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Abstract

We analyze a two dimensional diffusion process in. the
positive quarter plane with absorptions on the boundaries and
jumps. . ‘
In the first section, the sample paths of the process are cons-
tructed using stochastic differential equations. In the second
section, we determine the invariant measure in the case of constant
coefficients by solving a boundary value problem on an hyperbola.
Thus, a generalization of the one dimensional case (see for ins-—
tance [GUI,SKO] -or [GEL,MIT] for queueing applicatiomns-) is obtained.

Résumé

Nous analysons un processus de diffusion bi~dimensionnel
dans le quart de plan comportant des absorptions sur les frontiéres
et des sauts.
Dans la premiére section, nous construisons les trajectoires de ce
processus au moyen d'équations différentielles stochastiques. Dans
la seconde, nous calculons la mesure invariante dans le cas ol les
coefficients sont constants, comme solution d'un probléme frontigre
sur une hyperbole. Ce travail prolonge 1'étude du cas unidimensionnel
(voir par exemple [GUI,SKOI]-ou [GEL,MIT] pour des applications aux
files d'attente -).



SECTION 1

I. DEFINITION OF THE STOCHASTIC PROCESS

I.1. Introduction

We define here a discontinuous stochasﬁic process (g(t))t 50
with state spaceR+ x R' whose sample paths are recursively given by
a set of sﬁochastic differential equations (S.D.E) and’a set of 2 in-
dependent marked Poisson processes determining ceriain sojourn times

and jump magnitudes. Let us denote by :

-~ D the positive quarter plane except the axes :

D=R" xR
- 3D the boundary : 93D = {0} % r™ U R x {0}

' +*
- I (resp. II) the axis R~ x {0} (resp. {0} xR")

The samble path of g(t) starts at time t=0, say somewhere in D
and is the solution of a two-dimensional stochastic differential eqdation,
until it hits .the boundary 3D. (If it does never reach oD, the path is
hence defined over [0,»)). When this boundary is reached, say at ﬁoint
{0} x {y}, y > 0, the path is "absorbed" by the boundary "II" for a period
which will not exceed the mext point of the first Poisson process after
the absorption time. During this period, the path is given as the solution
of a one-dimensional stochastic differential equation until it hits the
point {0} x {0}. Assume it’reaches " 0" before the next point of the first
Poisson process, then the path is absorbed by "0" where it remains up to
the next point of the second Poisson process after this last absorption time.
When this next point arrives, the path jumps instantaneously to a new loca-
tion determined by the mark of this point. This mark belongs toR' xR’ and
is either of the type (x,0), x > 0 or (0,y), y > 0. From this new location
which is either inR™ x {0} or in {0} x:m+f is initia}ized a new one—dimensional

period. which will be a stochastic replica of the previous one (but the initial



position). Assume on the contrary that next point of the first Poisson process
is before the hiting time of {0} by the one-dimensional diffusion, then, at
that point, the path jumps instaneously, the jump being orthogonal to the

{0} xR" boundary and with a magnitude z > O given by the mark of the point.
This initializes a new bidimensional "period" of the process which will be

a stochastic replica of the first one (but the new initial conditions).

I.2. Notations and assumptions

Let (Wl(t)) and (WZ(t))t >0 be two independent brownian motions

t=>0
will be the basic brownian motions of the S.D.E. Moreover, let us define
two processes, »Mt and N which are independent and also independent of the

. two brownian motions. (Mt)t S O (resp. (N ) ) is a right continuous
jump process with state spaceiR xR . The Jump.trmes form a Poisson process
with intensity A (resp. u). The process M starts from (0,0) and jumps at
each date of the Poisson process, the magnitude of the successive jumps
being independent of the Poisson process. Denoting as (Un,Vn) (resp. (Xn,Yn)
the n-th mark of (M(t))t s 0° (resp. (N(t))t‘Z 0) we assume for them the

following distribution functions :

P[Un =0,V 2yl-= P2H2(y){ P[Un <y, vn=o] = PlHl(y)

n
(1.1) . o
where P1 + P2 =1, Hi(b)=0, Hi(°°)=1, j; x2 dHi(x) <f°
P[Xn=0) Y < vl = R K, (¥), P[xn Sy, ¥ < 0] = R,K, (¥)
(1.2) ' o "
where R1 + R2 =%, Ki(0)=0, Ki(w)=1, ~/. X dKi(x) <

(o]

The remaining definitions concern the one and two-dimensional S.D.E. The
assumptions make sure the existence and uniqueness of the S.D.E solutions

in their definition domains (see [Fried])

Let b, (x) and Q. (x), i=1,2 be real valued functions which are measurable
in (x) e R - B(x) = (Bl(x),B (g)),(resp. (x) = ( 1(x) le(x)))be a two-
- I, () I,y .
dimensional real valued vector (resp matrix) which is measurable in x ¢« R X R

satisfying ¥ R 63R+, ¥ k,x' € |x| Ix [ R, 3 KR’ K and g, > 0 such that :

~

+



N

KR!;;—x-'l'
Kg x|

,bi(X) - bi(x') |

IA

Ici(k) - 0, (x")|
(1.3) '

b)) < K
o; < lo,x)| <k

¥ R e?R+, ¥ x, x' ¢ R” xR" / |x!, |x'| < R, HR,.H‘such that :-

\

|B(x) - B(x")| < Hola=x']
|2 (x) —';(x‘)[ < HRJx-x'[
(1.4) | |
' |B(x)l S“H
|Z(x)] < H
(we denote as | | the classical vector or matrix norm in R%).

It 1s furthermore assumed that the quadratic form assoc1ated to A(x)
A(x) E(x) Z(x) (where It is the- transpose of I) is uniformly ellip-
tic i.e, 3 4 > O such that if A = (2 :), ¥ X,y € R XjR+ ,

(1.5) a(x,y)xg'+ 2b(x,y) x.y + C(x,Y)y2 z u(x2+y2):

We also assume that the biggest eigenvalue of A(x) for x ¢ R x®r"
bounded by P > 0. We shall denote by LX (resp. LY) the following one-

.-dimensional partial differential operator :

2 , -
LX = % al(x) jii + d](x) é% ' wherez al(x) =,0%(x)
(1.6) ‘ d](x) = bl(X)

1 d L d . 2
resp. LY =3 az(x) ;;§-+ dZ(X) i where 3 az(x)b— Qz(x)
| d,(x) = b,(x)
"We shall denote by L the following two-dimensional. partial differential

operator :

2 ‘ | 2

1, 3 3. 3 3 3
. L = slalx,y) =5 + 2b(x,y) 5= 3y telny) 51+ dx,y) 5=+ elx,y) 5o
(1.7) . o9y -

where d(x,y) = ﬁi(x,y); .e(x,y) = BZ(X’Y)



I.3. Definition of the process

We shall denote as (Q,F,P) the basic probability space. © will be
taken as the product of the tow-dimensional brownian motion canonical space
and the canonical spaces of the 2 supplementary marked Poisson processes.
We shall denote as (Ft)t >0 the filtration o(W (s),M(s),N(s),s S t) where
Ww(t) = (wl(t),wz(t)) and use the following results :

Lemma 1.

Let T be any finite Ft stopping time, then, (W(t+TD)-W(T),M(t+T)-M(T),

N(t+I‘)—N(I‘))t > 6 is a stochastic process independent of

Fp = o{Be F/Bn {l <t} e F, ¥ t > 0} and with the same law as

(W(E) MBI L o q

Proof of Lemma 1.

Let T be a finite F. stopping time and let

r = © k2 ™) -n -n
nT 2o [(k=1)27" < T < k27 ]

Let d ¢e N, B ¢ F, and £ be a continuous bounded function from ]R4d + R.

T
Let O < t;,... < t; and put for any fixed i ¢ (1,2}, X s X|» X, > 03

e(t) = £ [w](tl+t) Wl(t), eee ’ Wl(td+t) - wl(t),

W, (t +t) - Wy (t), ... Wy (tg+t) - W, (t),
Mo(tl+t) - M(t), ..., M(td+t) - M(t),
N(tﬁﬂ - N(t), ... ,N&Jt)-N&)l

Since Fn 4T, when n 4 ane(Tn) tends to e(l') as n + o, Furthermore :

_ -n ' -
B n (Fn = k2 ) € sz n



Hence

E[1_.e(I)] = 1im E[1_,.e(T.)]
B Ao B n

(=]

lim I E[l - -n -n
nte k=0 B n (I'n = k2 ).e(k2 )

]

Clearly Wi(tj+t) - Wi(t) is independent of Ft and so are:((M(tj+t)-M(t)),(N(tj+t)
-N(t))) for amy t > O and t; > 0. Using this property for t = k270, ‘we

get :
E[l;.e(M)] = lim I E[Bn (T, = k2 ™) 1.E[e(k2 ™ ]
n
o k=0

Using now the properties of Brownian motion and Poisson processes

E[1;.e(M)1 = E[e(0) JE[B], completing the proof. a

The remaining part of this section is devoted to the construction

of a Ft adapted, right continuous stochastic process (S(t))t > o °n Q,F,P)

. + +
.with state spaceR X R ,

We shall denote as (el,ez) the orthonormal base of the plane and

use the shift operators (Qt)t > 0

 Consider the unique solution (uniqueness and existence are due to

our assumptions on I and B) of the following bidimensional S.D.E :

{ d n{s) = I(n(s)) du(s) + B(n(s)ds

n{0) = x enffx:m+, 0O<s<tTAt=inf{s20/n() D} At

We define our process £ when originated from x between time O up to
(Tt At) as being equal to this unique solution during this time interval.

Hence we have :

, TAL . TAt
(1.8) E(EAT) = x +f Z(E(s))dW(s) +f B(£(s))ds
(o] o



We define now a "free continuation" from time TAt up to (s + TAt) AL
when M is frozen. It originates from £(T A t). Roughly speaking it consists of
successively diffusing on either "I" or "II" then being absorbed and remain in
"0" then jump into either "I" or "II" and so forth. Consider thg following

one-dimensional S.D.E.'s, i=1,2

d ni(u) = 0, (n; (w)) dwi(ﬁ) +b,(n;()du, TAtSusYy; 00 . At

with initial condition : ni('r At) = Ei('r At)

where Y; © GTA

e " inf{s 2 TAt / ni(s) = 0} A t (notice that at least

one of these stopping times is equal to T A t).

The initial condition for this S.D.E's are square integrable and
independent of the future of W after TAt, as a consequence of lemma 1.

Hence each of these differential equations has a unique solution ni(u),

TAt Susy; 0 e'r/\ At We define our two dimensional free continuation
£ = (&;1,52) betwgen't At and (T O GT N t) where ' © 61_ At '(Yl o 61_ A t)
v (yz o GT A t) as follows :
£i(u) = ”i(“)’ TAEtSu<y; 0 e'w\t At
(1.9)

Ei(u)=ni(yi06TAtAt),YiOQTAtAtSuSFOQTAtAt

We write hence :

-~ 2'
E,(I‘OGTAt/\t)=€(TAt)+ T
. . i:l
(1.10) ’ ¥; 08 AL '
TAL -

Let T be any finite Ft: stopping time. Let § O OT be the following
F, stopping time : '

8§06, =dnf {u>T /AN #0} At (where A(uw)=N(u)-N(u')) -

We go on defining E after T o eTAt A t as follows :

\



E) = E(T o6,

YAt

At/\t),I‘oeTAtAtSu<606(roeT

(1.11) nt

£ oo - AN(SOB

(roerAt)At (1"06_r YAt

At
Then we iterate the definition procedure of the two dimensional S.D.E
i ! t initial ditions.’

taking now the gi(éoeroeTA A t? s as the pew initial conditio
This is legal from our assump%ions in equation (1.2) and from
lemma I . We obtain hence the following definition for g(('r At+s)At)(by

iterating indefinetly this definition procedure):

E((tat+s)at) = E(TAL) +

yl'oe,[/\t)/\(swr/\t)/\t
+ J Gl(gl(U))dWI (u) + bl(él(U)’)du e,
TAL
(v,00., ) (s+TAt)AL )
+ f ‘ 02(€2'(_u))dl‘-’2(u) + bz(EZ(U))du e,
TAL
+ AN (GOG(I.O-GTAt)A(s+TAt)-AtA(S+TAt)At))
(y,08 YA(s+TAL) AL
(1.12) 1 60611... A A
+ Ol(il(u))dwl(u) + Gl(El(u))du e
Goer A(s+TAt)AL '
. (yzoe606 Y(s+TAt)At
+ / Toes Oz(éz(u))dwz(u) +G2(§_2(U))du e,
5oer A (s+TAL)AL
+ AN (Goeroe(éoer .‘)A(s'+rA;)At A(s+TAL))
er"'
+ / | . ’ e1+...+...
§oeo
_ FOe((SOGr.. )

Remark that the number of non zero terms in this definition is a.s. finite :
Each sojourn time in “0" has an exponentially distributed duration and is
independent of the other sojourn times. Hence we a.s have a finite number of

- §'s smaller than (TAt+s)Aat. Notice also it is possible to replace s, in this




definition, by any finite Ft s;opping time. Consider now the following Ft

stopping time :

noob. .=

(1.13) 1 £+ 1

[t>t] inf{s =1 / (é(s) € "I".

[t<t]

and 'AM(s).ez > 0) or (g(s) e "I1" and AM(s).e1 > 0)}

We go on defining £ between T At and noG,r At as being equal to the

free continuation between these stopping times, more precisely

E(u) = E(w) TAtSu<nof. o

EMmoo ) = E(Mmoe.

) o+ AM(noeTAt)

The random variable £(no9 7) is quare integrable as well as

TAL

AM(noeTAt), (see equation (1.1)). From this plus lemma I, it makes
sens to take g(noe”t) as the initial condition for a new two—dimen-

sional period. We can iterate this definition procedure. Denote as T, At

i 21, the minimum of t and of the i-th successive hiting time of 3D.
def i

. . e .1 . .
Similarly, let Mae = noe‘ri/\t' Denote as IJ. A g A t the glnlmum of
n; At and the j-th, j = 1, hiting time of " 0" after e Let also
stangat ‘o6, . We define E(t) as :
: Fj AN At ‘ ,
T At
g(t) = x +f Z(E(s))dw(s) + B(E(s))ds
o
+ s ]
o I’}A ni/\ t
z 3] o(£(s))dW(s) + b(E(s))ds
1=1 Ti/\t :
. Fj+l AT A t
(1.14) Loransian, aey + = ’
2 ANy AtE _ o(E(s))dW(s) + b(E(s))ds]
6J. AN AL
+ AM(niAt')

AL

Ti+1
*f 2(g(s))dwW(s) + B(g(S))dsi
ngAt .




where the vectorial integrals " fc dw(s) +‘,b ds denote sums of two one-dimen-
sional integrals as before. Notice that the R.H.S of (1.‘14) ie well '
defined since the number.of non zero terms in this summation is a.s finite :
between two successive T, 's ellapses at least an indepehdént expenentially'
dlstrlbuted delay Hence there exists a.s a finite i such that Ty is greater

than t, as well as all of the stopping times from T

" II. MARKOVIAN ANALYSIS

IT.1. The Markov'property

;

Theorem 2 (E(t))t >0 is Markov Process. ' _ 0
Proof : Consider (E(F)) O <y <t as defined. in the preceding section

For u / 0 < u < t, we derive -the following decomposition :

of the R.H.S of (1.14) :

_ Tpat :
2.1 - RoH-S-aéé x + / Z(€(s))dW(s) + B(E(s))ds +

T At '
+ f Z(E(s))dW(s) + B(E(s))ds

T A

R

(l" AN /\(uV(T At)) I'lAn At
f O(E(S))dW(S)+b(£(S))ds +I 0(&(8))dW(S)+b(€(S))d

Tine (I’ An A(uV('r At))
+ J_El [_M(GiAniAu) + AN((dgAniA't)Vlf),
F§+1Ani" (uV«((S;'/\ni/\t)_ 'I’jﬂ/\n At
] 0(E(s))dW(s)+b(E(s))ds + _ O(E(S))dw(s)+b(~£(5))ds]
G;Ani/\t | | F;+]AniA(uv(ajAniAt))
+ MO AW ¢+ M@V (g At))
Tiep A (uv (n'iAt)) | ’ _ !
t/‘ ' o IZ(E(s))dW(s)+B(E(s))ds
/n.-At :
1
T At

i+l
t[ Z(S(S))dW(S)+B(€(S))ds
T, Amvacn
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For the underlined stochastic integrals in (2.1) hold equalities like the

following :

I‘i ATz A (u V('(i At))
J o(E(s))dW(s)+b(E(s))ds

TiAt

Fi A AU ,
1N -
= o(E(s))dW(s) + b(&(s))ds
T'l AU .
(see I p)
which is obtained from the definition of stochastic integrals with stopping

times and from the identity :

{s / [I‘i/\ni/\(uv(ri/\t))] <8 < ['ri/\t}} =
.{S/ [I‘];'Ani/\u] < s < ['ri/\u]}

Collecting all together the terms which are underlined in (2.1)
and using the above identities, we obtain an expression which coincides

with the definition of £(u). Using similar transformations for the remain-

ing terms, we get :

uv (-rI At)
£(u) +f L(E(s))dW(s)+B(E(s))ds

g(t) =
u
i
o uv (I‘l Ani/\t)
+ X {f o(E(s))dW(s)+b(E(s))ds ®
i=1 uv (T1 At)

. 'uV(I‘J‘}HAniAt)
[ AN((Gi AngAE)Vu) + f . o(E(s))dW(s)+b(E(s))d
! u V(G}Ani/\ t)

+
™8

j

uv (Ti+l At)
AM((ni At)vu) + f L(E(s))dW(s)+B(§(s))ds
uv (Ti" t)

+

Keeping in mind the obvious identity :

oVvep
j‘ =0 if B < o, we introduce

o

s]
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Ty 068, = inf {s 2 u / £(s) ¢ D} (plus similar definitions for
i i A S o ey ’
Tioeu, TJ. o eu, Gj o Gu, n; © eu). This allows .us to.rewrite the

last expression as :

(‘rl'oeu') At ‘
(2.2) E(t) = E£(u) +f L(E(s))dW(s)+B(E(s))ds
u .
ol (Pioé)A(n-OG)At
+ I {/ I % 6(E(s))du(s) +b(E(s))ds
i=1 ( (Tloeu)/\t v :

+
o8

i [AN(“}O%) A (nioeu) A t)

i
(I‘j+1 oeu). Ang At

* O(E(S))dw(s)+b(€(s))ds]

i 4 .
(Gj oeu) A (nio’eu) At

+

Mg 08,) A E)

(‘ri+1 oeu) At
+ Z(E(s))+B(£(s))ds}
(nioeu) At :

proving the’ Markov property.

IT.2. The Infinitesimal generator

Theorem 3. Let a be the infinitesimal generator of (£(s)). Let f
be a twice continuously differenciable function on R' x RY which

is assumed to be bounded, and with bounded derivatives, then

f e 9(0,), ‘the domain of QA and we have :

(2.3) - QfGuy) =L f@y) x>0, y>o0
- Q £x,0) = 1,£(x,0) + g, Lw-(f(x,}')-f(x,o))dﬂz(y)
Qeo,m = Lf0,1 + g, A (£(x,5)~£(0,y))dH, (x)
(2.5) Olt,0 = q) [7 £tx,00-£0,00)dK, ()
+a, [T (£00,)-£0,00)eK, (v) 0




- 12 -

where g = API » By = APZ

q; = MRy, gy = MR,

Proof . Using the notations introduced previously, we have to

verify the existence and the value of :

: EC£(E (h))~£(x,¥) [E(0) = (x,y)]
f(XQY) = lim " - ;
- "hi0 h

We consider first the case x > 0, y >0 .

ELE (E(h)-£(x,7) [E(0) = (x,y)] =

EL£ (£ (h A 7)) £ (=, 1)+ (E M)~ (E (T Ah) [E(0)=(x,¥)]

Using Ito's formula, we get

[o}

11/\5
E[f(S(hATI))-f(x,y)|5(0)=(x,y)] = E[/ LE(E(s))ds|E (0)=(x,y)]

so that

3 Lin'§ ELEEMRAT))-£Gu0 |E@=(x,3)] = LE(x,Y)
h»0

L

Furthermore

ek fEm)-EEmAT [E@=Gn ] € B ol <hlE@=6u1T

where - .Q = max |£(x)]
‘ XeD

It holds (see [McKean] p. 93)
2

P [max |£(s)-£(0)| 2 R ] < expl~ 1=
max [E(s)-£(0) | 1 s expl- 7]

where p is the biggest eigen value of the positive definite matrix.

A(x) = [2 :] for x ¢ R" x R,
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Taking 0 < R< x A y we get :

P [(t, < W)|E(0) = (x,y)]

so that :

h*0

completing the proof of (2.3).

We consider now the case x

The solution of the SDE

{dgl(t) = 0, (€, (£))dw (t) +

t >0, gl(O) = x
satisfies (see again [3] p. 93)

Plmax |g,(s)~£,(0)] = R] =
s<h

Hence, if we denote as Yy = inf

Lin ¢ PL(T<h)|E0)=(x,)] =

IA

Plmax|£(s)-E(0)| = R|E(0)=(x,y)] < exp[-

s<h

[
- Q

by(€, (£))de

2
R
exp [~ 5 ]

Zolh

{t > 0/§](t) = 0}, we get :

(2.6) lim % P [y, < h|g (0)=x] = 0
h\0
(2.7) ELf(E(h))-f (x,0) |[E(0)=(x,0)] =

EL£(€(y; A n A h)
ECE(E()-£ (v,
We.have :

Ligrem-£ccy,

2
1? Py, An < h|

)£ (x,0) |E(0)=(x,0)] +
A n A h)|E(0)=(x,0)]

An A h)|E()=(x,0)]] <

g(o)=x] =
h|E(0)=x]

o P[y, Aucx
2q J —

g, ¢ 82" gy
h 2

2
=1

4ph
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This last equality uses the independence assumptions between M and W.

From 2.6
) .
v Py, Au < hlgl(o) =x]1-+0
and we derive from Lebesgue's bouhded convergence theorem that

3 lim © E[f(E(h )-£E(y; A nAaB)[E(e) = (x,0)] =0
h+0

" Consider now the first term in the RHS of (2.7). From our independence

assumptions, we see that it is equal to

Y, Abh . _
(2.8) E[<f ! fo(gl(s),o)d‘s) ..e gz(h"Yl)l gl(o)'=x]
o} ' .

Y4 Ah :
+ E[/ g, ¢ 52" [7 (£(5,(w),2)-£(x,0))dH, (2)]
(o]

The first expression in (2.4) is obtained by dividing (2.8) by h, letting h

g0 to zero and applying Lebesgue's bounded convergence theorem in each

]R+

term. The remaining of the proof follows using similar arguments. a
Lemma 4
Until the assumption of theorem 3, J K > O such that ¥ t > 0, ¥ x
1
i |ECE(ECt))-£(E(0)) |E(0)=x] < K {1
Proof
Let (D ) > 1 be the sequence of successive jumps of (E(t)) s 0
Denoting as a(t), t2() the counting measure of (Dn)n'> 1 i.e. the number -
of points in the interval [0,t] - we have : , ~
(2.9) a(t) £ (u+ Nt

Note that there is as a finite number of points of (D ) in the inter-

>0
val [0,t]. Hence, we may write :

X R
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£(E(£))-£(E{0)) = £(E(D; At ))-£(E(0)) + S

(2.10) where v
S= I £ At))-fED At )) +
n=1 B
We have
: n
(2.11) lefs1| <2 1 o SAME) . ~OHOE o040,

We determine now an upperbound for the absolute value of

- def
E[f(E(DlAt)-f(f;(O))IE(O)=x] = e

For x = (0,0), then e is equal to zero.

For x ¢ "I", if x=(y,0), y > O, then e is equal to
ELE(E1(8 Ay A t)),0)~(E,(0),0)) g, (0) = y]

where - El the solution of the linear S.D.E originated from y
-~ § is an exponentially distributed random time (parameter gz),
Aindependent of (E(t))t > 0
-y is thé hiti'ng time of {0} x {0} by &.

Using Ito's formula we get :

SAayat
le] = |E [f fo(El(s),O)ds|€1(o)=y]|‘ < {sup |LXf_(u)1}t

0 e 1"
For x ¢ "II"

If x = (0,y) then

SAYAE
!el = E‘E/ﬁ LYf(O,gz(s))ds,£2(0)=y] < sup ILYf(u),}t

o u€|12ll
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For x ¢ D then e is equal to (using the same notation as above)

¢

ELEE(S Ay A tT))=E(E(T A £)) |E(0)=x]
-+ ELE(E(T A t))-£(E(0)) [E(0)=x]
the second term satisfies :

Ent
|E [f LE(E(s))ds]| < t.{sup |LE(x)|}
(o]

xeD

and the first one
h |[ECEE(SAY A t )~f(E(tAt))|E(0)=x]] <

t{sup ILXf(u)[ + sup [LYf(u)[}
uel uell

completing the proof. N

Lemma 5. For f as in theorem 3, If there exists an invariant probability

measure V onR' XZR+ for the Markov process (é;(t))t > 0 such that :

(2.12) /]+ . Oty dvix,y) =0 0
R | |

x R
Proof : Assume Vv is an invariant measure, then ¥ t > O
(2.13) JJ 1 Eree -t e@= ey Teviy) = 0

From theorem 3, we have, pointwise :

lim + E[£(E(£))-£(E(0)) |E(0)=x,y] = QLE(x,y)
t>0 °© , ‘

Due to Lemma 4, Lebesgue's bounded convergence theofem’applies when t

converges to zero in (2.13) completing the proof. a
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Theorem 6,

In the particular case where the cbefficients»B, zZ, bi’ o do not
depend on x, If there exists an invariant measure v for the Markov process
(E(e),t 2 0) then the following Laplace Stieltjes transforms (defined for
Re(s) = 0, Re(t) = 0) ‘ '

‘I(s,t) = u[7~+* +x e-(sx+ty) dv(x,y)
R xR :
F(s) = f]R“ e * du(x,{o})
(2.14) ‘ :
G(x) = ,/;{* e av({o},y).
J = \)({0},{0})

satisfy the following functional equation
1(0,0) + F(0) + G(0O) + J =1

‘ I(s,t)[%(as2+2bst+ct2)—dé—et]
' : 1 2 *
(2.15) + F(s)[i as —bls+g2(h2(t)-1)]
1 2 *
+ G(t)[f a,t ~b2t+gl(hl(s)—1)]
* *
+J [ql(kl(S)-l) + q.z(kz(t)-l) =0

where hz(s) (resp. k;(s)) denotes the Laplace Stieltjes transform of Hi

(resp. Ki)' : @]
Proof The complex valued function :
f(x,0) = e-(SX+ty) {x,y 20

Re(s), Re(t) = O

belongs to ED(CL) and we have (from theorem 3)
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x>0,y>0 Q,f(x,y) = e_(SX+_tY)[l(as2+2bst+ct2)—ds—et]

2
- 2 . '
o6 y>0 Qe(o,y) =e sy[% a,t7=d t+g, (8] (£)-1) ]
x>0 Qf(x,o) = e_tx[% alsz;dls+g2(h2(t)-l)]
Qeo,0) = [q) (& ()=1)+q, (K (6)=1)]
(2.15) is obtained from (2.12) and (2.16). | 0

It is easy to see that we introduce no restriction when assuming b <-0.
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I. ANALYTICAL PRELIMINARIES

We consider in this section the functional equation determined in

theorem 6
(1.1 I(s,t) R(s,t) = A(s,t)F(s) + B(s,t)G(t) + C(s,t)J =0

The unknown functions I(s,t), F(s), G(t) are assumed to be analytic
in the domain Re(s) > O, Re(t) > O and to satisfy I(0,0)+F(0)+G(0)+J = 1;

The known functions are given by :

asz+2bst+ct2—2ds—2et

2R(s,t)

2A(s,t) = a sz—2bls+2g2(h;(t)—l)

1

(1.2) » .
2B(s,t) = a,t"~2b,t+2g, (0 (s)-1)

C(s,t) = q (K] (s)=1)+q, (I (£)-1)

where the known (but unspecified) functions hﬁ(s), k:(s), H;(t) and
k;(t) are supposed to be analytic in the right half plane. To solve (1.1),
we follow the principles given in [FA,IA]

I.1. R(s,t) = O

We examine thealgebraic curve defined by

i

(1.3) R(s,t) =0

in the whole complex plane. SolQing for t we obtain the following multi-

valued algebraic function :

P

e-bs V(bz-ac)sz+23(dé-be)+e2

‘C

(1.4) T(s) =
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i

NID

1
i . 2

From here on, for z = pels, 020, -l <6 < H,‘/z will be taken as p~ e

(so that Re(vVz) 2 0, ¥ z ¢ @€ . The two branches give a two sheeted covering

" of the complex plane.

Lemma 7. - The algebraic function T(s) has two real branch points4
Sp <0< 5 o
Proof The branch points are the zeros s; and s, of the discriminant
def 4 :
A(s) = (bz-ac)s2 + 2s(dc-be) + ez,
that is :
e = be—cd—/?gd—be)z—ez(bz—ac)
. b -ac
1.5) S. 4§, = = 2 {dc-be)
172 2
b"-ac
2
.5, = ==
172 bz-ac

The positionsof these zeros are given by the sign of bz—ac which is in
turn determined by the ellipticity assumption on the two dimensional dif-

fusion. . g

Similar propostitions apply to S(t). We denote as t, and t the two branch
points of S(t) (t2 <0< tl)'

Lemma 8. The equation R(s,t) = 0 has one root Tl(s) which 1s an ana-
lytic algebraic fuﬁc;ion of s in the whole complex plane cut along

]—w,szj and [s],w] and satisfies :

(1.6) . Re(TI(S)) 20
for s = ix, x ¢ R . 0
. def . \
Proof T(ix) = o(x) + ip(x) verifies :

c(@?8%+2108) + 2(bix-e) (a+iB)-ax’-2dix = 0
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That is, separating the real and imaginary paftslz'i'
(1.7) caz - 2eq - (ax2+c62+2b8x) =0
(1.8) B(e-ca) = x(bo~-d)

. 2 . el . o s
The quantity ax +c82+b6x being always positive (due to ellipticity), (1.7),
taken as an equation in o, has already two real roots with opposite signs

Q.E.D.
a

With our convention concerning the square root of a complex number, (1.6)

yields :

(1.9) Tl(s) _e—-bs + VA(s) .

c

Denoting as Tz(s) the othetr root, the following inequality holds :

“(1.10) ¥sed Re(Tl(s)) > Re(Tz(s))
Lemma 9. ’ Tl and T2 map the cut [sl,°° [ (resp. ]-w,sz]) onto the

right (resp. left) branch of the hyperbola

(x - EE:E%)Z = yz.A2 +,K2 where

ac-b
2

(1.11) A =, >0

ac-b

2 a2 2 2
K™ = > 5 - (ae"-2bde+cd”) > O

c(b“-ac)

This hyperbola will be denoted as T . O
- Proof Take s on the upper part of the cut [Sl’m[ Tl(s) and TZ(S)

are complex conjugate. Denote as x and y the respective real

and imaginary parts of Tl(s). From the equations :

_ e=bs _
Tl(s) + Tz(s) = 2 — = 2x
2 .
T, (s).T,(s) = 38248 = ;2 4 2

c.
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We see that x and y are real solutions of

[e(bi-ac) k2 + (b2e)y? + 2c(ae=bd)x

(1.11) readily follows.

e(ae-2bd)

‘We shall denote as o the hyperbola {S(t), t ¢ J~w,t2] U [tl,w[}

Lemma 10. Let D0 (resp.'GO) be the infinite domain

(resp. left) branch of the hyperbola o, we have :

) = 8§ for § ¢ D0
SlTl(s){ :
_ 24 _ 2b
= s + - - Tl(s) for
= s for s ¢ 50
SZT](s) {
- _g 4+ 2d_2b
= s + S = TI(S) for
= s for se?;o
SITZ(S){
- _e4 2d_ 2
= s + = P TZ( ) for‘
= s for S ¢ G0
' SZTZ(S){
= -g4+ 2d _2b
= s + - . TZ(S) for
Proof : - We first determine the value of S .T

171

aﬁd

Id denote the Identity function. We calculate the

inside the right

Do (= - DO)
D
o
G
o
G
» (o]
Slern Do' Let

value of SlTl—Id for

s € [sl,WE. Tl maps [sl,w[‘onto the right branch of T. For a given t

belonging to this branch, we have

ct2-2et
a
d-bt
a

Sl(t) . Sz(t)

2

Sl(-t) + Sz(t)
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: R e--bs1
Hence, for t = ='Tl(sl), it holds
e-bsyp . -
R . - A d—b-
S](t) + Sz(t) = 2 e

Furthermore, one of the two complex numbefs Sl(t) and Sz(t) coincides with

) (since R(sl,E) = 0). and henée, the other one is
e—bsl, .

d -b —

1 a

since this last real number is smaller than 8, (this is obtained from

. . _ dc-eb PR
equft1op (115) and from the equivalence u < sl-<—> 8, > ;E:Ez) and since
S](t) > Sz(t) (see (1.10)), we necessarily have : '

SITI(SI) = Sl P4 SZTI (Sl) =u
So that SITI_Id = 0 on the cut [Sl,w[ .
- d'rbt1

Consider now the following point in the s plane : s = - Using similar
arguments, we show that Tl(s) =t. Accordingly SlTl(s)~= s so that SITI_Id =0
on the right branch of 0. Hence SlTl—Id = 0 on the boundary of the infinite
domain DG - [sl,w[. Since this function is analytic in this domain and conti-
nuous on the boundaries, it reaches its maximum on the boundary (maximum modu-
lus prineciple). We deduce from the preceding results that SlTl~Id = 0 inside

Dc. Similarly for s on the boundary of‘DO - [él,w[ , we have :

d—le(s)
=0

Sle(s) + s -2 -

This equality is also extended to s ¢ DO.

To determine now SlTl and 52 ] on 50, we first establish the following

' inequality :

SlTl(sz)=-s 2 ————— s g =ST1(s)

Then notice that SITI'is an analytic function inside the domain 50 -

]-W,szj, continuqus on the cut (but not on the right branch of ¢).
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An analytic continuation argument yields

. d—le(s) _
SITI(S) = =g + 2 —_— ¥ 5 € Int(DG)
The determination of SZTI is similar . O

I.2. Relative positions of the curves

I.2:1. The hyperbola and the cuts . (

’

Lemma 11. The cut [tl,WE (resp ]ﬂw,tzj) is situated inside the
right branch (left branch) of the hyperbola T. d
Proof ‘The intersection of the right branch of the hyperBola T
) e-bs)

with the real axis is situated at — - Using (1.5)

2 - -
e-bs1 bd ~ ae - VZ—C- J(ae—bd)z—dz(bz—ac)

¢ ’ b2 - ac

©

The right hand side of this expression is smaller than ti due to

ellipticity, a

I.2.2. The transforms at the imaginary axis

We just give obvious results relative to the s plane :

— These transforms are symmetrical relative to the real axes.

- Tl(o) = max (%5,0))

(Ty(0) = min (32,0))

- (Tl(x), X ¢ R) intersects the real éxis (excluding TI(O)) at the

point o = g only if d <0 and e < 0O or d < 0, e > 0 and dc-2eb < O.

Otherwise there is no other intersection than Tl(o).



=b | b

- Asymptote : ' - for x + +o _ and for
' -hH2 )
% & oo \/ac b \/ac b
I.2.3. The hyperbola and T, (]sz;slf)
Lemma 12, The derivative of Ti(s) does not vanish on the open real

d-bt: .
interval [sz,sl[, but for s = -—5—3. We have the following table :

d—btz d-btl
) a a |
ii(é) + + 1 -
‘ t .
1
Té(s) . - | f‘ | + |
2 t2 /

Proof :

_ ;b A(s) i_l%(bz-ac)+(dc;beﬂ
CVA(S)

2 .
. dc - be+ ‘/g-é \/(dc-be)z + e%(ac-b?)

If 5§ /T'(s)=0, thens —
b™ - ac

T'(s)

d-btl . d‘btz}

a a

: — . . d-bt
Since Re@yA(s)) = 0, we necessarily have Ti(s) = %

a

I.2.4. The hyperbolasand the imaginary axis’
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Lemma 13.

_ e-le
« If e<0,d<0 then = <0
e-bs
If e>0,d<0 then ——C—>0
e—bsr
If e<0,d>0 and ae — 2bd < 0 then = <0
: e-bs
If e<0,d>0 and ae - 2bd > 0O then : >0
Proof A(g) = - £ [ae = 2bd] 0
b b2
Similarly, we have :
d—btl
If e<0,d<O 2 <0
d-btl
If e>0,d<0 and cd—2eb,<0=-——a—<0
d-bt
If e>0,d< 0 and cd - 2eb, < 0 = S >0
d-bt1
If e<0etd>0 > >0

Lemma 14,

+ -
(We denote as 0 (resp. ¢ ) the right (resp. left) branch of 0.)

, ,
If (2b"-ac) > 0 (resp. (2b2—ac) < 0) then T2(0+)'is on
the left (resp. the rightjof Tl(o-). If 252=ac, then the curves

Proof °;: We have :

o 2
d--bt1 cd -~ be + b7 A
- a

¢ ac - bz‘

where A = aez ~ 2bde + cd2 >0
From (1.4)

d-bt 2 2
) T( l) - a -bd b~ * (b —ac} )

c ac - b2 c

Py
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From lemma 10,

d-bt; ae - bd 2b2 - ac

- - A
Ty——) = ) c ‘Yz
ac - b
and
d-bt 2
1, ae - bd , 2b” - ac A
T, ( ) = + Y-
1 c 7 2 c a
. ac - b
completing the proof. a

11, ANALYTIC CONTINUATION OF G(t) and F(s)

From now on, it will be assumed that the functions h:(s), ki(s),

h;(t), k;(t)'are meromorphic in the whole complex plane. In this case !

Theorem 15 : Assume that (1.1) has a'solution. Then the function F(s)
resp. G(t)) which is analytic for Re(s) 2 O (resp. Re(t) = 0) can
be continued as a meromorphic function to the whole complex plane

cut along ]-W,szj'(resp. ]—w,tz]).

Proof : For a given s such that Re(s) = O and-Re(Ti(s)) > 0 simul-

taneously, (l.1) implies that

(2.1) F(s) + B(s,T;(s)) G(T;(s)) + v(s,T;(s)) = O

where

def
B(s,t) ii—f—f—l(: =

def are meromorphic functions’
e
€ic(s,t)

Y(Spt) - A(S,t)
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In the first step we show that G(Tl(s)) can be continued as a meromorphic

function for s ¢ DG.

T1 maps conformaly Do onto DT (see lemmas .10 and 11). We consider the following

cases

e—-bsl . . "

*) s > 0. Then ¥ s ¢ DU’ Re(Tl(s)) > 0 so that G(Tl(s)) is
well defined in DO.
e-bs d-bt1

*) < 0 and > 0. Then ¥ s ¢ D, Re(s) 2 0 so that
F(s) is well defined. Equation (2.1) defines directly the
analytic continuation of G(t) to TI(DO)
e—bs1 d—bt1

*) - < 0 and <

< < 0 (This may only be the case if
e <0 and d < 0). Let o

t} = {s / Re(s) <. 0 and s ¢ DG}
Using (2.1), we continue G(Tl (s)) as a meromorphic function to DO— :)

For s ¢ 23 , notice that Re(Tl(s)) >z 0, so that G(Tl(s)) is continued to

D . Hence G(t) is continued as a meromorphic function to gi% def DT'
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In the second step, G(t) is continued as a meromorphic function to the.

domain QDI bounded by T2(o+) and 1. This is obtained from (2.1) :

F(s) + B(s,T,(s)) G(T2(S)) + y(s,T,(s)) =
and from the fact that F is continued as a meromorphic function to D0 .

In the last step G(t) is contlnued to the domain g» bounded by
J-w t ] and T (0 ). Let A = {t/t is located between T2(0 ) and T , and

SZ(t) € G0}°

Assume first that A is empty. This means that SZ(T+) is on the left
of T (see lemma 14). In this case, F is already continued to the domain
50 by (the symetrical of) step 2. Using the'monotonicity of T, in 50 we
directly continue G as a meromorphic function to @ cut along ]~w,t2] from

(2.1).

Assume now that A is not empty. Then, VtE;A 3s = S (t) such that
s € G and T (s) (=t) is between T (0 )} and T (this is a consequence

of lemma 10).

Consider now the following equation obtained from (2.1)

(2.2) B(s,T;(s)) G(T,(s)) + v(s,T,(s)) = B(s,Tz(s)5 6(T,(s)) + Y(s,T,(s))
¥ te A, we get frém (2.2) : .

| BS,(0),8)  y(8,(6),8) = y(5,(),T,5,(t))
(2-3) G(T (t)) G(t)v (Sz(t)’Tzsz(t)) + B(S (t) T S (t))

This last relationship is first continued to the domain B = {t/t is between
T2(0+) and the cut [tl,w[ and t ¢ EO}.
Since T2 82 maps domain B onto the domain 33 : between the cut J-oo,t ] and

+
T (0 ),(2.3) definies the meromorphic contlnuatlon of G onto gb
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IIT. DETERMINATION OF F(s) : REDUCTION TO A NON HOMOGENEOUS
RIEMANN-HILBERT BOUNDARY VALUE PROBLEM ON 'THE RIGHT-HAND
BRANCH OF HYPERBOLA 0.

We proceed again as in [FA,IA], G(t) must be analytic for
‘the Re(t) > O : in particular, G(t) is continuous on the cut [t1,+w[,

which yields
@(3.1) ST =67, te [t

where G+(t) [resp. G_(t)] denotes the limit of G(t) from aﬁove [resp. from
below] the cut. ‘

‘Using the symetric of (2.1), (3.1) and the functions S (t) and S (t)
(which are conjugate for t ¢ [t],WE) defined in sectlon I, we get for F(s)

the follow1ng boundary value condition on o ,'1n the s-plane :
(3.2)  U(s)F(s) - V(s) = U(s) F(s) -~ V(s), seoO

where s is the conjugate value of s and

def A(s,Ii(s)) \
.U(s) ) B(s,T,(s))
def C(s,Tl(s))

MR TR A O))

Moreover, the coefficients of the known functions U(s) and V(s) are

real and so is G(t), t ¢ [tl,w[. This allows us to rewrite (3.2)\as

— + .
(3.3) Im [U(s).F(s)] = Im [V(s)], seQo

Im(z) denotes the imaginary part of the complex number z.

Our problem has almost been reduced to what is known as Hilbert's or Riemann-
Hilbert's problem P : P = "Find a function f£(z), analytic inside a simple

closed smooth curve'i?and satisfying on ég a boundary condition of the form
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(3.4) Re[¥(2).f(2)] = ¥(2), =z e_&f , where f(z) and Y¥(z)

are known functions defined a priori onlylén $£ and regular enough [gene~
rally they satisfy Hélder's condition, but it is possible to relax this
restriction retaining only the natural condition of continuity]. Re(z)
is the real part of z, The number of independent solutlons of 3.4 depends

on what is called the index E of the problem
~1 ' L .
(3.5) § = — arg E?(z)] s where arg [$(z)]_ is the varia-
m &L K4 '

tions of the argument of ‘Y(z) when z moves along the curve ég in the
positive (counterclockwise) direction. [See Musk., Gak...]

[To have a well defined £, it is necessary to get rid of the zeros and the

pdles of ¥(z)].

v

— There are the following general results

i) for £ 20, the homogeneous problem P (i.e ¥(z) = 0) has exactly
' £+1 linearly independent solutions. The general solution is given
by 6(z) = f(z).(cozg + ¢ zE -1 ees ¥ cg) where the Cp» k=1,...¢&

are constants subject to ck = g—k but otherwise arbitrary.

ii) for £ < -2, the homogeneous problem P has no ‘solutions different

from zero.

iii) For £ > 0, the non homogeneous problem P has a always a solution.

The general solution involves (¢+1) real constants.

iv) For £ < -2, problem P has a solution if and only if -£-1 "orthogo-

nality"*conditions are satisfied by the free term ¥(z).
When the céntour<§g is not closed, it can be convenient to reduce
the problem to that con51dered for a closed contour : we complete the contour

by an arbitrary line so that oneclosed curve is constructed.

One can show that the solution of the Riemann-Hilbert problem for an open
contour is independant of the form of the curve supplementing the considered

contour to a closed one [Gak. ]
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+ . . . s
Let us assume now that o and the imaginary axis intersect each other and
denote by ZX the region Dy A {s | Re(s) < o}

N ,'
H
(see the preceding sections for the conditions of having a non empty 3)

One easily verifies that condition <:> holds when |s| > larg s] <

T
2

To get a problem of type P, we proceed now in two steps
A, Map conformally the domain insidel%jonto the inside
of the unit circle |w| <1

B. Get rid of the eventual pdles de F(s) in t}.

A. The conformal mapping

For sake of clarity, we consider the domain D inside the right brahch H
of the reduced hyperbola in the s—plane, i.e.

x2 2

i
2 0 < < -
2 3 I, a
cos o sin [s

, X2>0

The following arguments are well;known in the theory of conformal
mappings :

1) Using Joukowski transform
z, = s + Vsz-l

maps the upper half of D onto .
a domain Izll >1, 0 <argz <a, where i+ i(1+/2)

.
.

2) Schwarz's symetry principle
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The domain which is symetrical to AB in the s plane is mapped onto

a domain obtained by inversion w.r.t the érchIBl.
Hence we have a conformal mapping of D cut along [l,+~[ onto the
sector O < arg z) < a. The ray arg z, =0 corresponds to the
hyperbola H - and the ray arg z, = 0 corresponds to the cut

“ [1,+00[, OBl [resp. (B1,+w)] being the image of the lower [resp.
upper] edge.

-

ki

——

3) z, = z2a

1 maps the sector onto the first quadrant

~

z,.-1

“ 23 7 2 +1

half of t%e unit circle.

maps the first quadrant in the zz—planevonto the upper-

z,~PLANE  * ‘ zz-plane

-1 0 1 0o -

The two edges of the cut [1,o[ in the original s-plane are then

mapped onto the segment [-1,+1],

5) w=(z3)2 "gathers" [~1,0] and [0,]1] Hence giving a one to one
transform of [l,o[ in the s-plane onto [0,1] in the y-plane,

The result follows

T
' ' ZZu -1 ’
f(3.6) 7' w(s) = -%F———- ,- where z, =s + Vsz—l , the brancﬁ
zi& -1 being chosen as above [i + i(1+/2)1.

s(w) will denote the inverse function.
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The point afinfinity on H, in the s-plane is mapped onto the point | on

the real axis in the w-plane.

B. Introduce the new functions

v f(w) = F(sw))
(3.7) 4 Y(w) = - Im V(s(w))
Y@ = -1iv(sw)

(3.3) gives |
Reﬂf(w).f(w)] = VYW, we E?[the unit circle]. .

We must now ensure that the function sought is analytic in D.

Lemma 16

fo(w)
f(w) = P — , where

'21 (w-wi)

- a) fo(w) is analytic inside {2.

- b) W i=l,...,m are obtained by conformal happing from the points S5 in

the é—plane which are :

i) some of the eventual zeros.of A(s ,Tl(s)) in tSfor
which B(s,Tl(s)) and C(s,Tl(s)) do not simultanéously

vanish.

ii) the eventual poles of hj(s) in n;

Proof . ' a) is obvious because F(s) tends to zero when s - « in D.

b) from the dssumptions at the beginning of this éection,
the poles of ﬁq(s) are real in i&: hence, ﬁ:(s) > 0 for real s in ﬂ

and 2gl G(Tl(s)) + 7, does not vanish. The w, are not on the contour,

1
but for some pathological cases excluded here. a
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Setting
. def P () ’

(3.8) Cw = — ,

m (w-wi)

i=1
relation (3.3) yields
(3.9) Relf . (W] =Y¥Ww, we ‘8 which is the
typical problem P. ]

I1V. FORMULAE FOR THE SOLUTION OF THE RIEMANN—HILBERT PROBLEM

Lemma 17. The index of the problem is given by :

P, ()

_ 1 o7,
&= 37 arsg Loo(w)] € | | -
> ? (W)
-EEET does not vanish : indeed ,

e

Proof : When w e\é?, the ratio

-4

O(w). U(s)

Po@ ~ TG

0

-S.

L, weg and s = s(w) € H 0

N

-3.
1
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From the irreducibility of the original Markov process, we can assert that
the index § is will never be positive : otherwise, there would be several
"acceptable" invariant measures corresponding to the various ergodic classes.

Hence £ < 0 and the problem has at most one solution which, when it exists,

is given by

4.1) £ (W = 9{—;”-[;)@) - 1 gm0y (2%9)-+ D)] , Jo] <1
where *) D is a real constant ;

1, if the event A occurs {
*) IA = ‘

0 otherwise
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*) pw)

/ ¥(£)dt .
2t w.0"w tw

©) o) = Y@

f *) d>+(t) is the boundary value of ¢(w) when w - t from
the inside of ¥; (

%) v W) 21—,” [@e(u) :—i%—gdu;

LW | o @
arg [-u 2 ‘t’z(u)] = -i log [-,u E. \_‘):(u) ] sy Jul =1

x) 6(u)

Remarks

1) When £ = 0, there always is a solution. The unknown constant D

(coming in 4.1) is determined by the additional condition

lim F(s) = 1lim f(w) =
g w1
Re(s) >0

2) When £ < 0 (& is obviously an even number on the contour , so that

£ < -2)

-£- 1 additional conditions must be satisfied by ¥(w) [Gak. Musk]
to ensure the existence of an analytic function £ (w) in f

These conditions have the form

(4.2) A EE o ke0,1,...-E-2
ARCERC ~
3) One can simplify the computation of £ as follows :
. : ’ . [U(s (£))
. g=+—arg—-————— +6+2[m+N -N],
2m U(s, () Pz
[-ioo’+ioo]

where : i) N [resp N ] is the number of poles [resp. .zeros] in

the right half t—plane cut along [t oo,
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i1l) (iw,~i®) is the imaginary axis described in’the
top~down direction.
The proof is a direct consequence of the "principle of

the argument" in the right half plane cut along [t],w[.

1ii) 6 is the angle between the asymptote of hyperbolé in

the t-plane.

4) A few words about the ergodicity conditions of the studied

. diffusion process are now in order., '
In a similar way, let 71 denote the index corresponding to the
function G(t). |
The existence of F(s) [resp. G(t)], analytic in the right half
s-plane [tresp. t-plane] , is equivalent to give the index §
[resp. nl theA"correct" value.

¢

N £ .
Computation of these indexes depends on 14 parameters in the -
general case (among which 4 given but unspecified functions) and

is somehow numbersome.
We only emit one conjecture

- the ergodicity conditions are given by

dA(s,T;(s)) Lv  bT(0)-d
|, <0 < it e R Ty < °
(4.4)
-dB(sl(t),t) v o -bSl(o)—e
& lt=0 <0 <= byt gy MO FEy < °

where (recall) S](o) = max (0,%?)'énd Tl(o) = max(O,%f)
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This conjecture [FA,IA] has already been proved fqr several functional
equations analoguous to (1.1) -~ section II, which arise in queueing theorj,
where the range of the variables (s,t) is most often the unit circle instead

of the right half plane.

5) Tolget G(t), one simply writes from (1.1) - section II

B(s,t)G(t) = ~F(s)A(s,t) - j C(s,t), where s = Sl(t)’

The constant T] is obtained from the normalizing equation

I(0,0) + F(o) + G(o) + 2 = 1L
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