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6. — CONCLUSION.

We have introduced in this paper new methods for solving
partial differential problems founded on subdomain decomposition. ok
The numerical results discussed in this paper show the efficiency. '
and the robustness of these methods, applied to the solution of
very large Poisson problems. The fundamental idea was the mini-
mization of a well chosen distance (of least squares type) bet-
ween the local solutions on the overlapplng regions.

This minimization can be done by ‘either a conjugate gradient -
algorithm (whose convergence can be accelerated using a suitable
preconditioning) or by a quasi-direct method founded on decom-
position properties of the least square formulation ; in the
second case it is necessary to factorize once and for all a
discrete boundary integral operator, which is symmetric, posi-
tive definite and block sparse. The two techniques, mentiomned
above, require the solution of local Poisson problems which
can be solved independently one to each other, making these
methods particularly well-suited to vector machines and MIMD
Processors.

The numerical simulations presented in this paper (transonic
potential flows for inviscid fluids and incompressible viscous
flows) are just a first step ; they show however the important
role that can’play domain decomposition methods for solving
very large realistic problems (three-— dlmen51ona1 problems in ‘ _ :
Aerodynamics in particular).

We have not discussed here some other applications like :

- Solving problems involving several mathematicallmodellings .
according to the region under consideration (a typical example
in that direction is the matching of viscous flows and inviscid
flows).

- Coupling different types of approximation (finite elements -
finite differences, spectral - finite differences, spectral -
spectral, etc... ).
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are those of Sec. 4.2, combined with the domain decomposition
methods with overlapping discussed in Sec. 2.3.

5.4.2.1. Flows around a circular cylinder.

We consider here steady flows around a circular cylinder,
‘in fact we suppose that the flow is unvariant by translation
‘parallel to the cylinder axis. From that simplification we con—
sider only 2-D flows around a cross section of the cylinder,
i.e. around a disk. Using -the solution methods discussed in [1],
[23],[31], we use a piecewise linear approximation for the pres-
sure on a given finite element grid‘é%, and a piecewise linear
approximation, also, for the velocity, but on a twice finer
grid as shown on Fig. 5.24, which shows also the two overlappings
subdomains Qy, o+ Fig. 5.25 (resp. 5.26) shows the velocity
distribution at Re = 0 (Stokes flow) (resp. Re = 25). In fact
Figs. 5.25, 5.26 show the flow in Qll’ {29 and also the global
flow. We observe the very good qual:ity of the matching of the
two local solutions ; the same observation holds for the local
pressures and. vorticities. '

The regsults in this section have been obtained by sequen-
tial computing on IBM 3033 without using the AP's.

5.4.2.2, Unsteady flow around and inside a two-dimensional air
intake.

We consider the unsteady flow of an incompressible viscous
fluid around and inside an idealized two~dimensional air intake ;
the angle of attack is 30 degrees. The Reynold number is 100,
taking the distance between .the two walls as reference. Velocity
and pressure are approximated by the same finite element method
than in the above Sec. 5.4.2.1. The domain of computation is
bounded and splitted into 3 subdomains as shown on Fig. 5.27,
5.28. The velocity grids (resp. pressure grids) are shown on
Figs. 5.27 (resp. 5.28) ; these grids have been obtained using
the mesh generator of MODULEF library (cf. [:32]).

The following results have been obtained using the computer
system with AP's discussed in Sec. 5.3 ; actually 907 of the
computing time is run in the AP's, saving thus computer time of
the host machine. With At= .l and using a Stokes solution as
initial value we have solved the unsteady Navier-Stokes equations
and represented several significant flow characteristics at
various time steps.

Figure 5.29 (resp. 5.30) shows the stréamlines (resp. pres-
sure lines) at t=0, close to and inside the air intake, accor-
ding to the domain decomposition. Figure 5.31-5.32, 5.33-5.,34,

5.35-5.36, show the same quantities at t=10,40 and 60 respectively.

We observe the creation and propagation of vortices, and again
the good matching of the local solutions. For more details, see
Q.v. DINH [33]. -
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hence the third case corresponds to a lifting situation in which
a Kutta-Joukowsky condition has to be satisfied. The domain de-
composition and triangulation are still those of Figure 5.14.
Actually M has been chosen in such a way that the shock occurs
in the overlapping region ; a perfect location of the shock is
obtained however. For these two test problems we have used the
quasi-direct decomposition method of Sec. 2.3.8 as Neumann solver
to precondition the nonlinear least squares conjugate gradient
method solving the discrete transonic flow equation.

The pressure.distribution on the airfoil and the iSOmaéh
lines are shown on Figures 5.16, 5.17 (second test problem) and

5.18, 5.19 (third test problem).

5.4.1.2. Transonic flow around a two-piece airfoil.

‘As a second example we consider the simulation of a transonic
flow around the two piece airfoil shown on Fig. 5.20 and consisting
of two NACA 0012 airfoils whose axis are parallel. Fig. 5.20 shows
also a comparison between the performances of ‘several iterative
solvers for the corresponding linear Neumann problems ; the domain
decomposition uses three subdomains and is indicated on Fig. 5.20,
also. The corresponding triangulations and overlapping triangles
‘are shown on Fig. 5.21. The numerical tests prove again the supe-
riority of the new method over the Schwarz method.

. Using these decomposition methods as preconditidner we have
solved a transonic flow problem around the above airfoil, taking
Mo = .54 and a zero angle of attack ; the Kutta-Joukowsky condi-
tion has to be satisfied for both pieces. The Mach linmes distri-
bution in each subdomains is shown on Fig. 5.21, and the fitting
of the local solutioms on the overlapping regions is quasi per-—
fect. We note a shock in subdomain 2. ’

5.4.1.3. Transonic flow in a three dimensional nozzle.

The same domain decomposition methodology has been used to
compute a transonic flow inside the three dimensional convergent-
divergent nozzle described on Fig. 5.22. Again the nonlinear least
squares method of Sec. 4.1 has been used ; for simplicity we ‘have
not included any control of the entropy condition and this explain
that an unphysical shock can be observed on Fig. 5.23 . However
these preliminary results show the ability of our domain decom-—
position methods to handle complicated nonlinear three dimensio-
nal.problems, and also that the existence of shocks in the over-
lapping regions is not troublesome for the computing process.

The results of experiments, under investigation at the moment,
in which the entropy condition is satisfied, will be presented
elsewhere.

5.4.2. Navier-Stokes flow simulations.

We present in this section the results of numerical expe~
riments concerning the solution of incompressible viscous flows
modelled by the Navier—Stokes equations. The solution methods
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local state and adjoint state equations (resp. only local.gdjoint
state equations whose right hand sides contain information abowut
the traces of the solution of the local state equatioms).

2) In both cases -the CPU time of the host system is small compared
to the elapsed time run in the AP's with or without data flow.

Method | and also the method described in Sec. 5.2.2 have
been used to compute potential flows in the subdomains shown in
Fig. 5.9. The performénces of Method | implemented on the paral-
lel architecture of Figure 5.9 is shown on Fig. 5.13 ; we have
indicated the elapsed time (measured in Megaflops) versus the
number of right hand sides. We observe from Fig. 5.13 that data
flow via channmels deterioratesthe performances of the AP's ,
however a gain of efficiency can be obtained if pipelining is
increased. ‘ -

It follows from the above observationé that in more general
cases it will.be very important to prefer algorithms whose paral-
lelism is founded on high ratio of computational task per input
or output instruction, if one uses a system like the one of
Fig.-5.9. : '

5.4. Solution of nonlinear problems of Fluid Dynamics using
domain decomposition techniques. '

5.4.1. Transonic flow simulationms.

5.4.1.1. Transonic flow around a NACA 0012 airfoil.

As a first example we consider the numerical simulation of
a transonic flow like those discussed in Sec. 4.1 around a NACA
0012 airfoil. The triangulation of the computational domain and
the corresponding. triangulation are shown on Figure 5.14 with the
region of overlapping. Since the least squares conjugate gradient
solution of the transonic flow problem by the methods of Sec. 4.1
uses a discrete Neumann solver as preconditionner we have tested
several such Neumann solvers using the above domain decomposi~
" tion ; we have solved hence the (linear) Neumann problem

Ao = 0 in Q,

8 - g on 9R (with J g dT" = 0)
m T 30

by the Schwarz alternating method and the conjugate gradient
algorithms of Secs. 2.3.6 (without preconditioning) and 2.3.7
(with preconditioning). The Schwarz method is definitely less
efficient when applied to the solution of this Neumann problem
than the methods introduced in this paper and which behave very
similarly as shown on Figure 5.15. '

The second and third test problems are genuine transomlc
flow problems. In the second (resp. third) test problem we con-—
sider a transonic flow around the NACA 0012 airfoil at My = .79
(resp. My = .78) with an angle of attack a=0° (resp. o=1°) 3
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5.3.3. Application to the solution of a three dimensional .test problem :
o Incompressible potential flow around a portion of wing.

The test problem that we consider here corresponds to the potential
 flow of an inviscid, incompressible fluid around a portion of wing ;

such a flow is modelled by equation (5.1) with mixed boundary conditions.
The computational domain has- been splitted into 6 overlapping subdomains ,
as shown in Figure 5.10 which shows also the structure of the symmetric
boundary operator Aj. The finite element approximation uses about 6000

degrees of freedom.

From the large size of the blocks of Ay, paralleiiSm and pipe-
“lining are also used inside the blocks processed by the AP's. Two -
methods have been used for solving the local Poisson problems in
each Q.. : ' .

ii

(i) With Method ! (which is a direct method) one solves the Poisson
problems in-each Q;;, using a Cholesky factorization done once.
and for all in the host machine ; the Cholesky factors are
stored in the disks of the AP's at the beginningﬁof the compu-
tation, and then called via the PIOP's each time it is neces-
sary. The backward/forward substitution is programmed using
the VFC traductor. With this method we can also use pipelining
t6 construct several columms of a given blocks of Ay simulta-
‘neously. :

Two examples,related to the .construction of Ap by the above
techniques,using parallelism with the two AP's and pipelining,
are- shown on Fig. 5.11 ; the gain obtained by increasing pipe-
lining is obvious from the numbers indicated on Fig. 5.171, on.
which we have also indicated the elagsed-time (time for com—
putation and data flow in the AP's and the disks) corres- .
ponding to each case.

(ii) With Method 2 (which is iterative) one solves the Poisson
problems on each Q;; by a conjugate gradient algorithm using
incomplete Cholesky factors as preconditioners (see [ ] for
more details) ; the above incomplete Cholesky factors can be
stored in.the AP's without using disks.

, Selected repetitive tasks such as computation of the residuals
and backward/forward eliminations are coded using APAL while the
remaining instructions of the algorithm are programmed using the-
VFC traductor. Figure 5.12 illustrates the construction of Ay by
Method 2 using parallelism inside the blocks, only. The elapsed
time indicated in each block look very similar to those in Fig.
5.11.

Two common features of the above methods 1, 2" can be pointed

out from Figures 5.11, 5.12 :

1) It is more time consuming to construct the diagonal blocks than
the off-diagonal ones. This follows from the fact that diagonal.
blocks (resp. off-diagonal blocks) require the solution of the



these tasks are completely processed by the hostvmaéhine.

(ii) Conmstruction ~ by the AP's ~ and factorization - by the host
machine ~ of the discrete boundary operator A, occuring in
(2.2106) ; the factorization is done by the host machine since

double precision 54 Bits words are available in it, compared to

the 38 Bits words of the AP's (38 Bits is unsufficient for
the factorization step in such large and badly conditioned
problems). Concentrating on the construction of Ay in the
AP's we can do the following comments :

From the block sparSLty and symmetry of A; (see Fig. 2.6)
we shall use a block partition process to comstruct this last
matrix. This construction process uses the distinction
between the diagonal and off~-diagomal blocks -of Ay s acting
so;. these blocks can be constructed independently ome to
each other, and therefore in parallel. Furthermore since
the columns of each block can also be constructed indepen-
dently one to each other, we can take advantage of the
vectorization or E;pelln ing internal possibilities of each
AP. According to the size of each block, compared to the
storage possibilities of the AP's, several levels of paral-
lelism can be considered ; for example, a first level in.
which the elementary objects to be processed in parallel
(by the AP's) are the entire block of Ay ; on the other
hand a second level - correvpondlng to the internal paral-
‘lelism and pipelining of the AP's - in which the elementary
objects are parts of the above blocks of Ay .

(iii) Construction of the right hand side by of (2.219) ; the
various comments about the parallelism and the pipelining
in the computation of Ay still apply for the computation
of b

h .

(iv) From Step (ii) we have constructed-ﬁh such that
. -2 2T
(5.2) A “h ih .
From (2.210) we have to solve the two triangular systems
- £
(5.3) hZh bh’
(5.4) - ;ﬁh [\h = Zh.
This can be done either in the AP's or in the host machine.
(v) From Ah we obtain the restriction Yin on each 911’ of the
global solution yh, by solving a local discrete Poisson
problem on each .. ; these local tasks are done in the

AP's. Again one can take advantage of parallellsm and
plpellnlng for these calculations.

The above methodology has been used to sclve the test problem
discussed in the following Sec. 5.3.3.
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_ Fig. 5.7 shows a comparison between the performances of the
saddle-point algorithm (2.47)-(2.55) and the least square conjugate
gradient with preconditioning algorithm (2.115)-(2.123) ; the
-second algorithm appears to be much more efficient. In our opinion
this is due to the fact that for algorithm (2.47)-(2.55) the sub-
domain problems to solve at each iteration on domain 2 are fully
Neumann problems.

Fig. 5.8 shows a comparison between the Schwarz alternating
algorithm (2.16)-(2.18), the least square conjugate gradiemnt algo~
rithm without scaling (2.653)-(2.73) and the least square conjugate
gradient algorithm with scaling (2.115)-(2.123). Both least-squares
conjugate gradient algorithms appear to be again much more perfor-
mant.

5.3. Implementation of the quasi~direct method on array processors.

5.3.1. Description of the parallel architecture.

We have described on Figure 5.9 a computer system consisting of

two array processors Floating Ppint'FPS 1901, connected via channels
"to a host machine IBM 3033 ; this system is able to perform repe~
titive large vectorized floating point operations in parallel.

Each array processor (AP) has a limited core memory of 128K-words

of 38 Bits length ; it can also use auxiliary disks, monitored

by Programmable Input Output Processors (PIOP), as shown .on Fig.

5.9. Data flow between disks and processors is managed by the
PIOP's independently of the host system.

The limited core memory of each AP makes impossible the sto—
rage of the full computing program in these processors ; in fact
the main part of this program is stored in the host system memory,
and only repetitive routines such as, for example, solution of
local Dirichlet probloms, construction of the right hand 51des,etc,,
are implemented on the AP's, in parallel.

In most cases the program is coded in standard. FORTRAN lan-
guage and a traductor (called here VFC : Vector Function Chainer)
from FORTRAN to APAL' (Machine language of the AP's) has to be
used to translate the program séquences to be executed in the
AP's ; however a good "vectorization' of these sequences is man-
datory in order that translation does not deteriorate the perfor-
mances of the computing algorithms. To keep the efficiency of the
algorithms it is necessary in some cases to shortcut VFC by coding
some instructions directly in APAL. These two ways of programming
have been used in the following to solve by finite element, a very
large Poisson problem using the arch1tecture shown on Fig. 5.9.

5.3.2. Implementation of the quasi-direct method.

From Sec. 2.3.8, the quasi direct solution of the least
squares problem (2.146)-(2.148) require the following steps

(1) Construction and factorization (possibly incomplete) of the
local discrete Poisson operators for each subdomain Qii 3

2
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As a general remark we would like to point out that Cholesky
factorizations have been used to solve the local discrete .Poisson
problems (i.e. on the Qi') when applying the iterative methods des-
ctibed in Sec. 2.1, 2.2, 2.3 to solve (5.1) by domain decomposition
techniques. :

5.2.2. Description of the numerical results. Comments .

Test 5.1 : Figure 5.3 shows a comparison between the performances

of the saddle-point conjugate gradient algorithm (2.47)=(2.:55)

(which uses a decomposition without overlapping) and the least
squares conjugate gradient algorithm (2.65)—(2.73) (which uses a
decomposition with overlapping). Both algorithms have been applied

to the solution of a discrete version of the Poisson problem (5.1)
using the coarse finite element grid of Fig. 5.1 (a) and piecewise
linear finite elements ; the boundary conditions are those indica-
ted on Fig. 5.3. The partition and overlapping regions are indicated
on Figs. 5.1 and 5.3. For this example for which each subdomain solu-
tion has to satisfy Dirichlet boundary conditions on a part of each
sub-boundaryaﬂii, the saddle-point conjugate gradient algorithm (2.47)-
(2.55) appears to be faster than algorithm (2.65)-(2.73).

Test 5.2 : On Figure 5.4, we have compared the performances of three
algorithms using domain decompositions with overlapping ; we have
compared more precisely the Schwarz alternating algorithm (2.16)-
(2.18), the least squaresconjugate gradient algorithm (2.65)-(2.73)
and the preconditioned least squaresconjugate gradient algorithm
(2.115)-(2.123). This example shows that algorithms_(2u16)—(2.18)
and (2.65)-(2.73) behave similarly and that the preconditioned algo-
rithm (2.115)-(2.123) converges much faster. The mesh and the finite
element method used in this test are those of Test 5.1.

Test 5.3 : It is the same test than Test 5.2, except that we use the
fine grid shown on Figure 5.1 (b) to define the approximate problem.
From Fig. 5.5, this test confirms the greater efficiency of the
preconditioned algorithm (2.115)-(2.123) ; it shows also that to
some extent the global performances:of our algorithms are not
deteriorated by the refinement of the mesh ; this. is not surprising
since these algorithms converge also for the continuous problems.

Test 5.4 : The purpose of this test is to compare the influence of

the boundary conditions on the speed of convergence. With the same
 approximation than in Tests 5.1, 5.2 we have used the preconditioned

| least squaresconjugate gradient algorithm (2.115)=(2.123). We observe
 (from Figure 5.6) that the convergence is slowed down if ‘the boundary
conditions. are Neumann dominated ; in fact this feature has been obser-
ved quite often when solving elliptic boundary value problems by itera-
tive methods. . : :

Test 5.5 : This test is concerned with a problem,which is close to
realistic aerodynamic simulation of potential inviscid flows modelled
by Laplace equation (i.e. £=0 in (3.1)), in the convergent-divergent
nozzle of Fig. 5.2 ; the -boundary conditions. are indicated in Fig.
5.7, 5.8.
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Here again the solution of (4.77) can be reduced to the solution
of Poisson problems for which the decomposition techmiques of Sec. 2.3
still apply. We refer to[ 11, (111, [23], [31], for a detailed dis—
cussion of the theéoretical and numerical solution of (4.77) via the
solution of Poisson problems like those discussed in the earlier
.sections of this paper.

*.5. - NUMERICAL EXPERIMENTS.
~5.1. Synopsis.
We shall considér in this Sec. 5 the solution of various test

problems either linear or nonlinear by the various iterative and
direct decomposition techniques discussed in the previous sections.

... In Sec. 5.2 we compare the performances of the variods iterative
methods described in Secs. 2.1, 2.2, 2.3, taking as test problem the
Poisson equation -A¢ = f on various domains {2, for various boundary
conditions. In Sec. 5.3 we discuss the implementation of the quasi-
direct method of Sec. 2.3.8, on a computing system consisting of
the combination of an host machine IBM 3033 monitoring two array
processors FPS 190, working in parallel ; the test problem is the
numerical simulation of the three-dimensional flow of an incompressi-
ble, inviscid fluid around a portion of wing. In Sec. 5.4 (resp. 5.5)
we combine the decomposition techniques of Sec. 2.3 with the least
squares formulations of Sec. 4.1 (resp. 4.2) to solve the full poten-
tial equation for tranmsonic flows of compressible inviscid £luids
(resp. the Navier-Stokes equations for incompressible viscous fluids).

5.2. Compared performances of several iterative domain decomposition
methods. :

5.2.1. Formulation of the test probléms.

We consider hereafter the numerical solution of the following
mixed linear elliptic boundary value problem '

-

, -Ad = £ in @,
(5.1) % =g on T,
o0 _

on - 8pom Ty

where ' Ul , =T (= 3Q), dl' = 0 and where f,g ,g, are:given
) o } i I aT o’~i .
functions. In our test probfems we have chosen for § the two following

domains ;

(1) A square cavity with a hole, as shown on Figure 5.1 with two
finite element triangulations and also domasin decompositions
with overlapping. :

(11) A convergent-divergent nozzle, as shown on Figure 5.2 with a
finite element triangulation on which a partition boundary
(resp. an overlapping region) has been indicated on Fig. 5.2 (a)
(resp. 5.2 (b)).



4,2,3.3.3. Further comments on algorithm (4.64)-(4.71).

Each step of algorithm (4.64)=(4.71) requires the solution of
several Dirichlet systems for the operator alI-vA ; more precisely we
have to solve the following such systems @

+
(i) System (4.76) to obtain yn+l from u" i,
(ii) System (4.69) to,obtain gnf’ from Bn+l’ Zn+],

¢iii) Two systems to obtain the coefficients of the quartic polynomial
A > e .

Thus we have to solve & Dirichlet systems for qI-vA at each iteration
(or equivalently 4N scalar Dirichlet problems for vI-vA'at each itera-
tion).

From the above observations it appears clearly that the practical
implementation of algorithm (4.64)-(4.71) will require an efficient
(direct or iterative) elliptic solver.

As mentionmed in Secs. 3.4 and 4.1.4.3 (for other nonlinear problems)
an efficient discrete Poisson solver is basic to solve the nonlinear pro-
blems (4.55) using the conjugate gradient algorithm (4.64)=(4.71) ; such

a solver can be obtained via the domain decomposition techniques discussed

in»Sec. 2.3.

The solution of the one-dimensional problem (4.67) canbe done very effi-
ciently since it is equivalent to finding the roots of a single variable
cubic polynomial whose coefficients are known. ‘

As a last comment we would like to mention that algorithm (4.64)-
(4.71) (in fact its finite element variants) is quite efficient ; when
used in combination with the alternating direction methods of Sec. 4.2
three iterations suffice to reduce the value of the cost function J by
a factor of 104. ’ '

4.2.4. Solution of the "quasi' Stokes . linear subproblems.

At each full step of the alternating direction methods (4.48)-
(4.50) and (4.51)~(4.54) we have to solve a linear problem of the fol-
lowing type .

~ (ou - viu *+ Tp = £ in 0
C4.77) Jeu = 0 in Q,
~ - f
u=gon T (with J gen dT = 0),
, r-
where o and v are two positive parameters and where £ and g are two
given functions defined on Q and T, respectively. -

~ ~

We recall that if f and g are sufficiently smooth, then problem
(4.77) has a unigue gsolution in V, x (L2(Q) /R) (with V_ still defined
by (4.57) ; p e L4(Q) /R means that®p is defined only tg within an arbi-

trary constant).




calculation we shall give it in detail.

Let v €V, and let Oy be a perturbation of y such that §ye V
(i.e. 5v—0 on’ T) s we have for the correspondlng variation of J(v)

(4.72) GJ(y) =<J (3),530
Using (4.61),(4.63) we also have that

(4.73) J(v) ==f {ay=8y + vy WSy} dx,
< q 2 % 202
where §y is the solution of the linear problem

< -0

'Syev s
' ' r f
" (4.74) aj Syez dx + VJ VS8yeVz dx = aJ Svez dx + VJ V8veVz dx +
] ' ©° QT T Q- " (9 A
r.
J ((BveV)v)ez dx + J'((V'V)'Cv).z dx VZE-VO.
@ ~ -~ " Q -~ - -

Taking z=y in (4.74) we obtain from (4.72), (4.73) that

§J'(v),6v§l= aj.y‘év dx + VJ VyeVSv dx + J ((6V'V)v)°y_dx +
: T Q- Qo T @ ~ -~ -

v (@D sy)ey dx

Ja

Thus J' (v) can be 1dent1f1ed with the linear functional from V to
R defined by

‘<J'(v),z> = aJ yez dx + vJ VyeTz dx + J ye (zeV)v dx +
T Q Q

Q~~. S ~ e o~

(4.75) .
+ J ye(veV)z dx ¥zeV
Qa T T ~ 0
it has therefore a purely integral representation, which is of

‘major importance in view of finite element implementations of
algorithm (4.64)~(A.71).

- From the above results, to obtain \J‘(u );z> we proceed-
as follows A ”

. + .
(i) We compute yn 1 from En+1 through the solution of (4.60)
with v = ut*l, i.e. we solve the Dirichlet system

+1 + + + R
OQ7n _ VAgn 1J= aBn l_vAEn }+(Bn+l‘Y>Bn+l‘f 32_9’

(4.76)
yn+1 =0onT.
(ii) We finally obtain <J'(u +i),E‘) by taking in (4.75) v = un+l

‘and ¥ = yot!

~
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Step 0 : Initialization

(4.64)  w’ eV, given,

we define then go,woe V0 by

QJ. go.z dx + VJ Vgo.vz dx = <J‘(u°),z> ¥z e Vb,
(4.65) ¥ &
g eV,

(4.66)  w° = g°,

respectivélz.

n n .
Then for nz 0, assumlng that u ,g W are known we obtain
n+l - n+l n+l- :
u o, g o, W by

~ ~

Step 1 : Descent

Find )\nelﬁ such that
(4.67)

J(un—xnwn) < J(u “Aw ) ¥ eR,’

(4.68) IR N Al

L~

Step 2 : Calculation of the new descent direction

Find gn+]e Vo such that
(4.69) ¢ ; : | :
GJ-'gn+ -z dx + v} n ]°VZ dx = (J,(anl)’5> VEE'VO,
Q ~ . . -
+ +]
| J gn+) (gn+ g nyax + Vf vgn I-V(gn -gn)dx
. Q ~ -~ ) Q~~ ~ o~ ~
(4.70) v _ = : ,
: 42 - 2
' ? aj g ax + v[ |ve™|” dx
Q" q =~
@ e gy

n=n+l, go to (4.67).

As we shall see in Secs. 4.2.3.3.2, 4.2.3.3.3, applying
algorithm (4.64)-(4.71) to solve the least square problem (4.62)
requires the solution at each iteration of several Dirichlet pro-
blems associated to the elliptic operator aI-vA.

4.2.3.3.2. Calculation of J'.

A most important step, when making use of algorithm (4.64)~
(5.71) to solve the least square problem (4.62), is the calculation
of <J! (un+ 9, z> at each iteration ; owing to the 1mportance of this



4,2.3.2. Least squares formulation oﬁ (4.55),(4.59).

~

Let veV_ 3 from v we define y (= y(v))teVé as the solution
of ~ 8 : _ ~ ‘ :
ay - VAy = av - VAv + (veV)v - £ in §,

(4.60) ? o

-~

= OiEE T.

We observe that y is obtained from v via the solution of N uncou-
pled linear PoisSon problems (one for each component of y) ; using
(4.58) it can be shown that problem (4.60) is actually equivalent
to the linear yariational problem '

Find y¢ Vo'such that ¥z ¢ Vo we have
(4.61) a[ yez dx + VI VyeVz dx=11J vez dx +'vJ VveVz dx +
- QT T Q- " QT

+ T ((ve¥)ev)ez dx - J fez dx,
a -~ - T Q-

which has a unique solution.

Suppose now that v is a solutlon of the nonlinear problem
(4.55), (4.59) ; the: correspondlng y (obtained through the solu-
tion of (4.60), (4.61) is clearly y = 0. From these observations
it is quite natural to introduce the following (nonlinear) least

.

squares formulation of problem (4.55), (4.59) s

Find ue V_ such that
(4.62) ~ 8

J(w) sI(y) ¥yeV,,

where J : (H](Q))N + R is that function of v defined by
(4.63)  J(») = J {a|y| + vlyglz} dx,
w1th defined from v by solving the linear problem (4.60),(4.61).

We observe that if u is solution of (4. 55}, (4.59) it is
also a solution of (4.62) such that J(u) = ; conversely if u
is a solution of (4.62) such that J(u) 0 1t is-also a solutlon
of (4.55), (4.59).

4.2.3.3. Conjugate gradient solutlon of the least. squares problem
(4.62).

4.2.3.3.1. Description of the algorithm.

We use the Polak-Ribiére version of the conjugate gradient.
method to solve the minimization problem (4.62) ; we have then
(with J'(y) the differential of J at y)
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where o and v are two positive parameters and where f and g are
two given functions defined on Q@ and T, respectively® ~

We shall not discuss here the existence and uniqueness of
solutions for problem (4.55). ‘

We introduce now the following functional spaces of Sobolev's
.type ' '

]

4.56) v = @@,

{v]ve i @ n T} s

. —

4,57 v
(4.57) g

if g is sufficiently smooth then Vg is nonempty.

~

We shall use in the sequel the following notation

dx = dx]. de,
N
and , if u {u } y V= {Vi}i=l’
N
wy=)owvgs
i=1
N N N aui,av
VuVv = 7 VueVvi = ) 1533w
i=1 i=1 j=I 3

Using Green's formula we can prove that for sufficiently smooth
functions u and v, belonglng to (HI(Q))N and Vo’ respectively,
. we have ’

(4.58) —J Au-v dx = J VueVv dx.
f 9)

~ o~ ~ o~ e

It can also be proved that if u eVo is a solutiomn of (4.53) it
is-also a solutlon of the nonlinear .variational problem

' Find ue Vg such that

Q~~ ~ o~

“(4.59) uj uev dx + vj Vue9v dx + J ((ueV)u)ev dx'. =
) _ o~ q ~ =

= T fev dx Wy eV,

Q e

and conversely.

We observe that (4.55), (4.59) is not equivalent to a problem
of the Calculus of Variations since there is no functional of ¥
with (veY)v as differential ; however using a conmvenient least
square formulation we shall be able to solve (4.55), (4.59) by
efficient methods from Nonlinear Programmlng, like conjugate gra-
~dient, for exampln

The finite element approx1mat10n of problem (4.55),(4.59) is
_dlscussed in [{23].
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Ut
~1

GOt n¥3/4 : -
< ~ n+l vpn+] ='fn+l+(1-6)\')Aun+3/4

(QE = Oviu M o b
4
+ +3/4 , N
h.say =@ Wy ut4 in g,
| Vo™ -0 in g,
“n+l - n+l
u =g on I'.

.4.2.2.3. Some comments and remarks concerning the alternating
direction schemes (4.48)—(4.50) and (4.51)=~(4.54).

Using the two alternating direction schemes described in

" Secs. 4.2.2.1, 4.2.2.2 we have been able to decouple nonlinearit
and incompressibility in the Navier-Stokes equations (4.41),(4.42).
We shall describe in the following sections the specific treatment
of the subproblems encountered at each step of (4.48)-(4.50) and
(4.51)=(4.54) ; we shall consider only the case where the subpro-
blems are still continuous in space (since the formalism of the

' continuous problems is much simpler) ; for the discrete case see
GLOWINSKI-MANTEL~PERIAUX [ 5 ] and also GLOWINSKI [23].

‘Scheme (4.48)-(4.50) has a truncation error in 0(At). ; due to
‘the symmetrization process involved in it, scheme "(4.51)-(4.54) has
a truncation error in O(|At|4).

We observe that.ynH/2 and un+]/4, 9n+1 are obtained from the N

solution of the linear problems (4.49) and (4.52),(4.54),respectively,
very close to the steady Stokes problem. Despite of its greater
complexity scheme (4.51)=(4.54) is almost as economical to use as
scheme (4.48)-(4.50) ; this is mainly due to the fact that the
"quasi" steady Stokes problems (4.49) and (4.52), (4.54) (in fact
convenient finite element approximations of them) can be solved:

by quite efficient solvers resulting in that most of the computer
time used to- solve a full alternating direction step (4.49), (4.50)

or (4.52)-(4.54) is in fact used to solve the nonlinear subproblem
(4.50) or (4.533). '

The good choice for g is § = 1/2 (resp. § = 1/3) if one uses
scheme (4.48)—(4.50)'(resp. (4.51)-(4.54)) ; this follows from the
fact that with the above choices for 8, many computer subprograms
are the same for both the linear and nonlinear subproblems, result-
' ing therefore in quite substantial computer core memory savings.

4.2.3. Least squares-conjugate gradient solution of ‘the nonlinear
subproblems. ' .
4.2.3.1. Classical and Variational Formulations. Synopsis.

At each full step of the alternating direction methods (4.48)-
(4.50) and (4.51)=(4.54) we have to solve a nonlinear elliptic system
of the following type ' '

~

ou - \)AL_I + (‘;"Y)“ = f _1__11 2,
(4.55) - -
(u=gonT,

~



" 4.2.2.1. A first alternating direction method.

We consider first the following alterﬁating direction method
(of Peaceman-Rachford type) :

.48 o =,
then for nz 0 compute {un+1/2 n+1/2} and un+l, from En, by solving
un-H_un .
>y - OVb /2,9, n+1/2_ n+]/2+(1—6)vAu e .V)u in 0,
549 { g @112 L g sn 0,
l:ln'*-l/Z - gn+‘1/2 on T,
and
un+l_un+1/2 _
~ X +1 1
Geny T (v LT =
.(4.50) = §n+l~; e\)Aun-rl/z ~ an+1/2viE.Q’
n+l _ gn+1 on T,

respectively.

We use the notatiom £3(x) = £(x,jAt),g’ (¥ = g(x,jAt), and u? (x)
is an approximation of ulx, jAt). ~

412;2.2. A second alternating direction method.

We consider now the following alternating direction method
(of Strang type) :

0 — .
(4'51) E = EO ’

. n
then for n= 0 and starting from u we solve

un+1/4_;1n ‘
n+l/4

s - uaa™ My Pt /b1 /84 (10 vpu™- (o™ 6" in @,
)
(4:52) . @*1/4 L g gn g,
un+l/4 - gn+1/4~22 r,
JO*+3/4_ n+1/4
S _ (1_e)vABn+3/4+(En+3/4'y)gn+3/4 )
(4:53) { me3/4 e\)Agm-l/a } an+1/4,ig'9’

up+3/4.= gn+3{4 on I,

~ ~



Figure 4.3

where (from the incompressibility of the fluid) the given function
g has. to satisfy '

(4.46) f gen dI = 0,
Jree
where n is the outward unit vector normal at .

Finally for the time dependent problem (4.41),(4.42) an initial
condition such as '

(4.47) u(x,0) = Bo(x) a.e. on §,
with u_ given, is usually prescribed.

From.the above equations we observe three difficulties (even
for flows at low Reynold's numbers in bounded regions 1) which are

(¥)  the nonlinear term (uV)u in (4.41),

(ii) the incompressibility condition (4.42),

(iii) the fact that the solutions of the Navier-Stokes equations are
vector—-valued functions of x,t, whose components are coupled by
the nonlinear term (u*V)u and by. the incompressibility condition
Veu = 0. o ‘ o

Using convenient alternating direction methods for the time
discretization of the. Navier—Stokes equations,we shall be able to
decouple. the difficulties due to the nonlinearity and to the incom-
pressibility, respectively. '

For simplicity we suppose from now on that £ is bounded and
that we have (4.45) as boundary condition (with 8 satisfying (4.46)
and possibly depending upon t). .

4.2.2. Time discretization by alternating direction methods.

Let At (>0) be a time discretization step and 6 a parameter
such that 0<g<1.- .




position techniques still hold for the present transonic flow
problem.

4.2. Solution of the Navier-Stokes equations for incompressible
viscous fluids. '

 4.2.1. Formulation of the time dependent Navier-Stokes equations
~for incompressible fluids.

Let us consider a newtonian 1ncompre551b1e v1scous fluid.
If Q and I denote the region of the flow G)CIN N=2 3, in prac-
tice) and .its boundary, respectlvely, then this flow 1is. governed
by the following Nav1er—Stokes equations

du
(4.41) 5% - VAu + (B-V)u +Vp = £ in Q,
(4.42) Veu = 0 iE_Q'(incompressibility condition).
In (4.41), (4.42)
N N 2
@ v=0>@3 La=v=7 2,
S 0xX. " . ~ . 2
i 1=1 1=l Bxi

(b) u ='{ui}§=l is the flow velocity,

(cy p is the pressure,

(d) v is the viscosity of the fluid (v=1/Re, Re : Reynold's
number) ,
(e) f is a density of external forces

In (4 41y, (u'w)u is a svmbollc notation for the nonllnear
(vector) term ‘

t N au,zN
i

Boundary conditions have to be added ; for example in the case
of the airfoil B of Figure 4.3, we have (since the fluid is
viscous) the following adherence condition

(4.43) u=20on 3B = FB
typical conditioné at infinity are-
J(h.48)  u=uy

- where u_ is a comstant vector (w1th regard to the space variables
at- least)

' N
If § is a bounded region of R we may prescribe as boundary
condltlon

n T

(4.45) .B =

24
=%



- n+l _  n+l ’ . n
(4.35) Zn T8 7 Yn+lzh >

n = ntl, go to (4.31),
The two non trivial steps of algorithms (4.28)-(4.35) are :

(i) the solution of the single variable minimization problem
(4.31) ; the corresponding line search ‘can be achieved by
dichotomy of Fibonacci methods (see for example [26], [30]).
We have to observe that each evaluation of Jh(€y), for a
given argument &, , requires the solution of the linear ap-

proximate Neumann problem (4.27) to obtain the corresponding

Ihe .
.. . n+l n+} o, .
(ii) the calculation of g from ¢ which requires the solution
of two 1inea£1approx1mate Neumann's problems (namely (4.27)
with & = ¢7"" and (4.33)).
Calculation of Jﬁ(¢ﬁ) Egg_gq : Owing to the imporgance of step (ii),
let us describe in detail tﬂe calculation of Jﬁ(¢h) and gﬁ {(we sup-—
pose for simplicity that"ﬂo =1) : :

We have by differentiation
. <! £.> = .
(4.36) . <31 66> fﬂ?yh ¥y, dx,

where Gyh is from (4.27) the solution of

/

5 csyhE Y and ¥v € Vv, we have
 (}9 Yéyh-yvh,dx = fﬂo(&h)YGEh-yv dx + Jgdp(gh)yghgyvh dx.
~1

+1

(4.37)

< =

|

Since (£ ) = o (1-K|VE, | )% withk = L Y=L g o - 1/(y=1) we

2
Cy

<

have (with po=l for simplicity)

_ _ ZOL"‘I'.V'
(4.38)  8p(g) = -2ka(i K[Yihl‘) Ve, yagh'.
It follows from (4.36)~(4.38) that
jg U9y Vo, dx = Jgp(gh)yyh'yégh dx

e | (08 VU, Ty, vE 2VSE, ax.

Eventuelly <Jﬂ(€h);nh> can be identified with the linear functional
.o r ' o
4.40 : . - 2YVE oYy VE .
(4.40) +‘JQ P& Ty N, dx - 2Ka JQ(D(Eh)) Ve, VY, V€, +Un, dd.
It is quite easy to obtain gﬁ+1 from ¢2+1{ using (4.33), (4.40).
. és mentioned in Sec. 3.4,for a simpler nonlinear problemsan
efficient discrete Poisson solver will be a basic tool if one uses

the above algorithm (4.28)—(4f35),and the various comments about
the possibility of using a Poisson solver based on domain decom-
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where, in (4. 25), Xﬁ is the set of the discrete feasible solutlons,
and where

1! 2
(4.26) 3, () =-2—ngzyh<gh>l_ dx

with yp & ) (= h) the solution of the discrete variational state
equatlon

Find.yhg Vh such that r-

- (4.27) '
JQ Yyh.zvh dx = Jgp(gh)gah-yvh-éx - Jrghvh dr Vvhe Vh.

4.1.4.3. Conjugate gradient solution of the least squares problem
(4.25)=(4.27). '

We follow ([ 13, [ 33, [29] ; a preconditioned conjugate gradient
-algorithm for solving (4.25)-(4.27) =~ with.Xh = Vh -~ 1is

Step 0 : Initialization

(4.28) ¢§e Vh given,

then compute gg from

. -og Y

(4.29) gh 2 | . o

| JQ Ve Vv, = IO, v Frpe ¥y,
and set

o_ o
‘(4.30) z, =g -

n+ I n+1 n+1 by

Then for n> 0, assumlng ¢h,gh,z known, compute ¢ 8y 0y by

Step 1 Descent

(4.31) Compute A = Arg min J (¢ L ) ,
' AeR

(4.32) ¢§+1 = ¢F - 2"l .

Step 2 : Construction of the new descent direction

Define gﬁ+l by

gg+.] h s.
(4.33) +1 n+ly v '
JQ Vgh 'Vv dx = <J! (¢ V> Fvp eV,
then r
| | J Ver ~~<g{‘1 -gp) dx
(4.34) Yo+

2 ?
[ﬁlvgh| -



. 1, .
L a sfandard triangulation of ), we approximate H () (and in
fact w *P ), ¥p=1) by .

| o ,— ) -
(4.20) H.h = {VhivheC (Qh), vths P1 V"Tec;l}

where, in (4.20), P, = space of polynomials in two variables of
degree |I. : -

We prescribe the value zero for the potential at T.E., this
leads to S : !

(4.21) v = {v ¢ H;, yh(T.E.) = 0} ;

we clearly have

h

(4.22) dim'Hi =1 4+ dim V, = number of vertices of CL.

We approximate then the variational equatipn (4.15) by

h
¢ .

IQ O(¢h)y¢h‘Vvh dx = J g,y Al ¥, e Vy
” T

where, in (4.23), & is an approximation of the function g of
(4.13).

[ Find ¢ €V, such that.

(4.23)

The above discrete variational formulation implies that

o %%]F = g is approximately satisfied, automatically.

Let B = {w.}Nh' be a vector basis of Vh’ then (4.23) is equi-

valent to the nénizrear finite -dimensional system
_ N, :
op =L ¢
(4.24) J=1
fg p(¢h)y¢h~YWi dx = Jrghwi dr VA1=],..5 N,

. N
where ¢ = ¢(P3) ¥ j=1,... N, assuming that {P.}.Z1 is the set
of the vertices of C; different from T.E. A

W
j i’

From thé above choice for H% and Vh,’there is no problem of
numerical integration since in 4.23), (4.24) v¢h,Vvh (and therefore
0(¢;)) ‘are piecewise constant. ‘ '

4.1.4.2, Least squares formulation of the discrete problem (4.23),

Combining. the results of Secs. 4.1.3.2. and 4.1.4.1, we intro-
duce the following least squares formulation of the approximate
problem (4.23)

(4.25) Min J, (E,),

Ene¥, -
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where (cf. ADAMS [ 133, NECAS [127]) W]’p(Q) is for pz 1, the
Sobolev functional space defined by :

WOP@ = (vjve tP@ , SL e 1P@ W)
LT 1

(with‘H}(Q) = W]’Z(Q)) ; the function ¢ is determinated only to
within an arbitrary constant.

Remark 4.1 : The space Wl’?(Q)'is a natural choice for ¢‘$ince
physical flows require (among other properties) a positive density
o ; therefore from (4.11) ¢ has to satisfy

CHDEN LR <(§{%§"2 C, a.e. on Q.

4.1.3.2. A least squares formulation of (4.15).

For a genuine transonic flow, problem (4.15) is not equivalent

_ to a standard problem of the Calculus of Variations (as it is the
case for purely subsonic flows) ; to remedy to this situation and

- in some sense - convexify the problem under consideration, we
introduce a nonlinear least squares formulation of the transonic flow
problem (4.15) as follows :

Let X be a set of feasible transonic flow solutions ; the least
squares problem is then

(4.17) Min J(&),
EeX
with
(4.18)  J(E) = %—f vy |* ax,
)

where, in (4.18), y(E) (= y) is solution of the state equation

{Find ye Hl'(S'D /R such that
4.19 ¢ ;
’ \J VyeVv dx = J p(EIVE=Tv dX"-J g vdl ¥eH (Q).
Q" EAY) - r :

If the transonic flow problem has solutiomns, these ‘solutions solve
the least square problem and give the value zero to the objective
function J. : :

4.1.4. Finite element®approximation and least squares-conjugate
gradient solution of the approximate problems. :

We consider only two-dimensional problems but the following
methods can be (and have been) applied to three-dimensional problems.

4.1.4.1. Finite element approximation of the nonlinear variational
equation (4.15). S
We still consider the non-lifting situation of Sec. 4.1.3.1 ;

once the flow region has been imbedded in a large bounded domain §,
we approkimate this latter domain by a polygonal domain Qh 3 with




4.1.3.1. A variational formulatiom of the continuity equation.

We consider for simplicity the situation of Fig. 4.2 which

shows a symmetric flow, subsonic at infinity, around a symmetric
airfoil ; thus the Kutta—Joukowsky condition is automatically

satlsfled.

=)
8

n

e

.[‘B

Figure 4.2

For practicality (but other approaches are possible) we imbed
the airfoil in a "large' domain ; using the notation of Sec.4.1.2
the ‘continuity equation and' the boundary conditions are

(4.10)  ep(¢)Ve = O in @,

with

2 1
| Vo] ooT
(4.11)  p(¢) = p (1= =——= Y71 |
) ¢ Po Y_'.".I_Cz o
and
) o= 0onty, 03 e puen onT,

onT (= TguT,) we define g by
(4.13) g=0 on TB’ g= p, urm_on T . :
We clearly have o

(4.14) o 2 . g on ' and f g dI' =
_ on — =i
An equivalent variational formulation of (4.10),(4.14) is

f .
| o@)Tpery ax - f gv dr  wven (@),
Q - T

1,00

pewW?’ (Q)/R ’

(4.15)



We have then

(&) SpenmonT
N
(4.5) . n O_QE-TB'

Since Neumann boundary conditions are involved, .the potential 1is
determinated only to within an arbitrary constant. To remedy this
we can prescribe the value of ¢ at some point within Q yT and, for
example, we may conveniently use .

(4.6) ¢ = 0 at the trailing edge T.E. of B.

~4.1,2.3. Lifting airfoils and -the Kutta-Joukowsky condition.

_ In fact this condition is not specific of transonic flows since
it occurs also for incompressible inviscid flows and compressible

inviscid subsonic flows ; we refer to [ 1 ],[22] for more information

on the numerical treatment of the Kutta-Joukowsky condition for two-
dimensional and three-~dimensional flows.

4.1.2.4. Shock conditiomns.

Across a shock the flow has to satisfy the Rankine—Hugoniot
conditions

(4.7) -(pusn), = (puen)_ (where n is normal at the shock line or
' - - surface),

(4.8) the tangential component of the velocity is continuous.

A suitable weak formulation of (4.1)-(4.3) will take (4.7),(4.8) into:
account.

4.1.2.5. Entropy conditioh.

It can be formulated as follows (see [zgj'fqr more details)

Following the flow we cannot have a positive variation

of velocity through a shock, since this would imply a

(4.9) (

negative variation of Entropy which is an unphysical

{ phenomencn.

The numerical implementation of (4.9) is discussed in [ 33, [297.

4,1.3.Least squares formulation of the continuous problem.

. We do not consider in this paper the praétical implemeritation
of (4.9) ; we only discuss the variational formulation of (4.1)-
(4.5), (4.8) and of an associate nonlinear least sguares formulation.



In the case of flows past bodies we shall suppose that these
bodies are sufficiently thin and parallel to the main flow, to
not create a wake in the outflow.

4.1.2. Mathematical formulation.

4.1.2.1. Governing Equatlons.

If @ is the yvegion of the flow and I' its boundary, it follows_

from LANDAU-LIFCHITZ [28] that the.flow is governed by

(4.1) Vepu = 0 in @,
where ) .
S 2 1
~ -1
(4.2) p=p (1= =¥,
o xil.C2
Y1
-where

a) ¢ is the velocity potential ,

b) p is the density of the fluid,

c) v is the ratio of specific heats (Y-—l 4 in air),
d) C "is the critical ve10c1ty

4,1.2.2, Boundary conditions.

For an alrf011 B (see Fig. 4. l) the flow is assumed to be
uniform on T and tangential at F

e 4
)

Figure 4.1 -

R
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(3.17) %J'(V),w> = J VE«Vw dx = <T'(v)ew,E>

2
where, in (2.46), T' is the dlfferent1a1 of T, and & the solu-
tion of (3.3) corresponding to v. Therefore J' (v)e 171(Q) may be
identified with the linear functional defined on H () by

(3.18) W > J Vg-Vw dx - <Tf(v)-w5£>
Q

It follows then from (3.14),(3417),(3.18) that gn is- the solution
of the following linear variational problem

Find gne Hé(Q) such that Wwe HL(Q)

(3.19) . n . o a a
JQ Vg «Vw dx = IQVE-VW = <T'(p ) ew,E >

where gn is ﬁhe solution of (3.3) corresponding to v = ¢?-

We conclude this subsection 3.4 by observing that, from the
points (i) and (ii) of the above discussion, an- ‘efficient Poisson
solver will be a basic tool in the solution of (3.1)(in fact of
an approximation of it) by the conjugate gradient algorithm (3.9)-—
(3.16) ; for such a solver we can use one of those domain decompo-
 sition techniques discussed in Sec. 2. Actually, since the conju-
gate gradient algorithm (3.9)-(3.16) implies the repetitive solu-
tion at each iteration of several linear Poisson—problems, it can
be worthwhile to use the quasi-direct method of Sec. 2.3.8, with
‘the matrix'Ah of (2.210) constructed using (2.177)-(2.179) ,and then
factorized once and for all by a Cholesky method for example.

4. - APPLICATION TO THE LEAST SQUARES SOLUTION OF NONLINEAR
PROBLEMS IN FLUID. DYNAMICS.

4.1, Numerical simulation of transonic potential flows for
compressible inviscid fluids.

4.1.1, Generalities..The physical problem.

The numerical simulation of transonic, potential flows of
compressible, inviscid fluids is a non trivial problem since

a) The equations governing these flows are nomlinear and of changingl
-type (ell;ptlc in the subsonic part of the flow, zgerbollc in the

supersonic part). )

b) Shocks may exist in these flows corresponding to discontinuities
of velocity, pressure and density.

c) An Entropy Condition has to be included in order to eliminate
rarefaction shocks since they correspond to unphysical situations.

Concerning the fluids and flows under consideration we suppose
that : the fluids are compressible <and inviscid and their flows
are potential and therefore quasi-isentropic, with weak shocks only ;
in fact this is only an approximation since usually the flow is no
longer potential after a schock(cf. LANDAU-LIFCHITZ [281).




Step 0 :
o .1 . i
(3.9 ¢ € ﬁOGR) glven,

then compute goevﬂéﬁn) from

(3.10)

g® = 0 on r,
and set
(3.11) . Ww° = g°.
. ) . n n _n: : o+l n+l- p+l
Then for n=> 0, assuming ¢ ,g",w known, compute ¢ 5 g oW by
Step 1 : Descent
(3.12) A" = Arg min I A",
© XeR
(3.13) ¢ _gn _ynn
Step 2 : Construction of the new descent direction
. Define gn+le HL(Q) by
08 g™ s ™y gy g gl Oonr,
then .f ‘Vgn+T'V(gn+]—gn)dx
(3.15) 0¥l _ 0 = ,
‘ v dx ‘
jQ [vg"|
S A Gt
n=n+l, go to (3.12),
The two non trivial steps of algorithm (3.9)-(3.16) are :
(1) The solution of the single variable minimization problem
: (3.12) ; the corresponding line search can be achieved by
dichotomy or Fibonacci metnods.We observe that each evalua—~
tion of J(v), for a ‘given argument vV, requires the solution
of the linear Dirichlet problem (3.3) to obtain the corres-
ponding £. :
s » . n+} n+] . ‘ . .
(ii) The calculation of g™’ from ) which requires the solution
- of two linear Dirichlet problems (namely (3.3) with v=¢n+!
and (3.14)). - : .
Calculation of J'" (™) and gn : We refer to [ 2, Sec. 2.4] where

we prove that Vv,we'Hé(Q) we have

»
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(3.2) Min  [|bvrTD
VeHL(Q)

(where the H—l-norm H.l‘—l has been defined in Sec. 2.1). It is

clear that if (3.1) has a solutiom, then this solution is also a

solution of (3.2) for which the cost function will vanish. Let us
introduce & ¢ HL(Q) by

AE = Av + T(v) in §,
(3.3) o
.€=09_I_1_Fa
then (3.2) reduées to

(3.4) Min HAgu-_1
veHé(Q)

where, in (3.4), £ is a function of v via (3.3) ; actually it can
be proved that if-H* -1 is\defined by (2.13) with'<“,'> obeying
(2.12), then o

@ Nl =lvll o wen®@.
' ' H () ’
o .
It follows then from (3.5) that (3.4) may be formulated also by
(3.6) Min J |ve1? ax
veHé(Q) Q

where £ is still a function of v.through (3.3).

Remark 3.1 : Nonlinear boundary value problems havé been treated
by CEA-GEYMONAT [24] and LOZI [25] using formulations close to
(3.3),(3.6). o

3.4. Conjugate gradient solution of the 1east%quares problem (3.3),
(3.6). . R

Let us define J:: HL(Q) > R by

(3.7 J(v) = %-[lealz dx,

where & is a function of v in accordance with (3.3) ; then (3.6)
may also be written as
(3.8) Min  J(v). )

’veHL(Q)

To solve (3.8) we shall use a conjugate gradient algorithm. Among .
the possible conjugate gradient algorithms we have selected the
Polak~Ribidre version (cf. [26]), since this algorithm produced

the best performances (compared to other variants) in the numerical
tests we made (the good performances of the Polak-Ribiére algorithm
are discussed in [ 27]). Let us denote by J'(*) the differential of

J(*) ; then the Polak-Ribi&re version of the conjugate gradient
method, applied to the solution of (3.8) is
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(2.219) a5t = 2y, {0,uy },{0,wy 1)

Aij 1s clearly a Nihx Njh matrix.

The linear system (2.210) can be solved using a ‘Cholesky decompo-
_sition of A, taking advantage of its special structure ; a "good" sub-
domain numbering is shown: on Figure 2.6, resulting in a "nice" sparse
block structure gthe submatrices Aij'can be full matrices).

As a final remark we would like to mention that we can take advan-
tage of ‘the special structure of matrix Ay if one uses parallel processors
for the construction and the Cholesky factorization of this matrix. The
same observation holds for the construction of the right hand side by
also ; this is of . fundamental importance since in the applications to the
solution of nonlinear problems, discussed in Sec. 3, we. shall have to update
these right hand sides very often.

3. = APPLICATION OF DOMAIN DECOMPOSITION TO THE LEAST SQUARES CONJUGATE
GRADIENT SOLUTION OF NONLINEAR BOUNDARY VALUE PROBLEMS.

“3.1. Synopsis. B A ,

In this Sec. 3 we shall see that the solution of nonlinear boundary
value problems can be reduced - via a least squares formulation coupled to
a preconditioned conjugate gradient algorithm - to the solution of a
sequence of Poisson problems, solvable themselves by the domain decompo-
sition methods discussed in the previous sections.

In the following subsections we shall discuss the application of the abo-
ve principies to the solution of a quite simple nonlinear model Dirichlet pro-
blem ; actually,as we shall see in Secs.4 and 5,the same ideas apply also to
more complicated nonlinear problems.

We follow partly in this Section [22, See. 21,[ 2, Sec. 2.3] (see
also GLOWINSKI[23, Chap. 7]). . :

3.2. Formulation of the nonlinear test problém.

let Ry be a bounded domain with a smooth boundary. We considar
the nonlinear Dirichlet problem

_ =8¢ - T($) =0in Q,
(3.1)
¢ =0 on T.

We do not discuss here the existence and uniqueness properties of the
solution of 3.1y, since we do not want to be too specific about operator T.

We shall concentrate on conjugate gradient methods with preconditioning
via convenient least square formulations. 4

3.3. éB_H’l least squares method for solving (3.1).

A natural least squares formulation for solving the model problem (3.1)
is

”
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RS
A (B )
2.211) A = i, 7|
| 220

Aor (P )
2h 2N2h

(witﬁ Ah = {Alh’XZh} th the soiuﬁion of (2.175)) ; then

(2.212) b, = 1h

! 2N2hd

with b, defined, from (2.175), by (2.180) with My ='{w]k,o} , i.e.
: - - ~| < e

(2.213) by = =37 (0),{w, ,0D)

we should have similarly

(2.214) bo = (32 (0),{0,w

Zk})'

'Finally, the matrix A . is symmetric, positive definite. It is also

block sparse if the number of subdomains is 23 (as shown on Figure 2.6) ;
_1n the simpler case of a two subdomain decomposition weé have

: L
A A
(2.215) A = - '
S Ay 1 Ay
P t kL .
with AZ] =A7, ; a;/, 1is the generic element of Aij and we should use

' (2.179) to compute fk 3 we have indeed

(2,216) a?% = ah({wlk’o}’{le’O})f

k2
a2

(2.217) 5h({°’wzz}’{wrk’°})’

(2.218)  agl = 3 ({0, },{w ,,01),



(2.208) A, =1 ’ —
o ) f lVg?hlz dx
i=1 /..t
11
(2.207) W2 = gt e Wl

(2.208)  do m=m+l, go to (2.201).

To compute ah(w h) we should use (2.193), (2 194) and
instead of (2.195), .

n _n A ‘ ‘n_noc
J V(“zh'”lh)'vwzh dx + f (“Zh‘”lh)WZh dx +
Q Q
12 12 |
_ . . n _n .
J G ”2h) V“ dx + J MM ¥ip 9%
19 2 i

2
-] J Vﬂ <V, dx Ve M.
i=1/Q..

ih(w;,Wh)

+

(2.209)

We observe that each iteration requires the solution of & discrete
Dirichlet problems, plus the solution in My of the "small" linear varia-
tional problem (2.205), equivalent to a linear system whose matrix is
symmetric, positive deflnlte and sparse.

2.3.8. Quasi direct solhtion of the least-squares problem(2.146)-(2.148).

It follows. from Sec. 2.3.6.E that the solution of the least square
problem (2.146)-(2.148) can be reduced to

(1) The solution of two-discrete Dirichlet problems on each subdomain

,; in order to compute the right side of (2.173),

(11) . The solution of the linear system equivalent to (2.1755,

’(111)One dlscrete Dirichlet problem on each {.. to compute the solution
of (2. 146) - (2 148), once the solut1on ion of t2.175) is known.

, Let us concentrate on (ii) ; actually (2.175) is‘equiﬁalent to a-
linear system, say ' :

(2.210) Ah Ah =

With the notation of Sec. 2.3.6.D we have in (2.210) (if i=1,2)



cc2.201) (%2 )12

o {
Pin€ Hotne

) o f o o, o _0

ii 21, 12
: | :
V¢h€ Hoih

i-1 -

where j=i+{-1) .

Define now gg = {g$h’g§h} as the solution in M of

.o R . _ .' . .0 _ o . . . . ..
. J VBt VW, dx ':J V(97 1) "V dx *
=0y 12.

, O __ 0\ - N »
¥ f on 7V 1n)¥on ¢* 7 JQ

e~

[e] o
V(Y Yop) YWy, dx +

: o _.0 )
|t I O vdx - J VPin*Win 4%
2 1=l 70y

thA=’{w]h,W2h}e L

Set then

0. o
(2.202) wp = gh.

n 2 n n .2 n_ ,n,2

: \ n _ = =
Assuming that u, = {uih}i=l’ g, © {gih}i=1’ Y4 {wih}i=l are.

. -+
known, we obtain uﬁ s gg+], wg+] by
Step | : Steepest descent
' 2 . 2
ve. dx
S i Jgiii il
(2.203) p_ = >
- n ~ . n._n
2, (70 %p)
(2.206) o™ = B - 5 WB)] wis1,2.
: ih ih  "n ' ih Yi’ ’

Step 2 : Calculation of the new descent direction

I _ o+l o+l s
= {glh > 891, } as the solution of

-Define g§+

. Q ih ih .
(2.205) : i 1 ii

h = W ¥opt e My

' 2
J Vg?+1-VW. dx = §
i =

[| s N

)

then

n -~ n .
Vein VWin 4x = ppd (wHwy)



S SV . n _n - no_mn .. _
ay Gy 3 = J Vngn M) V¥, 9% * J gy ¥, dx *
12 12

(2.195)

+

n _n - ' n_n ..
J Vo) Ty 9% Y I Mo ¥ 9%
12 12
2 : |
- .Z J SLFTRLL TN dx  ¥w eV .,
=195 |

with %h as above.

We observe that each iteration requires the solution of the 4
discrete Dirichlet problems (2.193) (2.194).

2.3.7. Conjugate gradlent solut1on of the least squares problem
(2.146)~(2.148). A second algorithm.

We consider now the discrete analogous of Sec. 2.3. 3 3y the
key idea is to replace, in the conjugate gradient algorithm discussed
in Sec. 2.3.6, the Mh—scalar product

(2.196) " {upupt - 121 JY HipHin 9 V“h’uh "
1

by the following one

” _
(2.197) {“h’“ﬁ} - Z J Vuih-yuih dx Vuh,ul_'lth.'
| 4 i=1 Qii .

_ Since the functions of M, vanish outside a small neighborhood
of the Y; 's (see Fig 2.5), using (2.197) is no more costly, per
1terat10n, than using (2.196) ; moreover from the numerical tests’

" to follow, it seems that (2.197) has, in general, better precondi-

tioning (scaling) properties than (2.196), making the corresponding

algorithms faster than those corresponding to (2. 196) (which are
described in Sec. 2.3.6).

Using the scalar product (2.197) we obtain the following variant
of (2.182)-(2.192) (it is still a conjugate gradient algorithm) :

Step O : Initialization

(2.198) uﬁ = {u?h,ugh}e Vlh)<v2h’ arbitrarily given,

: then, for i=1,2, solve
' o

o 1 o _ - ' _ .0
Yih € Bip? Yin T 8jp om %y T, Vi = v

_ in &2 Yi
(2.199) '
v Vo, dx = | £ ix ¥, ¢ H'
Yin'Vop dx = JQ ip®h 4% ¥opeHoy
ii A ii :

(which has a unique solution in H;H) EEi '




where, in (2.187), G;: is the unique ‘extension of w: -]—'P—Mh

Step 2 : Calculatiou of the new descent direction

Define gh = { ?;]’gZh’} by solving
2 : 2 :
n+l f
TR - R PR
(2.189) - i Yi

o

Yy = 19 oot € Vorn X Voo

then- . :
D[ o1s
_i=1 JYi
(2.190) >‘n =3
| i-z-l J l ”‘I
e ’n+L _ n+l n
2190w =g e A,

(2.192)  do n=n+1, go to (2.187) .

We detail now the calculatlon of d(W, h’ h) :

Compute n {nlh,nZh}e H ><H2 via the solution for i=1,2, of

‘o _ 1
| ViU 4k 0 Wy eHo
(2.193) ii o |
‘ n _ : . on .

Nip = 0om AR, aT, nfy = wh emy;

'Compute then 'n {nlh’WZh} € HOlh (l)2h via the solution, for

i=1,2, of

n’ 1
“ih € Hcn'.h’

n _ n_mn,. : n _n
(2.194) fg Vnih.v¢h dx = JQ V(nih njh) Vo, dx + L‘g (ngy, njh)q)hdx

ii 12 o 12

1
Yo € Hoin o

where j=i+(-l)l“l ; we finally have (from (2.179)) that



then, for i=1,2, solve

Hl o _ ' = aT 0" _ o on
Yin € Bin» Yin = 8gp OB 305 0Ts vy = upy omwyg,
(2.183) . _
' o ' 1
Vy V9, dx = JQ’ fih¢h dx V¢h €H .o
ii ii :

{(which has a unique soluﬁion in H;h)’and

o}

Pih cH,

oih’
' 0.0 | _ o _0 ..
(2.184) 'JQ -vPih V¢h dx = JQ V(yih yjh) V¢hdx +
ii 12
I
* jﬂ (ylh-ylh)¢ dx V¢ € H01h >
12
- where jéi+(—l)1—

" Define now.gh {glh’gZh} as the solution in Vg Voo1, of

2 |
o o 0 ,.u~
é JY &invindY = JQ V(ron i) Vg 9% ¢

=Yy 12
+ (y y Y, dx + V(yo —yO yeVw, . dx
_ Q 2h “1h” "2h Q th “2h 1h-
(2.185) \ 212r '
0 0 |~ 0 o~
+ J (ylh y2h?WTh-dx '21 JQ Vpithwihdx
* i
th = { lh’WZh} eV oh’
where w h,w is (and will be in the sequel) the unique
exten81on of Wh 1nhM
Set then
; Lo _ o
(2.186) W g, °
. _ _roma2 n_ ;032
Assumlng that uh {ulh}l -1° gh = {gih}i=l’ vy _'{wih}i=1 are

known, we obtain uh+1 gg+1, w§+1 by

Step 1 e Steepest descent

2
2
| DRNEEN
(2.187) p_ =izl i ,
. n ~ ~Nl1 ~N
n (¥ )
n+l n n

(2.188)  w'l =l - o,



L

We also have

- r
k- ! = 3 = _— . !
{ B Goi) = B, Guyoiy) JQ VO gnYan) " THay 4% *
12 |
* J Oon™ nd¥on 9* * f- VO pYon) i 9%
G 2y |
r -2 . .
t o
Jo Om” y2h)“1h I f' VPip" VHip 9% =
12 i=1 .911
J V(yZh Vin)*Vhan dx + J- P ylh)u2h *
12
. . ~
j V(yfh"yéh)’vulh e Ol T, &
"Ry | 2

5 o

- : -,

D) I‘ VPip Vi 4%
i=1.7Q..

11

.+
(2.179) < &

where p; ,'p{ are the solution of (2.161), corresﬁonding'tp
Yihs yih given by (2.177) (2.178) respectively.

The rlght hand side of (2.175) can be computed explicitely
since

3 _ o _ ol'. 0 _.0O
G0 = | TR Ty x ¢ [ 5y, 4

12 S 12
0 o [o] 0
(2.180) (+ J VY " Yop) Vi O+ J - OV ¥y 9
Q ~ f
12 12
.. 2 (o]
-3 J VRS Vi, dx WuoeM

i=1 /Q , o

ii

where y = {y g,y } is obtained from (2.173) Wlth v obeying the

follow1ng hypotheses on EQ ih

~ _ L
(2.181) Vin = 8 O Bﬂiirwf, Pi(vih) = 0-;

then pgh is obtained by taking Yin = ygh in (2.161).

F) - Application to algorithm (2.150)-(2.158).

Using the isomorphism between Vg and the conjugate gra-
dient algorithm (2.150)~(2.158) can be written as follows (it is
a discrete variant of algorithm.(2.95)- (2.108) of Sec. 2.3.2 F) :

Step 0 : Initialization
(2.182) i = {u]

o] . . ’ . .
1h? Yoy} is arbitrarily given in V) xV,,

+



1 .
£ipdy dx  ¥opeH iy o

ii ii _
(2.173) o~ L - '
: Yip = vih_gg_aﬁii, with Vi € vih such - that
~ M, i
Vip T 8y om 3y ol By(Vip) = iy

The unique solution of the least squares,problém,is aléo the solﬁ—
tion of the following linear variational problem in M

;Find Ay = {Alh’AZh}e M such tbat

(2.174) ¢ _ o
. B .

(Jh()‘h) :Uh) =0 Vuh € Mh .

Actual}y, since Uy Jh(uh) %s guadratic,‘(z.!74).is ?quivalent
to-a linear system whose variational formulation is given by

)\he M‘h)

(2.175) !
3, Oyouy) = ~GRO0),up) Wy e M,

where a, (+,+) is a bilinear form symmetric and positive definite
~over Mp xMy ; it is not kmown explicitely but however it is quite

easy to compute Eh(uh,ué) for every pair {uh,uﬂ}e M XM, since
we have -

(2.176)  ay (uysup) = JQ Vi) V™Y ) ¥ o™V 1) Oon ™Y ) Hax
12 ‘

where y., ,y!. are, for i=1,2, the solutions of the following dis-
ih’} ﬁ?" . . €
crete Dirichlet problems in Qii

} | .
| Yin€Hipe Yip™0 om 8055 0Ty Vip = Hyy OB Y
(2.177) '

¢ 1
JQ VYlh‘VCbh dx = 0 V(bh € Hoih’
ii :
' 1 o ‘ E .
(2.178) _
A J
' W . L= .
o ety o 0w eH . -,
ii

respectively.



Suppose that those vertices of B, located on y., con51dered
in (2.165), have been numbered from i to N. i 28 fo 1ows

{P }J‘~="-1 (where P..e’Yi, Pijdaﬂiinr) ;

then the following basm B Mih plays an impbrtant role in

the sequel ‘ '
Nin

(2.167) Bih = tviihiar o

where the Wij are (uniguely) defined by

| WijEMih ¥isl,.. N,
(2.168) -

Vi3 (P ) =1, W, (Q) 0 VQ.verte?{ of rih" .Qa‘Pij 3
the suppbrt of  some wi'j are shown on Fijgure 2.5.

E) - Formulation of the least squares problem(Z 146)~(2. 148) as
" a variational problem in M.h

Let .'¢ih€ Vih ; from (2.164) we have
S

M M S
(2.169) &5 = 05 * O5p > Pin € Mips Pipe S

where ¢1 , q> are uniquely defined ; using (2.169) we introduce
then the progector PM : Vih - Mih’ defined by

(2.170) P}.{(.d). 2= ¢’.4' v¢.h€x7.

By analogy with GLOWINSKI~PIRONNEAU [10] and [11] (for the first
biharmonic problem and the Stokes problem, respectively) it is
convenient, from a practical point of view to reduce the least
squares problem (2.146)-(2.148) to the following problem

- ( Find {)fl-h’)\Z'h} €M, *M, such that
(2.171y {. .
' Jh()‘lh’AZh) SIpGhpotgn) ¥yt b ety XM,
where
J (.U )=l | U9y, (o) =y, (1 )Iz

htintton’ 7 ) Y2 Hon’ VintHin

(2.172) !¢ )
, | g
* Y (Hgy) - ylh(u]h)l } dx

with y.. (u., ) solutlons, for i=1,2, of the discrete Dirichlet
problems on Q '



_—_— P > ' P
(2.162) V.. = {¢,]¢, € Hipo Opyp=0 ¥Te T,y TN a3, = @) .

The above vih'is clearly isomorphic to YH;h and we have

.dim (ﬁih) = number of vertices of EL located on agii..

We consider now the subspaces Mihvand Sih of Vih dgflned by

(2.163) M, = {¢ |0y € V.0, $,=0 on 30, . " T}y

®S,. =V. ,

(2.164) .Sy cVips M @S,y = Vo

respectively. The above M., is isonmfghic to V., and

N . Nih = dim (Voih) = dlm‘(Mih) =
(2.165) ' ’ ‘

= number of ‘verticdes of ta located on Yi but not.on I'.

‘We define then Mh by
(2.166) - M =M XM ;
Mh.ls 1somprph1c to Voh = V01h><V02h'

We have shown on Figure 2.5 an example of the above situation

4

Figure 2.5
- Nodes of ¢} on y,, Yo correspoqding.to Mipe Moy



C) - Some remarks concerning algotiﬁhm (2.150)—(2.158).

The various comments .of Sec. 2.3.2.C still hold f0f algorithm
(2 150% (2.158). We observe moreover that obtaining from
'(ub*tly, via (2.155), requires the solution of a linear system
wgose matrix is nondiagonal (it is sparse however) ;we should use
the trapezoidal rule to approximate the bilinear form

2
1 . ]
tepozgt > 1 f Zih%in %
v = Ty;

by another one, whose matrix is diagonal ; the same observation
‘holds for the norm used in (2.156).

D)'- Calculation of J'( ).

' Calculations comparable to those done in Sec. 2 3.2.D y1e1d :
to a discrete analogue of (2.84), namely

Vwy € VOIhXVOZh‘we have _
' ' - g _ o U " ’ - ~ .
Ty bop) ) = fﬂ VY in) <y &% * JQ Gon™ i) ¥ondx *

(2.159) { 1z - o 12
* J VO Vo) Wy 95 [ 3147 ¥y 9%
f 9)
12 12
2
) Up.,eVw., dx
e JQ ih "Tih 77

ii
‘where w, o= {wlh’wéh} is any extenglon of W such that _

| . 1. 5
(2.160) W, eH, “inly, T Yin* ¥in|aQ, a1 T

in (2.159), ¥ {ylh,y2 } and Py = {Plh’P } are obtained from
Vh and {vh,yh?, respectlvely, by (2.148) ang (for i=1,2) by
5
Pin€ H01h and

(2.16?) JQ_ Vpih'vzih dx = JQ v(yih—yjh)-Vzihdxd-JQ (yih_yjh)zihdx

ii ) i2 12
: 1
VziheHoih

(where j=i+(-1)*"1), respectively.

From a practical (and industrial) point of view we should
simplify the calculations involved in (2.159) if we can have
supp (w.) as small as possible (we recall that supp (¢) is the
closure of the set {x]|¢(x) # 0}); for that purpose we introduce

the subspace“Vih of H: h’ defined by



B) - Descrlptlon of the conJugate g adient algorlthm : For i=1,2
we define Vo by :

2 . S, §

V.. = {v, ]v. e L7(y.), V.. =7, where v., ¢ H., ,

(2.149) olﬁ. ih! "ih i ih 1h|yi —— 'ih" ik

the conjugate gradient algdrithm is then defined.a§ follows :

Step. O : Initialization .

(o]

(2.150) x V.. is arbitrarily given,

2h

(o0 (o]
fujpsugt e Yy
define now '

[¢]

_ o o S -
gy f {glh’gZh}e thxV02h such that

(2.151)

[ I ]

' o o e :
Ly [“ BinZin 9 T Cple)szy) Yoy = 20 € Vo Vome

where J' denotes the differential of J ; set then

h
o _ o
(2.152) LA
Assumlng that uh {u s gﬁ 1h}i=l’ Wg = {Wih}§=l are
n+1 +1 , i

n+
known 'we obtain: uh 1, g, > wg

Step |1 : Steepest descent.

(2.153) © p_ = Arg Min J (uh owh),
peR. :

o+l n.

(2.154) u =u - pn h .

Step 2 : Calculation of the new descent direction.

" Compute
n+l _ , n+l n+1 .
(2155 | = {eyn »8yn 1€ Vo, ¥ Vogp Such that
2. . _
: n+l n+l 2 .
= = 1
| iZ, Jv Bih Zin 4 = Ul s Zh) ¥ = LYo Voo
then - ;
o n+] 2
1 jy la5, |7dy
(2.156) A =izl 1
; n 2 .
n,2
) J ey
=1'Y
ﬁ+1 . n+l n
(2.157) vy = 8 + Anwh .

(2.158) do n=n+1, go to (2.153).



Hoin = 0nlone By » 6,70 om 30,7 .
| 2 C S
Vin = UinlVin e O vip i)y where Vi e By,

~

V.p = 8 OB aﬂii.n r},

respectively. As in Sec.2.l we still define Yi by

v, =, -(39. IR

We have enough tools now to approx1mate the least squares problem
(2.61)-(2.63) of Sec.2.3.1 (equivalent to (E) ; we suppose for

">51mp11c1ty that as in the. continuous case we only have two sub-

domalns Q]l and Q 2) by

such that

Find {u,, ,u;, eV, %XV
2106 |2t et < Ve Vo -
Tp(uypatigy) Iy Vyavop) ¥ {vygavp b e ¥y X Vo

where

‘ (T inevon) = ?JQ Vg Vo) 7 oy 17+
(2.147) ' 12 . '
2
+ |y2h(v h)-y]h(vlh)l }dx

with v (v solutlons, for i=1,2, of the discrete Dirichlet .
_problems onhQ

T

Vin W’h ax - I Einbp 9% ¥ e Hoih ,

(2.148) ! 25 95y
1 |
yih € H'h’ Yin T Bjp OB %M ATy = v om vy
where f hIQ

We can ea311y prove that the following

' Proposition 2.6 : The least squares probl glm(2 146)=(2.148) has
a unique solutlon such that

“in T Jaly,
where yh‘is the solution of (2.143).

2.3.6. Conjugate gradieﬁt solution of the least squares problem
(2.146)-(2.148). A»firs;,algorithm.

A) - Synopsis : In this subsection we consider the solution of
the discrete least squares problem (2.146)-(2.148) by a con-

jugate gradient algorithm derived from the congugate gradient
algorithm (2.65)-(2, 73) of Sec. 2.3.2.B ; as in Sec. 2.3.2.B .

 we suppose that the V., ih 's are equipped with Lz(Yl)—norms.



- 2 .

Step 3 Once u is known (from Sfep 2) we finally obtain the
solutlon y = {y ,y7} of problem (2.61) (and therefore the solu-
tion of - problem (EY (cf (2. 1))) by solving (2. 63) with y;=ug
on ;-

We observe from Steps 1-3 that solving (2. 61) is equlvalent
to the solution of 3 Poisson problems on .each {,., plus the solu-
tion of the variational problem (2.88) ; in the following sections
we shall discuss the finite element 1u@1ementat10n of these methods
founded on the ‘above decomp051t10n properties.

2.3.5. Finite element approximation of (E) and of the least
square problem (2.61). :

_ We' suppose for simplicity that © is a bounded polygonal _
domain of RZ 3 with ‘(fh a triangulation of 2 -such that [ T=0-
we define v _ Te {%

2.141) B = oy loy, < ¢° @, ¢hiTeP ¥Te G,

where P, is the space of the polynomials.in two variables of
degree <1, and then

(2.142) H1 = H;erl(Q) = {¢ ‘¢ € HL ¢h=0 on I'}.

We denote by YHh the vector space generated by the traces on T

of Hﬁ ; assuming for Sme11c1ty that g is continuous over T

we ‘define g as the unique element of Yﬂé such that g, (P) = g(P)
¥P vertex of ¢ belonging to I'. We approximate, then, the Poisson
problem (E) (see (2.1)) by

gFind Yy, € H; > Yp|T = g such that
_ 1
?JQ Uy, -V, dx = !Qith’h‘ dx ¥ e H_,

where fh is a convenient approximation of f.

(2.143)

Problem (2. 343) has a unique solution.

We consider now a decomposition of £ by subdomains . ,Q
(i#j) satisfying (2.5),(2.6) (cf. Sec. 2.1), and also the"
following propertles

ij

(2.148) ¥, T = T[_JC T,
| ' : € Cip
(2.145)  wi,j, i#j R.. = [ T,

ij
T et sn

where & p. are subsets of & (thus the Qii,ﬂ.. are also
polygona? domalns) ; to each .. we associate H!h, gl e v
defined by o * oi
] .

Hin

in

o,= ' .

-



Step 1 : Calculation of the right-hand side of (2.88).

Let u be an arbitrary element of V1><V2 s we have from
(2.60) that §; = g, on asziinl". ' »

From (2.84) we obtain that.
[ @r@,w = f v<§2—§]')-v€72 dx + f <;2-§])a2 dx +
' Yo iz
(2.138) (+ jg 'V(§1-§2)'V€'~7].dx +4JQ (3,-7,)¥, dx -
' 12 . 12 '
. 2 'r - '
- 'Z ~J ' Vpiwai dx,
1=} ..
11 :
{

where, in (2.138), @ = {ﬁl,ﬁz} is an arbitrary extension of w
such that . ’ '

Y.

~ | ~ | S =0 ;
ViR @), Bl = Bl p =0
1 11

in (2.138), y = {51,52} and p = {5],52} are obtained from u' as
follows (from (2.63) and (2.80), respectively) : B

“by; = £ in @, )

(2.139)  {y; =g on 8, nT, | .
yp=uony;

and
Py € (%) and

(2.140) JQ Vb, +Vz, dx:-; f V(§i-§j)-vzi dx + J (§i—§j)zi' dx

i1 Uy , %
i

Vzie HO(Qii) s

1-1

where J=i+(~1) .

Step 2 : Solgtion of the'variational problem (2.88).

We obtain u-u via the solution;of the linear variational pro-

blem (2.88), and then u, since u = u+(u-u). '

The bilinear form a(e,*) occﬁring in (2.88) is not known
explicitely, but using a convenient finite element approximation -
of (2.61) we shall be able to obtain a finite dimensional approxi-
mation of it, ‘modulo the solution of a finite number (a priori
‘known) of discrete Dirichlet problems on each Q.. ; this construc-
tion will be discussed in detail in Sec. 2.3.8.%%



\

[

(2.132) =22 fii
) n 2 n 2 .
7. J |vg. | “ax
i=1'Q..
11
2.133) @ =g la @,

(2.134) do n=n+l, go to (2.129).

Steps (2.129),(2.131) involve a bilinear form a : (V xV )2‘;32'
.o . ) 01 02
whose definition is the following : : : ,

~ N e T ' : 1 1
Let v — {v],vz.}vemeVO2 ; compute n = {n],nz} cH (Qll) xH (922)
as the solution, for i=1,2, of '

' . A”i = O'iE Qii;
(2.135) ¢ :

(n; = v; on 3%, 3

1 1

compute then T = {7, ,7 }IEH](Q ) XHI(Q ) via the solution, for
—— e ———— 1272 o' 11 o 22
i=},2, of
' 1, .

i EHo(Qii)’ 4
(2.136) JQ Vﬂi'Vzidx = JQ v(?i—nj).vzidg‘+ JQ (ni—nj?zidx
' : it 12 . ) 12

I

Vzi eHo(Qii),
where~j=i+(—l)l_] ; we have then

a(v,w) = JQ V(ﬂz-ﬂl)‘V(wz—wl)dx + J (nz—nl)(wz—wl)dx

12 12

2
- i21 JQ U eVu. dx ¥ W = {wl,wz} Vo Vo -

(2.137)
ii

We observe, from (2.124)=(2.137), that each iteration of
(2.124)=-(2.134). requires the solution of two Dirichlet problems
on each §.., similar to (2.135),(2.136), respectively, plus the
solution o the variational problem (2.131).

2.3.4. Decomposition properties of the least squares problem
(2.61).

In view of the quasi-direct solution (discussed in Sec.
2.3.8) of the finite dimensional problems approximating (2.61),
it is of fundamental practical importance to analyse the solu-
tion process of problem (2.61), via the variational problem
(2.88) ; in that direction three steps appear quite naturally




- (2.125)

- which has a unique solution in Hl(Qii), and then

/ _O | IPPRE
" Pi G'Ho(nii) ’

- (2.126) J 'Vp?‘-Vz.,dx=J, V‘(y?-y?)«Vz.dx%J' (y?-’-y?)z.dx
: a i 41 q i7j i g 1737
4 {4 - T 92
» Vzi _EI‘HO (Qii) .
where j = i+(-1)*"!,
" Define now g° = {g?;ég} as the solution of . v

~0 ~ ~

g eVgxVy, and ¥ Z = {glgzz} e VgV, we have

2 .
-~0 ~
.z IQ Vgi°Vzidx

53947 e

(2.127)‘ e - _
_ ii 12 5 ]
1+ ] 65y G,-5 ax - 7§ Vp®+ V3. dx
q 271 RETE Lo, PLTYE
_ ) 12 : i=1 il
and set
(2.128)  %° = 3°.
Assuming that Gn,én,ﬁn are known we obtain ﬁn+],§nf1,ﬁn+llgz '

Step 1 : Steepest descent

2 n;2 .‘
Vg.|“a
! JQiil g;| “ax

o T is]
(2.129) ~ . p =LAl ,
a(w ,w )
(2.130) @™ - a“¥pna“.

StepiZ : Calculation of the new descent direction |

Define §n+1 = {§?+],§2+]} as the solution of

2 2
N+l : N e o il
! f VgL evEdx = ] J VED.VE, dx - p 3(&",E))
i=t bo.. 7 1 i=1 /.. * 1 n 1
, ii ii . '
(2.131) s s oy m

, ¥z = {zl,zz} gVO‘xV02 ,

~n+l =~ ~
€ Y91 Vo2?



50 ~0 ~0 .

(2.116)

<l

~ ~ ~ ~ .2 ~
%y 0 ‘ - .
iZ—_l {Q Vgi.Vzidx = (J (u),z) ¥z {Zi} =1 EVle 02°
i : ‘

whereujf denotes the differential of J, then set

2.117) W =g

Assuming that ©* = (72, 3% = (3N, W = W5

i=1 =lgjtjoyr W =AWI oy 228

: . o~nEl g ool
known, wé obtain u 1gn+1’wn. by

Step 1 : Steepest descent
(2.118) P, = Arg in J(@M-ou™),
~1r+ | ~n__ "~n '

(2.119) u =u v

Step 2 : Calculation of the new descent direction

Cbmpute
g = (20 e T xT, such chat
5 1 01 Vo2 2252
(2.120). ) { ve™tt. vz, Jdx o= (7 (~“+1),E)
' i=1 Q.. T :
11
w3 o= (317 eV XU
2= 120a¢ Yooz
2 .
then 0+l 2
1 [ tvEl P
: iz I8 -
(2.121) ) = s
. n 2 ) n.2
AR
i=1 Q.
11
2.a22) T =g e ",

(2.123) do n=n+l!, go to (2.118).

D. On the practical implementation of algorithm (2.115-(2.123).

Most considerations of Sec. 2.3.2.C,D, E concerning algorlthm
(2.65)-(2.73) hold also in fact for algorlthm (2.115)=-(2.123) ;
it follows then from these considerations that a more explicit
description of the basic algorithm (2. 115)~ (2.123) is given by
the following variant of (2.95)-(2. 108)

Step 0 : Initialization

(2.124) 3° = {G?,ﬁo} is arbitrarily given in v XV,
1772 1 2

Solve then, for i=i,2,




¥ vev, xV, and if ¥ = Tv, then

B 1 1 -
(2.109) Vo= {%,,%,} EH (@, )xH (5222)', vilYi

Vilsg, . np =8 ¥iz1,2;
RSt

there is an infigity~9f s?ch lifting operators T ; we associate
to T the spaces Vi’ Vi cH (Qii)’ by

xV, = T(V]xVZ).

2

]

Using the ndtation'in (2.[09),(2.!10) let us consider the control
problem : '

“(2.110) ¥

Find § eV ¥, such that
(2.111) 3~ N T
J@ sIE) W T A,

where

Nof —

2.112)  I®) = J 90,7y 1 2#1y,my, [P hax
Q .

12

with, ¥ i=1,2, Y5 yi(G) the solution of

‘ -Ay. = £, in Q,.,
(2.113) oot 1

o
7y e Ho (800

The solution u of (2.61) and U of (2.111) are clearly related
by : . - .
(2.114) & = Tu.

'C. A conjugate gradient algorithm for solviﬁg (2.111).

Let us define, for i=1,2, Goi by

01 = {Vilvi €H (Qii), vitz, eV, Vzi eVi} :

we have then the following variant of algorithm (2.65)-(2.73)
of Sec. 2.3.2.B. '

v

Step 0 : Initialization

(2.115) 3° = {ﬁ?,ﬁg} EGIXGZ is arbitrarily given,

define now
Z£lilne now

»



comgute then 70 = {n%,71"} ¢ H](Q j le(Q ) ‘via the solution,
o 1’72 o"'ll 022 :
for i=1,2, of . :

A o 1
.TTie HO(Qii) H)
(2.107) { UneVz.dx = [' vt D) eVz.dx + J‘(n9—n?)z.dx
i i : iy i i 3771
U UP: 2 |

vzi. € HO(Qii)

whgre j=i+(-1)l_l ; we finally have (from (2.92))

a(w",w) J V(ﬁg—n?)-v%édx + f ' (ngrnT)%zdx +
: Q.. - ' Q.5 _

12 . 12
J V(n?'n;)-vﬁldx + J (ann;)ﬁldX -
f v : o
512 ; 12
- JQ UreVw.dx ¥ we Vg xVo,

ii

(2.108)

+

with ¥ as in (2.92).

_ We observe that each iteration requires the solution of
~ the 4 Dirichlet problems (2.106),(2.107).

2.3.3: Conjugate gradient solution of (2.61). A, second algorithm.

A. Synopsis.

The numerical solution of proﬁlem_(E) via the discrete va-
riants of algorithm (2.65)-(2.73) has produced quite good results ;
we can observe however that the norm we have chosen, i.e.

N (.Z J IWiIZdY)l/z
iy,

is not optimally suited to the ellipticity properties, of. the

. bilinear form a(s,-), that we have mentioned in Sec. 2.3.2.D ;
it is therefore reasonable to suppose that using a norm induced
by the H'(Q..)'s may improve the convergence 6f our conjugate
gradient algorithms. The practical implementation of such norm
is discussed below. '

B. An equivalent formulation of (2.61).

The spaces Vj Peing defined by, (2.60) we introduce an

extension.operator( ) T - VIXVZ > H (Ql]) le(sz), such that

(}) 1t is precisely a lifting operator



[
3]
—

i

where W= {w],wz} is an arbltrary extension of w such- that

wle B! Q) » #

= 0 , and set

Thyy Yir Vi aQiiﬂT
(2.99)  w° = g®.
. n n n. 2 n_ .n?2
Assuming that u = { 1}1_ y 8 = {gi}i=l’ w = {wi}i=l are
known we obtain u®*',gtt! P*! by

Step. | : Steepest descent

2
n,2
2 fv el
(2.100) = ZLYE ,

a(wn,wn)

(2.101) un+]_= u“—ﬁnw“.

Step 2 : Calculation of the new descent direction

" Define gn+l = { o+l n+1} by solving,
2 n+l 2 n . ’ n
(2.102) ) *
¥ ow {WI’WZ}E VoxVgy »
. 2 .
“then : . n+l, 2-
Loy ey Ty | R .
i=p)Yi * |
(2.103) A = - - ’
) n 2. o 2
) j | g™ < ay
: i=1 Y
(2.106) W gP*‘+Anw“ ,
(2.105) do n=n+l, 8o to (2.100).
We deta11 the calculatlon of a(w W),VweVOl 02 °
: Compute n {nl,nn} eH (Qll)XH (922) via the solution, for

i=1,2, of
AT = 0 in Q.. ;
i — Tii

€2.106)



‘ » ' : +1 n+l
We also-have, from.(2.69),(2.70),(2.87), that-gn+1= {g? »89 );
can be defined as the solution of the following linear varia-
tional problem in VleV02

Sy
)
4]
o 3
+
)
Ko
"
It 200

. J giw;dv — o alvw W
: Y; ) : i=1 Y .
(2.94) : .

¥ w = {w],wz}e VOIXVOZ'

1t appears clearly from (2.93),(2.94) that a crucial point

when using algorithm (2.65)~(2.73) to solve (2.61) (and there-
fore (E)) is the calculation of a(wP,w) for w given in VgixVg2- ;
this can be done using (2.89) or (2.92). :

Collecting the above results the final form of algorithm
(2.65)-(2.73) is then (we apologize for the redundancy)

Step 0 : Initialization

(2.95)  u° = {uﬁ,ug} is arbitrarily given in V xV,.

Solve then, for i=1,2,.

(2.96) y. = g. on 9. .nl ,

I — 11

-0 -0

= u. on .
l‘—Yl

Y

which has a unique solution in H (Qii), and then

- o i .
pl € HO(Qll) s .
f
(2.97) J UpoeVz, dx = J V(y9-y3)-Vz.dx + J (y-y)z.dx
i Q i i O i737 71 i 7377177
| ii 12 12
1 : ‘
Vozg e B @)
where j=i+(-1)*7'.

Define now g° = {g?,g;} as the solution of

2
L

) _ A O__ 0y, o . O__ Oy~
J giwidy = JQ V(y2 yl) szdx_+ J (y2 yl)wzd? +

1=k 7yy 12 29
(2;98) + V(y?—y?)-V%ldx-+ J (y?—yg)ﬁldx -
f : 9]
212 12
o _~
- izl I Vpi-Vwidx Vw o= {w],wz} EVOIXVOZ ,

11l



W

(2.91) {y, =0 on UQ . ﬁ

Y5 ion

fi
€
o
o]
2

respectively. B
We also have from (2.84),(2.89) that .
a(w',w) = a(w,w') - J V(y,-y ) Vwdx +
' Y
. o . 12 .
|+ J (yz-y])ﬁé di: + J V(y] yz) Vw dx +
e , ) Q
I

i
3

e Ura!
J . Vpi.Vwi.dx
11 .
V(yymyl)eTa, ax + J( (v}-y} ), dx

' 12 '
V(y -y -V, dx + J (y;-yé)a] dx -
12 -

l - N.' :_
Q (Yl yz)wl dx
12 :

|
- J,
jﬂiz

7 Up!eVa, dx
i=1 JQu. o1

(2.92) <

e
[y*]
+

where p!,p. are the solutions of (2 80) corresponding to yl,y

given by (i 90),(2.91), and where wj (resp w!) is any exténsion
of wj (resp. wy') such that wj (resp w! D) en! (éll), '|Y‘ =Wy,
vi 39.. nl = 0 (resp. W'! = Wi , Wl BQ nT 0) ; if one takes

~

0% Vi w1 = y: in (2.92), it follows from (2.90),(2.91) that

we recdver (2.89). In practice it may be more .convenient to

use (2.92) than (2.89) despite the fact that (2.92) is, apparently
more complicated than (2.89) ; the justification of such a choice
will appear clearly in Sec. 2.3.5 where we shall discuss the
finite elemént approximation of problems (E) and (2.61).

F. Appllcatlon to algorithm (2. 65) (2.73).
It follows from (2.68),(2.85)C ) that we have
2

-an
i

- 2 J'-lg dy
@r@h,wh _i=1lYi

2.93) =
( 93) pn n n , n n
a(w ,w) .a(w ,w)

(') And also from the basic properties of conjugate gradient
methods in the case of linear problems (cf. DANIEL [2}]for
more details). ‘ ‘



'~ where the bilinear form-a(s,+) is continuous, symmetric, posi-
tive definite over (VOIXVoz)X(VOIXVO2)’ and independent of £
and g (it is in fact strongly elllptlc if these spaces are
equipped with the norms 1nduced by H (), H! (922), i.e.

3o >0 such that

2
(2.86)  a(w,w) = afwl|
V01XV02

2
where "“’”vmx' v, " ¢ z Ak )‘1/2, with (¥i=1,2),

”Wi”VO.— = mf ERIN w:Lth W, el (2,,), W0 on 82, nT,

. H Q..
ﬁi = w; on Y. ; the proo%lof (2. 86) is glven in GLOWINSKI-
L10NS-PERTAU [20]).

It follows from (2.85) that we have

(2.87) (J'(v")=I'"(v),w) = a(v'~v,w) ¥v,v' €VIXV2’ VW'eVOIXVOZ.

It follows also from (2.87) that if u is the solution of (2. 61)
then u'is solution of the linear variational problem over
VO 02 below ¥

Find u eVlXVQ.such that

(2.88) _ _
’ u-1 = «-(J'"(y

, a(u-u,w) (J.(u),w). Yw EVOIXVOZ’

where u is an-arbitrary element of V’1><V2 ¢=i>u—§ EVOIXVOZ)'

E. Calculation of a(*,*).

_ The bilinear form a(+*,*) is not known explicitely ; it is
however quite easy to compute a(w',w) for every pair

11"

{w',w} e(VOl 02) , since.
(2.89) a(w',w) = jQ {V(yé-y;)-V(yz-y‘)+(yé-y{)(yQ‘Y1)}an
where, in (2.89), yi,yi are, for i=1,2, the solutions in H](Q..

of
Y = :
Ayi 0 in Qii’

(2f90) <yl =.0 QE_BQii nT

)



Taking zi‘= 6(yi45g in (2.80) we obtain

j., V(yz—yI YeV$ (y2—§2)dx + JQ (yz-yl) 6(»},2_;’,2)4;{ +

12 12 .
(2.81) + J V¥, =y5) V8 (y, =V, )dx + j (vy=yp) 8(y;=v)dx = -
: )12 12 :
| = *21 IQ »Vpi-VS(yi—Gi)dx.
T

. 1 '
S1nce_pi EHO(Qii) we have from (2.75) Fhat
(2.82). J V8y.*Vp.dx =0 ;
Q i fi
' ii

 combining (2.79), (2.81),(2.82) we obtain

éva) = (J'(v),8v) j V(yz—y])-V532dx +
0 ! B .
. 12

(2.83) + JQ (yz—yl)5§2dx

+ J, V(y]—yz)fVSG'dx-+
0 1
12 )12 , |
\* JQ (y]*yz)GGIdx - -Zj fg Vpi°V63idx.
12 =L

Thus we have proved that ¥v eVIXVZ, Yw EVOIXVOZ’ we have

J'(v),w) =J V(yz-y])'V&zdx + jQ (yz-y,)ﬁzdx +
9]

12 12 -
(2.84) + J _ V(yl—yz)fVQIdx.+'J (yi—yz)ﬁldx
2y O '
;] —
-. Vp,+Vw.dx ,
i=1 M, * 1

ii

where w = {ﬁl,ﬁz} is any extension of w such that
~ 1 ' -~ ~

vi eB (5, wilyi = Wi Wi'aaii ar =0

in (2.84), y = {y],yz} (resp. p = {p ,b }) is obtained from
v (reSp._v and y) via (2.63) (resp. %2;%0)).

" On the other hand it follows from (2.62),(2.63) that we have

(@) = I+ @ W) + ¥ alw,w)
(2.85)

¥ w evleVOZ"



where, in (2.74), 6v = {dv L0V }e VO 5 is a variation of v,
compatible with the boundary condltlons on the anl nT ; the

—_—
6y s are the correspondlng variations ofy , l.e.

-Ady, = 0 in 2.,

(2.75) Sy 0 ggraﬂiirwr ,

(o]
<
it

6v, om Yy,

Let ?i be an extension of v, over Q i such that
S ] i ! 3 ;
(2.76) ¥, e B (), vilv'i = v, "ilaniinr =g 5

-

we havevyi v, € Ho(Qii)’ and also
B e 1 g . oyt = v oy . =
(2.77) 89, e B (@), 89,1y, = 6vy, Gvi‘aﬂiinr 0,

- 1 '
(2.78) 60y e H ()

We élearly have from (2.74) that

83(v) = (J'(v),8v) = V(y,y) V83, dx +
, Jq N
, ) 12 »
+ [ (yzfyl)ﬁzzdx + V(y]-y2)~V6§ldx +
2P ' "
(2.79) + JQ (yl-yz)dvldx + J V(y2-y])°96(y2—v2)dx +
1.2 . ) 12 )
+ { (YQ‘Ylyé(Yz-Vz)dx + J V(yi-yz)'V6(y1—§])dx +
J ! Q .
12 12
+ J '(yl—yz)é(yl—ﬁi)dx .
Rp)

- Let us 1ntroduce now (for i= =1 ,2) the follow1ng adjoint state
equatlons -

o
p; eH (§;;) and

(2.80) ¢ JQ Vpi-Vzidx = JQ V(yi-yj)-Vzidx + JQ (yi-yj)zidx
: ii : 12 12
¥z, cH @)

where j=i+(- 1) ; the Dirichlet problem (2.80) has a unique
solution. '



(2.69) un+1 = un—pnwn.

Step 2 : Calculation of the new descent direction.

Compute

gn+l = {g?+], ;+1} €V0]><V02 such that
(2.70) 2 :
. n+l _ R .2 T _ (.12 -
) ,J..gi z;dy = (3'@u ),z) ¥z o= {z. )0 eV, XV,
i=] ‘v, .
i
’
then nt+l,;2
. d
iél j il i e
(2.71) A, = 5 : ,
n 2
I lell%ay
i=] Y
(2.72) wn+1 =_gn+]+knwn ,

(2.73) do n=n+1, go to (2.68).

C. Some remarks concerning algorithm (2.65)-(2.73).

It appears clearly from the above description that the two
non trivial steps in algorithm (2.65)-(2.73) are (2.68) and the
calculation of J'(un+]) in (2.70). It seems that solving (2.68)
requires a line search, and therefore the solution of several
Poisson's problems like (2.63) ; similarly the calculation of
gn+] from ul*l seems to require the solution of several Poisson's
problems like (2.63). Actually (and fortunately), using the fact
that the cost functional J(+,*) is a quadratic functional of
{V],vz}-we shall be able, via an adequate recurrent relation
satisfied by the gl' (very close to (2.52)), to reduce to two
the number of Poisson's problems like (2.63), to solve on each
2.. at each iteratiom.

ii
D. Calculation of J'(+). Formulation of (2.61) as a linear va-
'~ riational problem in V91%V09 -

The following considerations may seem rather theoretical,
they are however of fundamental importance in view of the prac-
tical implementation of algorithm (2.65)-(2.73) ; let begin by
the calculation of J"(v) .

Using the notation y; = yi(vi) (i=1,2), we have from (2.62)

8I(v) = (I'(v),6v) = J V(y,7y,) "V8(y, -y, )dx +

(2.74) AUTY
J (y,7y,28(y,~y )dx
2,



(iii) (2. 63) the state equatlons,
(iv) J(*,*) the cost function.

Remark 2.4 : Other cost functions than (2.62) may be used ; let
us mention for example
J Iyz(v> v, (v >| 2ax ;
Q .
2,
it seems however than J( ,*) defined by (2.62) is optlmally
suited for solving (E), via (2. 61) '

2.3.2. ConJugate gradient solution of (2.61). A first algorithm.

A. Synopsis : Any conjugate gradient algorithm for solving
(2.61) will be very close to (2.47)-(2. 55) ; it is quite clear
that the natural metrics to use on the Vi 's are those induced
by the H (Q ) s ; using these metrics 15 rather technlcal
.therefore, and for simplicity, we shall consider first the
case .where the V,'s are equipped with the Lz(yi)—ndrms.

B.. Description of the conjugate gradient algorithm : Let us
define, for i=1,2, Vgi by .

2 - v, ocn
v. = 0 on 3Q..nT} ;
1 b 11 :

the conjugate.gradient,algorithm.is then defined as follows

Step 0 : Imitialization.

(o]

(2.65) u {u?,ug}ﬁ Vv, %V, is arbitrarily given,

define now

_ggo {g?;g;} 5V01><V02 such that

(2.66) ¢ 2 o o - 9
— ' —

izl JY g;z;dy = (J'(u"),z) ¥z = {Zi}iél'EVOIXVOZ

where J' denotes the differential of J, then set

(2.67)  w° = g%

. n _ ;. ny2 W= (WD 2
Assuming thazlu :l{ui}i=l’ . {gl}1 WS {wi}i=1 are known
we obtain u” gt wntl by

Step 1 : Steepest descent.

(2.68)  p_ = Arg Min J(u"-pu"),
pelR



2.3. A new domain splitting method.

2.3.1. Motivation. An equivalence result.

" Qur main motivation to- design the method which follows
was to find a conjugate gradient variant of the Schwarz's algo- , .

rithm (2.16)-(2.18).

We suppose that Q has been splitted according to situation
(ii) of Sec. 2.17and we use the notation of Sec. 2.1 and 2.2.1 3
for simplicity we suppose that i,j=1,2 in (2.5),(2.6). We achieve
the goal defined above by using a convenient least squares for-
mulation equivalent to (E) (see @2.1).

Let us introduce first some” convenient functiomal spaces
(of traces) ' ’
| .gV. = {v, eLZ(Y.)' v, = V.|, where V. e HI(Q.{)
(2.60) i i i7" 71 ily, ——— i ii’’
. ? i

Vv, =g on BQiin‘F}

for i=1,2. We have then (the quité obvious)

Propositioﬁ 2.5 : The minimization problem

Find {u],uz} eV XV such that

12

(2.61) . .
J(ul,uz) sJ(v],vz) v {v],vz} gV]XVZ,

where
——————— : ’

170y, wy)my, (v, | Py, () =y o) Phax,

' 1
(2.62) J(VI’VZ) = E-JQ .
12

with yi(vi) solutions (for i=1,2) of .

“Ay; = f; m 8.
(2.63) v =8 EE-aQii nT
VitV Ry

has a unique solution such that

(2.64) ui:= vi

where y is the solution of (E).

Remgrk 2.3 : Problem (2.61) has clearly the structure of an
optimal control problem (see LIONS [19]) with :

(i) VY, the control variables,

(ii) ¥,»¥, the state variables,



. +1,;2
g™ |

) .
L7(yq9)

2.53) - y_ = 12)
L P LN
o L (YIZ)

(2.54) wn+l = gn+l+ynwn.,

(2.55)  do n=n+l, go to (2.50).

The formalism of algorithm (2.47)-(2.55) may seem '
quite . abstract ; in fact algorithm (2.47)~(2.55) is no more
complicated to 1mp1ement than algorithm (2.30)-(2.33), and lTike
this latter requires only the solution at each iteration of a
Poisson problem on each §;; ; 1ndeed g® is obtained from A0 by

-by; = £, in 0

11
(2.56) {y; = g; on 3 nT
Byo
1 _,0. :
ani =ATon Yy,

for i=1,2, and then

2.57 g% = -yl .
; 1 -2 Yo

'Concernlng Steps ! and 2, the key point is the calculation of
Zwh ; this is done as follows

We define {X]’XQ} eH (Ql])xH (922) by
© . n .-
bx; = 0 in &,
. . n—
(2.58) { x> = 0om 32 nT ,
_ s_gzi-ln .
Ae—== (1) w on Y,

for i=1,2, then

(2.59) 7w = (x?—x;‘)'ly

Thus one iteration of (2.47)-(2.55) is no more costly than one
iteration of algorlthm (2 30)- (2 33).

Remark 2.2 : Another conjugdte gradient variant of algorithm
(2.30)-(2.33) is given in LEMONNIER [18 ; it is however twice
more costly than (2.47)-(2.55).



The main result is the followxng

Proposition 2.4 : Let A be the solutlon of the dual problem
(2.37) ; A is also the solution of the following linear problem
in L2(y,,)

(2.45) X = g,y |y )
1

I . . .
where {YOI’YOZ}JEH (Q]])XHI(QZZ)ls defined by

: —Ain = f. in Q'i ,

(2.46) Yoi = & gg_BQiivnF .
Woi 0
. Bni =Yon ¥y,
for i=1,2.

Pfoof : Very similar to the proof of Theorem 2.2 in GLOWINSKI—
PIRONNEAU [10, Sec 2.5] . =

Using the above results we can describe now the following
conjugate gradlent variant of algorithm (2.30)-(2. 33) (with
L =T1°(y,,))

Step 0 : Initialization.

(2}47)- 2 ° ¢ L, arbitrarily given,

(2.48) g% =2x° - (Yyoomva 0l . L -
02 701 Yo . :

(2.49) - w° = g° ;

then for n =0, assuming that (", w",g") € LxLxL are known we \ \
compute An+1 wiTh gt by : Yoo

Step | : Steepest descent.
(2.50 A AP-p v
with -J g™ dy J e 2ay
Yy Y
(2.51) p_ = 12 — - 12 — .
(7 )w dy { 7w )w dy
Yi2 Y12

Step 2 : Calculation of the new descent direction.

(2.52) gn+1 - gn—deVn



t
N
3

!

R R o
Z: 170y, 150 )
as follows

Let Aé LZCY12) ; to A we assoclate y](A) =¥ yz(X) =y, as
— .. B T R T - Bt . —
the .solutions in H (Q]]) and H (Q9,), respectively, of -

by =0 in &y,
(2.40) y, = 0on @ nT,
By] :
Bm, T A 22 Yip
By, = 0 in 8y,
(2.41) {1y, = 0ond0,nl ,

Byz
=—— = -}k on Y
an i 12 ?

and we finally define 7 by

(2.42) 7k =@y, M=y, 0N} .
T2
We have then’ ‘
Proposition 2.3 : The operator 7 : Lz(ylz) - L2(Y12) dgfined
by (2.40)-(2.42) is continuqus, symmetric and positive definite j
. it is not, however, strongly elliptic.

Proof : We just prdve that (7 is symmetric and positive definite

Let p eLz(le) and 1et.y1(u), yz(u)ibe the corresponding solu-
tions of (2.40),(2.41) ; integrating by parts we clearly have
. 3y :

. . oY
: ] . 2
J A\ u dy = J ¥, () E (ndy + [ ¥, (A) 3n (w)dy
Y12 Y2 4 Yi2 :
(2.43) _
2 o
= ] J Vy. () Ty, () dx.
i=1/9. . '

11

The symmétry-of & is obvious from (2.43) ; moreover'taking
A =p in (2.43) shows that 7 is positive déefinite.

Remark 2.1 : Let a(«,*) be the bilinear form in (2.39) ; it
follows from Proposition 2.3 that we have

(2.44) a(\,p) = f S Zaudy ¥ A,u €L2(Y12). 2
, Y
12



Proposition 2.2 : Suppose that the saddle point problem (2.29)
has a solution ; then, ¥ A0 eLi(ylz) we have, ¥'i=l,2,

: . n _ - . ! N
(2.34) lim y; = 9¥; = y]Q_. strongly in H (Qii) ,
n-++oo 11

where y is the solution of problem (E), if

(2.35) - 0<p<S
' C
where, in (2.35), ”é -z ||
2 11200

(2.36) c =

sup
{ZI’ZZ}EZ—{O} ”{21’22}|IZ

and where

_ .| 1 ) _ .
Z = {{z],zz} ¢H (QII)XH (922),-zi[39iinr = 0 ¥i=1,2},

' : 2
lepzli= (F [ 172yl
i=] Qii

" The above algorithm is in fact a gradient algorithm, with the
constant step p, applied to the solution of the dual problem
associated to (2.29), i.e.

Find A €L such that,

(2.37) . .
J (A sJ (u) Wuel,
where
(2.38) JW) = - Inf Z(z;,2,,1)
‘ {zl,zz}ev
we have then
9y oy
AT R
Bn] <an2 —_ 112

. - 9Yj )
where, ¥ i=1,2, Sﬁi-denotes the normal derivative at Y, exte-
rior to Qii' i

It is fairly easy to show that
_ N 1 .

(2-39) J (U) = E’a(U:u) - R,(U) ’

where a(+,*) is bilinear, continuous, symmetric, positive definite

over LXL (but not strongly-elliptic) and where &(*) is linear
continuous over L.

The above properties clearly suggest a conjugate gradient algo-
rithm for solving (2.37), and therefore (E) ; in order to have
a2 better understanding of the dual problem (2.37) we shall give
an équivalent operator formulation. Let us define then a linear
operator




The fact that #£ can be used to.solve (E) (via (2 23)) lies on
the follow1ng

Proposition 2.1 : éuppose that {yr,yz,X} is_a saddle-point ofg
over VXL, 1 e. .

{y,,y9,A} evxL,
(2.29) | o
' \ =Eﬂ(y,,yz,u) < Ly, ¥,,0) < £(z,,2,,)) V{zl,zz,u}svxL-
We have then ¥ i=1,2 ‘

?i‘= YIQii ’

where y. is the solution of .(E). The reciprocal property holds
if y is sufficiently smooth. '

From Proposition 2.1 we can replace the solution of (E) by .the
solution of the saddle-point problem (2.29).

It follows from GLOWINSKI-LIONS-TREMOLIERES (15, Ch. 2] [16
Ch. 2 and App. 2], BENSOUSSAN-LIONS-TEMAM [17], that (2.29) can
be solved by a saddle-point selver like Uzawa's q;gorlthm (and
its conjugate gradient variants) ; let us describe the basic
Uzawa's algorithm corresponding to (2.29), it.is defined by :

(2.30) Xoe'L,varbitrhrily given,

then for n=0, aSsumin&‘An known, we compute y?,yg and Xn+l Eé )
n'__ N
Avy = £ in &y,

(2.31) !y} =g onda nT,

FE R P

—

~bYy = £, in 2y,

- (2.32) {y; =g, on 8,0l ,
- - n
an, - h 2B Y,

n+l

(2.33) AT = A"+ o(yo-yD|, e >0.
‘ Y12

Concerning the convergence of algorlthm (2 30)-(2.33) we can
prove the follow1ng

&) n, 3 outward unitary normal vector at aQii



©2.2.2. A domain splitting method with coordlnatlon by Lagrange

multipliers. _ .

Problem (E) is equivalent to the following m1n1m1zatlon
problem ‘

Find vy ¢V_ such ﬁhat
(2.19) - &

J(y) <J(2z) ¥z eVg
where

(2.20) v, = {zew' @), z=g on T},
(2.21)  J(z) = '—J V2| 2ax - f fz dx.
Q

We consider now a decomposition of § as done in Sec. 2. I, .case
(i) (we just consider here, as in Figure 2.k, two subdomalns
911,92%) ; we associate to this decomposition the functlonals
J1 ) + IR defined by

: 2 ) .
(2.22) Ji(zi) = ?Lz |Vz,]” ax - JQ f.z;dx, i=1,2.

ii i1

It is then quite easy to show that (2.19) (and therefore (E))
is equlvalent(l) to the following minimization problem

. Find {y],yz} € W such that
(2.23) ' ‘
J,(y])+J2(y2) 5J1(21)+J2(22) ¥ {zj,zz} GW,
‘where A .
S .| !
‘ W=1{{z,2,}ed Q) xB (Q.), z,|. =z,] ,
(2.24) BN 1 2277 Fily,” Fly
2ilan,. a1 = & (= 8lyg  ,p) ¥ is1,2F .
ii 1i

. The main dlfflculty in (2.23) is that it 1nv01ves the linear
constraint :

(2.25) z, | =z, |
Y 727y,

H

a standard method to overcome (2.25) is to associate to it a
Lagrange multiplier, via a convenient lagrangian functional ;
in that direction a quite natural choice is £ defined by

(2.26) =5(zl,zz,u) = J,(z))+3,(z,) + jY H(z,-z,)) dy .
’ ' 12

Let us introduce now the following spaces

(2.27)‘ v {{z],zz}" ¥ i=1,2 , z; e (Q ) Z; IBQ nF “ 8 Y

(2.28) L

L}

L2(Y12) .

(}) In that vy,

;= ylﬂ_., ¥i=1,2,
11



We split Q as in Sec. 2.1, case (ii), using Q] s Q‘Z (see
Figure 2.4 for other notations) ; the problem under considera-—
tion being (E) (see (2.1)) we introduce the following functions

‘(2.14) fi

f|-Q , i=1,2,
ii

(2.15) g; = glmii R i=1,2
The algorithm is defined by

(2.16) _ Let a function n be defined on Y,

then for n 20 we construct a sequence'{y?,y;} as follows

by} = £, in @

(2.17) )

V55

il
3

Yy ’

n . ..
by, = £, in Q,, ,

(2.18) {yy =g, on 3Q,,nT ,

yol, =yl
VT2, Ty,

The mechanism of the above method is shown on Figure 2.4.

Figure 2.4

Mechanism of the Swhwarz Alternating Method



To conclude this section we shall introduce some functional
spaces, useful in the sequel : -

2.1 H@ =ivel’®, 2T i@ ¥is,..N,
i
2.8) B @ ={ver'@, v=0onT} ;
the space HI(Q) is an Hilbert space for the inner p;bduct
(2.9) (u,v) 1 = f uv dx.+vJ VueVv dx 3
: H (@) Q Q

‘moreover. H](Q) is a closed subspace of HLGQ), and if Q 1is

bounded (af least in one direction of IR"), then Hé(ﬂ) is a

Hilbert space if equipped with the inner product

(2:10) (u,v) ,
1! @)

= J YueVv dx ,
§ .
. ' - 2 172,
and the corresponding norm Hv|| 1 = (j |vvl© ax) 17 is
: Hy (R Q 9
equivalent to the norm induced by 1! (Q). Suppose that L“(Q)
has been identified to its dual space then if B™1(Q) is the
dual space of Hé(ﬂ) we have '

@2an  B@ectf@er!

).

Furthermore the operator'-Aris an isomorphism from Hé(Q) onto
11 Q) ; we shall denote by <*,*> the duality pairing between
11 (Q) and Hé(Q) such that

)]

(2.12) <f,v> = [ fv dx. ¥ £eLi(Q), ¥ veH;(Q‘) :

if f‘eH_l(Q) we have

(2.13) “‘f”_] - |<f,v>|

1 SUp
: veHo(Q)-{O} ”Vi‘ﬁé(g)

For more properties and details on Sobolev spaces we refer to,
e.g., NECAS [127, ADAMS [13], ODEN-REDDY [14].

In the next sections the above definitions hold also for the
sub-domains Qii“

2.2. A review of two methods for -solving problem (E), based on .
domain splitting.

2.2.1. The Schwarz alternating method.

This method was introduced by Schwarz around 1860 to solve
Dirichlet problems and its convergence was proved using the
Maximum Principle. Let us describe briefly the method :




Figure 2.2 illustrates situation (ii) (with i=1,2,3 in- (2.3)) ;
a more general situation of this type is shown on Fig. 2.3.

Figure 2.2

Decomposition of type (ii)

Figure 2.3



In the sequel we shall face the two following_typesiof
situations : _ ' ’ T
(1) We have

(2.3) Q= g Qii

where = (resp. °) .denotes the closure (resp. the interior)
of a set and also

:(2.4) Qii anj =@ ¥i,j, i#j .

We introduce also Yij defined by

Yi; = Yyi T BQiirraﬂjj if i 43

- Figure 2.1 illustrates this situation (i) (with i=1,2 in (2.3)).
¥in |

BQIL' . . [' of2

— S e o o

Y]

Figure 2.1

Decomposition of type (i)

(ii) We still have (2.3) but (2.4) does not hold since we have,_'

either
(2.5) ?z’ii n-?z'jj =@ ¥i,j , i#j,
or
Q..nQ.. =Q.. (=0..),
(2.6) 3 11 J] 1] , J1
f dx>0.
i

We introduce also

Yy = 3911 - (Bﬂii ﬁF).



The main goal of this paper is to describe a new least—
squares conjugate gradient variant of the above Schwarz method
which provides efficient tools for solving compllcated non-
linear problems on complicated 2-D and 3-D geometries. This new
method has moreover very good propertles in view of its imple-
mentatlon on vector machines. :

The content of the paper is as follows : in Sec. 2, ta—
king Laplace equation as a model problem we do first a short
review of domain decomposition methods ; then we introduce this
new least-squares domain spllttlng technique,and discuss its
application via a conjugate gradient algorithm and a quasi-
direct method ( in the semse of [10],[11]).

In Sec. 3, we show how the above methods can be used as
preconditioners for solving by nonlinear least squares and con—
Jugate gradient a nonlinear Poisson model problem ; this method
is then extended in Sec. 4 to the solution of much more com~
plicated nonlinear problems,namely the numerical simulation of
transonic potential flows for compressible inviscid fluids.and
to the Navier—Stokes equations of incompressible viscous fluids.

‘In Sec. 5 various numerical experiments illustrate the
possibility of these new methods and show also some compari-
sons with pre-existing methods using that concept of domain
splitting.

2. NUMERICAL SOLUTION OF LINEAR DIRICHLET PROBLEMS USING DOMAIN
SPLITTING METHODS.

In view of introducing the decomposition techniques to
be applied in Sec. 4 to the solution of nonlinear problems in
Fluid Dynamics, we consider in.this section the solution of
simple linear Dirichlet problems by some of these techniques,
and particularly by our least squares-conjugate gradient method.

2.1. Formulation of the model problem.

Let 2 be a bounded-domain of IRN (N=2,3 in practice)

with a smooth boundary I' = 3. We consider in Q@ the following
linear Dlrlchlet problem (E)

Ay = fin @,

@) B § T

(where f and g are given functions) ; we associate to (E) the
family ((E);); of linear problems defined by

(2.2) (B). i
1(y; =8 om ol

where §,. c Q.
11



ABSTRACT

The numerical solution of finite element approximations of
complicated two and three dimensional nonlinear problems can be
‘a most formidable task. In order to overcome this difficulty
related to dimensionality, domain splitting methods can be very
effective, particularly in view of obtaining a fast and economi-
cal conjugate gradient solver, which can be used to precondition
the solution of nonlinear problems by optimization methods via
nonlinear least.squares or weighted residual formulations: A new
technique of this type will be introduced and analysed and its
efficiency will be discussed from numerical experiments concer-
ning the numerical simulation of transonic flows for compressi-
ble inviscid fluids and incompressible viscous flows modelled
by the Navier-Stokes equationms. ' '

1. INTRODUCTION.

Pressure calculation is an important step of the design
of new aircrafts, using the methods of Computational Fluid
Dynamics. To take into account the actual complicated three-
dimensional geometries associated to an aircraft, it is quite
natural to use finite element methods for solving the nonlinear
partial differential equations governing the flows around these
geometries. This requires usually the use of quite powerful
computers, able to solve very large nonlinear systems (104 .
unknowns, and even more). -

Using conjugate gradient methods with scaling (one says .
. also preconditioning), one has been .able to solve on sequential
computers these very large nonlinear systems via convenient
least squares formulations (see [1]1-[5] for more details).

o

It is clear however that the numerical simulation - by
any method - of much more complicated situations, like three
dimensional compressible viscous, turbulent separated flows
requires much more computing power ; in that direction compu-
terslhaving parallel computation abilities seem to be a very
promising approach in a near future. This new generation of
computers, quite specialized in their applications leads to
‘the study of new classes of numerical algorithms,particularly
in Numerical Linear Algebra (cf. e.g. [6],[7]).

A possible approach to the numerical solution of large
linear (and nonlinear) boundary value problems, via task decom-
position is provided by the methods-using the concept of domain
splitting. - ’ ’

Concerning these methods based on domain splitting we
can say that they originate from the wellknown Schwarz method
(around 1860) for solving elliptic problems ; this method
which is essentially sequential has been recently considered
from a more numerical point of view by various authors (cf. -
e.g. [8],09]) ; we may find in particular in [8] variants of the
Schwarz method with good parallelization properties. :
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RESUME

La résolution numéfique des problémes approchés par des méthodes
d'éléments finis peut Btre une opération extrémement coliteuse. Dans le
but de surmonter cette difficulté les méthodes de_décbmposition de
domaines peuvent se révéler comme extrémement efficaces. En particulier
pour obtenir des algorithmes de gradient conjugué préconditionné, appli-
cables a.la résolution de problémes non lingaires, via l'utilisation de
mé&thodes de moindres carrés. Une nouvelle méthode de décomposition de
domaines est introduite et analysée dansce rapport et ces possibilités
évaluées par 1'intermédiaire d'expériences numériques concernant la
simulation sur ordinateur d'écoulements transoniques de fluides parfaits
compressibles, et de fluides visquéux incompréssibles, ﬁodélisés par les

équations de Navier-Stokes.

ABSTRACT

The numerical solution of finite element approximation of
complicated two and three dimensional nonliﬁear problems can be a most
formidable task. In order to overcome this difficulty related to
dimensionality, domain splitting methods can be very effective, particular-
ly in view of obtaining a fast and economical conjugate gradient solver,
which can be used to precondition the solution of nonlinear problems by
optimization methods via nonlinear ieast squares or weighted residual
formulations. A new technique of this type will be introduced and analysed
and its effciency will be discussed from numerical experiments concerning
the numerical simulation of transonic flows for compressible inviscid
fluids and incompressible viscous flows modelled by the Navier-Stokes

equations,
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