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ON DETERMINISTIC CONTROL PROBLEMS :
AN APPROXIMATION PROCEDURE FOR THE OPTIMAL COST

R. conzaLez*) and E. ROFMANCF*)

ABSTRACT

We study deterministic optimal control problems having stopping time,

continuous and impulse controls in each strategy.

We obtain the optimal cost =considered as the maximum element of a sui-

table set of subsolutions of the associated Hamilton-Jacobi equation- using
an approximation method. A particular derivative discretization scheme is em-

ployed.

‘Convergence of approximate solutions is shown taking advantage of a

discrete maximum principle which is also proved.

For the numerical solutions of approximate problems we use a method of
relaxation type. The algorithm is very simple ; it can be run in computers of

small central memory.

Finally we apply our results to a short-run model of energy production

management.
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RESUME

On étudie le contrdle optimal déterministe de systémes différentiels

oi l'on dispose du temps d'arrét et des contrdles continus et impulsionnels

pour. chaque stratégie..

On obtient le coiit optimal, considéré comme élément maximum d'un con-

venable ensemble de sous-solutions de 1'&quation de Hamilton-Jacobi associée,
moyennant un procés d'approximation.Un schéma particulier pour les discréti-

sation des dérivées est utilisé.
La .convergence des solutions approchées est montrée A 1'appui d'un

principe de maximum discréte dont la justification est donnée.

Pour la résolution numérique des problémes approchés, on applique une
méthode de type relaxation et on présente un algorithme computationnel trés

simple qui occupe trés peu d'espace de mémoire.

Finallement on applique ces résultats 3 la solution du probléme de
gestion optimale & court terme d'un systéme de production d'énergie &lec-

trique -



INTRODUCTION

Previously [9], we have dealt with the numerical solution of some
optimal deterministic problems using as basic tool of analysis the charac-
terization (introduced in [7], [8]) of the optimal cost function as the
maximum element of a suitable set of sub-solutions of the associated Hamilton-
Jacobi equation. In this paper, to compute this maximum element, we present

a new algorithm who makes possible to solve non-trivial problems in compu-

ters of small central memories.
In part I we study the stationnary case.

In part I.1. is introduced a control problem with a cost function.J to
be minimized. We consider in each strategy stopping times, continuous and
impulse control ; so V(x) = inf J(x 3 T, u(+), z(-)). After defini«

Tyu(-),z(+)
ton of a fitted set W of subsolutions and following the same techniques
used in [7], [8], [9] we characterize V(x) as the unique solution of the

equivalent pfoblem (P) : Find the maximum element of the set W.

In I.2. we consider the discretized problem (Ph) , 1ts solution
(Gh), the algorithm to compute it and its properties. Using a particular
scheme to discretize the partial derivatives of the functions in con-
sideration we are enabled to define an algorithm that, iterative and suc-
cesively, increases the valués of these functions in the vertices of the

triangulation employed, until the approximate solution ah is found.

In I.3. it is proved the convergence of Gh to the solution V(x) of

(P). An estimation of the rate of convergence is given.

In part II we consider the non stationnary case. In particular we give
a solution to the problem of computing the optimal control of an electricity
production system, applying the methodology described in this paper. Systems

with a significant number of thermal generators may be optimized in this

form.



I. THE STATIONARY PROBLEM

I.1. The optimal control problem and an equivalent formu1ation
(the problem (P)).

To control a system with trajectories in an open bounded set
’ \

Qe R™ we use'stopping time control, impulse control and continuous

control.

In the intervals of time free of the action of impulse controls,

the trajectory of the system satisfies the differential equation

dy

-2 = f(y’u)
dt : ' (1.1)
y(o) = x x e  cRY

where u(*) is a measurable function of time with values in a compact set

U‘CZRm.

At times SV(O < 61 < 62 < v.l) impulsés z(@v) are applied ; they

produce jumps of amplitude'gv in the trajectory of the system :
+ - -
y(83) = y(6)) + g(y(8)), z(6)) | (1.2)

y(G;), (y(6;)) is the right (left) limit of the trajectory y(.). The set
Z of admissible impulse controls is a compact set of B,

‘-\\, . .
The control strategy is determined by the stopping time T > 0, the

function u(.), the times {GV} and the impulses {z(ev)} ; it will be noted

by (t, u(-), z(.)).
In the following we shall suppose that ve, y(t) € Q.

We assign to each strategy of control the cost value J :



J(x 3 1, u(-), 2()) =S e % 0y(s), u(s))ds +

(1.3)

< ©A

-ab
sy T+ L e Y g(y(8), 2(6)))
\Y

being & the instantaneous cost, ¢ the final cost, o > O the instantaneous

actualisation factor andq > O the cost of application of an impulse.
Our aim is to find the optimal cost function V(x) defined by

V(x) =  inf J(x ;3 1, u(-), z(:)) ¥x e Q . (1.4)
T,u(-),z(.)

The characterization of V(x) given in Theorem 1.2. concerns lipschit-—
zean functions. So it is useful to recall the following result, which is

easily obtained as a combination of those shown in [9]

Theorem 1.1. (Lipschitzeannity of V(x))

If the following hypothesis are verified :

i) £, %, ¢, g, q are continuous and bounded functionms (Mf, e, M

being the bounds) ;

ii) f, 2,0,g, q are lipschitzean functioms of y (Lf, ey Lq being the

lipschitz constants) ;

“iii) o > Lf + u6 n Ag (if Ag > 1) or
o > Lf (if Ag <1,

with

|x + g(x,2) - x' - g(x',z) ]| / x % x'

e = % ; x, X' € Q, z € 2}

Ag = sup {I



2 e(MR + Q M¢) _ 2 e(Mz + aM¢) .
ua = q ’ UO- oq ] qo"'lnf Q(X,Z) >0
o o 0 xefl
zeZ
then V(x) is a lipschitzean function, i.e.
lv(x) -~ v(x")]| s Lvllx - x'|] ¥x, x' € Q
being -
. A o Lf
U o
1 e
L =1L, A ° + L +
v L g a Lf Mg Qn-lg q Lf 0.
1 - X e Mg
Uo .
i >
+ L¢ A if Ag 1 or o - Lf
L =L, —— +1L < +L if A <1.0
v QI.Ol,—Lf q Lf—Ol. ¢ g
1- A e M6
4

As a consequence V(x) is a.e, differentiable in 0. Using the techniques
of dynamic programming is possible to showv(cf[gj) that V(x) is a solution

of the Hamilton-Jacobi inequality associated to the optimal control problem,

i.e.

min (%Yéﬁl . £(x,u) + 2(x,u) - aV(x)) =0 X a.e. in Q . (1.5)

uel : ’

V(x) - min (V(x + g(x,2)) + q(x,2z)) £ 0 ¥x € ) (1.6)
z€eZ '

V(x) - ¢(x) <=0 ¥x ¢ Q (1.7)

For all x of differentiability, V(x) verifies the equality (1.8)

in one at least of the precedents (1.5), (1.6), (1.7)



Following the technique used in [7], [8] we have proved in [9]

the

Theorem 1.2..(Characterization of V(x)

Let be
W={w:Q>R/ (1.10), (1.11), (1.12), (1.13)} ~ (1.9)
where .
w is a lipshitzean function : (1.10)
. w(x) ' ‘ .
min (3 - . f(x,u) + 2(x,u) - ow(x)) 2 0, a.e. x € 2 (1.11) .
uel i _
w(x) - min (w(x + g(x,2z)) +q (x,2)) <0, ¥x € Q (1.12)
zeZ
w(x) € 6(x) . | ¥x € Q . (1.13)

then V(x) is the maximum elément of the set (1.9) i.e. V(x) € W and

Y

V(x) 2 w(x), ¥x € R, ¥w € W. O ‘ (1.14)
. | n
Clearly Theorem 1.2. makes possible to find the optimal cost function
defined in (1.4) solving the equivalent problem '

¢P) : find‘the maximum element of the set W defined by (1.9).

I.2.. The discretized problem (P, ) ‘

‘ In this chapter I.2. weshall introduce sets Wh, finite dimensional
approximations of W, looking for'a numerical derive to compute V(x).
Following this idea, after a discretization Qh of the set ), we shall define
Wh by functions wh verifying properties related to (1.10)—(1.13)..The main

. difficulty of this approach is the choice of Wh having maximum element Gh.



In fact, after introducing in W the natural partial order :
h h, ,.h h
< <=> .) < w, (x. . 9 .
W S W, w](xl) 2(xl) Vxl vertex of | (2.1
it is not possible, in general, to insure the existence of ﬁh. We show
in what follows, that thanks to a criterion used in the discretization

of the derivatives that appear in (1.11) (see (2.3)) we obtain :

a) the existence of an unique maximal element in Wh 3 furthermore , this

. . . -h
maximat element is also the maximum element w ',

. . -h . . . .
b) a characterization of w that enables us to compute 1t with an iterative

algorithm of relaxation type.

a) the set Q is approximated with a triangulation Qh (union of simplices)

FIGURE |
b) we consider, in place of W, the set Wh of functions wh : ﬁh - R, wh
continuous in Qh, g%— constant in the interior of each simplex of

h h

R (d.e. wh are linear finite elements) satisfying Vx? vertex of Q
the restrictions (2.2), (2.4), (2.5), (discretization of (1.11),
(1.12), (1.13)



h
w , h - h. h h, h
5;; X, 5w . ||f(xi, w ]+ 2(x, w) - o (x) 20 (2.2)

h . . . P .
Vu € U@ ¢ U, finite set that approximates the set of admissible conti-

nuous controls U.

h
With %%— (x? ; u) we denote the derivative of wh in the direction
f .
of £, more precisely (see Figure 2) :
n | Pa, @) - W&
o w L 6l wll = — L e, wl|
ox i? : i’ ' h ' i’ ’
£ Ilai(u) - Xil‘ .
if £Ge, uw) # 0 | (2.3)
EHE (xh . .) | | £¢ h w|| =0 if £( h u) =0
Bxf RO s, i ;5 =0
W) < wh(x? + g(x?; 2)) + q(x?, 2), ¥zezlcz (2.4)

. h .. . . : . s .
with Z' finite set that approximates the set of admissible impulse controls

Z;

wh(x?) < ¢(x?) | (2.5)

' ai(u)

FIGURE 2

¢) We introduce the problem (Ph), discretization of problem (P)

(Ph)': Find the maximum element Gh of the set Wh considering in,Wh the

partial order (2.1).
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d) Remarks 'to point b)

di) We suppose that always x? + g(x?, z) e Qh in order to insure that (2.4)

has sense.

d2) If D is the diameter of a simplex, v, > 0 / ¥ simplex of Qh there

exists a sphere of radius r = Y, D in the interior of the simplex.

FIGURE 3

dy) Denoting with | |n}| the maximum of the diameters of the simplices of

Qh, the sets Uh and Zh approach the sets U and Z in the following sense :

h h

U cU, Z© c zZ,

\
[a[| < [[n]] = "' o}, 2M'c 2
UuU, = U, U =z
h h - h Zh

2.2. Existence of solutjon of problem (P)

In the set wh is defined a partial order ; in comisequence we can speak
of maximal elements but, as'it was said before, it is not obvious, a priori,
the existence of a maximum element. To prove the point a) of 2.0. we will

“ previously transform the restrictions (2.2) and (2.4) in more useful equi-

valent relations (2.2)' and (2.4)'.

. h, K . ..
Considering  that ai(u) and x; + g(xi, z) are linear convex combinations

of the simplices to whom they belong, we have :

FIGURE 4
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Ch

o, -

h h
a.(u) = I A.(x,, u) . x., A. 20, =
i j=1 Y 373 j=1
. ' ' (2.6)
xP + g(x@, z) = gh Al(xb, z) . x?, At 20 gh Al =1
i 5 jop E it 73 j=1

Being wh an affine function, (2.2) and (2.4) are equivalent to :

W) < min [Bl(x*i‘, w) I Aj(x‘i‘, w . wh(x*j‘) +

u€Uh J=l (2.2)1

+ By, W RGE, W]

W) < min € Do, W LB+ qGd, 2 2.

i oy di 3 i

zeZ J

where

h . h |
B](xi, u) =0 if f(xi,u) =0

h
Bl(xi’ = h : h ’ if f(Xi, u) z 0 .
Ilf(xi’ w || + allai(u) - Xill '

h 1 . ho|

Bz(xi’ u) = a if f(xiau) = 0
. h
|{a, (u)-x. || .

B, (xY, u) = M , if £G5, W = 0

1eGE, @] +allag - %]l

So, we can now consider wh as the set of linear finite elements on Qh

satisfying (2.2)', (2.4)', (2.5), and we can pass to

. -~h .
Theorem 2.1. : There exists w , maximum element of Wh.
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Proof
Let be
G = sup WD /e W (2.7)

@ is well defined by virtue of (2.5). From (2.5), (2.7) it follows that

Qh verifies (2.5).
In (2.2)', (2.4)' the factors that multiply w (x ) are non-negative ;

then by virtue of (2. 2)’ and (2.7) we have :

wh(x?) < min [Bl(x?, u) . ;h

' h,_h h ., h
. ; Xj(x?, u) @ (xj) + Bz(xi, u) R(Xi, w)],

uel

and taking into account (2.7) :

5P

Qh(x?) < min (Bl(x?, u) y (x , u).@ (x ) + 8, (x , ) R(x , u)]

h - i

llM

ucl !

i.e. ﬁh verifies (2.2)°'. In a similar way it is proved that wh verifies
(2.4)" and in consequence w € wh Now, by virtue of (2. 7), Wy is the

~h _ =h
maximum element of Wh, ie. W =w,

2.3 Characterization of the maximum element W'

o’

We define the operator M : R +-R?h in the following form :

(Mwh)(x?) = min gmin [Bl(x?, o . h G, W) L el
. _h j=1 11 -
. . uelU . '
+ 8,08, W LG, W), (2.8)

~h

min [ A'(x L z) w (x ) + a2, ¢(x?)

z€Zh j=1

and we obtain the following characterization of Gh
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Theorem 2.2. Gh is the maximum element of Wh if and only if W= M Qh
(i.e. if and only if Vx? € Qh one at least of (2.2)' (2.4)', (2.5) is

an equality).

a) Proof of the necessary condition

Let be &h the maximum element of Wh and suppose that J io’ e > 0/

v—vh(x? Yy +e < MY (x*i‘ y - (2.9)
8] (o]

We define | V'(x) = W (), ¥ = i

(2.10)
ey = Gh(x? ) + €
i 7 i
0 o
Then, by virtue of (2.9) and the monotony of M, we obtain
vh, h, _ =h,_h ~h., h, _ ,, Vho, by g: .
w (xi) =w (Xi) < Mw )(xi) = Mw )(gi)'¥1 z i
Vel s eI ey < o e ).
o o 0
In consequence %h € Wh'and by (2.10), %h > Gh ; this contradiction

has the origin in (2.9). So ah(x?) =M Gh(x?) ¥i, i.e. ﬁh =M Qh.

For the proof of the sufficient condition we will introduce the

following
Lemma 2.1. DISCRETE MAXTMUM PRINCIPLE

Let be Ch a subset of vertices of Qh and Sh its complementary. If

¥ x. € Ch
i
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min (%ﬂ_ (x? 3 u) . |If(xp, u)|] + Z(x?, u) - awh(xb)) 20
h Xg i i i i
ueUi

then, there exists y, 0 <y < 1 such that

max wh(x?) < y[max wh(x?) v 0] + é- [ max l(x?, w) Vv 0]

x?eCh x?eSh x?eCh
1 J l-h
uel.
i
Proof

We rewrite (2.11) in its equivalent form (2.2)'

P < min @68, W P ed w Ped + g WL D, )
i h i oy i 37 T2 i
J—
uelU,
i
Let be x? € Ch such that
o
wh(x? ) = max (wh(xb)) =M 3
i i h
o) h _h C
XiEC

we denote

M+h = max (wh(x?) v 0), Mz = max (R(X?, u) v 0)

S h .h

XjES x?eCh
: J

uel,
i

and we have Wu ¢ U? from (2.13)
o

Mo = Wh(x?o) < Bl(x? , (T Aj(x? LW M+

h
C o .,.h _h o C
J/XiEC

+
I onE M) re et W
. i1 h 2 74 2
.,.h _h o) S o
J/XjES

After puttig AC(XP , U) = z A.(xb , u) we obtain
o . A N U
J/XjEC

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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z A.(x? , u) =1 - Xc(xb , U) ; so we can rewrite
., h _h o Lo
j/x.eS . :
J .
(2.15) as follows
h C, h h +
B (x; » w1 - AT(xs u)) By(xs s u) M
M. =< 2 o M+ + ° m
h = h C, h S C, h
C 1 - Bl(xi , u) A (xi , u) h 1 - B](xi ,u) A (xi ,u)
o ) o o
(2.16)
¥u € U?
i
o
As 0 < B <1, 0% AC £ 1 we have
h h
B G, w (-2, W)
Yo 1o : h
I -B (xh u) Xc(xh u) : Bl(xio’ R
l i 3 i 3 .
o o
h1 C, h = : h ;
1 - B](xi s U.) A (xl ’ u) 1 - Bl(xi ’ U.)
) o ‘ o)
so, (2.16) say us that
h
B, (x. , u)
h + 2 10 + h :
M, <B.(x. , u) M_ + M , Yue U, ; (2.17)
h 1'71 h h 2 i .
C o S 1 - B](xi , u) o

o]

but, taking in account the definition of 81, 82

Bz(xtil , W)
o 1
1 - B](x}il , ) *

o]

Furthermore, always from the definition of B], it is ¥x.,
h h

h
h h .1
0 < Bl(xi’ u) <1 3803 0<y<1/ ¥x;, Vu e us, Bl(xi , u) < Y.
o

Using this relations in (2.17) we obtain (2.12). [
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Remarks to Lemma 2.1.

.) As 0 <y < 1 is also truth :

+ 1 +
M <M + - M (2.18)
Ch N Sh o 4
.) 1If Vx? € Ch, Vu € U?, Z(X?, u) = 0, then
M, oSy M+h . ' ' - (2.19)
C S

.) Even if vy is independent of x? and u, it depends of the triangulation
i

Qh; We could put it in evidence noting Y = Y(h) < 1.

.) In the proof we have suppose the set of controls Uh deﬁending of x? H

h .
for that we have denote Ui this set.
We can now pass to the

b) Proof of the sufficient condition

Let be wh'an arbitrary element of Wh and Gh such that Gh = M;h.

We define :
~.h _ _h, h, = h h _h
w(xi) =w (xi) w(xi), in € f } (2.20)

.. . h . . ..
and a partition of the vertices of @ in three disjoint sets :

R R IERTeHY | | (2.21)

= ) 48" /WP min Gl 2y 4 S R DS S 32
zeZh -

h

@]
|

=GP 1Mo s /AP = min (B, G0, w oz oA GP, W) P+
1 1 . h 1 1 P ] 1 ]
uelt - L (2.23)

+

82(32, u) . 2'(3?, w)}
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Remark : From the definition of M and the hypothesis Gh =Mw we have

From (2.5) and (2.21) we obtain

«

h, h =h, h h h h
w (xi) <w (xi) = ¢(xi), in €S

h

. . . ‘s . h
To achieve our proof we need simular inequalities in C and I .

Let be G? a control for which equality (2.23) holds. So (we use
the equivalent form (2.2))

h =h_  h h h

~h :
ow h =-h h =h _ h =-h, _ _ .
— Ilf(xi, ui)[[ +2(xg, u) - aw (x;) = 0,¥x; € C

X., U.
Bxf i i

h .
but, as w € Wh, 1s

h
W' . h h -h h -h, _ __h, (h) h _ h
Bx (x , u. ) . Ilf(xi, ui)|J + Q(Xi, ui) ow (xi ) 20 in e
we have, Vx? € Ch':
Bw h h -h ~h h
axf (x s u. ) . ||f(xi, ui)|| (x ) = . (2.25)

We can now to apply the lemma 2.1 with ch given by (2.23),

Sh v Ih as its complementary and U {u }. (2.12), (2.19), (2.24) say

us that 3 v, 0 <y <1 Such that

min ﬁ(x?) < y{max ﬁ(x?) V max ﬁ(x?)]
h _h . h _h h .h
xieC xieS x el
(2.26)
~, h
< ymax w(x.,) v O.
h _h .
x.el
i

On the other hand, let be E? an impulse control s for which (2.22)
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=h  h h -=h h -h, -h, h h h
W (xi) =q(x;, z) +‘§ Aj(xi, z;) w (xj), ¥x, € I . (2.27)

As before, being wh € Wh we have in E?

h, h h =h ,..h h, h,h h _h
w (Xi) < Cl(xi, zi) + ? Aj(xi, zi) w (Xj) ’ VXI‘_ € ;
in consequence
~h, h . h -=-h, .h, h h. h
W (xi) < § )\j (xi, zi) w (xj), in e T . (2.28)
. : .h, h .
Looking for an upper bound of max W (x,) we shall introduce
. h .h t
the set of indices ' xiEI
13 = {xv € Ih / ﬁh(xb) = max %h(xb)}
1 1 J
h _h
x.€1
J
and the vertex
x? / Gh(xb ) = min Gh(xb).
i i i
o) o xh€ h
i €Ty
As 2 we h frer (2.27)
xio € Ih e have, a .
ey s qd, By« AeE, 2y ) +
i i i IV i 3
o o o) .,..h _h o o
J/XjEI
(2.29)
et B e .
.,h,h 3 o o I
J/x.{I
J
We will suppose that
MGE L, Ry 0 w41 (2.30)
J1i 74 ] Ih '
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Fn this case (2.28) shows that

h,_h h =h | ~h, h

payd - 1
w (xi ) < z }\j(xi > 25 ) w (xj). (2.31)
o) ., h o o .
j/x.el
]
h h .
As X, € IM’ (2.31) gives
o
By caed, P e + ) M, By ).
i i i ] : k1 1 i
o o) o .. h _h o o
sz;k/xkEI
As f MR, Ay =1 -nGE, T
.. k' 1 i j1 i
izj , o o o )
k/XEeIh
we obtain
o h . ., 0h =h, ., h =h,ch h
wix, ) Aj(xi > 2y ) F Xj(xi > 250) W (xj)
o o o o o
which implies,
~h, h h - h

. h . =h ~h, hy _ .
] - = . .
VJ/Aj(xi s 25 ) 20, w (xj) W (xi ) i.e. xj € IM
o o o
If we use this result in (2.29), (2.30) taking with account the de-

finition of x? , we have
o
- - : - =h, h
wh(x? ) = q(x? s z? ) + z K!(X? s zb Y w (x.) 2
i i i ji i j
o o o j/x?elﬁ o o
.J
h -h -h, h
z q(x; , z; )+ (xg )
) ) )

i.e. q(x? , E? ) < 0 in contradiction with our initial hypothesis q >0
o )

.(see '1.3)).

This contradiction has origin in supposition (2.30). Then there exists

at least a vertex xb ¢ Ih such that A!(x? s E? ) > 0.
J J 10 10
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We return to (2.28) and we have

Gy < oA,y L Eed e o aed, 3y L shed <
1 J 1 i J . J 1 1 J
o C/x. eI 0 o J/x.afIh o o
jlxgely j
s NG, Em ey sz e, Y)Y max e,
i /x N Lo h,h 7 % % & h h J
/%y it xjecllus
and, as
-z oA, Py - Dot , 2y s o,
., h n J Lo 1o . h J 1o 1
j/x.el j/x.¢1
73 j
we obtain
max wix.) = ﬁh(x? ) € max w(xJ) <
xhe-:Ih 0 xl'.leChUSh :
J (2.32)
< (max W) v oo
h h J :
x.€C
j

So, after (2.24), (2.32), if ﬁh has a positive maximum will follow

that max ﬁh(x?) > 0. But from (2.26), (2.32)

xheCh
J
max ﬁh(x?) <€ Y max Qh(xb) vV 0 £ Yy max Gh(x@) v 0. (2.33)
h _h L h _h J h_h J
x.¢C X.el . x.€C
1 J ’ J

Then , if max~» ﬁh(x?) > 0 we have in (2.33)

xyeCh
J

(1 = v) max ﬁh(x§) <0

h _h J
x.eC
J
i.e. max ﬁh(x@) <0
h h = 3

x.eC
J
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in contradiction with our previous supposition.

We conclude ﬁh(x?) <0 Vx? € Qh, i.e.’

11

=h  h h, h h
w (xi) 2w (xi) in e Q

h . . . . . .
As w 1s an arbitrary element of wh, the sufficient condition 1s

proved.

2.4, Algorithm to compute W’

. . . -h . .
We will take advantage of the characterization of w given in
Theorem 2.2 to define an algorithm generating an increasing sequence
. h . . . h h .
of functions LAY convergent to a function satisfying Mw =w , 1l.e.,

convergent to Gh.

Algorithm :

v+« 0
h h
w €E W
9] .
v
i+« 1

v

"h h h h ..

Wv+i/nh (xj) - w\)+(i-1)/nh (Xj) ¥z 3
h h h : h
\)+i/nh (Xi) = wv+(i—l)/nh) (xi)

(2.34)

1<« 1+1
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This algorithm gives the solution of problem (Ph) in the following

sense

Theorem 2.3.

. .. =h . . . .
The algorithm finishes at w in a finite number of steps or generates

h =h
a sequence {Wv} convetgent to w .,

Proof

If the algorithm finishes in a finite number of steps (V)that means
wg is not modified in the last loop, i.e. w%(x?) =M wg(x?), ¥i ; than,

. n -
by virtue of Theorem 2.2, vy = wh.

.. . h . . .
If this is not the case, being LA wh, 1t results by induction :

h ‘ | h h h
< < <
Wv+1/nh < Wh and LA L ... = wv+(i—1)/nh < W9+i/nh S
. . .
Sw\)'."l £ ...2¢ ;
Vh h vh
then, T w / limw . =w, ¥ =1, ..., . - (2.35)
> 3 o UL/ "
We remark that by definition of the operator M we have Wh € wh <=>
Wh <M wh ; wh.S_ﬁh <=> M wh <M ~h ; hence, as (2.34) imposes
h h, . h h . Vh, hy _ . Vh, h
Wv+i/nh (xi) =M wV+(i-l)/nh (xi), from (2.35) we obtain w (xi) =My (xi)
i.e. by theorem 2.2 , lim Wh = Gh. 0
R V-0 v

Remarks to (2.34)

' . C h
a) The algorithm needs only the values of the funct;ons wv+(i—l)/nh at the
h
i (x.).
1/nh i

. h h
points ai(x) and X + g(%i, Z) to compute v,
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Then, in general, it is only necessary to have in the central memory

of the computer the values of w (x?) for a little number of ver—

h,
\)+(i—1)/nh

tices xﬁ. This property allows the application of this algorithm in compu—

ters with small central memories (minicomputers).

b) As theorem 2.3. shows the convergence of the algorithm does not depend

: . h . .
of the order of the vertices x. of the triangulation Qh ; however a careful

choice of that order may allows ;

1° An easy retrieval of the information needed for the computation, from

the masive memory to the central memory of the computer.
2° An acceleration of the convergence of the algorithm.
¢) The algorithm implies the saturation of at least one of the restrictions

(2.2)', (2.4)', (2.5) in each iteration. In practice, the convergence will

not be lost if that saturation is omitted in some steps.

1.3. CONVERGENCE OF DISCRETE SOLUTIONS ﬁh(x) TO THE OPTIMAL COST
FUNCTIONS V(x) ' '

3.0. Preliminary comments

The result will be achieved with a two steps work. In the first step
we will reduce ourselves to consider only stopping time problems (PS).

_VS(x) will be, in this case, our optimal cost function and to show

Vs(x) < 1lim ﬁh(x) we introduce the same techniques used in [9]. But
[Th] |~0
the Discrete Maximum Principle will be essential to show Vs(x) > 1lim Qh(x).
| In]|-0

Furthermore, this DMP gives implicitly the stability of the method.

In a second step we consider the original problem (P), with inter—
vention of continuous and impulse controls. We introduce a suitable se-

quence of stopping-time problems able to define a sequence of solutions

convergent to V(x).
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3.1. Convergence in stopping time problems (PS)

In the dynamics (1.1) of the system

dy _
(3.1)
y(0) =
we consider a constant value of ue U énd we look for
8 s -0.0 -
Vg(x) = inf J L(y(s), u) ds + e “Y(y(0)) (3.2)
.06 O T

If we suppose Y 1ipschitzean(1w its Lipschitz .constant) we obtain

following what it was done in Theorem !.1 an Theorem 1.2 that Vs(x) is

lipschitzean (L_, = géé—i; + Lw) and it is the maximum element of the set :
Wg = {w:Q->R/(3.4), (3.5, (3.6)} (3.3)
w(x) is lipschitzean _ o - (3.4)
%%?.f@m)+2@m)—W@)20 | 3.5)
'w(x) < w(x)v ¥x € Q . (3.6)

As in 2.1 we lntroduce the discretization procedure and we put the

approximate problem (over the same trlangulatlons of problem (P ))

Find the maximum element ﬁh of the set

h
(2 5
. . (3.7
wh _r.h h
g = {w 2 >R/ (3.8), (3.9), (3.10)}
wh is a linear finite element characterized by the values (3.8)
h, h :
W'(Xi)
au h h h,_ h
ax (x ;u) . ||f(xi,u)|| + (x5 w) - ow (%) 20
(3.9)

Vx? vertex of Qh
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wh(x?) < w(x?), Vx? vertex of Qh- ' (3.10)

Similarly to what it was done in 2.2 we show that (Pg) has an

unique solution §§ given by

W6 = min WD, B (X, W T xj<x?, u>.6§<x?> N
J (3.11)

+ ByGE, WL LGE,u)
with the equivalent relation of (3.9) :
Ll < 6w L ehw e+ By Ghw 26w,
3 : : (3.12)
Vx? € Qh
1

To show the uniform convergence of Gg to VS we introduce three hypo-

thesis ;

Hl) There exists an open set containing Q for which it is possible to
give continuous prolongations of f(x,u) and £(x,u) in such a way that
the lipschitzeanity of £ and & is conserved (with the same constants

Lf and Lg)’

H2) There exists 7 > 0 and an injective continuous differentiable mapping

A.n ¢ Q> R" such that :

X c
Je, >0 /||—— - Ill=—5n ,¥xeQ (3.13

. . . nxn
with I the unit matrix of R H

-

a6 - x|| £x,  ¥x €@ ' (3.14)

0+ Bn/ < An(Q)

2

with B /g = {y er™ 7 |lyll = g} (3.15)
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REMARK
T ,
(3.13) implies the existence and continuity of an ;3 furthermore :
-1
BAn (%) 1 .
II—'TE?_—_ - 1] = c ¥n < z;- - (3.13)
h h , h .
H3) in vertex of the boundary of  there exists e, > 0 such that for
0 <eg < s? the segment x? + € f(x?,u) belongs to Qh; so
h :
éﬂ_ (x@,u) is well defined.
X 1 : :

The convergence will be obtained in Theorem 3.1. as an immediat conse-
quence of the following two Lemmas (which proofs will be given after the

theorem)

LEMMA 3.1.

If Hl)’ H2), H3) hold there exists a real single valued function

G,(n, p, |[n]]) such that
‘h =-h, h h h
Ve(x) - G (n,p, | |nl]) = we (X)), ¥x; € Q (3.16)
with 0 < p < % N , pregularization parameter and
G, p,|[n[]) = nLg + pLg(1 + cyn) + Ly(n +p) +

1 ..
- I
+ 3 {n_LS(c]Mf+Lf) + L2]+p[LS(l + Cln)Lf + LQJ + (3.17)

+ [63 Ls(l + c]n) Mf] JJEiiJ ,
¢



27

with c3 constant.
LEMMA 3.2,

With the same hypothesis of Lemma 3.1. there exists a real single valued

function G2(n, 6, |Inl]) such that

~h_  h h ‘ h h
wg (%)) < vsgxi) +6,(n, P, ][], ¥, e Q (3.18)

with 0 < p < %ﬂ and

G,(n, o, I|h]|> =N Lg + L) +pl3 Lg(l + en) + L] +
+ é'{n[Lé(c] M + Lo) + Lid +olLg(l + em) Ly + L + | (3.19)
+ ¢y Lo M J—L:ﬂ—l- (1 +c; m}.
THEOREM;E;l:
1f H]), H2), H3 hold the functions Gg(x) converge unifoermly to Vé(x).

1/2

After Lemmas 3.1. and 3.2. if we putp= ||h]| , N = 4p we obtain,

from (3.16), (3.17), (3.18) and (3.19) a positive constant C such that
Vx? (vertex) of Qh : '

h 1/2 _ -h ,_h h 1/2
Vg(x;) - C h] ] S wg (x;) < Vg(x) +C n] | / (3.20)

. . . h .
We consider now an arbitrary point X € € . As we know we can express

x=5 A, & .20 I A.-=1.
j Jl 3 J J

so we can obtain
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~h
Vo (x) = wi(x)
S S i i

3 h o 3 h ~h_ _h 4
z Aj (Vg (%) Vs(xj)) + L Kj (Vs(xj) - WS(Xj)) <

J

IN

Ih Lo lx -] +za, ¢ |02 s
jJ : J j»J

Lg |Inl| +c |[n]]'/2,

IA

In the same way
=h 1/2
Vg = w2 - (g |n[] +c [n]|!/?,
' which gives, with (3.21)

~h | | 1/2
max |ws(x) - Vs(x)l s Ly [In]] +c [|n|| /

xef
and the proof is achieved. [

>Proof of Lemma 3.1.

By a constructive device we shall obtain V: € Wh such that

S
h . _ .h, h h  h
Vs(xp) = 6, o, [[n]]) s vg(x)), ¥x; € @ y
then, as Vg(x[) < woxl), (3.16) will hold.

The construction of Vg needs four steps. :
a) Using Hz) we introduce the lipschitzean function

v, G0 = VS(A;‘kx)) ¥ € A_(D)

3 ‘h > hy _ o5 zh b _
(Vo(x) - §'Aj Vs(xj)) + (2 Xj Vs(xj) z Aj W (xj))

(3.21)

(3.22)

(3.23)
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5V | av ; . 3~ (x)
——ﬂvexists a,e. in A (2). So, from LI V.(A_  (x)) . —
9x n o9x -1 S''n ox
A (%)
n
using (3.13) we have :
BVn
||§;—(x)|! < Lg(1 + cM, a.e. x €A (x), (3.24)

We remarks that the domain of Vn'contaiﬁs the set  + Bn/2 (from de-

finition of Vn and (3.15)).
We compute some bounds concerning Vﬁ(x)
. - 1 .
Vg (x) - Vn(x)| = [Vg(x) - Vg(a Nl s Lgllx - A ) || ; (3.25)
but, after (3.15), xe @ => Jye Q/ x = An(y) ;

s0 le - A;I(x)|| = IlAh(Y) - y|| which, after (3.14) is bounded by n.
Then, in (3.25) we have

Vg (x) - Vn(x)l < Lg.n VXeAQ . (3.26)
On the other hand, thanks to (3.6), (3.14)

V() - w0 = Vg () - b (0) A ) -y ) =
(3.27)

< L¢,'||A;’(x) - x|| = N ¥xe A (0.

L
¥
If we comﬁute the first member of (3.5) with Vn(x) at the place of

w(x), we have

BVn(x) v

T L EGpw 4 200w - a0 = 52 () £ 0, v 4
. (3.28)
P LT G, W - oA () Y (),
vy o, Al vy
with v, (0) = 5= A ) (gr—— = D £(xw) + 5= A (0 (Exw -

- f(A:ll(x), W) + &(x,u) - sL(Ar“]‘(x), w).
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Using HZ)’ (3.13), (3.14), we have

1G] < Lg e Mg + I Len + Ion.

and in (3.28) we obtain (recalling (3.5)) :

BVn(X)
P f(x,u) + 2(x,u) - aVn(x) > - n[LS(c] Mf + Lf) + Ln],
. (3.29)
¥ A (x).
X € n( )
b) Regularization of Vn(X) : N
Let be B](.) a function such that
B;() € ¢®h Bl(x) =2 0 ¥x ; supp B, < B, ; J B](x) ds = 1.
n
R
We define B (%) = L B (50 o eimf As ¥p < n is dom V. >  + B we
. P o® 1%p7> ’ 4 : n n/2
can define
v = ‘
n’p_(x) (Vn * Bp)(x), Ve +B .
We remark that Vn is infinitely differentiable ; furthermore
3 BVn
&7 0@ s gl s o
; ,
| | % Vn,p(x)ll SL(l +c n), ¥xe@ + Bn/4 _ (3.30)
32 1 BVn 1
H W VT],O(X)H < C2.. '5 ”5.}_(—”5 C2 ELS(AI + C1 T]), (3.31)

with ¢, constant depending of B](.).

As before we compute some bounds concerning Vn 0
’

Using (3.24), (3.26) and the properties of convolution operator :

|vs(x) - Vn,p(x)l-s,|vs(x) - Vn(X)| + |Vn(x) - Vn,pl <

(3.32)

< Lgn + pL(1 + eln), ¥x e Q
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Using (3.27)

Vn,p(x) - (x) = ((Vn =) *Bp)(X) + <w*sp -¥) (x) <

(3.33)
< Lw . N+ Lw e Do
Now in (3.5)
8Vn p(x) '

—r | f(x,u) + 2(x,u) - 0OV (x) = :
ox n.P (3.34);
BVn , )

=GR L ECw F R - e (D) B () + 1)
gV ‘
with v (x) = [ ﬂ—;l(X"y) [(£(x) - E(x-y))] + (L(x) - 2(x=y))} B (y) dy
o] B ox . , o)
. Y
and from HZ) and (3.24) :
Vo0 (LS(1‘+ e M) L + L,)p
Tt follows after (3.29) and (3.34)
%; Vn’p(x) . F(x,u) + L(x,u) - aVn’p(x) 2 - T](Ls(cl Mf + Lf)+L2)—
' (3.35)

- p(LS( 1 + Cln) Lf + LQ), ¥x € § + Bn/4

c) Discretization

In Qh we define Vh linear interpolation of V , taking its values

n,o n,o

. h h "
in the vertex x; of @, i.e.

h o} P NN o} .

vﬁ’éxi) A N | (3.36)
) . RN

Some properties of \n éxi) are, by (3.32)

h h , hyy , h .
v (%) - vn’gxi>l < Len + pLg(1 + ¢n), ¥x; € Q (3.37)
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and by (3.33)

h , h h h,. h, . h _ oh
\Y p(xi) —‘P(xi) = Vn’p(xi) —W(xi) < Iw(TH-D), in € Q. (3.38)

n’

On the other hand, from (3.31)

oV
(x?, u) . Hf(xlili, w|| - 8}{—”’3 (x?) . f(x?, u)| =
£ (3.39)

1
Vool 1Bl < ey Lnoie e [In]] x,

in consequence (3.35) and (3.39) allow us to write

VP

n,e .. h coh h _ h , hy _
3Xf (Xis Ll) . llf(xis U.;!l +Q’<Xia U-) avn,p(xi) =
oV . .
n,e . h h h _ h
oy (Xi) . f(xi, u) +Q(z<i, u) OLVn’p(xi) +
* (axf (

I

3V
£, e, W] - 5P G G, W) (3.40)

> - - ‘ -
N(Lg(Ly + ey M) + L) - p(Lg(l + cn) Le + )
_ h| h h
Cq Ls(l + cln) Mf —I—Ld——'— , ine Q.
. h
d) Definition of VS :

We define ¥x ¢ Qh the function V}S1 as the linear interpolation of the

values in the vertex given by :
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h. hy _ h  h _ 1 '
VS(xi) = Vn,p(xi) Lw(n+p) S {(Ls(c] Mf + Lf) + Lk)n +
(3.41)
Unl{

+ mS (1 + cln) Lf + Lg)p + Cq Ls(l + c]n) Mf) 5 } .

We will show that

h -h

Vg < g . | (3.42)

In fact, after (3.38), (3.40) and (3.41) we can easily obtain,
h
oV

S | :
== h h h _h
oxg (x;,u) . |lf<xi, w ||+ 20k, v - avg(xi) 20 (3.43)

h, h h h h
VS(Xi) < W(xi) in vertex of @

so, Vh € Wh

S S’

Vd

(3.44)

and by definition of 52 we have

h, h ~h, h h _h
VS(xi) < WS(Xi)’ in e .

d
Furthermore, from (3.17), (3.37) and (3.41) :

h h, h h h h h
VG - VR | < Vi) - vﬁ’p(xi)] AR CORER A Cs

<G (n, p, |[In]])

so (3.22) is proved and also the lemma 3.1. [

Proof of Lemma 3.2

We recall that functions VS verifies (see [9], pag 3) :

v
§§§(x) E(x,u) + 2(x,u) - aVg(x) = 0 a.e. x € C (3.45)

with

{x € Q/ VS(X} < P(x)} | (3.46)

(@]
1]

{x € 0/ Vg(x) = P(x)} (3.47)

€3]
i
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In the following we will consider the functions Vn, Vﬁ 0 and VE 0
M b
as they were defined in the proof of Lemma 3.1. We put
S, = {xeA (@ /dx, ) =n} | , (3.48)
C = A S_ I, 3.
. {x € n(Q) / x ¢ n} (3.49)

Let us consider Vn and its behaviour in S , C . If x ¢ C_ it follows
d(x, S) > n; so after to recall that ||x'— A;](x)|| < n_we_have
d(A;](x); §) > 0, that implies A;](x) € C. In consequence{ using (3.28)
and (3.45) we have

ovV(x)-

|é;‘ .« E(x,u) + 2(x,u) - av (x) ] s|ﬂ$3)ls

(3.50)
< nl[LS(c] Mf+,Lf) + LQJ a.e. X € Cn

If x ¢ Sn, ]{xg}, Xp e,S, E=1, 2, .../ llgg - x|| » d(x,8)
if £ > .

Using (3.14), (3.47) we obtain
-1 - .
[V, 60 =y | = [Vgaleod -y | = |vga' o) - v | +
+ |Vg(x) - Vs(?g)| + [vs(x€) - w(xg)l v - v s
< Lgn + Lg |x - Xg|l + Lw |lx - Xgll

Finally for & » «

ANCOE W) | < n (2'Lg + L), ¥x e, . (3.51)

Now we consider Vn p(x). We define
s

wn
]

{xeQ + Bn/4 / d(x, sn),s o} | (3.52)

(@]
]

{x e+ By ! x¢ sp} ‘ (3.53)
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If x € Cp it follows (x-y) € Cn, ¥y / ||y-x|| <p. So, using (3.34),
"(3.50), we have

oV (x) .
|§;Eﬂ2__“ . £(x,u) + 2(x,u) - aVn,p(x)| < (M(Lgle; My + Lg) + Lp) * B () +
) ‘ (3.54)
‘ + [Yp(x)| < n(LS(cl Mf + Lf) + LQ) + (LS(I + clp) + Ll) ¥x € Cp
If x € S we use a sequence {x_}<:Sn/ lim ||x,. - x|| = d(x, Sﬂ) < p;

& E-co g
we obtain ((3.24), (3.51)). . ;

A}

lvn,p<x> - (x| ‘Ivn’p(x) -V (0] + 'Vn(X) - vn<x£>| + |V ) - wcxg>| +
+ i) - V(| < Lg(1 + emdp + L1 + ) |]x - X€|| +
+n(2 Lg + L¢) + Lw||x - xg|| , and for § + ®

|Vn’p(x) Y| N2 Lo+ L) +p(2 Lg(1 +em) + L), ¥x e 5 - (3.55)

Y
* Finall coﬁcernin Vh we define S ets of vertices of Qh
y gV o n G ice :
(Sh n Ch = @) :
_.h, h -
5, = {xi / x; € sp} R : (3.56)
- (B h : : .
C, = {xi / x; € Cp} . . | (3.57)

h . hy _ h . ,
If X, € Sh’ as Vz’p(xi) =V p(xi) we obtain after (3.55) :

N,

G - WG| SN2 T L) + e Lg(l + o) + L) (3.58)

If x? € Ch we have aftér (3.39), (3.54)
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BJh (x?,u)
2P0 1 [If(x , u)II + l(x , u) - aV (x )’

|
0x
£
Vv (x?)
< léT{D_i)__l_. _f(x’u)+,q,(x,u)-(xv (X)I

) ‘ ) (3.59)
+c S
3 5= +em M |[h]lsn(lgle; My + L) + 1)) +

: L
(gl ¥ ) Ly + L) 4 ey 55 (1 +cm) M, ||n]].

Let us define ﬁh =t V. 3 as Gh € Wh

‘ g .o g e obtain aftér‘(3.9), (3.19)
(3.58), 3.59)

ﬁh(k?) w(x ) - v (x ) SN2 Lg+ L) ¢

(3.60)
h
*p(2 L1+ cln) + Lw) ¥x; € S,
h : : _
0w G ||f(x u)[| - o (M) + {nlL (e, Mo + L) + 1,1+
o i’ i S U1 Uf £ 2
Lg :
*p(Lg(l + e Lp + L)) + ¢4 5= (1 +cn) M, ||nl]} =0, (3.61)
Vx? € Ch .
l .

Using (3.60), (3.61) and lemma 2.1. (Discrete maximum principle) we

can insure that
x?rh(xh) <n(2 L, +L + (2=L (1 + ) + L) +
i) SN2 Lg+ Ly + (2 Lg €n ¥

, ‘
+ a{n(Ls(c] Mf + Lf) + LQ) + p(LS(l + Cln) Lf f_Lz) + (3.62)

o | ho
+ ¢y B-LS(I + cln) Mf‘]!h||} s in € Ch .

Finally (3.37), (3.60), (3.61) give as

h, hy _ h _h.  ~h h. -h h
_WS(Xi) = Vn,p(xi) + w (xi) <w (x ) + V (X ) + nL +

*PLg(1 + em) S V() + 6y(n, 0, |[n]]), ¥ e ®. O
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3.2. The convergence in the frame of problem P)

FIRST PART
As it was said in 3.0 we begin by showing :
LEMMA 3.3.

If the hypothesis of Theorem 1.1. and H]), Hz), H3) hold there exist

a single real function G3( n, 0, ||h||) defined for p < %-such that :

D Ve < PG v ey m, 0, [[n]]), W e @ (3.63)
b) IEn =40, p=|nl]"?
vim 6yl nl |2 (112, nlD =0 (3.64)
| Inf >0

Prbof
As it was done in Lemma 3.1. we define the function
-1
Vh(x) = V(An (x)), ¥x ¢ Ah(Q)
and, for convolution, we regularize it by introducing

. n
Vn’p(x) = (Vn * Bp)(x) ¥x e Q + Bﬂ/4’ o] S-Z

We consider the function V2 p(x), linear interpolation of Vn p(x) - T
9 bl
with
Chy L hy, . h h
vﬁ,p(xi) =V, G =T ¥ vertex x) < @ (3.65)

with the constant I given by
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1
I=L,(n+0) + 5 {n [Ly(e; My + L) + L] + pLLy(1 + cn) Lex L+
: (3.66)

+ ey Ly(l +cm) M, ll%il}

Following the techniques in Lemma 3.1. it is possible to show :

h h h
Vﬁ’p(xi) < ¢(xi), ¥x, (3.67)
v :
h h h h
57248-(xi,u)'. ‘If(x?,u)l] + Q(Xi, u) - OLVn p(xi) >0
X , ’ (3.68)
Vx? € Qh, Yu ¢ Uh .

After remarking that the constant

verifies (3.67) and (3.68) we introduce the function Vh(x) as a convex com-—

binations of Vz’p and VE :

Vi@ = (-0 V(0 + A, ¥x e Qb (3.69)
n,p K

with

Ao e O emel iy e (bl ]) (3.70)

0<A<1, ' (3.7

(3.71) is satisfied for values enough small of [In||, n and 0 ; so for
these values, Vh(x) is well defined. Remark, also, that Vh(x) verifies (3.67)
(3.68). We have also

h, h h h
Vi) - VR ¢ aGn) = (- DR G - VGl e gl e) -
(3.72)
- h h h
= (1 - - '
(=0, 05 = ZASeg, &) ¥ 6

'Taking in account (3.32) we obtain : '
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V(x) - Vn’p(x)l SLgn + g1 +cmp , ¥ e R+ B3

and, recalling that ¥j / Aj(x?,g) >0 is ||x? - (x? + g(x?,z))|| < |Inl},
what implies, using (3.30)

an’p(x?) - Vn’p(x? s g, )| < 1,01+ eqn) | [n]]

we obtain in (3.72)

VR - e 4Gl ) s (- N VG - vn’p<x§ + g, ) +

+

Ly(n + (1 + ¢mp) + Ly(1 + c¢n) [|n]| <
(3.73)

IA

(- NDEED - VG +gGE, 2)) + 21y + (1 + emp) +

Ly(1 + e ||n]].

+

As ¥xeQ , ¥ze Z, V(x) - V(x + q(%,2)) < g(x,2), (3.73) becomes, using

definition of A :

Vel - G sG,2) < (1= ) aGeg, 2) ¢ 2 Ly + (1 + emp) +

+ 1,01+ em |[b]] < ax2) - Ag + | (3.74)
+2 Lo+ (1 + cme) + L1+ e linll < atx,2) -

After (3.67), (3.68), (3.74), V" ¢ W'; this implies V" < @*. We study
now the difference between Vh and V :
h h, h  h h. h
G| < e - v b+ vy G -G

|v(x)) -V n,of

| o
* Wii,p(xtil) - vh(xtil)l N Ly + PLy(1 + cm) + I'+ xlvn o D - V;(xtil)l

. e h h
But’after the definition of Vn 0 and VK

b
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‘ M
h hy, h,  h 2 .
Ivn,p(xi) Ve |5 2 (G + M) + T

80

Ve < VG - V) | +'vh<x?) <

M
S {nLy +pLy(l + ¢m) + T + A(Z(E& +M) +D} o+ | (3.75)

+ ;h(xP) Vx? € Qh°
i i
The quantity {...} verifies (3.64). So the proof is achieved. [J]

REMARK : With the same technique used in Theorem 3.1. We obtain :

Gy, 0, |B]) + W), ¥x e @8 (3.76)

AN

V(x)
Witb 63(71, P, HhH) = G3(T],.p, Hh”) + LV Ilhl‘l :

~Furthermore, (3.76) implies

lim W) 2 V() . (3.77)
[ [1] |

- SECOND PART

After (3.77) the convergence will be insured after showing an ine-

quality as the following

Tim W) < V(x) - - (3.78)
| Ih[ ]

To obtain (3.78), let us consider a suitable sequence of stopping

time problems having as solution the sequence of functions Vu Vi
* . b b

Definition of V

U, v, 1

To simplify the redaction we will suppose that the sets of controls

U and Z are finite sets
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U = {ui s i=1, oo, nu} Z = {zk s k=1, ..., n}
We introduce the set of control policies

U]J,\),i = {(U(o), z(.) / a), b)} (3.79)
a) u(.) is a left cbntinpous piecewise constant function with a maximum
of v switching points, with values in U and u(o) = u .

©

b) z(.) has a maximum of U impulses and z(GS) € Z.
Corresponding to (3.79) we introduce the functions

v v’i(x) = inf {J(x, u(.), Z(f)(e) / (u(.), z(.) € UU

U, »V,1

(3.80)
6 > 0}

having the following properties as it is easy to verify from the defini-

tion (3.80) : ¥xeQ

$ 1
Vu,v’i(x) < VU'>V,i(X),1f u>u (3.81)

. "' s = ) )
Vu,v,i(x) < Vu,v',j(x) if v>v', ¥j 1, ..., n, (3.82)
V(x) < Vu,v,i(x) ¥u=20, v20,1=1, ..., n, A (3583)

Furthermore, V is the limit of VU v.i in the sense specified
- 3 3’

in the following

Proposition 3.1.

’i(x) - V(x) < Gu’v(x) ¥x ¢ . (3.84)

18,00 1V,

with 1lim 8 (x) =0
V) MY
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We can also caracterize Vu v i a8 solutions of stopping time pro-
’

b
blems. In fact we have, as follows using dynamic programming techniques.

Proposition 3.2.

Vﬁ v.i is the optimal cost function of a stopping time problem de-
3 Hd
fined by a recursive device :

9
. —-Q0LS —a8 .
Vp,\),i(x) = glig (é e L(y(s), u;) ds + e wu’v,i(y(e))) (3.85)
with
dy _
a’; = f(Y, ul)
y(o) = x
emdll)u_\)’i defined by
Y . (%) = min {min V. o, :(x), min (qix,z ) +
MY j=l,n MoVl g k=1,n k
u z
j=i
* V-1, (x + 8(x, 2)), $(x)} , ifv21, p21
Po,u,1 (¥ = min {win V., , (), 0G0} if u=0,v 21 (3.86)
J=l,n .
. u
j#i
WU’Q’i(x) = min {Ei? . (q(x,zk) + Vu—l,O,i(x+g(x’zk)))?(x)}
3 z .

Vo,0,i(¥) = ¢(x) ifv=0,u=0 .

In the same way that we show the lipschitzeanity of V(x) it is possi-

ble to insure
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Proposition 3.3.

v . are equililipschitzean j; furthermore

TS
IVﬁ v,i(x) - Vﬁ vAi(x')l < LV||X - x'||, ¥x, x' € Q ‘ (3.87)

As a consequence of (3.87) and in the frame of (1.9)-(l.14)

we have :
. is the maximum element of the set W . with
MoVl H,V,1
W . =4d{w:Q~+R/a)b)c}
H,V,1 .
a) w lipschitzean _ (3.88)
b < . ¥
) w(x) wu,v,l(X)’ x e
c) w(x) f(x, u.) + 2(x, u,) - ow(x) 2 0, a.e. x € 9
9x i 1
After introduging a triangulation Qh in Q we put, as in (3.86)
h hy, . h, . ~-h hy, . . h
wu,v,I (xS) = mln{¢(xs), Tin wu’v_]’j(xs), min (q(xs,zk) +
J—],nu k=1,n
=i
-h h h ' . . .
+ w“__]’\)’i (xS + g(xs, zk)))} ifp2i, v2i,
h hy . h, . ,=h hyy . _
wO,V,i(Xs) = min {¢(xs), ?i?,n (wo,v_l,j(xs)ﬁ; ifu=0,v=21,
. ]
u
j#i (3.89)

h he he . h h -  h
Yy 0,i (%) = minte(x), min (a(xg>2 0+ Wy 0,5 (%
Uz

+ g(XZ’ zk)))} if uzl, v=20

h hy, . hy ... _ _
w0,0,i(xs) = ¢(xs)-1t u=0,v=20,
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where 53 i is iteratively obtained from (3.89) using (3.90) -
b b4
ah . 1s the maximum element of wh . with
U,V i U,v,i
W=t R DY 5 My (3.90)
H,V,1

bh) wh(x:) < wh i(x:), sz vertex of Qh

Us\):

h 3Wh(h )Ilf(h ul""Q/(k u)-(X.Wh(Xh)>O

) Bxf L Xg» Q g Uy s’ T 7"
. . . ~h
Simultaneously we introduce the functions WU v.i '’

oo . 1s the maximum element of wh . with

H,V,1 H,V,1
- _.h _ .h ~h h

wﬁ,v’i-{w : Q8 >R /DM, M) (3.91)
~h h, h h
b)) w (xs) < wp,v,i(xs)'

We xemark the caracter of finite linear elements of wh in (3.90),
(3.91).

Some properties of Qh

. and W
H,V,1 ——

h
H,v,i

After pointing out that using (3.86) we obtain
- [ - '
W, i G 9y s G S (max (L, Ly, T+ 10+ 1D L | x - %],
we can assume as instant of Lipschitz oflbuv i independent of u,v, i
bl
L =1L + 1 +L . 3.92
" q LV( g) (: )

So, using Lemmas 3.1, and 3.2. related to the function ﬁh and the

stopping time problem (3.85) we can insure, with L, given by (3.92)

1

.h h h ' :
max |wu,v,i(xs) "V i GD s6,0, 0, [In]D (3.93)
X
S
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with 6,(n, p, [[|b][) » 0, forn =140, 0 = |In][1/2, ie ||n]] - o,

Now as it was done in Theorem 3.1. :

mex I‘M () —g ;] < 6,m,0, [ +
er (3.94)
ey 1Inl] = 0@, 0, [Inl
Proposition 3.4.

The approximate solutioﬁ Eh verifies
- - h , - '
w‘h(x:) < wz,v,i(xtsl), ¥il, ¥(,V), Wo- (3.95)
Proof

As ¥u., Gh verifies (3.90, ch) it is enough to show that

ah(xh)S(p (x ), Vx: to insure w € wh , which gives (3.95) because

\)1

C s H,Vv,1
w . 1s the maximum element of Wh
H,V,1 H,V, i’

So we will show that

-h ] .
w =< wp,v,l’ ¥u =0, 1, «.o.3 B0 =0, 1, ... § ¥i =1, n, : (3.96)
First, forpu= 0, v = 0 we have by definition of ;h
o) = e 2 W GE) v
0,0,1" s s : s s

now we will suppose that

-h,_h hy o h .
w (xs) Slﬂ%v’i(xs), sz, Vi =1, n, (3.97)

and we will show that (3.98), (3.99) hold :
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~-h, h h h L. o
G IR R C Ol S ar F R R (3.98)
h, b h h . '
W (xs) < wu+l,v,i(xs) sz s VLo=1, n,o. (3.99)
Recalling that
-h, h . h -h, h h
w (%) < min (alxg, z ) +w (x, + g(x,, 7))
k=1,n

z
and taking into account that by (3.97)
-h, h -h h h . :
w (xS) < wu,v,i(xs) sz, ¥i =1, n, (3.100)
we have
-h, h . h =h h h
w (xs) < min (q(xs, Zk) + wu’\)’i(xS + g(xs, zk))) (3.101)

k=1l,n
z
So, from (3.86), (3.97), (3.101) we obtain (3.99). Also, from
(3.100) we obtain Qh(x:) < min (aﬁ v j)(x:)) s from here it follows,
P bl

1=1,nu

using (3.86), (3.97), inequality (3.98). [J

Proposition 3.5.

-h h - h h h h, .+
msx (wu’v’i(xs) WU,V,i(XS)) < mﬁx (wu’v’i(xs) wu’v’i(xs)), (3.102)
X X

s s
Proof
-h o h .
As w . verifies (3.90, ¢ ), the function
M, Vy1
~h _ =h h h i+ . e .
wu’\)’i Wu,v,i mzx (wt,v,i(xs) wu,v,i(xs)) will also verifies it. Now,
X
* h h

h h .
i(xs), sz, we obtain
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-h h h he h h  hoo+
- —_ <
wu,v,i(xs) . ll)u,\),i(xs) mﬁx (wu,v,i(xs) wu,v,i(xs)) =V
’ X
S

.(xh) Vxh
H,Vv,i sy s

~

~

h . h, .. . . ~h -
. 3 .91)p . .
So, W verifies (3.91,b ) which implies w v,i € wﬁ,v,1

S - < & j
by the definition of WU v,i we have Wu,v,i(xs) < wu,v,i(xs) ; from here

we obtain (3.102). [

. Finally,

Proposition 3.6.

' h . I h
For all x_ and for all i = 1, n, the positive part of wu,v,i (U] w,v,i
has the following bounds
' h h, . , h,.+ S ~h h
max Ax) 2 . (x)) " £ max{max (w (x) -
h (wu,v,l s) lpu,\),l s h . u,v-l, ( s)
X xs;_]=l,nu
h, |+ -h +
Vu,v—l,j(xs)) , maxh (wn_l’v’i(x) Vu—l,v,i(x)) }o, if ux=1, v=21 ;
_ xefd :
h h h, .+ ~h h ' hy |+
— < -—
:ﬁx (wo,v,i(xs) q)o,\),i(xs)) - m;x (Wo,v—l,j(xs) Vo,v—l,j(xs))
s » xS,j=1,nu
(3.103)

h h : h,,+ -h +
max (X)) - Yo (% < max (w (x) -V L(x
h (w“’oyl S) 4wU,~°,1 S)) h (»U"I,V,l( ) U—]’\)’l( ))
X ' xef) :
s .
ifpu=21l, vs= 0 ;
h hy + _ . _ _
mgx (ll)o’o’l( S) - \Po,o’i\(xs)) =0if uy=v=0 .,
X
s
Proof

Let us begin the proof taking in consideration two functions a(§&,x)
and a'(£,x) having a finite number of values. After calling B(x) = min a(f&,x)

B'(x) = min a'(§,x) it is possible to show that
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max(B(x) - B'(x)) < max (a(§,x) - a'(§,x)) - (3.10%)

X X;E

In fact, if we denote £(x) such value given B'(x) = a'(z(x),x)

we have
B(x) = B'(x) = B(x) - a'(B(x),x) < a(B(x),x) - a' (B(x),x) <
< max(a(g,x) - a'(E,x))

3

and (3.104) follows immediately.

Now, because

=h h h h h
ma -
. X (Wu,v,i(xs +g(x,,2.)) Vu’\),i(xS + 8(xg,2))) <
x , k=1,n '
s _hz
< max (w (%) -V . (x))
%€ H,V,1 H,V,1
, . . h
we can obtain (3.103) using for wu’v’l and wu?v,i the result (3.104).
Proposition 3.7.
. ~h .
ﬁIaxh W v,i® =V, ) S (D +u+9) 6, o, |0 (3.105)
xefd
i=l,n
u
Proof

We will recall a property concerning double index sequences

if in {a '}, y2 0,v 2 0 the following inequalities hold :

M,V

< + . > >
au,v b max(au—l,v’ au,v—l) ¥Ywzl,ux1

<
ao,.u <b + ao,\)—l LAV |

(3.106)

<
ap,o <b + aU‘l,O Yu =21
a <b
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then

a < (1 +v H)b, ¥u 20, v20 (3.107)
Uy V
Now let us call
max (' L(x) -V .(x)) = a (3.108)
h HsV,1 H, V,1 u,v . )
/ .
xefd
i=l,n
u
using (3.94) we have
-h h ~h . h
< -
au,v - WET a (wu,v,i(xs) wu,v,i(xs)) * GS(n > P l|h||)
1;— Py u K
X
s
and, by (3.102)
h h ‘ h
< ol R .
au,\) ?:}]{ n (wpsvai(xs) wu’\):l(xs)j-.'.cs( n, p’ Ilhl |) (3 109)
’ u .
T X
s

Obviously (3.106) holds with definition introduced in (3.108), and
b =Gg(n, o, |In|]). So (3.107) implies (3.105) after using in second
members of (3.103) that max (.) < max (.). 0O
h . ~h

b4 Xefd
s

We are now able to conclude
THEOREM 3.2.
The solution. Eh of (Ph) converges uniformly to V(x).

To begin we remark that as it was done in (3.20) we can, using (3.75)

and (3.76) to'insure that.for 7 ='4p,.p = ||h||1/2, ] Cg > 0 such that
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1/2 < ~h

v(x) - ¢g |[n]] v(x), ¥x e« 0, ¥ ||n]] < |[n]] , (3.110)

with hO denoten a fixe "initial" triangulation.

Taking into account the affinity of functions Gh, 53 v.i
b s

from (3.95)

we obtain

=h

;h(x) <w (X)), ¥x € Qh,

W, Vv, i

allowing us, taking advantage of (3.105) to write

T SV LG 4 (v e w 6, o, |[h|D

and, to insure the existence of a positive constant C6 such that

W0 SV 0+ ey e g, |[n]] 12,

¥x ¢ Q, ¥ ||n|| < [In 1] (3.111)

Using (3.84) in (3.111) we have

1/2 (3.112)

R S V) + SGLv) ¢ (1 + v+ ) Co |In]]
with S(u,v) » 0 if (y,Vv) =+ ' (3.113)

s s €
To finish, after (3.113) ¥e > 0 3(u€, V) / G(UE,vE) <5

if we choose

€
= C
. 2 2 2
[ Il ] = min {(gg s 7 E v
e Ve

we obtain, using (3.110), (3.112)
Voo - @) se, wxea, ¥ [[nl] < ||n ]|

i.e. the thesis. [J
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3.3. An estimation of the rate of convergence

We reduce our control policy to stopping time and impulse controls.
Because we have not continuous control we neglect the parameter V in

(3.84) and, following the same technique used in [9] we can show that

M, q,
S(w) < 2eM, +—) e P, p = .
b o M,
2 e(a—-—+M¢)
So (3.111) becomes
-h M -u | 1/2
W) S V) + 2 eMy )T+ (14w C | [n]]
' (3.114)
VU=0, ]’ ceey V”hll’(‘llhol .
1/2
- ¢, |Inll"/
Using in (3.114) as p the integer part of — log ———————
. p M,Q.
2e(M¢+E.)
we can insure the existence of a constant C7 such that
- i
[P - ve | < ¢ ftog [[nl] 1. 1nl]'?,
' (3.115)

¥x e Q, ¥ [nl] < |in |-
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IT. THE NON-STATIONARY CASE

II.1. The theoretical approach

There are not too much difficulties to extend the results of the
first part I to the case in which the dynamics depends explicitely of the
time t. In general, we will limit ourselves to give the results
concerning the non-stationary case; we will only remark and analyse those

for which there are some important differences.

The original problem and its equivalent formulation

In this case the system satisfies in absence of impulse controls

the differential equation

& = £(y,u,s) XefcRr (1.1)

y(t) = x ‘ t € [0,T]

u(.) 1is a measurable function of the time, with values in a compact

set U c Rm.

In a finite set of times ’Sv (v =1,2,...,u) impulses

z(Gv) € Z are applied; the trajectory jumps are
+ - - .
Y(ev) = Y(ev) + g(Y(ev)’z(ev)’ev) (1.2)
Z 1is a compact set of RP,

We denote by (u(.),z(.),T) a control strategy with the stopping-

time 1 ¢ [0,T[

The cost associated to each strategy is
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T t3u(),200,0) = 1 e a(y(s),ule),s)ds +
| -a(6_-t)

$TqE),z0),00e Y+ (1.3)
Vv

+ & (0,0 Xpp g

characteristic function of the interval [t,T[.

Xre,7r ()

The optimal cost function is ¥ (x,t) € Q
V(x,t) = inf J(x,t3;u(.),z(.),T) (1.4)
Q=8 x [0,T] . ‘ (1.5)

In the following we will suppose

i) £, &, ¢, g, q are continuous and bounded functions; they are lipschitzean

functions in (x,t).
ii) ¢(x,T) =2 O s ¥xeQ
iii) q(x,z,t) 2 a9 >0 ¥ (x,t) € Q s ¥zelZ.

iv) ¥ t , y(t) € f, independently of the strategy.

We can give‘the following characterization of V(x,t).

THEOREM 1.1 :

V(x,t) is the maximum element of the set W, with

W= {wx,t) » R/ (1.6) - (1.10)}

- ow(x,t) lipschitzean.function in (x,t) (1.6)

[3W(X,t)

ow(x,t) .-
ox

+ min
ot
uel

. £(x,u,t) + 2(x,u,t) - o w(x,t)] =20

a.e. (x,t) ¢ Q - (1.7)
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w(x,t) < min (q(x,z,t) + w(xt+tg(x,z,t),t)) (1.8)
- Zel ’
¥ (X,t) € Q
w(x,t) < ¢(x,t) y ¥ (x,t) € Q o (1.9)
w(x,T) < 0 s ¥x e (1.10)

The proof follows the method used in [9], P. 29.

II.2. The discretized problem (Pp)

a) The set Q ’is approximated with a triangulation Qh, union of
. . . . T
z131mp11ce.s of vertices (xp,tq) ;3 p = O,MX; q = O,N,. , tq =q.8, § = ﬁ;"

This triangulation is "regular in t" in the following sense :
i) each simplex of Qh has its vertices in two hyperplanes with

equations t = t t =t

ii) if a face of a simplex of Qh is contained in the hyperplane

{t = tq} we will have a "mirrow image" of that face in the hyperplanes

{t

tq-l} , {t = tq+l}; they are themselves faces of simplices of {Qh.

Exemple :

AN




b) In the set of linear finite elements w' defined in Qh we

consider the set W :

W= {wt QP > R/2.1), (2.3), (2.4), (2.5)}

3wh Bwh
So Gpetgiu) + o (2t gsu) Hf(xp,u,tq)” * Rxp,u,t ) -
oW (x,t) =20 . 2.1
p’q’ T -
where
Dt |,
N £ > H + = l ) H f iy
5t (xp ty u) 3%, (xp tq w || (xp u tq)ll

is the product of the derivate of -wh in the direction of the vector

(I,f(x ,u,t'» € Rn+l by the norm of suCE vector ; for example,
P q wh(a,td) - wh(x_,t )
related to the following pictures, is equal to A P9
(a,t?)
a
(a,t)
’ (a,£%) 2.2)
f
, t X ,t )
(XP,tq) (Xp"tq+1) («Xp’tq) (xp’tq+1) (XP’ q) ( p q+1
with A = t?-t
' (x st ) < q(x_,z,t ) + WP (x +g(x_,z,t ),tl) (2.3)
P’ q P’ g PP g g
¥z ¢ Zh ¥ x p = O,N ¥ t. q=20 N -1
? b 9 X 3 q > 2 t bl
e oyt )<o(x ,t ) , ¥p=0,N , ¥q=0, N~ (2.4)
P q P q e T
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Wh(x oyt ) £0 ’ ¥ p = 0,N (2.5)
P°N X :
T
Remarks : Similar to those did in d) of I.2.1.
c) We introduce the following partial order "<" :
s W e WPt ) < whix ,t ) (2.6)
P q P"q

and we put the discretized problem :

(Ph) : Find the maximum element ﬁh of the set wh related to

the partial order '"<".

2.2. The solution of (Ph) and its properties

(2.1) and (2.3) will be transformed in equivalent and more useful

relations.

As the picture shows we express the point (a,ta) as a convex

. . ) , . ]
comblnatlon.of points (x ,tp) and (a ’tp+l) :
X' X . X=X'
£
‘a £ h=a'
£
x! E a' x! a a' !
, A . ! i A ; : : . A:(S i
- — - ‘. v
ay _ A . | _A) (x',t) (2.7)
(a,t7) 3 (a ’tp+1) + (1 3 P

Furthermore, taking in accoeunt that x' and a' are, in eneral,
g g

interior points of faces (or aristas) of some simplex, we will present this

points as convex combinations of the vertices of the faces they are
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belonging :

é(u) = ? Aj(xp,tq,u)xj (2.8)

x'"(u) = I X

(x_,t_,u)x. (2.9
i J

j P’ g

so, because (1.17) and the affinity of wh, (2.1) becomes

{A

h
3 ; Kj (xp,tq,u).w (Xj’t ) +

+1
i q

h . 1
w (Xp,tq) < mll‘lh m

xelU

+(1—%) z R

h
J (xp,tq,u) W (xj,tq) + Aﬁ(xp,u,tq)} .

]

(2.10)

In the same way we put

= ' L
* * g(xp’z’tq) ? }‘j (x.p’t-q’z)xj (2.11)

and (2.3) is rewritten in the equivalent form

h . ' _ h

t ) € min ,Z,t ) + L A! . .
W (Xp, q) mi . (q(xp z q) : J(xp,tq,z)w (XJ’tp)), (2.12)
zel

¥p-= O,NX 3 q = O,NT-I

We will use (2.10) and (2.12) to define the real operator M,

(wh denotes a linear finite element in Qh)

if q =N M) (xst) = O

if 0,ee,Npml ) (e ) = min{gCe,e ),

al
[

T

. h
+ I Al St .,t . 2.13
min (q(xp,z,tq) . AJ (xp q z)w (xJ q)) ( )

zeZ ]
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min TI%Z-E% ZAj(xp,tq,z)wh(xj,tq+l)A+

uel '

+ (1 - A) I X (x_,t ,u) wh(x. t ) + A(x_,u,t )1}
o0 Y TitpTq? 1°q P’ ’q ‘

J

After (2.13) we define Mwh for all point of Qh' by a linear

interpolations of the values in the vertices of the triangulation.

Some properties of Mwh of immediat verification are :

>l > M (2.14)

wh € Wh<=> wh < Mwh : (2.15)
h

Remark : (2.15) give us a characterization of W ..

Finally the most important property is given by
THEOREM 2.1 :

There exists Gh, maximum element of ,wh; furthermore Ww" is

characterized by the condition Wt = Mﬁh, i.e.

W= M§h<—+§h > W s, ¥ Wl e wh. ‘ (2.16)

Proof

We can follow what it was done in Theorem I.2.2, using this new

formulation of the DISCRETE MAXIMUM PRINCIPLE :

LEMMA 2.1 :

Let us call gP a subset of all vertices of Qh and Ch its

complementary. Let be wh some linear finite element defined in Qh such
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that wh(xp,tN ) <0, and r: Q xUx[0,T] ~R.
T
, . h ' h
If exists U cU such that ¥ (x_,t ) e C ,
Psq P q

3wh(xp,tq;u) awh(xp,tq;u) T

min [ + f(x_,u,t )]|] +

uel ot ou P’ ’q

P»q

h
+ r(xp,u,tq) -aw (xp,tq)] >0

then
h + + h
w (xp,tq) § Msh + Mr'T , ¥ (xp,tq) e C
with
M+h = max (wh(xp,tq) v.0)
S (xp,tq)eSh
M' = ma (r( t)voO0)
= max X _,U,
r
(xp,tq) e ch _ P 1
uel
Psq

We show the lemma.
Let us define

M, = max wh(xp,tq) ;
q (xp:tql)
q<q SNT

‘(2.18) will be proved after showing that

+ +
M <M + M (T-t )
Cq Sh T q

holds for any q = 0,1,...NT. We will proceed inductively.

2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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We know after (2.5) that (for q = NT) MC < 0 ; then
N,
T
+ ‘ + '
Mh+M(TtN)=Mh202MC . - (2.23)
S T S NT

Now we will suppose that (2.22) holds for q and we will show that

such supposition implies that it holds for d—l. Let be (xp’tq—l) € Ch.

From (2.17) used in its equivalent form (2.10), we have

- wh(x ,t 'l) < min

“h
{ ZA (x ,t ,u) w (x.,t ) +
P uel 1+aA -1 i’ q

p,q-!

A ) . h

f (1 39 ? Aj (xp,tq_l,u)w (xj,tq_l) +

+ r(xp,u,tq_l)A}', | ©(2.24)
+ . ’ .

+ M (T-q8) (2.25)

' h h +
If ¥ (xp’tq—l) e C ,w (xp,tq_r) < Msh

it follows that, putting q-I at the place of q in the second member,

it is also wh(x ,t ) < M+ + M+(T—(q—1)6), that is to say (2.22) holds
' p’ q-1 'Sh T
for q-l. If (2.25) does not hold, it exists (x;,t:_l) such that

Wh( * ) =M > M.+ M (T-q8) o (2.26)
p’ q—l C h r
q-1 S
or, in other words
W (x ) < M ¥p = 0N (2.27)
p’ q-l - Cq—l ’ *Tx *

On the other hand, as we have accepted that (2.22) holds for q

h + N '
W (xp,tq) < MSh + Mr (T-q8) ; : _ (2.28)

then, using (2.27), (2.28) in (2.24)
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. 1 A+ + o A +
M £ min m{ K M h + Mr (T-q8)) + (1 - 'g) MC + MrA} .
q-1 ueUp -1 S _ q-1

1
From here, as Tk <1, A € § we have

M <M+ M (T-(qg-1)6) . 0
C h T
q-1 S

2.3. Algorithms to compute W

To compute ﬁh we can use the following algorithms (3.1) and (3.2).
These algorithms, as the algorithm (I.2.34) used in the stationary case,

define increasing elements wg € Wh, having ﬁh as limit.
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Lo}
L}

Vot (PN /(N +1) (Ng+1))

v+ (pral ) /(N #1) (N+1))

h ' ' '
Wr (va ,tqv) = er(xpv:tqv) ¥ (p s‘q )#(P,Q)

_ ho
W (xp,tq) = (er.)(xp,tq)

(3.1)
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p<0

h ~h
t =M ,t - < p+l
W (xp, q) M& )(xp q) P<P

~h h
st )= st
W (xp q) W (xp q)

h +__h _
wR(xp,tq)—W (xp’tq) ¥ p-O.Nx

(3.2)
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In fact, it is possible to show the following theorems :

THEOREM 3.1 :

The algorithm (3.1) stops after a finite number of steps in the

- . . h ~ .
element wg = wh or 1t gives a sequence {WV} convergent to wh, l1.e.

.. _h
1 ,t
im w\)(xp q)

~h :
w (xp’Fq) s ¥ p=O,NX s ¥ q= O,NT .

THEOREM 3.2 :

The algorithm 3.2 stops after a finite number of iterations in the

element 5: » having the following properties

a) 52 € Wh s, ¥e>0
=h ~h
b) €E<e' > w2 Ve
c) Clim @ =G0
>0

Remark : algorithm (3.2) is the consequence of improving algorithm (3.1)
taking advantage of the particular structure of non-stationary problems

 (we use backward solutions).

" 2.4. The convergence of the approximate solutions
It is possible to show an equivalent theorem of Theorem I.3.2.
THEOREM 4.1 :

The approximate solutions ﬁh converges unifdrmly to V(x,t),

lim 5 x,8) = V(x,0)| = 0 .

max
[Ih]]+0 (x,t)eqh
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I1.3. An application to the management of energy production

3.1. Modelisation of the problem (Short-run model)

The energy production system consists in two thermal power plants

(Bys Py

stock ; Ph : hydropower production)., D is the demand of electricity and

we denote with Py the production of an additional source to obtain, if

being their level of production) and a dam (xh : hydropower

it is necessary

D=P, +P,+ Ph + P3 ‘ (3.1

The cost of the operation is given by

T
J =1/ (¢ Pi(t) +c, Py(t) + ¢ (x,(£)) Pp(r) + cyPqy(t))de +

(3.2)

n;, 0, is the number of starts of centrals 1, 2 in the interval [o,T] ;
kysk,
is a shadow price obtained after a long-run optimization (about one year).

the costs of each start. We suppose Cy5C9sCq constants and ch(xh)

.In our problem we will consider [o,T] one day or one week (cfr. [12], [143,

C1s5D).

We will suppose that thefe are not delays between the start of a thermal
central and the instants in which they begin to produce energy. The metho-

dology to be used here can be easily modified to take into account these

delays (cfr. [111, [12], [161).

In this form the system will be model by its internal state : a discrete
variable E (showing if the centrals 1 and 2 are working or not) and a conti-

nuous variable Xy which evolution equation is
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d

*h _ ' ' .
Frale A(t) - Ph(t) 0 < X < Xh,max ) (3.3)

A(t) is the input of water in the dam.

1 centrals 1 and 2 dot not work
‘central 1 works ; central 2 does not work

central 1 does not work ; central 2 works

s~ oo

central 1 and 2 work

Our aim is to obtain the control strategy giving the minimum of J.
This optimal policy consists in to define when centrals | and 2 must to
work and with what level of production. We look for optimal feed-back )
' policies taking with account the instantaneous state (E(t), xh(t)) of the

system.

Let us consider as parameters the initial state x and the initial time
t of the system and let us introduce the optimal cost functions Vi(x,t),
i=1,4, (x,t) €Q ='[O, gh,max] X.[o,T],
V.(x,t) = . inf J(xh,i,t,P](-),Pz(.),Ph(-)) | (3.4)
P, (),P(.),B ()

. with 3G,,1, 6,7 (2,2, (), B (L)) =
T

=1 (c/P(s) + czpz(s)' * e (3 ()P, () + cyPy(s))ds + . (3.5)
t _

cost related to the policy P (), (), P (. ) in the interval [t,T] w1th
the initial data (E(t), xh(t)) = (i, xh)



67

‘From Vi(x,t) it is possible to define the optimal feed-back policies
(cfr. [2], [31, [9]). So, our problem is to compute Vi(x,t). We recall for
that the following :

e e mmt - — — —— — — — aan imn o o Vo ) et e e - e v v —— — e — — —— -

It is possible to show (cfr. [5]1, [9]) that Vi are differentiable in
e. (x,t) € Q. Furthermore they verify (cfr. [2], [9], [12]) the system
of Q.V.I. : |

BVi BVi
min ~ . (A=-P ) + ¢c,P. + c,P, +

ot (P P ,P Ye T, (xh) Bxh h 171 272

vz , (3.6)

+ c3(D - Pl - P2 - Ph) + ch(xh)Ph =20
i . . :

Vi(xh’t) < Vj(xh,-t) + kj , ¥j 2 1 (3.7)
Vi(xh’T) =0 4 (3.8)

with Fi(xh) the set of admissible levels of production related to the

state 1 and the stock x5 k; the cost for passing from state i to state j.
REMARK * In a.e. (x,t) € Q, one, at least, of (3.6),(3.7) becomes an equality.

The following characterization of Vi(x,t) will allow us to compute it

using the method introduce in II.2 :
Vi(x,t)‘is the maximum element of the set

W, = {wi € Hl’m(Q) / v, Verifies (3.6),(3.7),(3.8)} (3.9)

i=1, 2, 3, 4, i.e.
wi(x,t) < Vi(x,t), ¥(x,t) € Q, Yu, € Wi, i=1,2, 3, 4,
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Let us introduce in Q a triangulation Qa and let us consider in it
linear finite elements of vertices (xp,tq). The set W is substituted by
the approximate set w? having as elements, linear finite elements wa=(wf)
satisfying suitable discretizations of (3.6),(3.7),(3.8)

A

NS

h
a a a a
Wi(xp’tq+1) wi(xp’tq) - Wi(XP+1’tq+1) wi(xp’tq+]) (A-P, ) +
t -t X - X h
q+l q p+l P
' +
+ CIP] + c2P2 + ch(xp)Ph + c3(D -.-P1 - P2 - Ph) 20 (3.10)
a
¥(P|,P,,P,) € Fi(xp) ; ¥p = 0, ..., NS-1, ¥q =0, ..., NT-I
If A - Ph.< 0 :
a a a a
. t - W, . - W.
wl(xp, q+1) Wl(xp’tq) wl(xp_],tq) Wl(xp’tq)
t -t * X - X (4 - Ph) *
q+l q p-l P
F
+ CIPI + c2P2 + Ch(xp)Ph-+ c3(D - P - P2 - Ph) >0 (3.10")

a ‘ 4
¥(P|,P,,P ) « Fi(xp) 5 ¥p =1, ..., NS ; ¥¢ = 0, ..., NT-I
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we

a. a i
. AX . . = . = —
Wi ( B S I LE) F kS, W 07 NS ; ¥q = 0,NT-I

(3.11)
Vi ; ¥ = 1 ;

0 ¥ =0,NS , ¥i = I,4 (3.12)

)

wa(x t
i*p® "NT

We put the following discrete problem :
(Pa) : Find the maximum element wo of Wo.

After Theorem I.2.2. and Theorem I1.2.1., we know that w? exists and
it is unique. We can also introduce an algorithm with the properties re-—
marked in 1I.2.3. In fact, after a suitable transformation of (3.10), (3.10'")

in relations of the following type

&

a a, . a a a )
wi(xp’tq) < ¢i(wi(xp,tq+l), Wi(xp—l’tq)’ wi(xp+l’tq+l)’xp’tq) (3.13)
we define the
Algorithm
: .a a .
Step 0 : wi(xp,tq) = wi(xp’tq) =0, ¥i = 1,4, ¥p = O,N5, ¥q = O,NT
Step 1 : q = NT-I _ :

Step 2 : p =0

Step 3 : i =1

a . a i, . . a, a
Step 4 : w.(x ,t ) =min {w.(x_,t ) +k.(j=z1i) ; ¢s(ws, ..., x ,t )}

ep . l(Xp q) 1 { J( P q) J(J ) qu)l( i’ 3 P. q)

Step 5 : if i = 4 go to 6 ; if not, i = i+l and go to 4

.. ~a a . ‘ .

. = = ; .

Sﬁgp 6 : if wi(xp’tq)_ wi(xp,tq), ¥i = 1,4, go to 7 ; if not do

a .
w w.(x ,t ), ¥1 = 1,4 and go to 3
i7p’q i ¢ P’ q ’ g

Step 7 : if p = NS go to 8 ; if not do p = p+! and go to 3

o~
o]
“
T
~
i

Step 8 : if q >0, doq=q-! and go to 2 ; if not, do W?(xp,tq) =

= w?(xp,tq), ¥i = 1,4, ¥p = O,NS ; ¥q = O,NT and stop.
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REMARK
The algorithm is very easy to program ; it uses only "local" information
g
. a . a a S .a
(i.e. to compute w (xp,tq) it uses only w (Xp~l’tq)’ w (xp’tq—l)’ w (xp+1,
)). So it is possible to implement it in computers of small central me-

tq+]
mory.

We recall also that the algorithm converges in a finite number of ite-

rations to wo and lim max lﬁi(x,t) - Vi(x,t)l = 0, with ||a|| the
[fa]]»0 (x,t)eQ

. . a
norm of the triangulation Q~,

3.5. Some remarks before numerical results

We will solve a simplified model with the datas used in [12] having

origin is .a real demand. The demand will has the following form :

D

t
2 4 6 8 10 12 14 16 18 20 22 24

The hydraulic cost will be
Ch(xh) = Chl * (Chz - Chl) xh / Xh,max (3.14)
ch] = 0.1 ; ch2 = 0.06 ; xh,méx = 5000 Mh

Other datas are :
P, e [lein, P nax) = [250, 5001  (Mw) (3.15)
P2 € [PZmin’ P2maxj = [125, 250] (MW) (3.16)
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Py € [0’,thax(xh)] with
=P , ¥s. < x < X , s = 0.3
h] *hmax *h hmax Ph = 250 MW .
thax 1 ' (3.17)
*h
Tiw ey ¥ OF R T Sy
A=0 MW : (3.18)

, -a . . . . .
Having v, the following device will be used to obtain the approximate

feed-back optimal policies :

a) We switch in our policy (that is to say, we start or we stop the work
of a thermal generator) in the regions where (3.11) becomes an equality.

For example, if our system is in the state (2, xp,tq) and Gg(xp,tq) =

;z(xp’tq) + Ez holds, we must pass to state 4 (starting with central 2).
In this form we obtain tables of future states showing where and how we

must switch.

b) When (3.11) are strict inequalities, we must define the production level
of thermopower centrals. For it we consider as optimal such level giving

equalities in (3.10) or (3.10").

c) Finally with the tables concerning future states and optimal production
levels we obtain the optimal trajectories solving the differential e-

quation (3.3).

3.6. Numerical results

The interval of time [0,T] is taken of 8 days. We use NT = 192 ; so
the lenght of the discretized time is 1 hour. We use NS = 18 ; as
Xhmax = 5000Mwh we obtain 277 MWh for each step. We divide each interval
of thermal power production in six values (P1 = 250, 300, 350, 400, 450,

500 MW ; P, = 125, 150, 175, 200, 225, 250 MW). The values of the cost to
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start a pover plant are k"= 0.5775 x 10°, K, = 0.325 x 10°,
In the algorithm the iterative part concerns steps 3 to 6. It converges
in a finite number of iterations. An example is given in the following table

(in which the values are divided by 105)

W W w w

1 2 3 . 4
0 0 0 0 g
1 .325 325 .325 .325
2 .650 .55917 .650 .55917
3 .975 .55917 71641 .55917
4 .98241 55917 «71641 .55917
5

. .98241 .55917 .71641 «55917

-The program give as out put sub-optimal pdlicies (future state E; and

production level to be generated) as fonctions. of the state Ep’ X of the

system :
E E P P P P W
p f h 1 2 3
1 2 -00000D+01 .40000D+06 .00000D+01 .11670D+05 .91130D+06
2 2 -00000D+01  .40000D+06 .00000D+01 .11670D+05 .35355D+06
3 4 -00000D+01  .30000D+06 .125000+56 .00000D+01 .90549D+06
4 4 -00000D+01  .30000D+26 .12500D+06 .00000D+01 .B84774D+06

With these values we prepare the operation tables (as functions of (xh,t))
that are shown in the following pages . We have choosen those refered to the
day wednesday. In one table we give the future state ; in the other the power

level to produce.

Example : If we are in the table Ep = 1 of future states and in the intersection
of lines (xh,t) we read Ef = 4 that means that at time t, if the stock of hy-
draulic energy is X both centrals, I, 2, must work. To know the production
level we obtain, from the table Ep = 1 of power production the two valueg ;
i.e. if we read 350 that means P] = 350, P, = 125,
125 ‘
If in the table of future states the place is empty we must continue with the

same state Ep.'
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Simulation of ome operation

We show in the following pages a sub-optimal evolution of the system ;
it was obtained using the precedent tables with Ep(o) = 2, Xh(o) = 5000

MWh as initial conditions.



800
700

600

500
40.0
300
| 200

100

FIRST DAY - Monday

MW

P

~h ' -
RN sy S el S

81

1 2 34 56789101]]2

13

14

15

161718

192021

27

23

2'4) Hs



82

SECOND DAY - Tuesday
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THIRD DAY - Wednesday
A .
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500 ¢t : /D
_J | \’P1+P2
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FOURTH DAY - Thursday
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FIFTH DAY - Friday
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. . . h
The algorithm converges independently of the choice of (w )o € RP and
of the order of numeration of the vertices. Nevertheless for each problem
it is possible to analize if some special choices give an improvement of

the convergence (and of course, a reduction of the computation time).

In our problem the vertices were ordered in the sense of x increasing

but in decreasing sense for the time.

On the other hand a choice for (wh)o can‘always’be the trivial choice

M
w: = - (——-+ M¢ ) ; we did, looking for better results, two choices
. h _
the first : (w.) = O e
10

h -h, h h

: .h
the second : (wi(xp, t )) min Wi( p’tq+l)’ ¥q=0,NT-1
1=l,4
p=0,NS
' h By .
This last choice was possible because w (x , NT) = 0 and functions

) can_be computed, in our algorithm, after knowing 5?(.,tq,),

i

—h(
wilest q+l

q' = q+2, ..., NI. The following table shows that for T (time of operation
in hours of our electric system) increasing, the second choice is much
better. The picture poiﬁt out the (iinear and parabolic) behaviour of the
time of computation. We have used a PDP 11/23 (128K, operative system

RT 11/3M). As a last information, using a minicomputer COMPUSYST 2000

(64 K, operative system'CPAI, central proc. ZIL06 - Z80) for T = 24 hours

we need 380 sec.

T T 1

. h . ..h .

T ' w 20! (W) !

T o 1 10,
T 1
!
computing time
in secondes

B T S U TN

!

1 !

! 1

1 !
— :
26 1 154 221 !
1 1

! 1

1 !

1 !

1 ]

1
1
48 365 ! 472
72 645 ! 713
96 1 013 ! 953
192 3 469 !'1 943
1
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- 3000" /

- 2000 . i ./

- 1000"

¢ . . ) [8 ) . .

24 48 72 96 120 144 168 192
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