t1f1cat10n of the various modes) is related to the well conditionning
of the emplrlcal controllability matrix (see (II.18) for the notation)
(111.8)  B(F,Py H) , where Py = FP.ET + (L 3 0, Ty

* *°8 ’ S S KE 0 X+l Tzl
which turns out to be related to the condltlonlng of the controllablllty
matrix é(F G ), where

S T
(III.9) GS GS = KE- v Vt+1'

t+1

Q_MU:

We reobtain the fact that a good identification of a given mode
requires a good éveraged excitation of this mode during the identifica~

tion period.

The conclusion of this section is thus the following : for the
stochastic realization of a nonstationary process from which a (long)
single sample is available, proceed as in the statlonary case, but re- '
placing the theoretical covariance function by the single sample estimated
one. A similar result is proved in [3] for the classical Ho-Kalman algo-

rithm. Let us emphasize that such a ¢ aim would be wrong when using



- other identification techniques like maximum likelihood estimation or

spectral estimation via for example a Burg method : in these cases,

zeros are also identified. on the signal VI , which is of no significance

.in our case since these zeros, due to the effect of the pertubation,
are themselves nonstationary. See [3] for a bibliography on the topic

of nonstationary stochastic realization.

IV - THE PROBLEM OF MODEL REDUCTION : AN APPLICATION OF THE ASYMPTOTIC
THEORY OF PADE: APPROXIMANTS - '

In this section, we will restrict ourselves to the stationary

scalar case.

Let us first recall that no stability is guaranteed when using
neither the I.V. nor the F.P.P. method with incorrect models ([7(]). In
this section we are interested in investighting the kind of approxima-

tion we get using these methods on infinite order processes.

Padé Approximants []7]

Given a formal power serie i

(v.1)  flz) <z a2,
k=0 :
the rational fraction
P .
| L kR . B _ (z)
(IV,2) . - 0 blk)z"™ & “n,p
6W?u)= n R B
g.a(k)z AV["P‘(Z)

is an (n,p)~ Padé Approximant of § if

8 Ay 1) 1z -8, e 2z R

43



The pol.ynomi'als Anl’ p
Toeplitz system,

and B 0,

p are defined by the following

where, by convention, £

néOforn<0:

r_lLo\ F bo —[
1 “mp
g ’Lo
| - p
l‘t 1 K P
P p-n T-:p
(IV.4)
M1 Mot 1-n = 0
n
L]
L n
)
" o

Now let us consider a stationa

by I‘n = ( gtﬂl S;’t)‘its covariance functionm.
(IV.5) {lz) = %ro + I Ty zk
' k>0

its half-spectrum,

or iinpedance funci:ion. Then,
(IV.4) that the denominator An

E
also the solution of the equiva

p OF the (n,p

_0 .JL‘

Ty scalar signal (yt)’ and denote

Denote by

for p2n-1,

) - Padé Approzimant of § is

lent Hankel system

it is clear from

1%



(1v.6) [alnl,..., alol]

wh:z_:ch corresponde to a delayed I.V. method (P = n-1 for the method of
section II) for the stochastic realization of (V;t‘)._ As a consequence

no meaningful metric can be associated to be I.V. method, since the

Pade Approx:unants are known to be local (compare with the approximation
by all—pole models, where a natural metric is avallable [72] [13], which

corresponds to p = 0 in the system (IV.6).

However the asymptotic theory of Padé App'roxir'nancs gives some
insight on the kind of approximation onme gets using the (delayed) I.V.
method. Denote by ag s Gpsene the poles of the signal (yt ), ordered by

the modules :

7<-la1.l$ld2<lso..
We h;’ve the following theorem :

THEOREM 2 (Montessus de Ballore, 1902, [10] [11] [14] ) : for n fixed,'
the roots of A

p++o-

", p (z) converge to the set { Wpenes an} as



‘Hence the I.V. method asymptotically (p—+ +» ) selects the most
oscillatory poles of the signal, which is an interesting property. No
similar result is available for the F.P.P. method ; nevertheless the-
orem 2 gives also information on the later method, since the F.P.P.
method corresponds to some compromise between the solution of different
I.V. methods correspondlng to different delays p . As it has been point=-
ed out to us by M. Morf ( ), the FPP method is nothing but a covariance
method applied to the sequence of covariance matrices (r (S))n>p , which
is asymptotically equivalent to a Levinson method when the number of
constraints grows ; hence, for N large, the FPP method of order N en-
sures approximately the stability of the identified system. This is

confirmed by the simulations.

Unfortunately, as it will be shown in the experiments, the theorem
of Montessus de Ballore is not robust when the exact covariances are

replaced by estimates of them.

V - A SIMPLE DERIVATION OF LADDER FORM ALGORITHMS

Since we are interested in identifying models of dlfferept orders,
it is desirable to derive algorithms which are recur51ve with respect to

this order.

(V.1) - Ladder form algorithms for the Instrumental Variable method

We shall derive these algorithms.in a stationary context using a
very simple geometr1ca1 framework. For further lnformatlon on exact
algorithms for the "non stationary" case (i.e. taking into account the
boundary effects arising when flnlte samples are 1nvolved), see [15]

[T6] [17]1 [187].

Consider a pair (Y, , UI) of jointly stationary processes ; the

process Ut will be referred to as the Instrumental Variable process.

2 _
() = Private communication



~ Introduce the following foruard and backward residuals, where
the matrix coefficients are adjusted so that the following orthogonali-
ty conditions be satisfied (see(Z7.13) for the motation .l ) :

s, 0
Zt{n,p) = Vz - f:-.l An’p y't-'é __L u _p_’ pos e 'uot"p-n
(v.1) i
4 n g . ' _
felnp) = Veen - f:___, n,p Vy,t-nu'.-L ut-p" e u.t-p-nﬂ
with, by convention, et(o,a) = 61(0,0) = y't.-

Note that the problem (IT.14) we are interested to solve is embed-
ded in the family of problems (V.1) , correspondlng to the case Ut Vt,
p= n-l .

Denote by

(V.2) 'gf E
the linear space spaned by the variables Vé,..., Vt for ~» 4 52 5 +o

Then the following condztwns characterize the residuals up to a constan'/:
normalization matrix :

Span {VA,..., Vt}

e (VL,P) eqj,t _, amd e (n,p) _Ltuﬁ-s-n

(v.3)
f¢(n,p) e"j,t_n and 62?(”’ P) _L‘Zﬁ:p_n”; .

Three different recursions may be obtained :
== p gixed, n + n+l
- n fixed, p- p+l
- n+n+tl , po> p+rl .

We will derive in details the’ first recursion, and give only the

results for the other omnes.

47



From (V.1) and the orthogonality comnditions in (V.3) we get
_ 2=1
eelntl,pl - e.(n,p) ‘y’t—n-l

£In#1op) - eglnp) LULE

(v.4)

so that, by the characterization (V.3), there exists a matrix Kn

»

such that

(v.5) eund,p) - euln,p) = - K

n, 0 841 (mop) ;

the matrix Kn p is entirely defined by the orthogonality condition
H4

which was missed in (V.4), namely

eelnstip) Lo Up

which implies

- -1
(V.6‘j K-Vl,.p =<_€z(H,P): u,t-p-n-]><6»t‘1(n’p)’ ut- p-n~1 >

where, by‘dgfinition

. . pl ’
(Ve7) & X,Y > = de notes the matrix E X VT.w

The formulas (V.5) and (V.6) give together the first formula of
the ladder form recursion. The other one is obtained by applylng the

same method Fo ét(nfl,p) fz-7 (npl.

.As customary, these recursions can be expressed using the polyno-

mials
A L
Al & LK kT
(v.8) .
B (z) & "1 - ¥ B =1,

18



whereas the matrix reflection coefficients Kn :
»

the covariance matrices

p can be expressed using

4 - T
(Vog) rk - (V » u;c_k> .E yt u't_k [

The three resulting recursions are the foilowing [103-[1] :

[\
*n,pt2t

B, p 32

-=- p comnstant, R + n+l

& A (z)

n+l,p

+ > B"'”:P(z)

where the two different matrix reflection coefficients are

(z)

n,p

n,p

{z)

n n |
- 1 - A - -7
K0 = Tornet 2 Me Torme=d 1Ty E . Bnp Tprd
n ' n .
. o - 4 -1
K = | - f:=1 Kr{;.,P rp"n- 1*4.) (rp f’_ ' A Tp-i! .

np ~ To-n-1

-- n_constant, p =+ p+l

[

B;'t.,)o~l-] (Z)l



where K is defined in (V.10), where-as

n,p

. n -1 .
:' S - = H=. L4
(v.11) W (An,'p),' ' Rep Kkt,p n,p

-=n -+ ntl, p > ptl

n+l,p
—z_]

A () ' o> A (2)
h,p d “pan - > n'”vp'*l z

n,p

z K ' - : .

n,p

B, pl2] A ‘ +BS—p Byyq pirl2)

" where Kn p and K n,p are defined in (V.10), whereas

» $ 4
% = (K% )']
n”p B n’p
- n L =1
(V.22)  Hppq p=Hoo Ty - I Aup Torrer-d
. ‘ n n . ‘ n .
H= (T r A ) B

. - A r ;) - K (r,, ,-I r ).
ptn+l i=1 P ptntl-4L n,p p+1 i=1 n,p p+1+4)
.The first recursion is nothing but the Trench algorithm for the
block-Toeplitz case ([11 [10] [19]1), where-as the other recursions seem

to be new.

When applied with Ut R these recursionms provide us with algo-

rithms for getting the pole part An p
. b4
orders (n,p) for the process Y. . Although our model (II.5) corresponds

to an ARMA (n,n-1) model (Cthare (II.14) with (V.1)), we will try to

(z) of an approximate ARMA model of

20



adjust on the signal Vt several models ARMA (n,p) with different n
and p'4, but with the constraint p 2 n-1 in view of (II.12).

(V.2) - Recursions for the Far Past Progggﬁianjmethod

We will give recursions over the number N of constraiﬁts which
is taken into account in the FPP method of order N (ef (II.15),(II.21)
and (III.3)), whereas the "order" n of the model is kept constant. We
shall thus. obtain recursions of different kind as for the I.V. method :
these are not ladder form recursions. Stérting from (V.1), we add
further orthogonality constraints, for obtaining the cofresponding
FPP (N) method : the Ai 4 are the solution in the least squares sense

of the orthogonality comstraints

n .
(W18 VeI A ey Lo Uy oy
- . " . . .

where N > n . The corresponding Toeplitz system.ig

(v.14) AIN). "G IN) = L(N),

where

AN = [Ap,eee, A,

'rp+N-n _rp+N-1-

(V.zsir(‘:(N) =

p FptN-n

ptl- Tpeid -
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The solution of (V.14) is given by
(v.16) AN = LN) B (BT Gy

and a square root algorithm using orthogonal transformations ([20,])
is used for uptdating the square root of the last matrix in (7, 16) ;

see [1] for further details. The initial value of this square root,
namely(z:(n) is obtained through the I.V. method of orders (n,p)
using a Gohberg~Semmencul formula ([71 [21]). Fast algorlthms are also

available for this problem.

This recursion over the number N of constraints can also be com—
bined together with recursions over n and p, by using inversion formulas

for partitioned matrices.

(V.3) = Practical implementation

The algorithms (V.10-11-12) and (V. 14-15) are used withllt Yt .
When a single sample VO sees, YS of the nonstationary signal V is avail-
able, the "true" covariance matrices Fk are simply replaced by the empir-
ical covariance matrices Tk(S) defined in (III.1) ; this point was jus~-
tified in section III. The so obtained results should be considered as

valid for sufficiently large S,

Then, the modal characteristics are identified by checkxng the
eigenvalues and eigenvectors of the companion matrix F (S) which is built
on the estimated matrlx coefficients A, (S), as indicated in (II.9). For
this purpose, a reduction of F(S) to the Hessenberg form is first used,
then a Q=R factorization algorithm is repeatidly used until convergence
to the desired diagonal form. This part of the algorithm is much time

consuming. Some alternatives would be :

== (). reduction of the polynomial matrix I - g Ai z* to the

Hermite form,
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(12). extraction of the poles by root finding iterative al-

gorithms;

(%) computation of the corresponding modes (i.e. vectors
of the nullspace). But the classical techniques for the reduction to

the Hermite form are not véry efficient [22].

2== (Z). orthogonallzatlon of the components (V 2eevs Vd) of the

observatxon V in the followzng sense : set

'~1

s T,vh, - . 4
Ve & Ve-E W /Y s di=2,...,d; 852
(V.16)
e LR vl e, d s st
d
e Ve

This may be achieved efficiently using a Levinson algorithm.

(ZZ). Apply the I.V. or F.P.P. method to the so—-obtained V

process : the resulting polynomlal matrix is ‘in the Hermite form.

(72Z). Proceed as suggested in the preceding alternative. Note
that the two steps (7) and (%) is nothing than a suitable way of per-
- forming the reduction of the polynomial matrix I-1 AL Z° in the

Hermite form, since the following factorization is obtained

(v.17) 1-zth 25 = =Ulz) Uz)
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where the upper triangular matrix U (z) is unimodﬁlar, and corresponds
to the step (Z), whereas L(z] is the desired Hermite form, which is

obtained by the step (%%).

These alternmatives were suggested to us by M. Morf ; the second

one may be interesting, although we have not lise it at the moment.

Nevertheless, it seems that the search of the elgenvalues v1a the
Q- K factorization algorithm may be dramatically improved if good. approx-
imations are available for these elgenvalues : but this is indeed the
‘case in our situation, since the identification is performed for various
orders and numbers of constraints. Finally such an lmprovement of the
method we have used could be the best solution in our case 3 further

work is in progress in this direction.

VI - EXPERIMENTAL RESULTS

We shall give results on real as well as simulated data.

(VI.1) - 4 simulated vibrating system

The figure 1 shows a simulated system of masses lnterconnected by
springs, where we are interested in modelling the motion of the. system
‘along the vertical axis. There are 30 masses, among them 4 are observed.
The correspondlng system is of the form (II.5) with dim Xt = 60, and is
generically observable, and controllable by any non zero (stationary)
excitation. Since proportional damping were synthetized.(C = oK + BM

in (II.1)), the modes are real.



Figure 1

(VI.2) = A real vibrating system

The figure 2 shows a jacket (fixed offshore platform), where
the two components N-S and W-E of the acceleramoters C and ¥ were used,

thus giving a 4 - dimensional observation.

Figure 2

The figure 3 shows two pieces of 320 sampleS'locéth at different
places of the same 5800 samples - length record. The signal is clearely

non-stationary ; moreover it is (unfortunately !) too coarsely quantized.

Figure 3

(VI.3) ~ Notations
The experimental results involve

-— the presentation of the identified frequencies, together with informa-
tion on their damping, along the different steps of the procedures (var-
ious orders (n,p} for the I.V. method, and different number of comnstraints

for the F.P.P. method).

-~ the presentation of the identified modes.

25



Notations for the presentation of the tdentified frequencies

X axis : frequency (from 0 to w)
y axis : (n,p] = order of the model for I.V. method
{n,p] = (number of matrices Aé’ i.e. AR ofder, M order + num-
ber of further constraints)for the FPP method

l ¢ exact frequencies (for the simulated system) plotted at the bottom
X : unstable poles with Is |z| < 1.7

* : stable poles, damping between 0% and 4%

stable poles, damping between 4% " 4%

. : other stable poles

Presentation of the modes

Given a modal vector ¢T = f¢, yecey & 4), where the ¢i'4 are complex
numbers, the coordinates of the corresponding normalized modal vector
T . .
% =‘(¢1/¢2 » 1, ¢3/b2 , ¢4/¢2) (vhere, for examples [6y | 5 max ,¢i [
are shown in the complex plane as indicated in the figurq 4, where

¢i/¢ﬁax is plotted at place «.

Figure 4

(VI.4) = The results on the simulated system

The I.V. method

_— Eiggge 5 ¢ Illustration of the theorem of Montessus de Ballore

- all masses are excited (2 diagonal, with non zero diagonal entrées)
.. length of the sample = 5800
- results of an ARMA (15,P) modelling with P = 15,...,60
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Although a long sample was used, the convergence of the poles is
not really satisfactory as P grows : the theorem of Montessus de Ballore

is not robust,

- = Figure 6.7 : behaviour. of the identified modes

. all masses are excited

. length of the sample = 5800 _

. results of ARMA (N,N) modelling, with N = 1,e0., 39
The figure 6.7 sho-ws the identified frequencies. Note the band B where
two exact frequencies exist (with a gap of 5/10007) and are indeed
recognized with different modes ; note also the band C where a true
frequency is recognized after the "exact orderh 15 (=60/4), thus sugges-
ting that this highdimensional system behaves like an infinite dimen-

sional one.

The figures 6.7%, 7%, Zv show respectively the identified modes
in the frequency bands A, C, D. Note that these modes are consistent in
the bands A and C (which correspond to true frequencies), whereas there

appear at random in the band J.

The F.P.P. method

— Figure 7.7 and 17 : Comparison between F.P.P. and I.V.

. 3 masses excited

. length of the sample = 5000

The figure 7.1 shows the result of the F.P.P. method for an AK order of
10 (giving 20 poles) and comstraints corresponding to N = 10 to 42 in the
formula (III,3) '

The figure 7.i7 shows the result of the I,V. method for an ARMA (n,n)
model with n = 1 %o 27 (giving at most 44 poles).
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Note that for N ~ 40 all the identified poles are stable in the
case of the F.P.P. method, whereas it is not the case for the I.V;
method since only 25 stable poles are identified. Recall that identifying
meaningless poles is highly undesirable,.since the diagonalization is

much time consuming.

Figure 8.7, 77, 211 : Robustness with respect to a non stationary excitation

. F.P.P. method as in the figure 7.7

— figure 8.7 : . stationary excitation, 3 masses excited,
Q= (Qxlj) with Qi = a4, 4= 456, = 0 clsewhere.
. length of the sample = 600

~— figure 8.7% : . stationary excitation, all masses excited
Q' = Q) with Qi = Q.0+ 1 g
length of the sample = 600

-— figure 8,777 : . nonstationary excitation : Qt = Q
for O £ <300, QC=Q' for30C< £t < 600,

and the transient period after 300 was kept. g

.-length of the sample = 600

It appears in 8.777 a compromise between the results of the two

statlonary cases, without further degradatlon due to the nonstatlonarlty

of the excitation, which is a very satisfactory result. Note that model

reduction has been furthermore enforced.

(VI.5) ~ The results on the real system

- figgze 9 :.lgngth of the sample = 5800, among them two different parts
of 300 samples are shown in the figure 33 note the non

stationary character of the signal.



. the figure shows the result of the FPP (n,N) method (cf (IIT.3))
with n = I'Cand N = 10,...,15 ; 31,..., 35 ; 51".’.'_’ 55 ; 3‘7,._.., 5.

For further information, see [1].

CONCLUSION

We have considered the problem of the idemtification of the modal
characteristics of a vibrating system, subject to a noncontrolled and
unknown excitation, as a stacﬁastic realization problem with nonstationary
.excitatiqh. The robustness of two already known methods (I.V and F.P.P
methods) has been investigéted with respect to the nonstationary character
of the excitation, as well as the necessary model reduction. Efficient

algbrithms were developped for this purpose.
The main conclusions. are the following :

1)=- This method seems to provide a substantial improﬁement over
the alreédy used ones, which are based upon the analysis of the spectral
density matrix of the signal (see []] and the appendix) : very close poles
coréspdﬁding to different modes can be recognized, and separatéd ; fur-
thermore, the robustness with respect to nonstationary excitation has
been established, which was not the case for the methods dealing with
the spectral density matrix. As a cbnsequence, it appears that an iden-
tification based on a long nonstationary sample could be preferable
compared to a collection of identification based on small quasistationary.
sémples, since thé result of the identification could be less'sensitive

with respect to. the variations of the excitatiom.

. 2)— The extraction of roots and eigenvedbrs in a high degree/high
dimensional polynomial matrix leads to time consuming computations. Fast
and stable algorithms should be developped for this purpose ; some promi-

sing ways are indicated in this paper.

23
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APPENDIX : A comparison with methods based upon the'diagenalization of

the spectral density matrix (S.D.M. method)

This method has been frequently used for the purpose of obtaining

the modes of a vibrating system subject to a natural excltatlon [10]

[Z1].

Description of the S.D.M. method

— STEP 1 : Estimation of the spectral density matrix S(e‘e) of the
signal (y ) ’

Various techniques are used for this purpose :

Fourier transforms, Burg method, Levinson method, for example.

== STEP 2 : Check the local maxima of the function 6 - T (S(e* ))
denote by @ one of these maxlma (other measures could be used for detecting

"large" symmetrlc matrices).

— STEP 3 : Let ¢(90) be the elgenvector correspondlng to the
greatest eigenvalue of S(¢* 0) Then the pairs (6 ¢ (00” are the

1dent1f1ed frequencies and corresponding modes°

Connection with the method L_proposed in this paper, under the assumption
that Q, Q be constant.

Select a pair (Ao, ¢ ) (see (II.10)), where A is an eigenvalue of
F, and ¢ the correspondlng eigenvector. Let us lntroduce the following

assumptlon :



ASSUMPTION A3 : The pole Ao lies near to the unitcircle, and is suffi-

ciently isolated from other eigenvalues of F.

. < ] . [ .
. As a consequence,rgo' is also near to the umnit circle, and

Jkof_i;-- [ is small. Set

(4.1) ¢ 1.!

z I’-Z.v %

there is [z |

Denote by

(4.2) F=upu-!

the spectral decomposition of F, and assume A is the first entry of

I such that 62 be small, thanks to the assumption.

the dlagonal matrlx D, so that ¢ is the f1rst column of U. Then,

straightforward manipulations leads-to the following result

|z| = 1 such that 6§z = |I-z A Il

arbltrary elgenvalue of F (such Z do exist, thanks to the assumptlon),

we have
1] . -1 -3 | g%
(A.3) f(z) = H ¢, | 0...0 g cu ¢_o
|62 | , - 0
Lo
ﬁhere Olx) & x as X ~+ 00, and
(4-¢) Slz) & it Byl gure T BTyl 4T

is the spectrum of the slgnal (Vt) (recall the statlonarlty assumption

‘ap
-

is in force). “Finally, part1t10n1ngl1 QL! "as

- st q Q
(a.5)  uTlquTt o711 T2
‘ %1 Yy

K) ‘ .
() "=" denotes hermitian tramspose, "-%" demotes inverse of hermitian

transpose.

H

: for

- 0

|62]

)

<< |1-z A-Il,where A # A, denotes an

()
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with @7, scalar, and assuming thﬁt'q]j is nonneglectible with respect

to the other entries of U ' QU™ (i.e. .the mode ¢o 18 sufficiently
extted), we get for such a z :

Q1 o1
(A.6) S(z) = -'—IZ(H%) (Hoy) )* + G_Es—'-zl ).

But, in this case, it appears that (4.6) is nothlng but the
degenerate form of the diagonalization of S(z) at z, = ¢ Q’, which is
a peak of Th (S(e* )) near to Aof

Finally, assuming the assumption (4.3) in force, and assuming
the excitation to be stationary, we get that the S.D.M. ‘method is
equivalent to the identification of the modal characteristic (A , H )

0
via the method we have proposed.

However, in the case two poles are very close, with different’
correspondlng modes, the same argument shows that the diagonalization
of S( ) : (e being near to both considered poles) will
degenerate into a decomposition of rank 2 (2 main eigenvalues, the other
possibly neglectible), wheré only the space spaned by the two modes will
be.recognized with an arbitrary basise This iS'highly undesirable, since

the so identified modes will appear as numerically unstable,

Furthermore, it is clear that a method based upon the estimated
spectral densmty of (V )} is not robust in the case of a nonstatlonary

excitation creating "tlme varying zeros" in the true spectrum.

See*[B ] for other al ready used methods, which seem to be less
efficient than the S.D.M. method.
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