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LOCAL STABILITY OF THE OUTPUT LEAST SQUARE
. PARAMETER ESTIMATION TECHNIQUE

Guy CHAVENT

ABSTRACT

We investigate the well posednéss of the OLS (output least square)
setting of parameter estimation problems :

find X ¢ C which minimizes |]¢(x)-z||2 over C

where x is the parameter, C the convex of admissible parameters, z the measure-
ment and ¢ the parameter - output mapping.

When fl¢'(x)y]] = a|x|| with « >0, and C samll enough compared to the
"curvature" of ¢, we obtain the (1ipschitz) continuity of the mapping z ~ X on
a neighborhood of ¢(C).

As "practicé]“ application of this resu]t; we gef that for finite
dimensional parameters, the OLS technique yields an estimated parameter conver-
ging towards the exact one when model and measurement errors tends to zero, as
soon as the derivative of the parameter - output mapping is injective for the
exact parameter and the size of the set of admissible parameter. is small enough,

Two examples of application are given.

W D PAPIER RECUPERE ET RECYCLE



RESUME

On étudie la stabilité du probléeme d'estimation de parametre par

la méthode des moindres carrés.

“trouver % ¢ C qui minimise ||¢(x)-zl|2 sur C

(x est le paramétre, C le convexe des paramétres admissibles,

z 1'observation et ¢ 1'application paramétre > sortie).

Lorsque {lo' (x)y] = alx]] (« >0), est suffisamment petit devant
la “courbure" de ¢, nous obtenons la continuité Tipschitz, sur un voisinnage de

$(C), de 1'application z - X.

Comme app11cat1on "pratique" de ce résultat, on trouve dans 1e cas
d'un nombre fini de paramétres, que le paramétre estimé par la. methode des
moindres carrés converge vers le paramétre reel'quand les erreurs de mesure
et de modéle tendent vers zéro, dés lors que 1a dérivée de 1'application
paramétres » sortie est injective pour Ta va]eur exacte des paramétres et que
la taille du convexe des parametres admissible est suff1samment petite.

Deux examples d'application 3 des prob]emes d'estimation de
paramétre sont donnés.



LOCAL STABILITY OF THE OUTPUT LEAST SQUARE
PARAMETER ESTIMATION TECHNIQUE

G. CHAVENT

A typical situation for parameter estimation is the following :

- the set C of admissible parameters x is a convex and bounded set
of a Banach space E

- = the measurement z is made in a (pre)-Hilbert space F with norm || ||

~ the mapping ¢ : x > y defined by the state equation + observation
operator is never linear, but usually regular (at least twice
continuously differentiable).

A parameter x e C is usually said identifiable (cf [21, [31, [4]) if :
(I) o(x') # ¢(x) ¥ x'eC, x'#x

which is satisfied as soon as ¢ is injective on C.

_ Pratically, the parameter estimation problem is solved by minimization
of the output least square criterion :

(OLS) find x ¢ C which minimizes J(x) = H¢(x)-zH2 over C.

In order to take in account the measurement and model errors (which
causes z never to belong to ¢(C)!), the output least square identifiability

was introduced in [1] :

d a neighbourhood V of ¢(c) in F such that, for every z ¢ V,
(OLSI) the (OLS) problem has a unique solution x depending continuously
on z. ' '

A sufficient condition forAOLSI, requiring that ¢'(x) be invertible,
was given in the same paper together with an application to the stability
of the inverse seismic problem. '



The aim of the present paper is to give a weaker sufficient condition
for OLSI, which requires only that ¢'(x) is injective and “"coercive".
Such a condition is expected to have a larger field of applications,
especially for the case of finite dimensional parameters. We shall
give two such examples of application, including estimation of
coefficients in 0.D.E.

THEORY

The following hypothesis are valid throughout this paragraph (and
shall not be repeated in the lemmas and theorems) :

(Es|l llg) = normed vector space
(1) CckE convex, bounded

(Fy |l |]F) = pre-Hilbert space, with scalar product ( , )
(2) ¢ : C~>F twice Gateaux-derivap]e, s.t.

d o, B, § > 0 such that
(3) all x ”E < {lo'(c).x HF :z cS||x||E YceC,¥xekE
" (c)(x5x) ”F < B”X”E ’ YceC, ¥xekE

and we are-looking for conditions on C and ¢ such that :

| _. Y3 1 xeC solution of (OLS)
(4) 33 v ? 0, d(a,p(C)) < v => depending continuously on z.

If (4) is satisfied, then ¢ is necessarily injective over C.
A sufficient condition for the injectivity of ¢ is given by the

Lemma 1 : 1If
(5) B diam C < 2o
then ¢ is injective.

Proof : Let 0, x e C such that ¢(0) = ¢(x) and defined v(0) = ¢(6x)
0<6 <1,

A second order Taylor formula yields :
V(1) = ¥(0) + v'(0) + s} (1-6) v'(8) do
which, using (3), gives as v(1) = v(0) :



allxll < & x|

which, if x # 0, implies ||x-0] = diam C, which is in contradiction
'3

with (5). Hence x = 0 and ¢ is injective.

Remark 1 : The best coefficient -in (5).1ies between 2 and 21, as it

‘results from lemma 1 and from the special case C = [0,X] <R,

#(x) = (sin x, cos x) eIR2 where o = B = 1 and where ¢ is obviously
injective as long as 0 < X < 2I. . B

Lemma 2 : For any 0, x ¢ C, x # 0, and a « F define a function
' f : [01] R by

IA

(1 fe) = leten-alll o<o<.

Then one has the following implication :

| ] 2 )
(8) £(0) = f(1) = d : } LB 2.

36, ¢ 1010 s.t. f'(8,) < 6 8
0 0

" Proof : Derivation of f yields :
£1(8) = 2(6(6x)-a,' (9x).x)
£1(8) = 2/lo" (8x).x [|° + 2(0(6x)-2,8"(8%) (x,X)) .

- Hence

[f'(8)] < 2/f(8) [l¢'(6x).x || -
which together with (3) yields : -

' 2 .
F(0) = TL8 - 2g/f7ay [|x 1|2 .
2f(0)
This shows that the second derivative of 6 + 2/F(8) + B e e)llxllE is
positive, hence this function is convex :

2/F(8) + »s(e'-e)n-x[lE <2d

and _
(9) /FeY < d + & f1xI Y6 e 0,17,
But. from the second hypothesis in (8) we get, using (3) :
2 2 ' 2 ) " .
2o l|xllg = 110" (89x)-x lIp < ~2(6(8gx)=a,0"(80x)(x.x)) = 28/FTEGY 1| |2
1'e.

2
(1) % < /A5

and the result follows from (9) and (10). ' [



Theorem 1 : (Uniqueness) If :

(11) B diam C < 2/2 q
define

2 e
(12) y =% - —g (diam €)% > 0.

Tnen for every a ¢ F such that d(a,¢(c)) < v, there exists at most
one x ¢ C solution to the OLS problem (in particutar ¢ is injective on C).

Proof : Suppose there exist two distinct solutions 0 and x to the OLS problem,
The function f(6) defined by (7) in Lemma 2 satisfies here :

f(0) = f(1) < f(8) ¥ 0 ¢ [0,1].

Either f(6) is identically equal to £(0) = f(1) (and then f"(s) = 0)
or f(®) is for some 6 ¢ J01[ strictly greater than f(0) = f(1) (and then
f"(eo) < 0 for the 6p € 101[ which maximizes f over [011). In both cases the
hypothesis in (8) are fullfilled, which shows that :

2
(1) d>& - Eyx2,

But, as d(a,¢(C)) < vy, we have d = /F(O) = /F(I) < y, which together
with (12) (13) shows that ||x||E > diam C which is impossible. | |

Lemma 3 : Let hypothesis (11) and notation (12) of theorem 1 hold.
Then we have :

aefF, 0,xeC f(6) defined by (7) sat1sf1es

(1) Hls(o-all <y = () > (aiam )% [|x )2 v o e ro1]
H¢(x)-al|F <y (hence f is convex on [01]).

Proof : The implication is obvious if x = 0. Hence let us suppose that x # 0
and that, for example, f(0) > f(1). We prove first that f(8) < f(0) ¥V 6 ¢ 101f.
If not, there would exist 61 e 101f and 6 e 10, 61[ such that f(0) = f(el) and
f"(eo) 0. Using then lemma 2 between 0 and 81 yields :

(15) /FOY = 8T = & - £ Jlax 12

But from (14) we know that /f{0) < y which together with -(5) shows that :
1 ||x|| (diam C)

which is impossible. We prove then that f is convex on J01[. Using the
expression for f"(6) given in the proof of lemma 2 and the hypothesis (3) gives :




f(6) 2 2(a® - BN |Ix |12 Vo e [0,17
which implies, as we have proved that /f(6) < /F(O) <y
£(8) > 2(a® - By) f|x|I° ¥ 0 e [01]

which gives the sought result using (12). ‘ : [

(16) C closed
(17) E = Banach space .

Then for every a ¢ F such that d(a,$(C)) < y, there exists one and only
one x solution to the OLS problem. Moreover, any minimizing sequence is
converging towards this unique solution.

Proog : Let {xn, n ¢ N} be a minimizing sequence of the OLS problem :
lo(x)-a Il > d(o(C),a) <y .

Hence there exists N ¢ N s.t., m,p > N implies

lotxg)-all < v llotxy)-a |l <y

which through Temma 3 implies : .
2 .

" 2 . . 2
(18) . f'(8) > c||xp-xm||E with ¢ = %r (diam C)
where f is defined, as in lemma 2, by :

2 .

(19)  f(8) = fla(ex #(1-0)x)-a [If > d(a,p(6))%.

From (18) we deduce :

sy JT®) = 071+ (1-0)F(0) + § (6%6) || x ~x, 12
(20) Yo e [01]

N =

which together with (19) gives, for 8 =
1

4(2:0(0))% = 3 (F(1) + £(0) = § lIx-x, IIZ
or equivalently "
@) § lxgxy I < 2[axgs0(00)% + dlxo0(0N)2] - d(as0(c))?

“which proves that {xn} is a Cauchy'sequence as the right-hand side of (21)

tends to zero as m,p > ». Hence there exists, as C is closed, an x ¢ C such that
X > X infasn->w _

and such that.x is a solution of the OLS problem. The uniqueness follows

from theorem 1. ]



Remarnk 2 : If a, > a in F (with d(a,¢(C)) < y), then the seguence {xn}

of the solutions of the OLS problems with a, is a minimizing sequence for
the OLS problem with a. Then we get immediatly from theorem 2 that

X, > X where x is the solution of the OLS problem with a : the mapping

a > x defined by theorem 2 is continuous. In fact we shall see in theorem 3
that this mapping is lipschitzean. ]

We first give a generalization of Temma 2.I
Lemma 4 : For any 0,x € C, x # 0, and for any 0,a ¢ F define a function
f : [01] >R by :

(22) £(8) = llo(ox)-02 || 2 0<os<l.

Then one has the following implication :

£(0) = (1) = d°

-
(23) =>d > QB- -
d 6y € 101L s.t. f'(6q) < 0

Proog : It follows that of lemma 2 until (9) is proved. Then f"(eo) < 0 yields :
' 2 2
”q) (6x)x-a ”F < BVHB()) IIX “E

o' (ex)x 1 = 26" (8x)xa> + fla |12 < /ATGY 1|2
i.e., using (3) and the fact that HaH2 20 :

2 2 : 2
o?lIxlIf - 28llxll; Nallp = 87857 11
or

/FT8) o, o2 lle

D e -

0/ = B B xIIE

with together with (9) gives the expected result. n

Lemma 5 : Let hypothesis (11) and notation (12) of theorem 1 hold.
Then, for 0,x ¢ C and 0,a ¢ F and f defined by (22) we have :

JFTOT = /ATIT < 5
(24) = |xllp = —=2— [la|j.
d6y 10,17 5.t f'(8,) < 0 B(y-/T;



Proog : From lemma 4 we get, if x £ 0 :

2 g2 [la]|
— o _ B" 2 _ 28 F
Foxg g Xl - 3 TxTTe
1.e ) '
e 2 p2 llal
T2 % B (giam 2 . 28 12NF
/fOZ—B- g (d1amC) BW

i.e. using (12)

Theonem 3 : Under hypothesis of theorem 2, the mapping a »+ x defined by
theorem 2 is lipschitz-continuous. More precisely, let a,b ¢ F such that

(25) d = Max{d(a,¢(C)), d(b,0(C))} < vy

and let x,y ¢ C be the corresponding unique solution to the OLS problem
given by theorem 2. Define f : [01] - R by

: 2

(26) f(6) = ||¢(6x + (1-8)y) - 6a - (1-8)b || .

Then one has the fo]]owing alternative : . A

i) either "a,b are on a_concave side of ¢(c)", i.e. o{C)
(27) 36 € 101 s.t. (o) > d? |
then : 26 o (y)
(28) ']x-y ”E SBW “a'b “F' ¢(X - b

i1) or "a,b_are on_a_convex_side of ¢(c)", i.e. b
(29) f(8) < d® y8 e 01l a
then ' - , ) ¢(Z

28 : X
() Meyllp s =2 flablly =188y (00 e(0)
: a~=Ry B~(diam C)

>

Proog : We prove first 1i). From (27) we get, if for example F(O) > f(l),'
the existence of 0, ¢ 010 such that £(0) = £(s;) = d®,and of 8, < 10,6,
such that f“(eo) < 0. Using then Temma 5 between y and 61x + (1-81)y yields :

o - 28
”el(X'Y)IIE < Bry=dy I181(a-b) ||
- which gives (28) after division by el # 0.



We prove now ii). Using (3), (29) one gets, as in the proof of lemma 3 o

Loy = (a®ey) Ilxy IE + a-bllf - 2slleylig la-blie -

Hence :

2 i ; £
#(0) - (%-0) [(aZmn) lIx-y I + lla-blIf - 2sllx-y llg lla-b 1] <of(D)+(1-0)%(0).
For 6 = % one gets with the notation de = J/F(0)

1 2 2 2 ' 1,2 2 2
31 e Iy 12+ lab 2+ 2slixeyllg 1a-bllg | < F(dGraD) - 4.
But b
X+ '
dy = oS- || = 43
X+ ,
dp < lloH-b |l = . )
Hence
1,2, .2 2 1,02, .2, _ 2
(32) -?(d0+d1) - d1/2 < ?(do +d1 ) d1/2‘

But as F is a pre-Hilbert space one can use the theorem
of the mediane :

2
(33) HagZai?) - ol - lla=b il

From (31), (32), (33), we get :

HiaP-ev) Ix=y 12 - 28lix-y llg la-b I ] = 0

which proves (30). |

" Remaxk 3 : On the “"concave side" of ¢(¢) one can intuitively expect that

the Lipschitz constant of the projection blows-up to infinity, When the

points approach to the outer rand of the "security interval" surrounding

o(C)», which corresponds to the y-d denominator of the Lipschitz constant in
(28). Conversely, one expects, on the "convex side" of ¢(C), a Lipschitz
constant independant of the position of the points in the "security interval",
which is the case in (30). |



APPLICATION TO OUTPUT LEAST SQUARE IDENTIFIABILITY

The maiﬁ difficulty in the use of the above ‘theory is to satisfy |
the "coercivity" property on the derivative of ¢. tihen the parameter space E
] is finite dimensional, the unit sphere is compact, hence the injectivity of
¢'(c) implies its coercivity. So the main field of application for this
.theory may consist in proving that finite'dimengiona] parameter are OLSI .
whenever ¢' is injective.

More precisely, let :

E = finite dimensional space for the parameter x
(38)  {¢ : E~>F with continuous 1rst and 2nd derivatives
F = pre-Hilbert space for the measurements

(&
i - .

éa%nj < E an (open) set such that ¢'(c) injective for every c e‘é%nj

(35) K Céﬁ%nj a (convex) compact set resuming all the a-priori
information concerning the unknown parameter.

We denote by :

S={xek | |[x] =1} the (compact) unit sphere of E.

Then the mapping (c,x) e KxS = ||¢'(c).x||F e R is continuous over the
compact set KxS and attains its maximum and minimum value :

3 (c5) < KxS § = 0,1,2 such that ¥ (c,x) e KxS :
(36) a = ”‘bl(co)xo ”F < H‘b'(C)X”F < ”‘bl(ci)xlup =6
- lo"(c)(x,x) ”F s |l¢"(02)(><2,><2)l||.- =B
wherenecessarily o > 0 as ¢'(cq) is injective.

Hence we have proven the existence of a, B, 8 (depending on K)
such that hypothesis (3) of the theory is satisfied over K.

From theorems 2 and 3 we get then the

Theorem 4 : Under hypothesis (34), (35), the parameter x < E is OLSI on evefy
convex compact subset C of K satisfying :

(37) diam C < 2/ 5



10

where o, B are defined by (37). More precisely, the (OLS) problem has |
a unique solution depending in a Lipschitz-continuous way on z as soon as :

2
(38)  d(z,0(0) < v = & - & (diam ©)°.

If 2/?7% turns out to be greater than diam K, this means that the
a-priori information is large enough to ensure the well-posedness of the OLS
Identification on C = K, provided of course that the model and measurement
error can be kept strictly smaller than v.

If 2/74% is smaller than diam K, the a-priori information on the parameter
is not sufficient to ensure the well posedness of (OLS) problem on C = K :
one has to find additional information to reduce the diameter of K to C.

We see from (38) that there is a balance between the a-priori information
on the parameter and the admissible model and measurement arror : the more
a-priori information, the smaller the diameter of C and hence the larger the
allowed upper bound y on the model and measurement error.

We give now two simple exdmples where theorem 4 applies.

Example 1 : Let
Q < R" bounded
(39) Fe Wb @) d.e. By FL P P L°R)
We consider then the fo]iowing partial differential equation :
oy

3f - Ay + F(y) = v
(40) Yigq = O
Y[t = O

for which we recall

Lemma 6 : The mapping v + y defined by (40) is Gateaux-Derivable from L2

W(OT) weak and LZ(Q) strong, where

(41) Q = x 10T 1
W(OT) = Ty e L2(0T 5 Hy(2)) Y e 1207 5

(Q) in



11

The Gateaux-derivative at v is the mapping sv - Gy,defined\by
38y '

=t - Ady + F'(y(v)) 8y = év
(42) &Y |aq = 0
Y|t=0 = 0-

Proog : For a given v « L2(Q), the existence of a unique solution y(Q)

(40) can be proved by standard techn1ques We just give a sketch of the proof
“of the Gateaux-derivability.

For any A > 0 let y, be the so]htion of (40) with right-hand.side

» ..y
- v+ASV, and let wy —-—~x—g. Obv1ous1y Wy satisfies :
awx '
=g - Qw4 F'(y0+eAwA) Wy = Sv - (8 € [0,11)
(43) Yalag = O
W)\It=0 = 0.
Multiplying (43) by Wy and integrating over Q yields :
1 d 2 i 2
(44) gt W ()% + 7o v, (t) ] + QP (ygtodw, Jwy = Sosv.w, .
" Hence, as F' is bounded :
1 d 1 . v12 1 2
g (012 <G +IF L) w02 + 2 Jsv(v)]
wx(O) =0
which using Gronwall's lemma shows that :

" and uéing (44) and the equation (43) :

Iy iagor 5wy = Slovll agqy
(45) dw

I “L(OTvH1

(@) = Clev il 2y,

Taking first A = 1 shows that the mapping v » y defined by'(40) is
Lipschitz-continuous from LZ(Q) into W(OT).




12

We deduce then from (45) that, for )\ > o, Wy is bounded in W(0T). Hence

there exists w ¢ W and a subsequence {Xn, ne N3} such that Wy W weakly
n

in W as n » o, But we have seen that XWA =Yy Y, tends strongly to zero in
W. Hence there exists a subsequence Au of An such that AUWA + 0 a.e. in Q,

and so does 6X W. (as 6, function of X and x, always belongs to foll). So we

uoA (
can pass to the limit in (43) for the subsequence Wy 2 using the Lebesgus

Convergence Theorem, which shows that the weak limit w of the subsequence

wx is a solution of (42). As (42) has a unique solution 8y, the whole
u

sequence w, converges weakly towards w = S8y, which proves the Gateaux-

derivability of v » y into W(oT) weak.

We define now a parameter estimation problem associated with equation (40) :

Let v

1 be given such that :

(46) vy el Q) i=1,...,m, {Vi""’vm} Tinearly independant
and suppose we are looking for a right-hand side v of (40) of the form

m
(47) V= oTooa; vy a; «R

in order to obtain a desired solution z ¢ L2(Q).
The corresponding function ¢ of the theory is here
6 1 R" > L2(0)

(48)
a = (al-am) ~ y sol of (40) with v given by (47)
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Lemma 7 : The function ¢ defined by (48) is twice continuously differentiable
and ¢'(a) is injective Va e R,

Prood : We get from lemma 6 that ¢ is Gateaux-derivable, and that X; = ggl is
solution of : ‘ !

i
T o PP =y

(49) = 0

Xilaq

Xilt=0 = 0

and hence the x; are linearly independant, i.e. ¢'(a) is injective. As the v,
are taken in L(Q) and F' « LWOR) one gets, using a maximum principle, that
Xj € L*(Q). Let then X; and x% be two solutions of (49) corresponding to two
functions y and y' of LZ(Q), and let w = X5 - x% , one has :

S MW+ Py w = P ey + (1-8)y') (y-y' )y
- (50) wlaQ =0
W0 = O

which shows, as'HF'(y')HLw(Q), lF*( y + (1- )y')"L”(Q)’llxiuL”(Q) are bounded
independently of y', that the mapping y + X; defined by (49) is continuous from
L2(Q) into LZ(Q). Hence the mapping a - xi(a) defined by (47), (40), (49) is

continuous fromR" into LZ(Q), which proves that ¢ is continuously differentiable.

: 2
Similarly, the second partial derivations Mij = 5%—%57 (a) exist and are
given by : ' v
auij
5T " Au1J + F (y)“ij = -F (y}Xin

(51) UijIBQ =0
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(this can be proved by the same kind of techniques as in the proof of lemma 6).
From (51) one deduces, as F" and F" are bounded and Xi» XJ € Lm(Q), that us
depends continuously, in LZ(Q), ony in L2 (Q), and hence on a e» R", which

ends the proof of the lemma. (|

Hence theorem 4 applies for this parameter estimation problem.

Example 2 : We cons%der a system of ordinary differential equations :

(52) y' = A(y).a
y

(53) '(0) = v
where
( n .
y(t) e R" is the "state" at time t
a eIRm is the vector of unknown coefficients
(54) {

A(y) E(A;xm is a nxm matrix whose elements are'tf know functions (usually
polynomials in the chemical applications) of the y = (yl, LYy ).

Y eIRn is the known initial datum.

and we want to estimate the parameter vector a from the measurement, say of one
linear combination of the yj's, continuously over the time interval [0,T] : the
measured data z is here :

(55) z:t T0,T1 > z(t) =a y(t) eR
where _
(56) a e R"™ is a givén vector (observation operator).

The mapping ¢ of the theory is here :

(57) ¢ :aeR"s (toay(t)) e E(0,T1)
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This mapping s clearly & over Ih'f’, so that the upper bounds § and B of
¢' and ¢" over any given compact set K of R" exist. In order to get the existence
of o we have to study the injectivity of ¢.

For sa ¢ R", let sy « ' (ro,T1 ;Rn) and 8¢ « 81((0,T]) be the corresponding
differentials, given by : '

8y' = B(y,a)sy + A(y)sa

(58)

sy(0) = 0
(59) &¢(t) = ady(t) YVt ¢ 10,T]
where :

(60) B(y,a) = g% FA(y).al is a n n matrix.

As (58) is a linear system of differential equations, its solution can
be explicitely written as :

t
(61)  sy(t) = “ eC(E)-C(8) pry(s))ds } sa

0
where

(62)  C(t) = /¢ B(y(s).a)ds
Hence :
t
(63)  so(t) = lfo eC(8)-Cl)ay(s))ds | sa ¥t e 0,T]

which give immediately the :
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Lemma 8 : A necessary and sufficient condition for ¢'(a) to be injective is
that there exists m times tj e [0,T1 ] = 1,2,...,m such that the m vectors of
Mx

R :

Sty C(ts)-C(s)
(64) fOJ e Y A(y(s))ds i=1,2,...,m

are linearly independent.

0f course, this condition is not very useful, as the vectors in (64) are
not easy to calculate.

We give now a less accurate, but sufficient condition for the injectivity
of ¢'(a) : we Took for conditions on the initial value v and the parameter value
a such that 6¢ = 0 = éa = 0,

From 69 = 0 we see that :
(65) p(t) = aB(y(t),a)sy(t) + ah(y;t))sa = 0 ¥t ¢ [0,T]
which implies that :
66) © v9oy=0  j=o0,1,...,m1

But the derivatives w(J)(t) can be calculated in terms of y, a and sa
using (65) and (58) by a simple (but tedious as j increases !) calculation.
This can be written as :

v (0 = d45(v,2,0).52
(67) ‘ j=0,1,...,m1

d;(v.a) « r™

Lemma 9 : A sufficient condition for ¢'(a) to be injective is that the m vectors

dj(V,a,u)GlRm*,J = 0,1,...,m-1 defined in (57) are linearly independent.
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Using lemma 8 or 9 one can define a subset déﬁnj of R™ on which ¢'(a) is
“necessarily injective, and then apply theorem 4 on any (convex) compact set K

of ihj'
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