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BLIND EQUALIZERS

Albert BENVENISTE Maurice GOURSAT
IRISA INRIA

ABSTRACT

Blind equalizers do not require any known training sequence for the
startup period but can rather perform at any time the equalization directly on
the data stream. This report is divided in two parts, The first and main one
presents a general approach for designing efficient'blind equalizers for one and
two carrier transmission systems. For simplicity this part is only concerned
with transversal equalizers. Adjusting recursive equalizers is presented in the

second part.

RESUME

Les égaliseurs aveugles ne nécessitent pas de séquence d apprentissage
connue a priori mais peuvent s'accrocher & tout moment directement sur le
flot de données. Ce rapport comporte deux parties distinctess Dans la
_premiére, qui forme I'essentiel du rap;‘)ort,' nous présentons une approche"
générale pour construire des égaliseurs aveugles efficaces pour les systémes de
transmission 3 une ou deux _porteuses. Pour simplifier la présentation nous
n' avons considéré ici que le cas des égaliseurs transversaux. ‘La méthode
s'étend sans probleme au cas des égaliseurs récursifs, ce qui est I'objet de la

seconde partie.

H! !D PAPIER RECUPERE ET RECYCLE
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I - INTRODUCTION. -

Conventional equalization and carier recovery . algorithms for
minimizing mean-square error in digital communication systems generally
require an initial training period during which a known data sequence is

transmitted and synchronized at the receiver.

Equalizers for which such an initial training period can be avoided

are referred to as blind equalizers. The need for blind equalizers in the

field of data communication is widely discussed by D. Godard in (7), and

we refer the reader to this paper for such a discussion.

The class of blind equalization algorithms we shall present in this

paper have the following properties :

- In the case of a two carrier transmission system, they perform

joint equalization and carrier recovery.

- The only change with respect to the classical algorithms lies in a
modification of the standard error signal (i.e. difference between the output
of the {equalizer + phase estirﬁatof}' and the decoded data) which is used
in such algorithms ; hence there is no increase of the computational
complexity in comparison with the classical algorithms ; furthermore any
classical structure may be used for the equalizer ('transversal or recursive,

with a stochastic gradient or a self-orthogonalizing type of adjustment).

- There is only a small increase of the duration of the blind startup
period in . comparison with Cclassical startup periods involving a known

training sequence.

- These blind equalizers are provided with a (smooth) automatic
s_witching from the stértup period to the standard transmission mode, and an
‘automatic switching back to the blind startup period when an abrupt change
occurs in the characteristics of the channel, without the need of. any

special testing procedure.

Hence :the blind equalizers we present in this paper can be

considered as extensions of classical adaptive equalizers.



Some modems which perform the blind equalization are preséntly
available, but the litterature is poor with this problem. Let us mention the
pioneering work of Sato (6) which has first designed such an equalizer for
one carrier transmission systems, without any theoretical justi_fication. D.
Godard (7) has 'designed.. blind equalizers for two-carrier transrission
systems, by decoupling the phase estimation and the removal of the
intersymbol interference (ISI), thus resulting in a severe degradation with
respect to the classical systems. The present authors have designed blind
equalizers for one-carrier (8) (9) (13), and two-carrier (8), (1)
transmission systems, without taking into account the problem of phase
recovery., The present algorithms are based upon the theoretical analysis

developped in (9) (10).

The paper is organized as follows. In section 1 the basic problem is
stated. The section II is devoted to a (sketchy) theoretical derivation of
the special cost-functions which have to be used instead of the classical
mean-square error ; both real case (for one carrier systems) and complex
case (for two carrier systems) are investigated 3 the reader which is not
interested in the theoretical analysis of the problem may drop this section.

 Blind equalization algorithms are presented in sections III (one-carrier
transmission systems) and IV (two-carrier transmission systems). Experimental

results are reported in section V, further ones are available in (11} .



I - STATEMENT OF THE PROBLEM,

. The Fig. 1
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For deriving standard equalization algorithms, a classical ‘method is

the following :

1) During the startup period, adjust the equalizer (and the phase estimator)

in order to minimize the mean-square error

-2
where TE denotes the expectation over noise and data sequences, and (at)

is a known training sequence. Standard stochastic gradient  (or

"decision-directed") algorithms are used for this purpose.

2) For the transmission period, use the same algorithm as before, but

¢ by ‘its . estimate ét. The so-obtained algorithms require a low

error rate, and cannot be used during a starting period.

replacing a

‘What we need for designing a blind equalizer is to recover the

emited message (at)' from the received one (xt) only, without any prealable

identification of the unknown channel. This requires that the input s of

the decision . circuit be close to the true date ay which is unknown : this

is. the problem we shall solve in the sequel.

; .Let us point out that, for the purpose of the theoretical analysis,
_ where the characteristics -of the unknown channel (including its phase) are
assumed t6 be time-invariant, the equalizer and phase estimator of Flg 2-a’
are known to be redundant ( 5) (15), so that the later will be dropped
for the theoretical analysis in section II. Recall that splitting the two tasks
of Carri_er recovery and removal of ISI is needed only because of the
differént t_imehscales of the time variations of the phase (fast) and the ISI

(slow). .



I - GAIN AND PHASE IDENTIFICATION OF NONMINIMUM PHASE
SYSTEMS. '

(II.1) The problem.

As it has been shown in section I, the theoretical problem we have

to solve is the following : we observe the output X of an unknown
time-invariant linear system S admitting 'at as__input, where a, is an

unobserved white (independent identically distributed) random sequence with

known symmetric distribution y of finite variance.

S
3t > unknown ' xt g
unobserved, ‘ ’ observed
distribution vy '
Fig. 3

PROBLEM : Reconstruct the message a,, or, equivalently, identify the

t?
~ inverse S” -1 of the unknown channel,

The following remarks are fundamental :

1) There is no solution for this problem when the input (a) is Gaussian
(unless the channel § is known to be of minimal -or maxlmal- phase), since
it- is wellknown that. only the attenuation of S can be recovered in this
case, but not the group delay distorsion (i.e. phase of the linear system S).

As a consequence, no solution can be found, which would be based upon

second order statistics only.




. . . v -1 .
2) Since S is assumed to be nonminimum phase, S is non causal. As a

consequence the theoretical form of s7win ‘be, using the*® z-transform
notation, ' : '
S_l(z_l) = ) §k K , where
keZ
(I.1)

N for some N,

s, S(z-l) =z
ie. S-l is defined up to a time shift ; on thé other hand, (II.1) implies
that the message (a,) can be reconstructed in an offline way only.
Obviously, in practical situaﬁons, s7l will be truncated, which will .allew
the " reconstruction of (at) in real time, but with a (constant and finite)

delay.

In the sequel, unless the contrary is mentioned, (at), (xt), and S will

assumed to be real.

(I.2)' A unicity result.

The following result is proved in (9 )

THEOREM 1 : Assume v is a nongaussian distribution. Let 'e(z-l_) be a

linear system such that the random variable (for t arbitrary, but fixed)

(11.2) 0 4 o) s a

be also of distribution v. Then,

@3y e hHsEh =+ N

for some N. Such a © -will be denoted by +_'S-1.




In other words, if an equalizer (i.e. adjustéble filter) is placed after

the .channel according to the following -scheme,

: 3] ’
? I
t - S() X4 adjustable Ct( ®)

Fig, 4

it is sufficient to obtain that ct(e) admits Vv as distribution, for ensuring
that 6 is, up to a sign, the desired inverse (the delay cannot be removed
in view of (Il.1)); the sign cannot be recovered since Vv was assumed to be
- symmetric, so that nothing can distinguish the true message (at) from the
opposite one (—at) from a statistical point of view. This unicity result is a
very strong one, since nothing is requested about the joint distribution of

the sequence (ct). Not surprisingly, the theorem is false when v is gaussian!

As a consequence, it is not necessary to adjust 6 by forcing the
independence of the output (Ct) of the equalizer, only the one-dimensional
distribution of c, has to be looked for. The problem we shall solve now is

the design of relevant cost functions for this purpose.

&

(11.3) Gain-and-phase recovering cost. funtions.

We were not able to design such cost functions for arbitrary v ; let
us define the family of distributions for which we will give the theoretical

results :

DEFINITION : The distribution v is said to be'sub-gaussian in one of the

following cases :

(11.4.1) v is _uniform over [ -d, +d],
(IL4.ii) v(dx) = K exp(-g(x))dx,

where K is a constant, and g is an_even function, derivable except possibly

at the origin, such that g(x) and g'(x)/x are strictly increasing over R,,
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Examples : Wdx) = K exp(—|'x|a)_ for .a > 2, the limit case @ = +

corresponds: to the uniform distribution.

In view of the theorem 1, we look for cost functions of the form:
(1.5) 3(6) = E(v(c (0,

where IE denotes the expectaﬁon over all possible sequences of data ; the
problem is to choose the function Y. The following theorem is stated in a

more general and precise way, and proved in ( 8_) ( 9) :

THEOREM 2 : Assume V is subgaussian. Then the Sato cost function, which

is_defined as follows,

36) = Bl <X(8) - a le(0)])

(1.6)
2
. E-a
a — t . ’
E [at|

g

admits_as only local (and also global) minima the inverse channels * S 7, as

. defined in theorem 1.

COMMENTS.

1/ This cost function was first used Sato [6) without theoretical
justification. It is very interesting, since it.needs the knowledge of only the

first and second order moments of V, and leads to very simple algorithms,

2/ In ( 9 ), a family of suitable cost function. was introduced,
including. the Sato. function. Moreover, a way of solving the case of
_ supergaussian distribution was given (the simplest example of supergaussian

density is exp - Ix]B for B < 2).
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3/ Let us give an explanation of the nice property of the
subgaussian distributions we use in designing the cost functionals. Let us

enforce the following energy constraint on the equalizer 6

2

S »
- (1.7) IE ct(e) =E aj ,

which can be effectively realized in a simple way (see { 9) ). Assdme
V(dx) = K exp (-g(x))dx é f(x)dx with g smooth. Then the following theorem

is proved in (9 )

THEOREM 3 : Restricted to the manifold defined by the constraint (IL7),

the cost functional

(11.8) J(8) = E(- log (c (6))

admits * 5-1 as only local minima.

It can be shown that this functional is the most efficient one in the
sense Of the Cramer Rao bound and of the tracking capability of the

corresponding ‘identification algorithm (12).

Moreover, this function has an illuminating interpretation : denoting
by \>C the distribution of ct(e), and by dvc/dx its density with respect to

the Lebesgue measure, we get

dv ‘ dv
36) = - [ log —= . dv_ - [ log C dv
c < dx

dv C

(1L.9)

= H (yc/v) + H(vV)
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where H(\’C/V) is ‘the Kullback Information of v with respect to- v, and
H(VC) the selfentropy of V. Since it is known that the Kullback
Information is a good measure of distance between -two distributions for:
ensuring the desired behaviour fo'rv J(Q_) inv (11.9), it is sufficient to know

~ that the self entropy of \)C_ is an increasing. function of the distance of the

global channel ‘9(2“‘1)_ . sz7h to t Identity.
But this is exactly the kind of nice property the subgaussian distribution

enjoy.

4/ Finding the good sign in (IL.3).

The figure 5 shows the steepest descent l_in'es of J(8) for the case
where the global channel T = 6.5 is subject to have only two non zero

coefficients.

It appears clearly that, using a  steepest descent method for
minimizing J, it is sufficient to initialize the algorithm in the correct half
space for © ; and it turns out that the very coarse information on S which
is needed for a good 'ini.tiéliza'tion is always available (in practice

6 = + Identity is always a good initialization).
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5/ use on discrete distributions.

The theorem we have given i\s' not entirely satisfactory in our case,
since the distributions WV encountered in data transmission are not
subgaussian in our sense. Such typical distributions are uniform distributions
over finite sets of the form {+ 1, + 3,.., t 2K +1)} ; such distributions
are "close" to the uniform distribution, at least for K not too small ;
furthermore , they enjoy the nice property explained after theorem 3,
| namely the self entropy of ct(e) -subject to IE cf = E af increases with
the distance of §.5 from the identity, Although we have no proof for these

situations, the following simple example will illustrate what happens. -

EXAMPLE : Let a, be +l , -1 with probability 1/2, and consider

. 1 .
c(8) = 8zl S(z_l)at, subject to the constraint IE cf = E af = 1, in the

two following particular cases :
Case 1 : 9 is such that the global channel T = 6.5 has only two non zero

coefficients cos x and sin x' for O < x < M4 (which is sufficient for

reasons of symmetry), so that

ct(x) = cos x.a  + sin xa_

Taking for J the Sato cost function, we get, since @ = 1,

38 £ I =ECG - 2]e )

(I1.10)

1 -2 ]EIct(x)]

I - 2 cos x ,

whigh is increasing with x for 0 < x < T/ ; this is the result we need,

since the identity corresponds here to x = Q.
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Case 2 : 6 is such taht the global channel is far from the identity. In this

case we can use the central limit theorem, and consider that c, is

| approximately Gaussian (0,1), so that

J@) =1 - 2(21r)’1/2. f_*: x| e - dx = 1 - 4, (21:)‘”2

(1.11)
s- 1 =367,

SO thét:J is well conditionned far from the solution.

Although non theoretically - proved, this good behaviour is confirmed

by the experimentations.
Rather than a comprehensive theoretical treatment of our problem,

the results we have presented in this section have to be considered as a

guide for designing gain and phase recdvering cost ‘functions.

(IL.4) Extension to the complex case.

Here we consider the case where the signals p Xp Cy and the

channel S and equalizer © are complex.

s

THEOREM 4 : Assume we. are in the case of two independent carrier,

namely the message (at) is an independent identically distributed (i,i.d.)

sequence such that Re a, and Im a, be independent, with same subggussian

t t
distribution v . Then the complex Sato cost function

J@) = E (W(Re c,(8) + ¥ (Im c(6))
(IL12) Y(x) = A2 alx] ' (Sato bfunction)
‘ 2

a = d X2 v(dx)) d 1x] \)(dx))-1 )

admits *_ st as only local minima.
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PROOF : Define for t ¢ Z
(11.13) _ b2t = Re S b2t+l = Im a, .

Then (b) is a real valued i.id. sequence with subgaussian distribution v ,
and the random variable Re co(B) is of the form '

(1.14) Re c (8) = ) t, b,

keZ

for some real coefficients (tk) depending upon 6. By theorem 2, the local

minima of the cost function

(II.15) E@W(Re co(e)))

-1 K
correspond to those T(z °) = Xt z  equal to ¢ zN for some delay N.

Hence, according N be odd or even,

E (V(Re co(e))) is minimum for

(11.16)

Re Ct(e) = or , up to a delay,

which characterizes the desired inverse S-1 in the complex case. The same
as ‘in (II.16) holds with Im c,(®) instead of Re c (9) thus leading to
another convenient cost functlon Add both of them for a better efficiency,
this result m the Sato cost function of the Iormula (I1. 12), which proves

the theorem

. This result will be extremely useful for designing blind equalizers
in the two carrier case. The same remarks hold as in the real case. .

Unfortunately, we have no similar result for the case of two dependent

carrier (as it is the case when the 16 -point V29 CCITT- constellation is
used, - see figure 18 ), which will result in great difficulties in designing
blind equalizers in this case (Recall the weaker results of 71 do not

suffer from this restriction).
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Il - DESIGN OF BLIND EQUALIZERS FOR ONE-CARRIER TRANSMISSION'
SYSTEMS. '

We shall use the Sato cost function (and modifications of them) for
the case. of (a) bemg uniformly dxstrlbuted over the set {+1, + 3,
(2K+1)} whzch corresponds to Amplitude modulatlon schemes.

IIL]1 - General form of the algorithm

We shall use stochastic gradient methods, and self orthogonalizing
algorithms for minimizing the cost functions we have defmed P a theoretical

analysis of the convergence of such adaptwe schemes is ngen in (10)

The general form of the cost function we shall use is the following’
(Im.1) 3(8) = Eplc (o)) 3
for example, the cost function of theorem 2 corresponds to the choice of
the Sato function (II.12) for y.
" Defining :

9 ¢ (6) X.(8) 4 4
ae t i . }
(111.2)

st(e) = - w'(ct(Q))

(y' denoting the derivation of w), where € (9) w1ll be referred to as the‘

~ pseudo-error signal, we get

(m.3) grad J(8) = -IE (xt(e) 'et(e)).

These considerations. lead to the following. general . form for = the

corresponding stochastic gradient algorithm ((9), (10)) :

(I11.4) By =0 ¥ yxt(et) et(et),
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where Y is some small gain. Self—orthogqnalizing procedures can also be

designed according to the particular cases..
The following points have now to be investigated :

a) How to synthetize the equalizer 6 ?

The theoretical form 9(2_1) = L ek 2% cannot be used in the
kezZ :
practical algorithms, since bnly finitely rhany parameters can always be
used. The effect of such a truncation on the recovering of 571 is

investigated in ( 8 ), ( 9 ] The two classical transversal -and recursive

structures will be Lljvsed'- for synthetizing 6.

b) How to choose the pseudo-error signal Et(e) ?

The Sato cost function suggests a choice for €_, but other will be

t’
investigated, 'in order to improve the properties of the blind equalizer.

Note that both points a) and b) are in fact disconnected : any
relevant pseudo-error signal can be used with any of the two .considered

structures. Let us now investigated in more details these points.

II.2 - Some pseudo-error signals

~Let us explain the Sato pseudo-error signal, which corresponds to ¥

as in (11.12) :

- " ]Eai

(I1L. 5) e(8) = a.sgn cf® , @ ——.

Ela, |

Here, C.sgn Cy plays the role of a coarse estimate of the true signal ap

hence the name ‘of "pseudo-error". 'Unfortunately, the behavior of this

pseudo-error signal around the solution (8 = S;l) is very néisy (unless a,
takes only the values * 1), since, ‘although being zero-mean, the signal

»ei( 6) is still non-zero for 6 = S .
On the other hand, the custdmary pseudo-error signal :

(I11.6) e(0) = 8.(0) - c,(9)
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(where ﬁt is the estimate of a, based upon ct), which is used in the

t
standard selfadaptive equalizers, is not robust, but enjoys the desirable

property of being zero for 6 = sl

- Hence the idea of combining both signals for obtained the following

G-pseudo-error signal :

(1m.7) cS(0) = k; e(8) + k,|e(0)].3(6)

where k1 and k2 are constants. The behavior of this G-pseudo-error signal
is the following. For © being far from S'l, let(9)| is large, and the
second term ensures the robustness of the blind equalizer ; on the other

1, the second term has the same order of magnitude

hand, for 6 close to S~
_ ) )

as the first one and etG(B) = O for 8=5" , which ensures the removal of

the noise due to ¢ e

Hence the G—pseUdo—error signal provides us with a smooth

 automatic switching from a blind startup period to the conventional

equalization mode ; conversely, in case of an abrupt change in the
characteristics of the .unknown channel S,  this signal goes back
automatically to the blind startup mode. No further testing is needed for

such _switches. This is a highly interesting property of this kind of

pseudo-error signal:

1.3 - Structure of the equalizer

Transversal Equalizer

Here g is synthetized in the standard transversal form. The

corresponding algorithm is

4 _
O = B T Y X, -5,y
T
(I11.8) y Xt = (x,“’N yerey Xy goeed xt-N)

+N .T
Ct(e) = -g Gk.xt_k = Xt.e . ,V

S

where ¢.(g) is one of the pseudo-error signals which was given in the

preceding section.
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A self-orthogonalizing procedure is suggested in (9 , section F),
. and - was experimented in ( 8 ). However multistep procedures are nearly
as efficient, and require much less computational effort (11 ), even

. compared with fast algorithms in ladder form.

Recursive Equalizer

Here, 6 is synthetized in the recursive form,

+N 1 p

v ro T
(@ = L 8 x * L 8 cpy(® 8 z48 .8,
+M 1
1 1
(I11.9) 8 = (O e B 50T ey BD)

T
Zt(e) = (x,“_M ooy Xy ct_l(e) yoroy ct_P(e)) ;

here no decision is done in the loop. It is proved in ( 14) that

a—g ct(e) = xt(e) , where
(111.10) .
xt(e) = S Z_t(e) ;
| 1 - 12 6; z°k

" so that the "state vector" Xt( 6) is the output of the recursive part of the
filter 8, with Z,(6) as input. The corresponding algorithm is given in (IIL4)
; he is known to converge to the desired value of 8, provided that it
does not become unsfable, which can be always guaranteed using simple

- modifications of this algorithm (13) ; when the classical least squares
cost function is used instead of the present one, this procedure is known
as the stochastic approximation version of the Recursive Méximum
Likelihood procedure (14 ).

However this procedure, which involves the filtering of the "state
. vector", is never used in the classical recursive equalizers. The counterpart
of the classical recursive structure (without decision in the loop ! ) is

here the following :
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8 ='-8,t + YZ, € €, =_w'(ct) ,

t+1 t,
(Im.11) zT . (x .x i C c. )
- t 7. t+M 7T PN Tt Y MtP
+N 1, P r .
c, = —IX\A ek(t) Xeqe + % ek(t) Cop 1

i.e. the state vector Zt is used without any filtering in the time-update
recursion of the blind equalizer. It is known that such a simplification is
not guararit'eed to converge in any situation - (14) ; it is proved in
(13 ) that a sufficiént-conditibn for the desired value 8, of the equalizer

to be a stable equilibrium of the algorithm is that the transfer function

Eor -k
1 -7 B*k z  be positive real, i.e..
1
. P r ike '
(IL12) Re(l -] 8, e ) >0 for - m<w<m
: 1 :

a condition wh_ich is satisfied by- most of the channels. In any case the
recursive algorithm (IIl.11) behaves differently as the transversal one which
corresponds to a gradient method ; although it can be used. when a
recursive form is desired for the equalizer during the standard reception
peri‘od, this structure is less efficient than the transversal one during the

blind equalization péri’od, as shown by the experimenté.
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Iv - DESIGN OF BLIND EQUALIZERS FOR TWO CARRIER TRANSMISSION

SYSTEMS.

Here we are interested in joint amplitude and phase . modulation

schemes ; the results on the case where a, = T (section I.3) suggest
that the classical error signals are suitable for blind equalization when pure
phase modulation is used, which was also pointed out in (7 ), and is

verified by the experiments.

Starting from the cost functions we have developped for the complex

case, we shall consider two situations.

a) The equalization is performed independently from the carrier
recovery ; provided that we work in the baseband equxvalent form, the
corre5pond1ng algorithms will be the exact counterpart of the former ones

to the complex case.

b) Joint equalization and carrier recovery is performed, in the spirit
of (15) (5 ). This is useful in case the time variations of the phase of
the channel (jitter, offset,...) are {fast compared to other time variations of
the channel (corresponding to the intersymbol interference). The theoretical
analysis we have done will provide us with blind equalizers which are much
more efficient than those presented in (7 ).

;

The theoterical derivation of the algorithms will be done in the two

independent carrier case only, since no similar theoretical approach is

available in the general case ; other examples, like the V.29 constellation
of the CCITT will be considered via ad hoc techniques, without theoretical

investigation.

Iv.l - General form of the blind equalizer in baseband equivalent form,

when no- ]omt carrler recovery is done.

The corresponding scheme is

S complex L..—. X

t — @ complex

complex . complex ' complex

FIG. 6
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Recall the cost functions we shall use are of the form
oo 300 - B (b(Re ctte)) + Ym c e ,
whére VY is or;e of the func.tions ihtroduced in section II. Setting
: : : .. : :

(1v.2 gad1h —— g, —2 3
) gra aRe 8) ~ ' a(Im )

a straightforward calculation leads to

grad J(0) = - E (x:(e)' €, (0)) ,(1) where
X.(8) 8 —2 _ (Re c.(6) + i —2— (Im c.(8))
t 3(Re 0) t 3(Re 6) t
(v.3) .

= i gy (m c(8) - i

aam 8) Re cy(6) ,

5(Im 8)

e0) & - (V'(Re c,(8) + i ¥(@m c(8) ,

where the two different expressions for xt(e) are in fact equivalent because
ct(e)v is an  holomorphic function which satisfies consequently the

Cauchy-Rieman equation.

This general formula for the gradient would enable us again to
derive algorithms with both transversal and recursive structures for the
'equalizer. For the sake of simplicity, we shall restrict ourselves to the
transversal case (see (11) for results on recursive structures). According to

-the formulas (IV.B); the corresponding ,stochastic gradient algorithm is the

following
: * 0
Opr = O v Y Xy &6
. T A )
(IV.4) ‘ X, 2 (xt+N""’ xt—N)
+N T
-N

' where the pseudo-error signal has to be chosen.

(1) the superscript * denotes the complex conjugate.
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(IV.2) - General form of the equalizer when joint bhnd equalization and

carrier recovery is _performed. -

Without loss of generality, we. can assume that demodulation by a
suitable local carrier * (without phase tracking !) is carried out before
equalization and phase recovery, so that we can investigate the .problem -
in the baseband equivalent form (( 2 ) (3) (5)). we shall essentially
follow the argument of ( 5) (15 ) for deriving equalizers with joint

carrier recovery.

The equalizer is splitted‘ in two parts, yielding
(Iv.5) c,(6,9) = c,(6) e,

where the purpose of 6 is to remove the intersymbol interference (which
Is assumed to be "slowly" varying), whereas the phase parameter ¢ will
be devoted to the tracking of "fast" tap rotation effects (phase jitter,
frequency offset,..) ; as it has been pointed out by D.D. Falconer ( 5)
these two parts are redundant in the theoretical case of a time invariant

channel with time invariant phase.

With the cost function .

iy

C@V.6) 30,8) B E(URe (8,00 + Wam c(0,4)
énd getting

(Iv.7) gradg 30 _ 3 3., _° |
' d(Re 6) d(Im 6) ?

'

we get, as previously
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gradg 3(8,0) = - E (X; (6,6) €, (8,6) ,
(v.g)  X(0,0) &

(Re ct(9,¢)) + i (Im ct(9,¢))‘

3(Re 6) a(Im 6)

e (8,8) = - (V'(Re c(8,0) + i ¥(Im c (6,60 ,
whereas

_ 0 . *
(v.9) —8—¢J(9,¢) = - Im.(Ct(9,¢) e, (8,4) ..

Restricting ourselves to: the transversal structure for the equalizer, we

get the following algorithm

+1¢

] * t
Our = B+ Y _Xt e &0,
*
¢, = 9+ M Im(c(6,0). €, (8,0))
(Iv.10) { : :
xT - (x ' )
t t+ N 0 xt_N

ct(e,q)) = XIO it ,

whereas the pseudo-error signal €, has to be chosen.

t

IV.3 - Choice of the pseudo-error signal.

Here we shall choose the signal €, in order to ensure the robustness

of the equalizer during a blind startup period. We restrict ourselves to

the case of two independent carriers ,where the real and imaginary parts

of the message take the values {*' 1, + 3, ., * 2K + 1} with equal
probability. Some pseudo-error signals for the l6-point V.29 constellation

of the CCITT are given in the fig. 18.

~

Let us begin with the complex extension of the Sato cost function,
which corresponds to the formulas (IV.3) or (IV.8) with ¥ given in (I.12).

"This gives, with dropping the obvious dependence on © and ¢,
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= c, - aEt y where

Et 1

(1v.11) | c

ne

a (sgn (Re c)) + i égn (Im c))
o = Ux*vd) (f x vy,

where y is the (common) distribution of Re a, and Im a.. Note that, in

the case of the 4-phase modulation scheme, ¢, is nothing but the

message reconstructed at the receiver, namely 3, so that e: is identical

t
to the classical error signal, which turns out to be robust in this case.

In the general case, it appears that & is nothing but the best estimate

t - .
among the possible values of an equivalent #4-phase constellation. The
figure 7 shows the resulting. constellaion for the case of a QAM-16

modulation scheme.

® [ ) [ ] [ ]
| ] [ |
® [ [ L
A 3 L l'
L ] Ll 1
1 a 3
[ J [ ® [
s |
L4 [ ] o ®

Fig. 7



25

As in the one-carrier case, it is possible to remove the noise due to the

: s . , . o . .S
use of € 4 even in the case of perfect equalization, since €, can never be

zero. Denoting by &, the signal which is reconstructed from ct-using the

t
standard decision rules, let us introduce the modified pseudo-error signal

€G=ke+k €i,where

t 1 St 2 letl
(1v.12)

As discussed before, this pseudo-error signal is again robust, allows the

S

removal of the noise due to €. at the e'quivlibri\_umJ and provides us with a

. : t :
(smooth) automatic switching between the blind startup period and the normal

receiving period (and vice-versa in case of an abrupt change in the

characteristics of the channel).

REMARK : a simplification of the loop error signal.

The two pseudo-error signals Ei and EtG have the property that

Im (ct(Ei)*) = Im (Ct e-,:‘)
(IvV.13)

Im (c(e)") = Im (e lk; &

Lok lelEl ),

where E":t is defined in (IV.11) ; hence the loop error signals are of the same
form as in the case of a Decision Feedback loop for a 4-Phase Shift Keying

modulation. This strongly suggests a 4-th powef loop could be used instead of

the loop given in (IV.10).

Summary of the algorﬂithms for blind joint equalization and carrier recovery.

Using the pseudo-error signal (IV.11) of Sato type.

For the case of a transversal equalizer, the -algorithm is the following

(see (II.12) for the definition of o) :
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. * l¢t S V
04i1 = 6, + v Xt e Etj
n K
brpp = &g+ w Imleg &)
IV.14) . .
A - xT g 1, S _ oA L
R T T P& T G T G
¢, = o (sgn Re c) + i sgn (Im 'ct)) )

which corresponds to the following block-diagram :

8 e—vw t # _J[— &,

Using the pseudo-error signal (IV.12) with smooth switching between

the blind startup and normal periods.

The algorithm is the following
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id _

* t G

001 = B¢ v Y Xpe ey

. o G

(Iv.15) g = O + M Im(c, ) |
G _ ., o s

et _k1 et+k2|etl Et’

A

where e, is the standard error signal defined in (IV.12), whereas 5: s

defined in (IV.14). The corresponding block-diagram is the following

. o8 >3
+ et
| - R
. C '
6 o 19 - t 4 >
¥ S - K
* T -
—_ &
5
Fig. O

: As. a conclusion - of this section, let us emnhasize that the
theoretical analysis we have done provides us with tools for deriving various
forms for a blind equalizer, among them only the most illustrative were
given here. Finally let us mention the case of some schemes where the two

carrier are dependent : in the f.ig. 18, a blind equalizer is given for the

[ ep)
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V.29 constellation of the CCITT ; this equalizer was derived using ad hoc
arguments, and is less lefficient than those designed for QAM constellations,

but still more efficient than those proposed in (7 ).
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V - COMPUTER SIMULATIONS

(V.1) One carrier -

The system used is the amphtude modulation. The transmltted data
are equally distributed random variables on the 8 levels set {12315%7}.
The. impulse response of the channel is given by the figure 10 : the chosen
sample is 1/3200g olvmg an output of 9600 bits/s. The additive noise on
the output is given by 51mulatlon of ‘a gaussian r.v. J’(O,oz 0.02).

The number of the tap weights for the eqﬁalizer is n=21. The
algorithms are : ‘ A |
' ANI given by IIL4 with the pseudo error IIL5
- ASS1 given by IIL4 with the pseudo error IV.7.

For ANI v = 107" and for ASSI y = 2.10°%

v The ﬁgtjre 11 gives the evolution of the error rate and the
corresponding mean squared error for ANl and the Fig.12 the same results

for ASSI.

The duration of the blind training phase is here about. 0.5s. With a
slightly modified algonthm (relaxation) this duration becomes 300 ms.
)
~We can mention some other experiments with good results : different
numbers of tap weights for the equalizer, insertion of a whitening filter

vbefore the equalizer, drastic changes of the impulse response.(cf [11].

(v.2) Two carriers

" a) With no carrier tracking

In this case the algorithms are :.
AN2 given by IV.14
ASS2 given by IV.15.
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The impulse responses are given by the ﬁguren 13 corresponding to the
amplitude and delay distorsions given by the figure 14 The output is 9600
bits/s. The additive white noise on the output (as for the following
examples) is given by the simulation of two independent gaussian r.v.
N(O,a2 =0.02). The equalizer is with a double sampling : n = 21 tap weights
for the "main sample" and 11 tap weights for the shifted sample. '

For the MAQ transmission the results corresponding to AN2 and

ASS? are réspectively given by the Figure 15 and 16.

The results of ASS2 for the amplitude and phase modulation

corresponding to the 16 points V29 constellation are given by the figure 17

In this last case the decision areas for the received data are given

by the figure 18,

b) Jointly self recovering equalization and carrier trackihg

- Case | frequency offset

We consider the same channel as in the previous case (figures 13 and
14 with the MAQ transmission and we add a 7Hz frequency offset. The
corresponding results for the algorithm ASS2 are shown on the figure 19,

A

- Case 2 frequency offset and change of .tﬁe channel.

Consider a line S = {Sj}_N<i<N and

t

1i=-0.5.s; for i = 0
tS) = T = {t;} with

tp = 5o
We start with T = «S), S gi'ven by the figure 13 and a 2H:z

frequency offset ; after 2000 data T switches to S with keeping the same

offset. The results are on the figure 20.
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Remark

The éorﬁputer simulations for different other cases are given:

- simplified pseudo error signal ét_ + sign (et)' ,

- relaxation over the tap weights in the stochastic .
approximation algorithrh. (

- using a better integration ‘method (multistep stochastic
gradient)

- .drastic channel distorsion..

V1. CONCLUSIONS

The 'algorithmé which we have propoéed‘ here seem to have

good properties :

- same implementation and same. computer power than the

stochastic gradient algorithm for minimizing the mean-squared error.

- same form for all the different transmission systems : one
carriers, MAQ, V29 ...

- convergence of the equalizer of the order of Is

- automatic smooth switching to an algorithm quite identical

classical one with possible automatic restarting.

- extréme  robustness with- respect to the number of digits
comput'ing shown by the results given in (11) when et or X; are

by sign et and sign X

in (11)

essential

classical

or two

to the

used in

réplaced '

- possible modifications in order to increase the performance if necessary

(case 12000 bits/s) : relaxation in the adjustment ‘of the tap weights (n~2n

multiplications) and more precise integration method.
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Fig.10 - Sampled impulse response
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Fig. 20 - Results of ASS2 (2 Hz offset + ‘jump of the channel).
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2. A GAIN AND PHASE IDENTIFICATION PROCEDURE :

BLIND ADJUSTMENT OF A RECURSIVE EQUALIZER.




A GAIN AND PHASE IDENTIFICATION PROCEDURE
BLIND ADJUSTMENT OF A RECURSIVE EQUALIZER.

Consider an unknown linear time-invariant
system S without control, drived by random varia-
bles with known law. We are interested in the iden-
tification of S from the output. The usual results
work only under the major assumption : S is mini-
mum phase. In our case the system S is non minimum
phase and the litterature gives only a negative
result : the identification is impossible for a
"gaussian driving noise. For a large class of other
input Taws we present an identification procedure
in ARMA form and present some numerical results
for a concrete case, origin of our study : the
blind settling phase of a recursive equalizer in
data communication.

JHE PHYSICAL PROBLEM

The problem we describe here is related
to the data transmission with'a'te1ephone line.
The transmission system may be considered as an
unknown time-invariant linear system S without 6on-
trol. The input is a sequence of independent iden-
tically distributed (i.i.d.) random variables (r.v.)
which are the data to be transmitted. The duration
of the impulse response of S being large with res-
pect to each data, we have intersymbol interferen-
ces in the output. The problem is to restore the
- unknown transmitted sequence or, equivalently,
identify the inverse channel S'1 from the observa-
tions. The solution consists in placing a serial -
adaptive -system called equalizer which is a linear
filter ; its tap weights are adjusted in order to
minimize the mean square error for its output. The-
" adjustment is done by a stochastic -gradient algo-
. rithm. This technique requires knowledge of trans-
mitteddata : this difficulty s avoided in practice
by a settling phase during which the emitter trans-
mits an a priori known sequence whith which we get
an equalizer close to the inverse. The obtained tap

weights give good estimates of the input ; the al-
gorithm continues by using the estimates and the
equalizer follows the evolution of the inverse (in
practice, obviously, the channel is not time-
invariant but the adaptivity of the algorithm is
quick enough for the non-stationarity of the -
channel). In some cases (for example : break in a
multipoint communication) the transmission of a
known sequence is impossible:and the receiver is
obliged to inverse the system S only with the re-
ceiver output flow : this is our blind adjustment’
problem. In [1]l, [3], we have given algorithms for
adjusting transversal équalizers. Here we give al-
gorithms for adjusting recursive equalizers : new
problems. appear 1like instability, error propagation.

ﬁemark : We do here a little mistake because we
neglect the additive noise on the outpht.
The previous procedure (minimizing the
mean square erroi) realizes simultaneously
this work. We will see that neglecting the

noise is not a worry in our case.

61 U . T .

Let (xt)tGZ’ (at) being an unobserved
i.i.d. random sequence with known distribution v.
How can one_ident1fy S, observing only the output
(xt)‘? :

Suppose we know that S is a stable minimum
phase system (i.e. with stable inverse) ; then the
problem. is very classical and (at) is simply the -

innovation of (xt). defined by

(1). a, = a(x, =%y), A
k; being the best Tinear predfction of Xy given
X¢_1» Xg.ps ---» and X a constant normalizing the



variance. Various algorithms in both AR and ARMA
form are wellknown for such an identification of S.

(15}, (8l).

The difficult point in our probiem is that
S cannot be assumed to be minimum phase ; so we
have to identify both gain and phase of S, the la-
ter being impossible with the aid of the second
order statistics only (and even impossible if (at)
is a gaussian white. noise because second order sta-
tistics of (x,) are’ exhaustive in that case).

Throughout the whole paper, the following
_assumption is in force :

Al : (Z) v is symmetric with finite variance ;

(¢1) S and S™ (the inverse of S) are of fini-
te energy, i.e. the covariance matrix

A= (Aiyg)i e Ay = Elxgxg)
is a bounded and positive definite operator on

the Hilbert space 22 of square convergent
series.

REMARKS
1/ S non minimum phase, thus S'1 cannot be a
.causal system ; so we cannot restore (at) on-line,
but only the whole sequence off-line ; in practice
we shall have restoration on-line with a delay.
Anyway, 57! is defined up to a time shift.

2/ vibeing symmetric, both (xt) and (-xt) have
the same joint distribution, so that we cannot dis-
tinguish between S and -S.

Therefore the best we can achieve is
(see fig. 1).

Goal G : Find a (possibly nan-causal) system H so
that the global system T =HoS is = identity
up to a time shift (j.e. T is, up to a sign’
change, a pure delay).

§2 : IN=AND-
EUNCTIONAL.
For further discussion and explanation,
see [1], [2], [3]. From now on v is necessary non-
Gaussian ; furthermore, let us assume that v 1s

subgaussian in the following sense :

A2 : (1) or (1z) is fullfilled :
(Z) v is uniform over [-g,+2]

S ENTIFYING -

-unit circle) ; since S is non-minimum phase, P

(ii)-u(dx) = k e 9(X)gy, g even, g(x) and ﬂiéfl
strictly increasing over mw.

-1xlY .
Example : v(dx) = k e !Xl Tdx, 42

Define the following functional Y(H)
(H adjustable system) by (see fig. 1).

2 Ea,
(2)  J(H) = E(c,%2alc])s o= T

(ct) output of the adjustable system H with’(xt) as
input. Then we have the following result : ([1],
[2]).

THEOREM 1 Under Al and A2, the only local (and hen-
ce global) minima of ¥ are the systems + S L,
(up to a time shift).

So, by theorem 1, minimization of the func-
tional Y achieves goal 'G.

§3 :RECURSIVE GRADIENT AND EXTENDED
GRADIENT ALGORITHMS FOR MINIMIZING J WITH

In {1], we have used a moving averagé repre-
sentation of S in A.R. form. Here we want identifi-
cation in ARMA form. Using the transfer function no-
tation, let for instance S(z'l) be of the following
form “

g Py(z) py(z7Y)

Q(z'l) . -
with g a gain, Q and P1 stable monic polynomials
(i.e. with zeros outside the unit circle) and P2
unstable monic polynomial (with zeros inside the

3) sz’

2
1
cannot be a constant. We expand PETE:TT in a Laurgnt
serie
‘ ' 1 k
(4) —y = z a, 2
PATT) 7 5o K
which converges outside the unit circle. Then we have
' T
Uz ) (] oz
" k5o %)

Py(z™h)

[T-11

1
Ty

and, finally, truncating the Laurent Serie, we obtain
the following stable but non-causal (with delay n)

approximation of % :



K .
Q(z’l) (kgo “kzk) o(t+l) =_e(t) - *t»(ct' asgn.ct)(r>0 gméll)

. -t
z z
1 K K K
. : . 12 - C = Ry(t) cp_4+...4k_(t) c +cC
which enables us to choose the following form for (12) t 1(8) ety p(t) Crp * €t
j , ‘ K _ K ' - K
;he adjustable system H , ‘ Xppn = kl(t) xt+n—1+"'+kp(t) Xt+n-p +X¢in
(7) Cp = Ky Cpog FevntkpCu o +h_ X, 4oL+
: t hl t-1 h Pt-p o Remark that the sequences (ct), (ctK), (xtK)‘are'
0Xp teer Py X s TS st
. only approximate of ———1—-111—1 Xes tC... .
or, in transfer function form ‘ 1-K(z 5)(t) ¢
' -1 4 For the justification of obtaining (12) from (11),
H(z
Cy = I:ﬁz;:%; Xy : see for instance [4], (7].
. (8 _ .
' -1, 1 -i -1 P -i An extended recursive stochastic gradient algorithm
Bz ") =} h,Z 'y Kz 7) = { kiz s
. -n (ERSGA) . _
the zero of 1-K being outside the unit circle. Following the analogy with the (classical)
) . . .. et us minimum phase case, we obtain the extended-least-
Hotation : IfK(¥t) ’i.a sta:1onary seq:e:?e.d E ¢ squares-type ({6]) versdon of the gradient algo--
denote by (yt )" the filtered sequence defined by rithm, without filtering (¢t) .
0 0 =T—%(_717y" (13) {S(M) T O(8) - w gy (g masoncy)
- ¥4 : 1 N
ot
8 = (kyseenky 5 h_aeiihgsiiih)
(10) . ; REMARK 3 :
dr = (Cpqs-vuaCp_ 3 X seeeaXpsenaaXy ) REMARR 9
¢ el t=p 7 7ten " Algorithm (13) looks like a classical recur-
be respectively the vector of adjustable parameters sive equalizer in which the estimated error signal
and preceding observations (with delay n). Then a (ct -a sgnc,) is modified ; in fact, if the input
straight-forward calculation gives - takes only two values = 1, (13) is the classical

recursive equalizer, which is hence seen to be ro-
bust in this case. Filtering the state in RSGA pre-
vents in a certain sense from error propagation. »

(1) f7(8) = E(o,X(c, - a sanc,),

-1 . .
¢, output of —ELE—:%; with adjustable coefficients

1-K(z .
. . 84 . ,
given in the vector ¢ and sequence (¢‘tK_) obtained &T—JHEQBEILCALANALY_SJ_S_QE RSCA anD
hroudh 1 : .~ ERSGA,
.» i t o - <
b¥ Fittering (¢t) rous 1—K(z'I) anvexity of the functional o7
Concerning RSGA, general results on stochas-
A recursive stochastic gradient algorithm (RSGA). tic approximation ([4] or [7]) ensures convergence
' -1 . : .

Ir the same way as one obtains a stochastic ~ 3S long as 1-K(z °) remains a stable polynomial (a
gradient form for the R.M.L. algorithm ([6]) in the conditfon that can be enforced). Ps an interpreta-
case of a minimum-phase identification, we derive tion of the effici;ncy of RSGA near the optimum, we
from (7) the following stochastic gradient procedure  shall calculate —QI-J(B“) under the sssumption that

de
< . L 8_=~1
" (») The supérscript t, denotes traraposition K —51;5—:%— is the minimum order representation of S'l,
' 1=K (2™ | ’

up to a time shift (See Remark 4 below).



Let v(dx) = f(x)dx be sufficiently smooth for

2
-1? J to exist. Then we have (see Appendix 1) :

»
t¢tK]

o]0 0F
+ Zuf(O) E‘_(Q’t Iat) (¢t 'at)]

2 .
;‘i-i 7(6%) = (1-2af(0)) l_%"
(14)

It can be proved that, under A2,
1-2af (0) >0 (it is =0 for v Gaussian) ; on the

. K* t
other hand, the covariance matrix IE(¢t oy )
is positive definite because of minimality of the

H*
1-K
matrix in (10) is of rank 1.

‘representation

Compare (10) with the second derivative of
the least squares functional used in minimum-phase
ARMA identification, where it is equal to
t ] t KI

mlftk ¢t 3 in the most favorable case of

uniform distribution, we get
1-2af(0) =

which relates the efficiency of our algorithm to
the least squares one (which can be used only in

minimum phase situations). In the Gaussian case,

'QZ J becomes- singular, which is not surprising ;

it remain; only the second term in (10) that signi-
fies good adjustment of the variance of the output
(ct) of the adjustable system.

REMARK 4 :
H!
— 1s the "exact mi-
1-x*
nimal order representation" for S-! cannot obvious-

ly be valid (except for the minimum phase case)
because formula (6) says clearely that any finite
order representation is an approximation of S 1
This theoretical point w111 be further analyzed
elsewhere.

The assumption that

(+) Here °t denotes (¢t) » where °t is built
with the cutput of —-H——(—Z—i- with —mput (x4).

(4t (4’1: Iat) denotes the best linear estimate of
t 3 .

otK given at.

S of 57! ; the second covariance

Local analysis of ERSGA

It is now wellknown ([4], [7)) that the
asymptotic behaviour of (13) as *\0 (as long as
the system remains stable) is given by the following

differential equation
‘ é% 8 = - V(e)
(15) t
V(e) = E(¢,(c, -a sgncy))s, ¢ = e by

‘ For example, local convergence of (13) to
8" is ensured if and only if 8* is a stable equili-
brium. of (15). whereas global convergence requires
global stability of (15).

: Let us analyze local convergence : fifst of
al

0=3 se*) - E(4.X sgne’
* 35 = E(4, (cy - sgncy))

ensures, because 1-K* is stable,
= E(oy(cy - asgncy)) = v(e"),
so that ¢ is an equilibrium of (15). For analyzing
the stability of this equilibriun, we have, as in
(14) : ‘ ’ o
a3 V(") = (1-2af(0) E(s,* %, )
(16) '

v

Y 2
120 (8.5 1ap)),
the difference with (14) lying in the non filtered
sequence ¢t'. Then the condition for local stabili-
ty of (13) looks like the extended least squares.

case [6], except for the second term of rank 1. For
instance; we have :

+ 2aF(0) IE((4

THEOREM 2 : . .

A representation o = of S~ 1

R 1-K*
stable equ111br1um of (13) if the A.R. part

1-K (27 ) is a pos1t1ve real transfer function,
i.e. Re(l K* (e )) >0 for -m <w <.

We were not able to give global analysis of
(13), which is not very surprising in view of the
great complexity encountered in proving theorem 1.
But we have a result which Ties between global and
Tocal convergence, namely an evaluation of the do-
main in which 8® is an attractor, under the assump-
tion of theorem 2.



Let us consider the following candidate for
Lyapunov.function :

(17)  U(e)

We have (appendix 2), along the integral curves
(es) of (15) : -

= 20e-0"1%.

(18) -u(e,) = E(L(1-K*(2"N))eyl (cy - sgricy),

. Tt _ . : '
w1th‘ct =70 4y and ey =Cy-ay is the input error.

On the other hand, let us consider the
following scheme

L1 1 -1
a4 S(z )?—x-——l—._ .y H(z *) p~c,,
K - : t 1-k*(z™%) t djustable t

where 1-K*

is fixed and is the A.R. part of o" ;

et us use the following algorithm for adjusting H

Ht+1 =H - Xt(ct -a sgnct)

= Hy - r[(l-K'(z"“’l))Yt]‘(ct -a sgnci)

t, ' t
where “H = (h—n""’h+n)‘ Xy = (xt+n"“'xt""'
X¢.p)
and similary for Y . We have then, when
= thy
¢ t

(20) E(Xy(cy-a sgnct)) = K-E(Y;(ct -a sgnct))
= Re(h 7(H))

where the matrix "R +¥ is bositive definite becau-
se the system 1-K'(z'1) is strictly positive real
(I51,- {521} ; hz2nce the integral curves (Hs) of the
differential equation
(21) & H =<V(H), V(H) = (X,(c, -a sanc,)),
.t
. Cy = H Yt

associated to (20) are such that‘J(HS) decrease to
min J, what ensures that ‘

(22) H—> H".

Now, let

(23)  T(H) = 21H-H"2,

we have that

(28) =75 W) = <Ho-H Ty > = E(L (1K) )ey)

x(ct -a Sgnct))

' D(H®) in which -

D(e") is generally not small

'Pig. 1

where € =Cy=dy. Because of (22), there is a domain
U(Ht) is >0. Comparing (18) and
(24), we.see'that

(25) g5 U(sg) = g5 U(H,)

when EL and (1/1-K') oH, give the same system.

Now, let D(e') the greafest ball centered at 6"
such that the corresponding H are in D(H*), then
we have

(26) é%-U(es) <0 for o € D(e').

This is more precise than local convergencevbecause
3 but this does not
ensure global stability because (23) is not a
Lyapunov function for (21) ; in fact, even in the
true gradient case (i.e. K*=0), U is not a Lyapu-
nov function ; appropriate Lyapunov functions are
analyzed in [2], and are much more complicated, in-
volving spherical coordinates.

In both exampies the input (at) is uniform-

"1y distributedon the finite set {£1, %3, £5, #7}.

Note that this distribution is not subgaussian in
our sense because conditions A-2 are not satisfied

“here. Butone can consider that this distribution is

a‘good approximation of the uniform one on the in-
terval [-7,+7] (See [2], [3] fo further detqi1s)
Note that a =5.25.

Example 1 :
We compare RSGA and ERSGA with the classi-

cal RML and Extended Least squares algorithms (in
stochastic gradient version [6]1) on a minimum phase
system : the lost with respect to those "optimal®

second order algorithms is seen to be small.

Xp = 0.8x, o + 0.5x 5 = ?t + 0.7 at_l + 0.4at_2

sk o hy

: Evolution of the mean square error for
Extended Least squares and ERSGA.

Fig. 2 : Evolution of the mean scuare error for
o RML and RSGA. -

Fzg 3 : Convergence of the estimates of k1 and h1
for RML and RSGA.



Example 2 :

We have taken an equivalent base-band tele-
phone channel (non-minimum phase), which is sampled
with at = 33%5 s, achieving a binary output of

9600 bits/s. )
Fig. 4 : Impulse response of the channel.

Evolution of the mean square error and the

Rg. § :
g number of errored dgta for RSGA.

APPENDIX 1

Proof of (14).

We shall assume that the distribution f of
(ah) is sufficiently smooth for the differentiation
‘under the integrate to be justified. We have then
(here s is the symbolic Dirac function), because

¢, =a
t %t

2 » »
(A-1) Ede'f 7(e%) = E(s,* % (12 san)).

Now we have to calculate terms of the form

(2) By 2y, slay).

“*with (¥4) and (zt) the outputs of some.linear filter
with input (at) ;let us denote those filters in a
M.A. form with infinitely many coefficients :

(A-3) vy, = Z Bsa,L .5 2, = Z Yy 8.
L t j&z 1 t-i t j& J “t=J
We have then

II':(yt:-i-u Ztey s(at))

(A-4) ) E(7T ')
= f(0) IE( ; Bsiay, o X ; Yiag, )
jAg 1 teu-i jdv 3 t+v-1i

Using the fact that (at) is i.i.d., we see that

(A-5) ] B; a

ik - E(ye,,/2,)s

tau-i " Yisy

where E (+/-) denotes best linear prediction. Final- '

y, (A-1), (A-4) and (A-5) give (14).

APPENDIX 2

——————

APPENDIX 2

d t,,
- s U(6g) = “(og-0") V(s,).
‘Let Ct and ¢ such that Cy =»tes ps then we have
. teSV(es) = E(ct(ct -a sgnct)),
and .

»
+
o * MonXeen

5

R
+o..4"
hnxt-n

te o e ]
B0y = KyChy +...+kpgt_
=a + K'(z-l)et,
hence
t -
Cp = 6%y = (1-K*z ),

and finally (18).
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Fig. 4

S(t)

at = 1/3600 s.
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