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RESUME

L .

On étudie dans ce papier le comportement asymptotique du filtre de Kalman

3 lorsque le bruit sur 1'observation tend vers zéro. On montre que sous des
hypothéses assez générales la forme limite du filtre correspond 3 un obser-

vateur de Luenberger d'un systéme déterministe.

ABSTRACT

The purpose of this paper is to show that, under general ciermstances the
Kalman-Bucy f11ter approaches a meaningful limit as measurement noise tends

to zero. Moreover, if it shown that the 11m1t1ng form corresponds to the so-

called Luenberger observer in deterministic systems under suitable assumptions.

R

N s

PAPIER RECUPERE ET RECYCLE



[/

8

CONTENTS

1 - INTRODUCTION
2 - SERIES EXPANSION |
3 -~ LIMITING FORM OF KALMAN-BUCY FILTER

REFERENCES

1 - INTRODUCTION

Let us consider the system

)

(2)
whére £(t)
(3)

(4)

%f x(t) = Ax(t) + Bu(t) + DE(t)
x(0) = x_ E[xo] = x,
y(t) = Cx(t) + n(t)

and n(t) are independent Gaussian white noise processes such that

E [E(t) £'(T)] = Q8(t-T)

E [n(£) n*(0)] = RS(e-1)



Then the optimum minimum variance estimator %(t) = E [x(t) | y(t) O=<T*= t]
is given by the well-known Kalman-Bucy filter [8] : ' o

) L g0y = AR(D) + By(8) + B(D) ¢'r™! [y(e) - CR(E)]

with P(t) = E [(x(t) - %(t)) (x(t) - %(t))'] being the solution to the matrix
Ricatti equation

) L p(o) = AP(r) + P(OA' - P(t)C'R ' CP(t) + DQD'
(6)

P(o) Ho E [(x0 xo)(xo xo) ]
under the assumption that the matrix R is positive definite.

If R is singular, however, the problem is much more complicatéd. One difficulty

is that the gain PC'R”1 of the filter becomes very large as the covariance matrix '
R of the noise n becomes small. In the case where R = 0, the nonsingularity of the
matrix CDQD'C' means that the new measurement vector %E y(t) will contain a non- .
singular white noise component [2], [6]. Therefore, a standard Kalman-Bucy filter

may be derived by using %E-y(t) instead of y(t), and the need for the differen-
tiation can be avoided by defining new filter state Zd(t) = %(t) - P(t)C'R—ly(t),

[61l.

This works is very closely related to the results of FRIEDLAND [2]; MOYLAN [ 61,

and KWANTNY [3]. Especially, FRIEDLAND [2], MOYLAN [6] proved that a known class
of minimal order observers can be identified as limiting forms of Kalman-Bucy
filters for the new filter state Zd(t) with vanshing observation noise under the

assumption that CDQD'C' is nonsingular.

The objective of this paper is to study the limiting form of Kalman-Bucy filter
as R tends to zero under general circumstances, i.e. without assuming the regu-

larity of CDQD'C'.
N
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" 2 - SERIES EXPANSION

. . . . . . . . xn

For the simplicity we consider the time 1nvariant case, that is, A € R" R
X A iy . B .

B ¢ ]Rnxm, C e R?xn, D eR" Q, Q€ ]Rl 2, R e ROF. In this case, provided

that the pair (C,A) is detectable, and the 2n x 2n Hamiltonian matrix H

defined by

Al - -¢'R ¢

-CDQD'C'  -A

“has no imaginary axis eigenvalues, P(t) tends to a solution of the algebraic

Riccati equation (ARE)

1

(7) AP + PA' - PC'R CP + GG' =0

~with DQD" = GG' under suitable initial conditions, and A - PC'C is stable [1].

Moreover, if (A,G) is stabilizable, the ARE (7) has an unique poéitive defi-

nite solution [7]. - .
Let
2

(8) R=¢T1

then the ARE (7) becomes

(9) AP + P A' - ——P C'CP_+ GG' =0
£ € €2 € £

Suppose P has the series expansion of the form such that

(100  P_=P_ 4+ @ + €+ ...

3 0 1 2

By substituting (10) into (9) and equating matrix coefficients of same powers

of €, we have



(11a) CP0 =0

(‘llb). AP, * POA',— 1>1C'0P1 +GG' =0

(11c) AP, + PlA' - /ch'cpl - PiC'CPz =0

(114d) AP, + PyA" - PZC'CPZI- P,C'CPy - P,C'CPy = 0

----------------------

Pre- and postumultiplying (11b) by C and c', it follows that

(12) cp,C' = (cea'c) /2.

3 - LIMITING FORM OF KALMAN-BUCY FILTER

In this section we study the limiting forms of Kalman-Bucy filter in two cases,
that is, G = 0 and rank (cGG'c') =z 1.

Case 1 G =0
in this case, equations (11)and (12) become

(11a") CP, = 0

L]
o

(11b") APO + P A' - PC'CP
ry v _ ' - ' _.._' -
(l}c ) APl + PIA PZC CP1 PlC CP2 0

' - ' =
9 9 9 2 PIC CP3 P3C CPl 0

+
rd
>
|
rd
(@]
a
[a<)
1

(114d") AP
(12") Cp

Let
n—1 1
X (A,B) = I A Range B
c .
i=0

(the controllable subspace of (A,B)),



A

‘n,l

n

Ker CAY
i=0

xuo(c,A“)"f
(the ﬁnébseéﬁébie“sdbébécé“é% (C;A)s
:then we have the'follqwing'lemma;
LEMMA 1
Ker P $-XCSA';C')
(or Range P, < Xuo(C’A))
"Ker CP :}xc(A",c'.)'
(or{Range PICf c Xuo(C,A))

Proéf‘. We prove this lemma by induction.

Premultiplying (11b') by C and using (11a), (12"),

(13) CAP0 =0
Suppose

1 JP
(14) . CA PO =0
(15) . caA'PC' =0

for i =0, 1,2, ..., k-1. Premultiplication of (11b') by CAk-l yields

(16) CAkPO + ca¥ e ar 4 ca¥leicrcr, = 0.

ot T i© "0
Then, it follows from equations (14), (15) and (16) that .

k

an AP = 0.

0



By pre- and postmultiplying (11b') by CAk and,A'kC', we have
(18) CAk*'POA'kc' + cafp a'k*l | cakp c'epatkct = 0 '

0 1
Equations (17) and (18) give

cAp C =0 - | i

This completés the proof. g

THEOREM 1. Suppose the pair (C,A) 'is observable. Then

(a) P0,= Pl = 0,
(b) P2 satisfies the ARE

v ' = !
(19) AP2 + P2A PZC CP2 0.

Furthermore, if A has no imaginary axis eigenvalues, then there exists a solution ¢

P2 of ARE (19) such that A - PZC'C is stable.

Proof. It follows from Lemma ! that PO =0

(20) cp, = 0,

since (C,A) is observable. By substituting (20) into (11b'), we have

(21) AP + PlA' = 0

Suppose now

(22) ' CA1P1'= 0 for'i =0, 1, 2, ..., k=1,

Premultiplying (21) by CAFf!

(23) CAkPl + cak-l Pl' =0 S | !



Equations (22) and (23) mean CAkPl = 0. Therefore, Pl = .0 by induction. Equation

"~ (19) follows from (lle) and (20)ﬂ

The fact that A -~ PZC C is stable is the well-known result of algebraic R1ccat1

equatlon [7]. D

REMARK 1. The ARE (19) has more than one symmetric positive semidefinite solu-

tion which form a lattice with common maximum and common minimum element. The
maximal solution is the only stabilizing solution, P2 = 0 is a solution of the
ARE (19). It is ‘the maximum (or m1n1mum) solution if Re A(A) £ 0 (or = 0), where
A (A) denotes an arbltrary e1genva1ues of A. Otherwxse P2 0 is an intermediate

solution [ 7].

COROLLARY 1. Suppose the pair (C,A) is observable and A has no imaginary axis.

Then the limiting form of Kailman-Bucy filter (5) as € tends to zero is
(26)  S-x(t) = (A - pzc'c> %(t) + P,C" y(t) + Bu(t)

where P, is a maximal solution of the ARE (19) Furthermore (24) 1s an 1dent1ty

observer (in the sense of Luenberger) for the system

(25) & x(t) = Ax(t) + Bu(t)

(260 y(6) = Cx(t)

Proof. Equation (24) is a direct result of Theorem l. Let e(t) = 2(t) - x(t),
then from (24), (25) and (26) we have '

Se®) = (a- PZQ'C)'e(t)Y‘.

Therefore e(t) tends to zero, since A - PZC‘C is stable. This completes the
proof. 0



Case 2. 0 < rank (CGG'C') < r.
From (1ta), (11b) -and (12), we have

(27). cec'c'y /%ce

= A
1 = C(AP0 + GG ?

Let
q = rank (CGG'C')

then ﬁhere exists an orthonormal matrix U such that

(28a) . cee'c' =u' A2 U
- T A 0 q o ' 4
(28b) pn= |9 | .

0 0 r-q . '

q q %
(28¢) Aq = diag(Ay, Aps a+es xq) A, >0,i=1,2 .09

Suppose equation (27) has a solution (which may be not unique), then

(29) cp, = ®+C(APO +GG') +2Z

+ . .
where ¢ 1is a pseudo-inverse of

/2

(30) 6 = (cag'c')!

and Z is an arbitrary r n matrix such that ¢Z = 0 and 2ZC' = O, Note that

@1, e =u 'y,
A
where
A;l 0 q '
(32) At =}
0 0 r-q



Then o
8%z = u'n*uz
: -1
(33) . =U'[1I 0 ' A I
) : q | qx(r-q) q : q |
=0
since ®Z = 0 implies [Iq | qu (r—q)]

‘and using (33), we have

. "_ ‘f;}q"'z. v _tvv+2|_ 1pegt
(Iri GG'C'? C)AP0+P0A (In GG'C'®d ©) POAC‘D

(34)
2

+ GG' - GG'C'0TCGG' - 2'Z = 0

Let us decompose UC into two blocks such that

- o | €
(35a) uc = l J

( G
shere
(35b) ¢, = (1, | Ogx(-qy ) UC
(35¢) € = [0 yxq | T(rmqyd UG

then, noting that

-2

+2 A%t | o

¢ =yu'f1_ |
q

the algebraic Riccati equation (34) becomes

qu (r-q)]UZ

OqX(r-q)] g q <1><(r-<_1)]u |

UZ = 0. Subsituting (29) into (11b)

2CA_PO +
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L)

i I -
(36a) (1 - C[C)AP, + POA (1 cic,) PoA' ClA C‘APO + M(Z) = 0
b
where
. #_ ) 1"2-
(36b) cl = cc ClAq
and
(36c)  M(2Z) = GG' - GG'C;AQZ C,G6' - 2'z

It can be easily shown from equations (28), (35) and (36b) that C

inverse of Cl that is

(37) c C#

1€1 = Iy
and
# _
(38) c,CT = 0.

#

) is a right

Let Sl be an nxq selector matrix which selects q independent colums from Cl’

and let SC be an nx(n-q) selector matrix which selects n-q colums of Cl such

1

that S, does not select. Define an nXn nonsingular matrix '1‘l by

1

(39a) Tl = [ }
: 'Vl

with

- ¢C' #
(39b) v _-Sl (In Clcl)
then a simple calculation yields

, -1 _ ol of
(40a) T, = [c] v

where
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oWt 2 <€ -1 C
(40b) vy = Sl S](ClSl) Clsl
Furthermore {
-1
4 C,T I
“n 11 : q_I qx(n-q) ]
. # ' 1
42 T,C7 = [I.
(42) €1 =1 ql qX(n-q)]
#e 1 _
(43)‘ TIClClTl = Eq
(44) (1 -cleyrl=1 -
1 171771 q
where
I 0
45 h ’
E =
45) . |
0 0 n-q
q n-q
Note that CPO = 0 if and only if
(46a) CPy = 0
and
(46b) : C2P0= 0
Note also that (27) has a solution (which may be not unique) if and only if
(47) CZAPd =0
since C,G = 0 from (28), (30), (31) and (35). From equations (39), (40) and
(46a) - '
0 0 q
B ’ ] ’
(48) T,P,T}
0 II n~-q



- 12 -

Al

where

= ' -
(49) Hl = VIPOVI - ¥

Equations (39a), (40b) and (49) yield
S
(50) | Py = Vi, vy

Moreover, it follows from.(46b), (47) and (50) that

#
€%
(51) Hl =0
: #
CZAVI
Suppose now
#
C2Vl i
(52) rank = £ < n—q
#
CZAVI

Let §, be an #x2(r-q) selector matrix which selects % independent rows from

#

€Y
m and let S3 be an (n-q)x% selector matrix which selects £ independent
CZAVI .
columns from
¢,V
(53) ¢, =5, y
CZAVI'

[ 62
(54a) T2 =
‘ \Y
‘with o ) ) . ‘ , A

(54b) \Y

[ &
|
w2
w
”~~
—
1
o
N
(@]
N
A4
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where E;.is an arbitrary right inverse of 62 and‘Sc is the (n-q) (n-q-%) se-

: o _ 3
lector matrix which selects (n-q-%) columns of C2 such that'$3 does not select.

Then

-1 “x x_
(55a) T, =I[C, | v,]
where
. ) *'; C ~ -1 = C
(55b) Vy, = 55 - 83(0283) C283

It follows from (51) and (54) that

0 0 '3
]
(56) TZHITZ = | v
0 H2 n-q-%
2 n—-q-%
where
7 -t P ) "
(5?) HZ = V2I[1V2

By a simple calculation

) _ * * '
(58) = VIV,

The above procedure gives us one of the main results of this paper.

THEOREM 2

e '(a) If & = n-q; then P, = O

(b) If 2 < n-q, then
(59) B, = VIV

where I, is an (n-q-%)x(n-q-%) matrix solution of the algebraic Riccati

equation



- 14 -

fy*

3 Hox Ho*y e Ho*y e
(V,V,AV|V; )H + nz(v VAVIV,) " - T,(C AVIV,) A 2(c Av1 )1,

(60)
+ Y,V M(Z)VV) = 0

Proof. (a) is obvious from (51). It follows from (39) and‘(40) that

0 0 ' q
# -1
(61) T (I - C,C,)AT, =
1'"n 171 1 n m
VIAC1 VIAV1 n-q
q n-q
By noting ClM(Z) = 0, we have
0 0 q
\J .
(62) TIM(Z)TI
0 vV, M(2) V] n-q
q n-q

Pre- and postmultiplying (36a) by T, and Ti, and using (48), (61) and (62)
we obtain '
(63) (v AV#)H‘ + I (V AV#)' -1, (C AV#)' A-I(C AV#)H + V.M(Z)V! =0
1771771 [T 111 Tq T 1 1
Substitution of (58) into (63) yields (60). Equation (59) follows from (50)
and (58). 0O '

REMARK 2. Theorem 2 is an extension of Theorem 1 in [3] to the case where
CGG'C' may be not invertible. ‘ '
# #x

REMARK 3. It is easy to prove that the pair (CIAVIV;’ VZVIAVIVZ) is observable

if the pair (CI’A) is observable.

_REMARK 4. The condition £ = n-q implies (n-r) <A(r—q), i.e., rank C2 > n-r. -
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REMARK 5. If P = 0, then rank G must be less than or equal to r, since

PIC'CP1 = GG'. Moreover, by a simple calculation , we have
(64) cp. =17 coeg

_ 11 q 1

65)  C,P, = [0, I vz

(65) 2Pr =t (r-q)xq | (r-q)]

and

(66) GG' = GG'G’ A;Z c,G6".

REMARK 6. Note that the solution of (60) depends on Z. Let HZ(Z) be a maximal
solution of (60), then I (Z) is monotone with respect to M(Z), that is,

(Z ) = (ZZ) if M(Z ) M(Z ) [1]. Therefore, H 21 (Z) with H =T (0),
since M(0) = M(Z) for all Z. In the following we assume that Z = 0, since the
maximum of the maximal solutions of (60) has an interest for us.

By capital letters i, B, and Y we mean the Laplace transforms of %, @ and vy,

respectively..Upon Laplace transformation, the Kalman-Bucy filter (5) becomes

(67) sXK = AX + BU + PC'T
with

| 1 s
- (68) Pe --e—z'(Y."CX)

for R = E?I. Then, by using (67),
2 v s
sel = sgY - CsX
5]
= sY - C(AX + BU + PC'T )
Therefore:

-1

(69) Fg = (sE:ZIr + CPC') (sY - CAX - QBU).
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Premultiplying (69) by PC' and using the series expansion (10), we have
' v ' g 2 ' ' 2, -1 "
PC I‘€= (PlC + 2,0+ 0(e)) [CPIC + s(CPZC +sI) + 0(€)] _
(70)
x (sY - CAX - CBU)

The following lemma will be useful.
LEMMA 2.

(a) 1im P

c' [CP]C' + €(CP2C' + sI) + O(E?)]_l
e>0

1
+

_ '

= PIC ¢

(b) lim €,C' [CP C'+e(CP,C' + sI) + 0(&) 1!
>8>0 ’4

=0

Proof. Using (29) and (31) with Z = 0,

Plc' [CPIC' + e(CPZC' + sI) + 0(82)]—l = [GG' + POA']E'A+[A +

+ @8 + sI) + o1y

where C = UC.

Note that.

1 +.1/2

/ =(A ,

lim A,1 2n 4 e((_:PZE' +sI) + 0(ED)T™

er 0

since EPZE' is symmetric nonnegative definite. Therefore, (71) becomes



>

(74) Cp, = A" [Cap, + TP A" + TP

- 17 - -

lim P,C'[CR,C' * e(CR,C' + sT) + o(eH1™!

&0 |
Lim [oe' + P a1 4D V2 0y e @B 4 s+ OC &1
er0 - ' _ ' 3

[GG' + PA'] e u

+
PICQ

For the proof of (b) it is enough. to show that

(73) . lim @, C' [A + e(@B,C' +sD) + 0(e)1 U =0
e>0 v :

A simple calculation from (llc) yields that EPZE' is a solution of

EAPIE' + EplA'E' = (EPIE')A - A(EPZE')
and

.
2 I ,C'CP; ]

On the other hand R

lim &t [A+ (@8 + sI) + 01!
-0 _

- tim caHY2 A2 v @ v s ¢ 0(HT
(75) | | |
= Lim ed3? im A2+ e@RC 4 D) + o217}
er0 0 : .
C =0

Equations (74) and (75) mean (73). This completes -the proof; O

From (67), (70) and Lemma 2, we have

(76) s(X - P Ce’Y) = (I - Plc'qﬁ’c')(Ax + BU)
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Let

(77)  W=X-PCOY

then (76) becomes

(78) sW= (I - Plc'®+c') [A(W + Plc'¢+Yj + Bﬁ]

Define another right inverse of C, by

# 2

* _ ' -
(79 C1 = C1 + POA C1 Aq

Then, it follows from (29), (31) and (36b) that

+
\J
Plc o

I

(GG' + POA')E'(A+)2U

v ' v al
(Ge' + PeA") [C] Ay | onx(r_q)]u

(80) ,
= # 1 -2
= [C] + PoA'C) A UG L
*
= [C) | onx(r_q)ju
Equations (77), (78) and (80) yield
*
(81) %(t) = w(t) +1LC | 0y (mqy I0Y(E)
and
d *
cqpowle) = (I - C1C)AN(t)
(82)

+ (1 - C1C)) arc} | o (=g 10V CE) * (I_ - €jc;) Bu(e)

Let us define an nxn nonsingular matrix T3 by
.C
(83a) T, =

\Y



e

with

— c - * ‘
(83b) vy -_s1 (1 -cicp

" Then, easily we have

and

-1 ek # ’
(84) T, =[C Vil
Fﬁrthermorg
R 0 0
85 T.(I - cc)TL = |
(85) 3 n 171773 A .
0 1 .
‘ (n-q)
q n-q
Let
8 -[1 ] o T
(86a) W o= 1 | 04 (n-q) 3"
Vand
by W, =1[0 I T.W
(86 ) W=t (n-q)*q | (n-q)] 3
Then, noting that
* # .
ClAC1 CIAV
- -1
(87) T,AT, =
#
V3AC1 V3AV
: equétions (82) becomes
(88) 4y =0
’ ' dt 1V

n-q



(89)
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= #
3¢ Wp(e) = V3AC Wo(t) + v 3AVIH, (t)
[\
* [V AC o (n-q)X(r-q)] Uygt)
+ V3Bu(t)

- By summarizing the above reuslts we have

THEOREM 3.

The limiting form of Kalman-Bucy filter (5) as measurement noise

tends to zero is as follows

(90)

(91)

Proof. We

&(t) = v?wz(t) + [CI l 0 ( )]Uy(t)

4
dt

#
Wz(t) (V3AVI)W2(t)

+ [V3AC* Juy(t)

1 | 0(n-q)X(r-q)

+

V3Bu(t)

may assume Wl(o) = 0, then wl(t) = 0 from (88). Therefore, (81) and

(89) become (90) and (91, respectively. O

REMARK 7.

(92)

A simple calculation shows that
S . B R
V’2V3AVIV2 VZVIAVIV I (C AV V2) (CIAVIVZ)

where HZ is a maximal solution of (60), if RQ:n—q Moreover, if the pair (C yA)

is observable, then V.V AV#V 'is asymptotically stable, since the observab111ty

of (C »A)

have also
(93)

where Hl

(51).

2°371°2
1mp11es the observability of (C AV? 2, 2VIAV# 2) by Remark 3. We ..

v Av#'= v AV# -

#t =2 #
3AV] = VY] - Tce vt st e avh

1(

is given by (58) and is a maximal solution of (63) with constraints
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THEOREM 4. Suppose V3AV? is asymptotically stable, then the system (90) and

(91) is an observer of the system
(9%a) £ x(6) = Ax(t) + Bu(t)

(94b) ykt) = Cx(t)

Proof. Recall that the p4dimensionngl system "
CLIVI KoY = B 9 + Ky (e) + sBuCe)
(95b)  %(£) = Ny(e) + Nyy(e)

is an observer for the system (94) if and only if

(1) F is asymptotically stable
(ii) SA - FS = KC

(iii) 'N,S + N.C = Ih

| 2
(4], [5].

- oot
S = V3, N1 = Vl’ and

*

0 U
1 l (n—q)x(r-q)} ’
JU. Then obviously condition (i) holds. Condition (i1i)

Let p=n—q, F = V3AV?,
* .

N, = [C| | onx(r_q)

follows from the fact that

K = [V3AC

SA - FS = V.A(I - viv.) = v.ac’c. = kc
IR Sl WS e LA it Bl B
Also
L .
N.S +N.C =V, +cc, =1

1 2 1°3 171 n

'This completes the proof.

REMARK 8.'Suppose g < nrq. Then by Remark 7, V_V AV#V* is asymptotically stable,

2°3,°1°2

‘however, this fact doesn't always imply f:hat»VBAVl is asymptotically stable. A

sufficient condition which guaranties the asymptotic stability of V3AV? is
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™

_— -
(96a) C2V1AV1 =0

and 1
(96b) C.V AV#E* is asymptotically stable,

2°17°172

since
- #_* - # *
C2.V1AV1C2 CZVIAVIVZ
Ty aviT! = |
o7 2734172 -
Hox - # *
V2V3AV1C2 V2V3AV1V2
REMARK 9. Suppose & = n-q, then CT = C? and vy = Vl’ since P0 = 0. This case

#

we have no guarantee that V3AV1 (= VIAVI) is asymptotically stable except in the
casewhereVIAV? itself is asymptotically stable. ¥

REMARK 10. Theorem 4 is an extension of the results in [2] to the case where

CGG'C' is singular.

4 ~ CONCLUSION

This paper has considered the limiting form of Kalman-Bucy filter as measurement
noise tends to zero. By introducing the pseudo-inverse of CGG'C'; we derived
the (n-q-%) X (n-q-%) dimensional Riccati equation for q = rank CGG'C' and
€%
L = rank . It has also shown that, under suitable conditions, the

#
C,AV]

limiting form corresponds to an observer of order n-q for deterministic systems.
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