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ELIMINATING CYCLES IN DATA BASE SCHEMAS

Yoshito HANATANI

Abstract

- Call J-schema (resp. M-schema) a schema which can be described by a single join-

dependency (resp. by a set of multi-valued dependencies). Call JM-schemas a schema
which is both a J-schema and an M-schema. [FMU] and [BFMY] introduced the notion
of an acyclic J-schema and showed that a J-schema is acyclic if and only if it is
a JM-schema. Acyclic schemas have certain desirable properties and this led to

the general belief that cyclic J-schemas were 'bad'' schemas. In this paper we show
that some cyclic J-schemas are in fact useful.

We introduce the notion of a simple schema. A schema S is simple if there exists

an acyclic schema S' such that S and S' satisfy the same set of multi-valued depen-
dencies. The main results in the paper are as follows : .

a) There are some cyclic J-schemas which are simple. The cycles contained in such
schemas are somehow ''superficial' and consequently, simple cyclic J-schemas are as
useful as their corresponding acyclic schemas. We formalize the procedure for eli-
minating ''superficial' cycles. : ‘

b) The only simple M-schemas are the JM-schemas.

c) We study the relationship. between J-schemas and M-schemas, and we obtain an
elegant characterization of simplicity (consequently, of acycticity).

Résumé

Appelons J-schéma (resp. M-schéma) un schéma qui peut &tre décrit par une seule
dépendance de jointure (resp. par un ensemble de dépendances multi-valuées). Appe-
lons JM-schéma un schéma qui soit 3 la fois un J-schéma et un M-schéma. [FMU] et
[(BEMY] ont introduit la notion de J-schéma acyclique et ils ont montré qu'un J-schéma
est acyclique si et seulement si c'est un JM-schéma. Les scli€émas acycliques ont
certaines propriétés intéressantes. On en a généralement conclu que les J-schémas
cycliques sont de ''mauvais' schémas. Dans ce papier on montre que certains J-schémas
cycliques sont en fait utiles. - :

On introduit la notion de schéma simple. Un schéma S est simple s'il existe un
schéma acyclique S' tel que S et S' satisfassent le méme ensemble de dépendances
multi-valuées. Les résultats principaux de ce papier sont les suivants :

a) I1 y a des J-schémas cycliques qui sont simples.Les cycles contenus dans tels
schémas sont plus ou moins '"superficiels' et par conséquent, les J-schémas cycliques
simples sont aussi utiles que leurs schémas acycliques associés. On formalise le
processus pour €liminer des cycles '"superficiels'.

b) Les seuls M-schémas simples sont les JM-schémas.

c) On étudie la liaison entre des J-schémas et des M-schémas, et on obtient une
caractérisation &légante de la simplicité (et par conséquent, de 1'acyclicité).

H! !I:] PAPIER RECUPERE ET RECYCLE



INTRODUCTION

Let U be a finite set of attributes that we shall call the universe

of attributes. We suppose that to each attribute x of U is associated a

domain.Dx of its values, that we shall call the domain of x. The only
condition on D_ is : card D 2 2, The direct (cartesian) product

8 U D of all these domains 1is called the set of tuples on U, and a
finite set of tuples on U is called a relation on U. The set of all the
tuples on U will be denoted by TUPLE(U) and the set of all the relations

on U will be denoted by Rel(U).
For any subset X of U, the projection on X of a tuple f on U is

defined in the usual way and is denoted by f[X]. The projection on X

of a relatiop R on U is then defined as follows :
R(X]= 4, ¢ {£[X] | f e R}. .

A family X of subsets of U whose union UX is equal to U is called

a data base schema on U, or simply, a schema on U.

.
A data base schema on U is therefore a synonym of a covering of U.

The set of all the data base schemas is formally defined as follows :
CU) = gop (X PO - {8} | vX = Ul

For any relation R on U and for any data base schema X, the family

of the projections R[X] with X ¢ X, is called the decomposition of R

according to ‘the data base schema X. For any decomposition of R according
to a schema X, its join is defined as follows

v

{R[X] | X e X} = {f & TUPLE(U) |VvXeX(£([X] e R[X])}.

def

As every R[X] is finite and as uX = U, the above join must be a finite
set of tuples on U, i.e. it is a relation on U. But in general, this
relation contains more of tuples than the original relation R. Naturally

it is degirable that the following condition holds.:



R = {R[X] | X ¢ X}.
Such conditions are expressed by the notion of join dependency.

The set of join- dependencies (JD's) on U is defined as a set of

expressions sd X associated to every data base schema X on U, i.e.
JID(U) = 4.0 (®X | XecC()].

For any R ¢ Rel(U) and for any pa X € JD(U), we define the relation
"R b x X" (R satisfies >4 X) as follows :

R X <=> R =4 {R[X] | X e X}.

def

As a weaker notion, we have the notion of multi-valued dependency.

The set of multi-valued dependencies on U is a set of expressions as

follows :
MVD(U) = 4.0 (XY | XcU, Y cU}

For any R ¢ Rel(U) and for any X -+ Y ¢ MVD(U), the satisfaction rela-
tion "R p X +> Y" is defined as follows : '

RPFF XY <=> g R=1a {R[X v Y1, R[X u (U-Y)]}.

de

Consequently, we have :
RpPX+=»>Y<=>RPx{XuvuY, Xu (U-Y)}.

That is, every element X -+ Y of MVD(U) is representable by the
element pa {X u Y, X u (U-Y)} of JD(U). But if the cardinality of U
is 2 3, then an element of JD(U) cannot be represented by‘ an element of

MVD(U) in general. For a given element j of JD(U), there are in general

many elements m of MVD(U) such that

VR e ReI(U)(R b j => R I m).




Let us denote by M(j) the sgt of all such elements m,bi.e. :
M(j) = 4of {m e MVD(U) |VR € ReI(U)(R b j => R |~ m)}.
Then by definition :
VRe Rel(U) (R p j=>R p M(j?),‘
where we denote by R | M(j) the fact that :
Vme M(G) (R b m).
That is, j semantically implies M(j).

The semantical implication is defined more generally as follows :

Let C; and C, be any two (sets of) conditions (called integrity cons~
traints) such that the satisfaction relat;ions R |~ Cl and R p C2 are
defined for any R ¢ Rel(U). Then the semantical implication "C1 E u G
of C2 from Cl’ is

‘CI |:U C2 <=> derR€ Rel(U) (R Cl => R }e CZ)'

When there is no fear of confusion on the universe set U, we write "E"

instead of "}:U".
Fbr any element j of JD(U) :
- M(3) = def (me MVD() | j E m}
and consequently :
i E M(3).
Let j» j' be any two elements of JD(U) . Then we may compare them

by the inclusion relation between M(j) and M(j'). Thus we obtain a par-

tial order on the set JD(U). That is :

/
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~as "Cp Syep G

h| SMVD(-U) it <= M(j) _C__M(J')-

Generalizing it, we can define following two relations between any two

(sets of) integrity constraints C, and C, of relations on U :

Cl “wip) €2 <= gegVE € MVD(W(C) F m=>C) F m;

Cy SJD(U) C2 <=> derJ € JD(U,)(C1 = 3 => c, E ).

When there is no fear of confusion on the universe U, we denote them

< " and "C| < C2"’ respectively. Like as in the case of

-JD
usual order relations, the conventional use of the notations "Z*D";

Mo MO Me Moand "> are supposed defined, for x*D = MVD and for

*D *D *D
xD = JD, respectively.

"

We note the followings :
Lemma

=>C

€1 <spuy % I “MVD(U) €2

for any Cy» C2 of integrity constraints. | d
Corollary
¢ =y €2 =2 & “mvpuy C2°

for any C,, C, of integrity constraints. ' ' 0

s

For any_§ e JD(U) and for any M < MVD(U), we have :
(1) .] =MVD M => .] ZJD M’»
and

(2) § Agp ¥ = Ay M | . 0




For every subset M of MVD(U), let us denote by J(M) the set of all
the elements j of JD(U) such that j =MVD M, i.e. :

JM) = e fj e JD(U) | j =wp M-

We call J(M) the set of the join-realizations of M. J(M) can be empty

Example

Let U0 be a set of four distinet attributes, say Uy = {x,y,2,v}
and let M, be the subset {x -y, y »> x} of MVD(UO). Then for any ele--
ment j of'JD(UO), the relation j WD MO does not hold, i.e. J(Mb) = f.
In fact, let j =p4X, then the subsets {x,y} and {z,v} should not be
connected in X, by the fact that j kE M,- But, if it were so, j should
semantically imply some elements of MVD(UO) which are not deducible

from My ; for example, j F @ > {x,y}. -0

The condition "J(M) # @" is characterized in [BFMY] and in [H2].
When J(M) # @, we say that M is join-realizable.

By the precedent lemma, we can state the following :

Lemma

For a subset M of MVD(U), the set J(M) has the following properties :

(1) Vieam (G zgm,

(2) VjeJ) (j =;5M<=>3M < MDW)(j p¥D. a
Let us call an element j of JD(U) to be perfect, when there exists
a subset M of MVD(U) such that j ﬁJD M. The perfectness of j is shown
to be a desirable property and characterized by a certain acyclicity of
j's hypergraph, in [FMU] and [BFMY]. We shall use the term "acyclic" in
the sense of these works. Instead of saying that j's hypergraph is acy-
clic, we shall say that j is acyclic or the data base schema of j is

acyclic.

When J(M) contains perfect elements, we call them perfect join#

realizations of M.
ttarlzations



Does every join-realizable M have a perfect join-realization ? As
counter—example and as an example for other ﬁses, we note the following

‘example.

Example

Let U, be a set of five distinct attributes, say U, = {x,y,2z,v,w}

1 )
and let M, be the subset of MVD(UI) given by : M, = {xz2 »>y, yv»+ z}.

1
Then M, is join-realizable. The elements of J(MI) are all JD-equi-
= ' 3 ;
valent (—JD) to one of the two JD's, u1§0 and pq XO with §b (see figure 1)
and Y. of C(Ul) as follows :

20
W
' °
zo = {xy,yz,zv,vw,wx,xv}, ~ » xo// \\‘_V
T, = {xy,yz,zv,vwx}, ve ¢z
Figure 1

where Xy,...,,vwx stand for the subsets

{x,v},...,{v,w,x} of U, respectively.

We can verify that bd§0 >ID M, and RJXO > 1D M,. That is, we have

Vi e J(Ml)(j > 1D M). We may also try to find a subset M' of MVD(U)

such that M X, =, M' or that Y =D M', to understand finally that

it is impossible.

§0 > 1D u;zo and that Y, can be obtained by

eliminating a cycle from §0 whereas the cycle in Y, can no more be

We note also that g
eliminated without influencing the MVD-structure. N3

We have seen that not every subset M of MVD(U) has a perfect join-—
realization. And it seems that the subsets M which have no perfect join-
realization, have already in themselves an undesirable structural cha-
racter. For example, the subset M, of MVD(ﬁl) above has a pair of ele-
ments, Xz >y | vw and yv - z | xw, crossing each other and cannot be

reduced to another equivalent subset having no crossing pair.

We therefore define that a subset M of MVD(U) is simple, when M has

a perfect join-realization, i.e. :

K

M is simple <=> defa-j e J(M) (j is perfect).



By the precedent lemma, if j e J(M), then the condition "j is perfect”
y P s if ] P

is equivalent to the condition "j =D M". And if j =D M, then j € J(M)
is trivial. Thus we have :

Lemma

For any subset M of MVD(U) :

Mis 31mp1e <=>3j e ID(U) (j =;p M. 0

Now suppose that M is simple. Then J(M) has a perfect element j'
by definition, and as we havé seen in the above, j' =yp M+ On the other
hand, we have seen thatVj e J(M)(j ZJD M). We have therefore _
Vie MG 250 ') . Recall that j' was taken to be perfect. So j' is
acyclic.

The precedent example suggests that if there are two elements’ Jl
and 32 in the same set J(M) and if Jl 25 32 holds, then JI can be redu-
ced to 32 by eliminating some cycles in Jl That is, the structure of Jl
can be decomposed into two 1ndependent parts, i.e. the general structure

glven by 32 and the local structures given by the eliminated cycles.

If this is true, in the case of J(M) with a simple M, the structure
of each element j of J(M) can be decomposed into the genéral structure
given by the perfect element j', which is therefore acycllc,‘and the
local structures on the components of this acycllc structure, which give
no influence on the corresponding MVD-~structure. That is, such a j can be

treated nearly as an acyclic one in the practice.

So, when an element j of JD(U) has a subset M of MVD(U), which is
simple and such that j =MVD M, we say also that j is simple. That is, for
any element j of JD(U)

j is simple <=> £3IM < MUD(U)(j. = MVD M and M is 31mp1e)

 When j is simple, the corresponding data base schema j is also called

simple.

As we see easily, this notion is characterizable as follows.



Lemma

For any element j of JD(U) :

j is simple <=>3j' ¢ JD(U) (] =wvD j' and j' is perfect). 0
Now we want to know efficient ways to determine whether a given ele-
ment j of JD(U) is simple or not and whether a given join-realizable

subset:: M of MVD(U) is simple or not.

For these purpose, we pay a particular attention to the uppermost

elements of concerning J(M).

To connect the given j to such an element of concerning J(M), we

introduce an upward inner reduction of every J(M).

To connect the given M to such an element, we have an intermediate
object. It is a subset @ of 53(U12-= {BcuU | card(B) = card(U)-2}, called
"basis of M". It is ensured by [H2] that we can associate to every join-
realizable M one and only one subset (Bof'?(U)_é. To associate an upper-—
most element of J(M) to the above @, we have a very simple set theoretical
function. Note that two subs%fs M,M' such that M “MVD M' are mapped to the
same (3, because the relation Bis a basis of M is defined in such a way

that it is found to be equivalent to a relation of the form :

Vm e MID(U) (B~ m <=> M | m),
with a certain relation "o (see [H1]).

It remains to determine whether the uppermost element thus obtained
is simple or not. This can be done by a simple criterion whose justifi-
cation is given by using the result of [FMU] and [BFMY], i.e. characteri-

zation of the perfectness by the acyclicity.

Let us begin our study by :
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CHARACTERIZING J(M) BY A BASIS OF M

A basis is a sort of filter for MVD-structures, relying on the
notion of agreement. For any subset B of U and for any element m of
MVD(U), the relation "B agrees with m" denoted by "B~ nm'", is defined

as follows :

B~ X > Y <=> . XcB=>(YcBV(UY) cB).

This notions is extended to the set level in the following ways :

B m <=> VB € B3(B>~ m)

def

BO~ M <=> . Yme M(Bo~ m)

B>~ M <=> VB eBVme MBI m.

For any subset M of MVD(U), a subset 03 of P(U) is called a basis of M,

iff the following condition holds :
Vm e MVD(U) (B2~ m <=> BASE(M) 2>~ m),

where BASE(M) or more precisely BASE<U,MVD>(M) is a subset of $(U) as

follows :
BASE<U,MVD>(M) =, . {B ¢ Py | B>~ M}.
According to [H1], we have the following :

Lemma

3is a basis of M, iff :
VYVme MDWU)HB>>> m<=>M £ m). . O

Let us denote by 3’3(U)>i with 1 £ 1 < card(U), the set of all the
subsets of U whose cardinality is 2i, and denote by ‘JB(U)i the difference
. @ . _
set (@(U)zi) - (@(U)Ziﬂ). And instead of f(U)n—i with n = card (U) and

with 1 < i < n, let us also use the notation P (V) -4
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According to [H2], all the MVD-structures on U which are join-

réalizable, can be characterizeédby the subsets of ﬁkU)_Q, that is :

Lemma

For any subset M of MVD(U) :

1) If M is join-realizable, then there is a unique subset Bof

P(v) _p such that B is a basis of M(ABmay be empty).

2) If M is not join-realizable, then there is no subset fof

SD(U)_2 such that Bis a basis of M.

Proof

See Corollary 2 and Corollary 3 of [H2]. o

By the above two lemmas, we can conclude that every equivalence

class w.r.to "=, " of join-realizable subsets of MVD(U) is characte—

MVD
rized by a subset of ﬁKU)_Z. Consequently, every equivalence class w.r.

to "= " of JD's on U, corresponds bijectively to a subset of P(U) ,.
MVD -2

So, let us define for any subsetv¢30f;p(U)_2 a subset J(B) of
JD(U) as follows :

JB) =4op 13 € DU |Vme VD E m<=>B>v m},
Then we can state this fact as follows.

Lemma
Let j be any element of JD(U). Then there is one and only one subset

(BonP(U)_z such that [j]=MVD = J(@B) ; where [j]=MVD denotes the equiva-

lence class of j

[3)owyp “ges (3" € DO | §' =y i1

Proof

This is clear by the following sublemma. _ 0
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Sublemma
For any Bc 4")(0)__2 and for any M c MVD(U) :
Bis a basis of M <=> J(B) = J(M). . 0
Now we are interested in :

FINDING A REPRESENTATIVE ELEMENT OF THE CLASS J(®).

Let Bbe a subset of ﬁkU)_z. We have formerly noted by an example
that some element of J() has a form strongly related to the form of &.
Let us consider the following element of C(U), that we shall call the

induced covering according to {3:

1A =def Bu {{x} | x e ng}
where :
B =3ef (U-B | B e}

Clearly the mapping I is bijective fronlcjétkU) 1nto C(W)n fk?KU) U @XU) ).
And for any X of the image set ICY(QGD o)» the 1nverse mapping I can

be defined as follows :
T -, TR
L Tdes & MY,

Example

Let A be a set of five distinct attributes, say U, = {x,y,z,v,w}

and letﬁl = {xyw,xzw,xvw,yzw,yvw,zvw}. Then :
I(dﬁ) = {zv,yv,yz,xv,xz,xy,{w}} ; see figure 2.

In the above, we have denoted by xyw, zv, etc. the subsets {x,y,vw},

{z,v}, etc. of Ul’ respectively. We verify also that :

&

Pt

Figure 2

x

v

ITa@®) =8,. O O xx

bas

y X z



- 13 ~-

According to [H2], the followings hold.

Lemma

For any subset (Bof @(U)_z,
I e J@®@). - 0

Corollary

For any element j of JD(U), there exists one and only one subset @B

of 5‘)(U)_2 such that :

i =wvp I@). . O

Example

Let Ul and 031 be as the precedent example. Let'M2 be the subset

{@ »>:w} of MVD(UI). Then we can verify that :
f.}l:)v m <=> M, E m,

and :
«I@) F m<> M, F n,

for any element m of MVD(UI). It follows that MI(ﬂbl) is an element of
3B . | | 0

Now let us denote by SC(j) with j ¢ JD(U) and by SC(J) with J < JD(W),
the corresponding element and subset of C(U), respectively. That is, if
j =™ X, then SC(j) = X and SC(J) = {SC(j) | j € J}. For example,

SC (™MI(B)) = 1(H).
: .

The element I(fB) of SC(J(MB)) is graph-theoretically defined from @
but SC(J(B)) is not. A graph-theoretical characterization of SC(I(®))

is our nest interest.
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:

For the visual advantage, let us denote by j and 3(03), the element
SC(j) and the subset SC(J()) of C(U), respectively. Our problem is
then to find a graph-theoretical relation between j and I(f), which

holds if and only if j =MVD a'I(@AB).

To. help this approach, we insert in the following a graph-theore—

tical characterization of the order relation "E" on the set JD(U).

A GRAPH-THEORETICAL CHARACTERIZATION OF "|=" ON JD(U)

Let X, Y be any pair of elements of C(U). The relation "X is finer

than Y", denoted by "X = Y" is ‘defined as follows :
Xz Y

> ef VR € X 3¥ eY (Xcv)

Clearly this relation satisfies the conditions of order relation, i.e.

it is reflexive and transitive. The relation "X is equivalent to Y" and

"X is strictly finer than Y", denoted by "X = Y" and by "X > Y", respec-

tively, are defined from this relation as usual.

Theorem

For any elements X and Y of C(U) :

Proof
=>) Suppose that X 2 Y and R |~ X. We have to show that
R P4 Y, that is : ‘

VE e TIPLE(U)WY e Y(£[Y] € R[Y]) => f ¢ R).

‘Let f be a tuple on U such that VY € Y(f[Y] ¢ R[Y]). By R |~ X, it
suffices to deduce from this.the condition : VX e X.(£[XJ:« R[X]).

Let X be any element of X. Then by the definition of X = Y, there is
some element X' of Y such that X < X'. X' must satisfy f[X'] ¢ R[X'].
Therefore, the subset X of X' satisfy f£[X] e R[X]. ‘
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<=) We shall show that X # Y => x X } Y. Let us fix an element
Xy of X such that vY ¢ X_(XO £ Y), and also fix a pair of t'uples £90 £
on U such thatVx ¢ U(fo(x) # fl(x)). And we shall construct on this
basis a relation R on U such that R }~ > X and R [~ ™ Y.

For every subset W of U, let us denote by fw the tuple on U such
that : '

£,0UW] = £ [U-3,

fw[W] = fIEW].

And let Z be a covering of the fixed subset Xy obtained from X, and Y

(]
as follows :

Z2={X;nY [.Y ¢Y and X, n Y # 8}.
Now define a relation R on U by :

R=1{f, | 2e2)
We first show that R j~ ™ X.

Let £ b.e an element of » {R[X] | X e &}. In order to show that

f € R,it suffices showing that :

f[XO] = fZ[XOJ =>VX e X(f[X] = £,[X1),
as far as Z is an element of Z.

We verify this. by the fact that :

fLX] = fZ[X] if XnZ#¢

fO[X] otherwise,
and also by the fact that :
fo[X] = £,[X], ifXnZ=29

We next show that R [ b« Y.
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. We want to find a tuple g such that :
g e @ {R[Y] | Y ¢ Y} and g ¢ R.

' Take fy for g. Then g ¢ R, because X, ¢ Z by the hypothesis :
0
VY € XKXO £ Y). And g e ={R[Y] | Y € Y} is clear, because :

fx (Yl = fX

(Y] for any Y € Y. , 1]
0 OnY - )

This théoréh shows that the order rela;ion j ZJD j' on JD(U) is
isomorphically, represented by the order relation j 2j' on C(U).
Consequently, the equivalence relation j =ID j' on JD(U) is also isomor-

phically represented by § = j'. That is :

Corollary

For any elements j, j' of JD(U)

[
I\

L)

-

. X} - -
D ] e e

n
—
-

.
[w]

2) j -=J‘1‘) 3t <=3

NORMAL FORMS OF DATA BASE SCHEMAS

- By definition of the relation ">", we have :

Xl = X2,

in general. But if each element of the difference Y - X is always upper—
bounded by some element of X, then the inverse relation "Y > X" also
holds. So it is possible that both "§_¥ Y" and "X = Y" hold at the same

time. That is, a schema may contain some elements which are redundant.

We therefore introduce the normalization reduction whose unit reduction

T

:=] is given by the following rule (N),.
(N) X :=; X - {X},

for any X ¢ C(U) and for any X e X such that 3X' « X(X g X". 0



- 17 -

We say that X is N-reducible to Y and denote it by "X = Y", if Y
is obtainable farom X by successive (may be null) applications of this
reduction rule, (N). When a schema X does not contain any element

X such that 3X' ¢ X(X g X'), we say that X'is normal or of normal form.

The relation ":=" satisfies the Church-Rosser property :

IX(X := Y and X := 2) =>3 (Y := W and Z =V

& W ).

Let us define the relation ":=:" by :

X 1= S_{_<=>def3_Z_e C(U)(X := Z and Y := Z).
Then by the Church-Rosser property of ":=", this relation is transitive
and therefore is an equivalence relation. As expected, the following

holds.

Lemma

For any X, Y of C(U),
X=Y<=>X:=:Y

Proof
=>) Let X=Y hold. Then both XuY:*Xand XUy := Y hold. This
impiies X :=: Y, by the Church-Rosser property of '":=",

<=) Trivial. O

>Cor011ary

Every equivalence class of C(U) with respect to the relation "="

has a unique normal element. 0

For any element X of C(U), the normal element of the equivélence

class [X]_ is called the normal form of X, denoted by |X

. We extend
this notation ot a subset S of C(U) :
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It is called the norm set of S.

Example

’

Let C(U)<2'be the subset of C(U) defined by :

c(v) c(u) n fﬂ(@(n)1 u ﬂ'-’(U)é).

<2 Sdef

Then obviously :
el = T® | Be P@W)_I.

Let 3(B)<2 be the intersection of J() and C(U)<2, for every
Re 9(@(U)_2). Then its norm |3(6)<2I is clearly the singleton set
{I(M@)} That is, we can characterize the set 3(@)(2 as follows :

I®, ={xecw | 2] =1®}. 0

Note

In this example, we have get a characterization of the uppermost
part 3(@DS2 of J(@), by means of the normalization reduction. The
normalization reduction is based on the equivalence relation "=" on
C(U), corresponding to the equivalence relation "=JD" on JD(U).

To get a characterization of the fﬁll set 3(@», we want to have
a reduction on C(U) reducing every element of J(@) to an element of

3(@D<2. Such reduction should be based on the equivalence relation on

C(U), corresponding to the equivalence relation "—MVD“ on JD(U).

In the following section, we shall try to characterize the order

relation "ZMVD"'in view of obtaining the equivalence relation on C(U)

mentioned above. ' 0
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A GRAPH-THEORETICAL CHARACTERIZATION OF HEMVD:

For any element Z of C(V) with V c U, let us denote by n(g) the
partition of V, consisting of the connected components of Z. As the
set of the partitions (V) of V is a subset of C(V), n gives a mapping
from C(V) onto (V) < C(V). We suppose that the relation ">" is defined
on every C(V) in the same way as on C(U), in particular, it is deflned

on every II(V). The following should be noted.

Lemma

For any elements ™y and 7, of M(V) :

Tz, <=>VZeTr23'rr'_c1Tl(Z=u7r'). . 0O
That is, Ty 2 Ty means that m; is finer than Ty« Using these order
relations "2" on every N(V), we define an order relation on C(U),

"5.5 Y", reading that X is more flexible than Y, as follows

XBY <=, VYV U X|V) 2 n(¥|V)),

where XIV and YIV denote the restriction of X and Y on V, respectively ;

i.e. X]V for example, is an element of C(V) defined by :
X[V =4oe X0V | XeXandXnv#gl

When both X > Yand Y > X hold, we say that X has the same flexibi-

lity as Y and denote it by X% Y. When X > Y holds but not Y > X, we say
that X is.strictly more flexible than)Y and denote it by X D'Y It is

clear that the relation "D" is an order relation on c(m and the relation

""" is an equivalence relatlon on C(U).

Note

—

X 2 Y implies X > Y for any X, Y e C(U). O

We 1ntend to show that X b Y is equivalent to 4 X z ZMVD > Y. We shall
apply the following theorem due to [FMU] (theorem 3).
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Theorem [FMU]

For any j € JD(U) and for any V - W ¢ MVD(U), the relation
"j F V »> W" holds if and only if there exists a subset. 7' of

7(j|U-V) such that W=V =ur'. O.
By this theorem we can establish the following :

Theorem

For any elements X, Y of C(U) :

= > [>4] .’
XY <=>pX 2 ™Y

Proof

\

=>) We suppose pa Y E Vv - W and we want to prove that » X E VW,
using the condition X Y. By theorem [FMU], this reduces to showing the

following implication using the condition X® Y :

3’ < n(Y|U-V) (W-V = ur')

=>37" < n(X|U-V) (W-V = ur").

But by definition of X > Y, we have "rr(&] U-v) = n(i] U-V), which verifies

the above implication, by the precedent lemma.

<=) Let V be any subsetiof U. Wé want to showv'n(yV) > TT(!IV),

assuming that @ X > Y. By assumption, for any subset W of V, the

MVD
relation M Y | U-V > W implies the relation »¢ X ¥ U-V +» W. By theorem

[FMU], this means that :

37! c TT(X.IV) W =uym")

=>371" < ©(X[V) W = ur").

Suppose that w(\_I__|V) = {wl,wz,...,wn}.Then for every Wi (i=1,2,...,n),

the relation :

3n' < n(}{_IV) (w.l = urn')



- 21 -

is trivially satisfied. Sé, by the above implication, the relatiom :
BWE E_ﬂ(ﬁIV)(Wi = Qn;)
holds for every wi(i=1,2,...,n).
That is, we have obtained that :
VW e n(ﬁ_(.]V)Evr" € 1r(2(_|V) W= ur".
By the previous lemma, this is eqﬁivglent to :
1X|V) = 7 (¥|V),
what we wanted to show. | ]

Corollary

For any elements X, X' of C(U),:
X R X <=> xX = = X', v ' : a

MVD " —

Corollary

For any subset & of @(U)_Z,
J®) = KecW) | X2 1@}, | a

CHARACTERIZATION OF 3(@) BY MEANS OF A REDUCTION

We have characterized the relation ”=MVD" on JD(U) by the relation

"3" on C(U), and the relation "ZJD" on JD(U) by the relation "=" on C(U).

Consulting the definitions of these relations

Al
~

and "2", we arrive -
to formulate a reduction of elements of C(U), which goes upwardsbut along

with the equivalence "X'". We shall call it the clique reduction or the

cliquetization. Its unit reduction ":Sl" is given byithe following rule

(C), where Clique (X) with X < U, denotes the set of subsets= of X which
have the cardinality 2, i.e. Clique(X) =def {y e@(U)2 | Y E.X}"
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(9] X 15 (§ - {X}) U Clique(x),
for any X ¢ C(U) and for any element X of X such that card(X) > 3. D

We say that a schema X is clique-reducible or C-reducible to a schema

Y, if we can obtain Y from X by successive (may be null) applications of
the rule (C). We denote it by "X :s Y". Ati:every unit reduction of the
clique-reduction, the number of elements X such that card(X) =z 3 dimi~-
nishes by one. So by the finiteness of the number of elements of schemas,
the length of the reduction must be finite. A schema for which we can no

more apply the unit reduction, is called clique-irreducible. A schema is

clique-irreducible if and only if it belongs to C(U)<2. Clearly we have :

Lemma

The clique-reducibility ":<" satisfies the Church-Rosser property. [ ,
q . y

So, for any schema X, there is one and only one schema X' such that
X :< X' and that X' is clique-irreducible. We call it the clique of X
and denote it by Clique(g). As mentioned above, Clique(X) € C(U)SZ' And
_in the previous section, we have seen that 3(@)S2 =3@®) n C(U)SZ is
characterizable as the set of schemas X such that ]§J = I(®). So we ask
if the clique—reduétion may imply the property that
XeI@ => Clique(® ¢ J®@_,.

Lemma .

For any elements X, X' of C(U),
X :Sl X' => x 2 x

Proof

We have to verify if W(XIV) = ﬂ(X"V) holds for any subset : V of U.
But this is clear, because for any subset X of U and for any pair of

elements x,y of V, we have :

X and y are connected by X n V

<=> x and y are connected by Clique(X)|V. g
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Corollary
For any elements X, X' of C(U) :
X 1< X'<=> X ® X'. 0

Corollary

For every subset Gbofﬁ@(U)_z and for any element X of C(U),:
X e J@ <=> Clique(X) ¢ J®),- -0

We have already seen that 3(®)<2 = {X ¢ C(U) | |§J =I(@®}.

we have get the following characterization of I(®).

Theorem

For every subset /3 of $(U) -2
J(@) = {X e c(U) | |Clique(X)| = T(®)}. 0

Corollary

For any elements K;.E' of C(U),
X = X' <= ‘Clique(§)| = ‘Clique(§f)|. g

Example

Let Ul,(Bl and M, be as the precedent example. Then all of the

following data base schemas are elements of j(ﬁl) :

%) = wyz, xv, yv, zv, (W)},

v
il

Y, {xyz, yzv, xv, {w}},

Z; = {xyz; yzv, zvx, {u}},

{xyz, yzv, zvx, vxy, {w}},

=
1

_4'— {xyzv, {w}}.

Note that they are of normal form. Note also that >4HJ =1 MZ’ i.e.

M, = ™ ﬂi‘
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FRAME - ABSTRACTION

The examples we have seen above shows that certain kind of cycles
are eliminable from a data base schema without alternating its MVD-‘
structure. By such eliminations of cycles a data base schema is trans-
formed into a schema lowerly situated in the equivalence class, and #
finally we may get a. lowermost schema in the class ; giving the macro-
scopique view on the structure of the given schema. When the given
schema is a simple schema, the lowermost schema thus obtained must be

a perfect schema, therefore an acyclic schema.

We want to formulate such' a reduction on C(U). In the f0110w1ng

we define a reductlon, called the frame abstraction or FA-reduction,

and show that it satisfies the expected properties.

Let us extend the definition of the relation "2" on c(U) to
P(AXU)), that is, for any subsets @B, 13" of Pwy

B> 0 <=>..5 VX B 3Y eB'(X c¥).

The unit reduction‘":>1" of FA-reduction is given by the following
rule, (FA) :

(FA) X :> (X -P(V)) v {v},

for any X € C(U) and for any Y ¢ U such that :

(H c&d@)23,
(2) Clique(Y)

(3) {¥) #x

A schema X is said to be FA-reducible to a schema Y, when Y can be

obtained from X by successive (may be null) appllcatlons of the rule (FA).

Pose that Z = (X i@(Y)) u {Y}. Then by definition of. Z,. it is clear
that X2 Z holds, and consequently X > Z holds (see the note on the

definition of "),
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On the contrary, the condition (3) prevents that Z > X holds. But
the condition (2) functions to maintain the weaker property, Z P X,

by implying that EJV > w(gjv), for every V c U.
Resuming these, we can state the following.

Lemma

For any elements X, Y of C(U),:

[

XY => X= and X > Y. : -0
By the fact that X > Y implies X > Y, any chain of FA-reduction
does not form a cycle. As C(U) contains only finite number of elements,

we can state the following.

Corollarz

Every chain of FA-reduction terminate.by an FA-irreducible schema. [J
The condition for the FA-reducibility is considerably weak.

Lemma '

For any element X of C(U)

3»2_»6 C((X = Z and Z # X) =>3Y ¢ C(U)(X > 1),

Proof

Assume that X ® Z and Z # X. These two conditions together show that
there is at least one element Y in Z such that card(Y) = 3, which satis-
fies {Y} ¥ X ; i.e. Y satisfies the condifion (1) and (3) of the rule
(FA) . Now we want to show that such a Y satisfies also the condition
(2) of the rule (FA). In fact, by Y ¢ Z, we have X u {Y} c X v Z, which
implies X v {Y} > X v Z, therefore X v {Y} > X u Z. But by X = Z, we

‘have X y Z ~ X. Combining these two, we have X u {Y} > X, from which we

conclude that Clique(Y) > X. That is, we have proved that there is a subset
Y of U which satisfies the three conditions of the rule (FA) with respect
to X. So, X :>, Y with ¥ = (X -P(Y)) u {¥}. 0
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Noting that the converse of the above lemma follows immediately from

the precedent lemma, we can state the foliowing.

Corollary
For any elements X, Y of C(U),

X~x

<=>33{_',‘_f_' € C(U)Q(. '> &' AYo3> Z.' A')_(" ~ !'),

Proof

=>) There are chains of FA-reduction terminating by FA-irreducible
schemas, from X to X' and from Y to Y'. By the first lemma, X ~ X' and-
Y ® Y'. But by hypothesis, X ~ Y. Therefore X' ~ Y'. By the second lemma,
this implies Y' > X' and X' 2 Y', recalling that X' and Y' are FA-

irreducible.

<=) By definition, X' = Y' implies X' = Y'. And by the first lemma,
X :>X' and Y :> Y' imply X = X' and Y =~ Y', respectively. These together
imply X = Y. 0

FA-reduction has also the following property.

Lemma

FA—redﬁcibility ":>" satisfy the Church-Rosser property.
&

- Proof

Suppose that g_:>l Y and X:> 2. If Y = Z, then Y = Z. Ifﬁz_> Z,
then Y :>, Z. If Y # Z and Z # Y, then we can find W such that Y :> W
and Z :>] W. The verifications are easy. The general case, X :> Y and
X :> Z, is by induction on the sum of the numbers of reduction steps,

from X to Y, and from X to Z. | 0

As a consequence, every sichema X can be reduced to a unique FA-
.irreducible schema, which we shall call the frame of X, denoted by

Frame (_)9 .
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There are elements in C(U)—C(U) <23 which have no predecessor with
respect to FA-reduction. Therefore C(U) cannot be gene‘rated from C(U) <2

by FA-reduction. But the normal part |[C(U)| of C(U) can be generated from
jc(u) <2I by FA-reduction.

Lemma

For any element Y of |C(U)| - IC(U)<2|, there exists an element X
of ]C(U)] such that(X 1> Y).

Proof

Take any element Y of Y such that card(Y) 2 3. Then

X = I(S_{_ - {Y}) u Clique(Y) | satisfies X :>; Y. The verification is easy. (I
Moreover we have :

Lemma

For any element X of |C(U)],
VY e C((X > ¥ => Y e [C(W)]) 0
These two lemma together imply the following :

Corollary

For any subset 0 of JO(U)_z,

J® o JcW] = {Xec | 1® :> 1. 0

As X = Y implies X ~ Y, we can generally say that X~ I_}Sl . So if
Xe 3(43), then ]§_| € .3(@). From this we can conclude that

[3@)| = 3B) n |C(U)|. So we have :

Theorem *

For any subset @3 of ‘S)(U)_z,:

JB = (Xec | 1(® :> |x|}.
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By the precedent lemma, we know also that Franie(I(B)) is normal.
Using this fact we get another characterization of im).

Theorem

For any subset (3of P(U)_Z,

3@ = {X ¢ C(U)| |Frame(X)| = Frame(1(8))}. | 0

t



g
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CHARACTERIZATION OF THE SIMPLICITY

The notion of simplicity is defined for three kinds of objects :
subsets'M of MVD(U), elements j of JD(U) and elements X of C(U). In this
section, we firstly show that the simplicity of tﬁese objects reduces to
that of I(f) with Be @(§YU)_2) which can be uniquely determined by these
objects. We secondly show that the simplicity ofewI() is equivalent to
the perfectness of b Frame(I(@)), which implies the équivalence'between
the simplicity ofII(@) and the acyclicity of Frame (I(B)), by the result
of [FMU]. Using this equivalence and using the graph-theoretical relation
between I(®) and Frame (I(H)), we finally give a characteriéation of the

simplicity of I(f3).

The simplicity of M and the simplicity of I(f3)

Let M be a subset of MVD(U), supposed to be join-realizable (if not,

‘M cannot be simple by definition). By the results of [H2], M has a basis

Bin @(@KU)_Z) and such B is uniquely determined by M.(note that there
is even a simple algorithm to compute ip from M). And we have shown that

J(M) = J(B®). We have also shown that J(B) contains ~I(B).

Now suppose M is simple. By definition and by the fact that J(M) = J(®B),

this is equivalent to the condition :

35 € J@ (j is perfect).

But the condition j ¢ J(M@) is equivalent to j “WVD = I(B).

The above condition 1s therefore équivalent‘to say that = I(B) is

simple. We have establish the following.

Lemma

For any subset M of MVD(U) which is join-realizable, there is one
and only one subset @B of f%U)_Z, which is a basis of M and for which the

following equivalence holds

M is simple <=> I(A) is simple. 0
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The simplicity of j and the simplicity of 1(3)

Let j be any element of JD(U). We have learned that we can obtain
from j a uniquely determined element |Clique(j)| of C(U), and it should
be of the form I(B) with some subset RBof @(U)_z. We know also that j
and I(#) are both in J(#). Therefore j and W I(B) are both in J(B). The
simplicity of j and of b I((), means equally the existence of a perfect
element in J(B). We have establ_ished the following.

Lemma

For any element j of JD(U), there is a unique subset (B of P(U) 2
such that |Clique(j)] = I1(B), for which the following equivalence holds :

>

j is simple <=> I(M@) is simple. ' ' O

The simplicity of X and the simplicity of I(M)
In the same way as the case of JD, we have :

Lemma

For any element X of C(U), there is a unique subset /3 of 5"(U)_2 such
that IClique(&)] = I(@),for which the following equivalence holds :

X is simple <=> I(B) is simple. 0

The simplicity of ™I(B) and the perfectness of bdFrame(I(B))

We show a more general form.

. Lemma

For any element X of C(U),

> X is simple <=>0WFrame(X) is perfect.
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Proof

By definition of Frame(X) and by isomorphisms between."z", "~" and

" " 1"

s

=MVD"’ respectively, it holds

=Jp
(1) X =MVD NFrame(_)E),
(2) vj e D) (j = bFrame(X)- => j 2 _ b Frame(X)).

MVD JD

The direction (<=) of the lemma is trivial by (1).

The direction (=>) of the lemma : Suppose that ™ X is simple. Then
there is an element' j' of JD(U) such that X X =yp j' and that j' is
perfect. As j' is perfect, there is a subset M of MVD(U) such that

J

i’ ZjD 54 Frame(X), by (1) and (2), therefore M ZJD >4 Frame(X). On the

other hand, we see that ucFrame(§) is an element of J(M). It follows that

_ . - - ey
=D M. We have to show that Frame(z) ID M. From b X MvD 3 follows

4 Frame (X) 21D M. We have implied that there is an M such that
¢ Frame (X) =;p M- 0
The next step is the replacement of the notion of perfectness by that

of acyclicity, which we want to precise here in our terminolbgy.

Let X be an element of C(U). For every subset V of U, we define the

set of the candidates of articulation sets of §JV by :

CA(X]|V) =gof X0 Y | X, Ye §]V,XnY#¢,X£Y,Yg_€_X}.

The set of the articulation sets of XJV is the subset of CA(X|V) defined

by :
AX|V) =, 1Q € CAX[V) | #n(X|V-Q) > #n(X|N}.

We say that X is cyclic if CA(&IV) # 0 and A(gJV) = @ for some

subset V of U. Otherwise, X is said to be acyclic.

Now we state the theorem due to [FMU].
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Theorem [FMU]

For any element X of C(U),
X is acyclic <=> ™ X is perfect. 0
Combining this with the precedent lemma, we have :

Lemma

For any element X of C(U),
- X is simple <=> Frame(X) is acyclic. _ 0

Another lemma which may be useful is the following :

v

Lemma

For any subset @of@(U) 23
Clique(Frame(I(3))) = I(B).

Proof

As Frame(I(8)) is an element of J(B),

[Clique (Frame(I($))) ] = i(ﬁ)-

On the other hand, Frame(I(®)) is normal. Therefore :
IClique(Frame(I1(B)))| = Clique(Frame(I(3))). il

The next step is. the characterization of the simplicity of I(B). We

may consider I(@3) as a graph on U in the usual sense.

For any subset G of @(U), the union uG is called the s"upport of G
and denoted by SUPP(G) or by G. We recall that I(@) with Be P(P(U) —2)>
is a normal element of C(U)<2 . We denote by I(@)1 and 1(05)2 the subsets
of I(B), 1(®) n, 39(U)1 and I(@3) nﬁD(U)z, respectively. By the normality, N
SUPP (I (®) ) and SUPP(I(&’)) ) are disjoint. I(#B) can be represented by the
graph: (U 1(03)2)
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A subset C of I(@)z is called a cycle of I(@),‘i’fvfor any element
x of SUPP(C), there are exactly two elements of C that contain x. A
cycle C of I(®) is said to be a pure cycle with respect to I®), if -
Clique(C) — C # @ and (Clique(C) - C) n I((B)2 = . We say that I(@)

has a pure cycle, if there is a cycle of I() which is a pure cycle

with respect to I(®B).
What we want to show is the following.

Lemma

For any subset Bof @(U)_z,"
I(®) has a pure cycle <=> Frame(I(B)) is cyclic.

Proof : Let us denote by F() the set Frame (I(()).

=>) Suppose that C is a pure cycle w.r.t. I({3). Put V = SUPP(C).
Then F(®) |V = C. Hence CA(F@®)|V) = SUPP(C) # @ and
A(F(®)|V) = ¢. That is, b:‘(@)- is cyelic.

<

1]
~—

Suppose that F(3) is cyclic. That is, there is a subset V of
U such that CA(F(®)|V) # @ and A(F@®)|V) = ¢.

Take a maximal element Q of CA(F() 'V) w.r.t. thé inclusion.
By definition of CA(F(#3) [V), there must be found in F(R) IV at least
a pair of supersets X, Y of Q, such that XZ Y and Y € X. Without
‘loss of generality, we may suppose that they are maximal in F(B)|V w.r.t.
the inclusion. By the maximality of Q, we have X n Y = Q (So X-Q and

Y-Q are disjoint).

.Q cannot be an element of A(F@) IV), by hypothesis. It means that
the disjoint non-empty sets X-Q and Y-Q should be contained in a‘common
component of the partition m(F(@3) IV-Q) of V-Q, because X and Y are con-
tained in a common component of the partition m(F() IV). That is, X-Q
and Y-Q should be connected in F () IV—Q, and therefore also in I(ﬁ)ZIV-Q.

\
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Take a path of the minimum length in I(B)ZIV-Q, from X-Q to Y-Q.
Let Zys 20> zz,.-.,znvbe the corresponding sequence of points, with

z, =X ¢ X-Q, z =ye¢ Y-Q and ZysZgseessZ e V-(X v Y).

n-1

There must exist in Q an element q for which z, g does not belong
to I(3)]V. Because, if it were not so, Clique(Q u {x,z }) < I®) v,
implying that F(ﬂ)lV has an element Z such that Q y {x z;} c Z, which is

contradictory in both of the following cases.
Case 1. X g Z. This contradicts to the maximality of X.

Case 2. X ¢ Z. Then the intersection Q' =Xn2is strictly'greater

than Q, i.e. Q g Q', which contradicts to the maximality of Q.
The existence of such q, implies also that z) fy.

We next examine whether zy q is in I(B)|V. If not, z, # y and z4
exists. In this way,we continue to examine successively until we arrive
to find z, such that z, q is in I(@)IV and that z; q with 1 €1 < k are
all not in I(B)|V.

The cycle C corresponding to the sequence z s zl, ZZ""’zk’ 1 oz,

is a pure cycle w.r.t. IG%)IV because the path was taken to be of the

minimum length.,

It remains to verify that C is a pure cycle w.r.t. I(f3). For this

it suffices to show that

(Clique(C)-C) n I(R), C (Clique(C)-C) n 1B, v
But this can be verified by the relation
Cllique((-l) C Clique(V),

which can be reduced to the fact that C is a subset of I@B)ZIV.
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Now we can state the following.

Lemma

For any subset {3 of P -2
I1(®) is simple <=> I(@}) has no pure cycle. v 0
We have established the following.

Theorem

1) For any subset M of MVD(U), M is 51mp1e if and only if there is
a basis ﬂJof M in P(@(U) 2) such that I(@3) has no pure cycle.

2) For any element j of JD(U), j is simple if and only if
|Clique(3) | has no pure cycle. 0
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CONCLUSION : _ 3

The notion of simplicity is introduced as an extension of the
notion of acyclicity. It is introduced not only for a single JD j

but also for a set M of MVDs.

The simplicity applied to j characterizes the property that j
can be represented by an acyclic JD j' accompanied by a set of
embedded JDs on the components of j', such that the sﬁppression of
each of these embedded JDs does not influence the MVD-structure implied
by j, which is perfectly representable by the acyclic JD j', that is,
the simplicity of j means that j can be deéomposed into two mutually
orthogonal parts : the global constraint represented by an acyclic JD
i
the components of j'. When j is not simple, we carnnot obtain the ortho-

' and the local constraint represented by a set of embedded JDs on

gonality. In the case of a set M of MVDs, the simplicity means only
the perfect representability of M by an acyclic JD. In this case, the 4

second part of the orthogonal decomposition does not appear.

Because of the orthogonality in the decomposition and because of
the acyclicity of the first part of the decomposition, the notion of
simplicity may find applications in the data base design and in the

method of the legality check.

Our result can be also applied as an algorithm of determining

the acyclicity.

As a tool of our study we have used the notion of bases for
MVD-structure. Applying this notion to the mixed FD + MVD-structures,

we may obtain a similar result on the mixed FD + JD-structures.



_37_

REFERENCES
[A] W.W. ARMSTRONG . ‘
"Dependency structures of data base relationships”
in INFORMATION PROCESSING 74, North-Holland Publ. CO. 1974.
[AD] "W.W. ARMSTRONG, C. DELOBEL
"Decompositions and functional dependencies in relations"
ACM Transactions on Database Systems, Vol. 5, N°4, Dec. 1980.
[BFMY] C. BERRI, R. FAGIN, D. MAIER, M. YANNAKAKIS
"On the desirability of acyclic database schemes"
Research Report IBM, RJ 3131, 1981.
[FMU] R. FAGIN, A.O0. MENDELZON, J.D. ULLMAN
"A simplified universal relation assumption and its properties"
Research Report IBM, RJ 2900, 1980.
[H1] Y. HANATANI
"Bases for FD-MVD-structures'y to appear (Rapport de Recherche
INRIA).
[H2] Y. HANATANT

"Graph-theoretical classification and generation of JD's by
means of bases for MVD-structures', to appear (Répport de

Recherche INRIA).

Imprimé en France

par .
I’ Institut National de Recherche en Informatique et en Automatique




1




