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Abstra;:t _

A sound and complete axiomatization of embedded ' cross
dependencies is given. It is proven to be complete through the study of
the dual structure of non decomposable sets and the exhibition of an

Armstrong Relation for a family of cross dependencies.

Résumé

Un systéme d'axiomes valide et complet pour les dépendances
produit des relations n-ai-res est donné. La preuve de la complétude est
obtenue par I'étude de la structure duale des ensembles d'attributs non
décomposables. On exhibe une "Relation d'Armstrong" pour toute famille

de dépendances produit.
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i. = INTRODUCTION

In the context of the relational model (with which \;/e will
assume the reader farﬁiliar) ‘many types of data dependencies have been
defined : functional dependency (FD's) multivalued (MVD's), join
dependencies (JD's). One of the best characterization one can give to such
dependencies is a sound and compjete set of axioms : A set A of axioms
is sound, if given a set F of dependencies every new dependency f that
can be derived from F using A is implied by F; it is complete if every f
that is implied by F is derivable from F using A. '

Complete and sound sets of axioms have been given for FD's,
[Arms 714] for MVD's, for. FD's and MVD's[Beer 77] . It was also shown
that no complete and sound axiomatization could be found for embedded
“MVD's. '

' In this. paper we study a special case of MVD's, cross
dependencies and we give a sound and complete axiomatization for
embedded cross dependencies.

This is done through the study of the dual structure of non

decomposable sets, and the exhibition of an Armstrong Relation (a relation
that satisfies exactly a set of cross dependencies).

2. - CROSS DEPENDENCIES

Definition 1. Let U be a set of attributes.
A cross dependency Y over U is a set of sets such
that

(i) XE€Y = XS U and X0
(i) X EY, X €E Yand X X' = XNX =0

a
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Let Y be a cross dependency (CD) over U, we denote SCOPE(Y)
the set

SCOPE(Y) = Uu X
XEY

and we say "that the CD is total if SCOPE(Y) = U and partial otherwise.

Definition 2. Let Y be a CD over U and R be a relation over U, we
say that R satisties Y (R | Y) iff

R(SCOPE(Y)) = II R(X)
X€EY

where Il denotes the cartesian product. Let F be a family of CD's, we
say that R satisfies F if it satisfies each Y in F. Finally, given R we
denote CDF(R) the set of CD's satisfied by R. We are concerned here
with the characterization of the class of cross dependency families (CDF)

that are satisfied by relations i.e.

E- (F | 3 R such that CDF(R) = F}

“such a characterization is usually done through a set of axioms that must

be both sound and complete.

Axioms are sound if V F € g, F verifies the axioms and they
are complete if ’
V F satisfying the axioms, F € g .

Theorem 1.  The following set of axioms is sound for CD's
Cl: VXEu, {x}] is a CD (trivial CD)
C2: Let Y be a CD
Let ZC U

Then Y, = (XN Z | X € Yand XNZ4#0}isacD

(Projection)
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C3: Let Y = {xl, Xgr Xgreen X} be a CD then
Y = {X, X5 X3y X } is also a CD (Branch Clustering)

Ch: Let Y = XX, Xy X } and Y ={X,, X,} be two
CD's then Y" = {X,, X, Xy X } is also a CD
(Transitivity)

a

Proof : These axioms are just special cases of the FOHD's axioms
given in [Delo 78] .

The main result of this paper is to show that Cl C2 C3 CQ are
indeed complete. To show this we must at first study the notion of non

decomposition.

3. - NON DECOMPOSITION

Definition 3. Let U be an attribute set.

A non decomposition (ND) over U is a subset X € U.

We say that R(U) satisfies the ND X (R E X) iff it does
not satisfy any non trivial CD with scope X.

- Finally we denote ND(R) the set of ND's satisfied by R.

Theorem 2. The following set of axioms is sound for the class of
ND's :

Nl : VA €U, {A] is an ND (Trivial ND's)
N2 : If Y1 and Y2 .are ND's and Y1 N Y2 # ¢ then Y1 V) Y2
is an ND. (Transitivity).

(]



(D N1 is trivial ’ . 4
(2) assume Yl’ 'Yz are ND's with Y, N Y, # ¢ and assume
Y, ) Y, is not an ND. :

Then there is some partition of Y, U Y, # 0 which is a

cross -decomposition. .

" Projecting this partition on Y1 and'Y2 we will generate a
non trivial CD with scope Yl' or Y2, hence a
contradiction«

Q.E.D.

4. - RELATIONSHIP BETWEEN CD's AND ND's

We. first associate with each .CDF an NDF :
Definition 4.

Let F be a family of CD's. The associated family of ND's F is
defined by

F={Y|]YCSUand (VZ€EF SCOPE(Z) = Y =

Z is trivial) }

O

Intuitively it is the greatest family of ND's that can be
satisfied knowing that F is satisfied. '

Definition 5. Let F be a family of ND's over U let Y U we define

MAX(Y) = {z]ze€eF zgvy ad (v z €F,
ZCz2CcyY = 2 =2)

Theorem 3. Let F'satisfy Nl and N2 then

.MVAXF(Y) is a partition of Y for all Y € U.



Proof :

(1) Let Z1 and Z2 € MAXF(Y) and assume Zl N 22 £ 0.

Then 216 F and ZZE F and F satisfies N, =

Z1 U Z2 € F and we have

1
symmetrically Z; U 2,:=12, = zZ,

(2) To see that MAXF(Y) is a covering of Y we just have to
remember that each A € Y is in F le. each element A
will be covered by some element.of F.

Q.E.DQ

We can now associate with each NDF a CDF :

Definition 6. Let F be a family of ND's satisfying Nl‘ and N, We
define the associated family of CD's F by

F = (MAX(Y) | Y C U}
O
Let us now prove a set of results concerning the relationship
between F and F.

Theorem 4. Let F be a family of CD's satisfying C,; C2 C3 Cl&'
 Then F satisfies N 1 and No.

Proof :

F = {Y|VZE F, SCOPE(Q2)=Y = Z trivial]

U



Nl;

N2 :

{A} € F for all A € A
VA EU, VZ € F if SCOPE(Z) = {A}. Then Z is trivial.

Q.E.D.

Assume Xl € F and X2 € F and Xl N X2 = @ then

vV z,€ F' s.t. SCOPE(Z,) = X, | zz={x2}

~ Let Z be such that SCOPE(Z):X1 U X, by the projection

axioms Z can be projected on X and XZ’ It is_clear that
if Z is non trivial at least one of these projections will
be non trivial, hence a contradiction, therefore Z is trivial
and X, U X, €F.

Q.E.D.

If R satisfies a family of ND's F and F then NDF(R)=F.

X € .NDF(R)
Assume X £ F
then MAXF(X) has at least two elements i.e. there is

X X)) in F non trivial and with scope X, i.e. X is

decomposable hence a contradiction.
Q.E.D.
If R satisfies a family of ND's F’and F then
CDFR) = (F).
Let Y = (Xl,Xé,...,Xn) € CDF(R) and - consider

1 -
Y -LiJ MAXK(X,)



0))

(2)

Theorem 6.
then (Ex = F.

Proof :

from transitivity axiom : Y' =Y

Y' € F because

NDF(R) = F = V X € F, X & SCOPE(Y)
X € MAXF(Xi) otherwise X would be
decomposable
therefore Y' = MAXF(LiJ XI)
iee VY F = Y
Q.E.D.

Let F be a family of CD's satisfying Cl C2 C3 Cu

Fc®*
Let Y = {xlyxz,on’xn} e F and let Y' =
MAXF.(SCOPE(Y))

claim V X EEY',3Xi € Y st. XE Xi

roof : assume it is not true. Then there exists
some X € Y' not included in any Xi. It is therefore
covered by more than one Xi, assume by Xl and X2
(the proof generalises easily) ‘
'(XI’XZ) € F and by the projection axiom (X1 N X,
X, M X) €F therefore X € F and X cannot be in
MAX=SCOPE(Y)).

Q.E.D.

Therefore Y' is a refinement of Y. By the clustering axiom

Y =Yad YYEF = Y € @*

Q.E.D.
F*CcF
F beeing closed under Cl C2 C3 C# it is sufficient to
show F C F

Let Y € E then there is some Z s.t.



Y

“

Y = MAXI—:(Z) = (xlxz...xn)
- assume Y € F then

3 X. s.t. (X, X.) F

- i’ l‘*d j ¢

(otherwise by projection and transitivity Y € F)
therefore there exists some T € F that intersects
both X and X. and X is not a maximal

undecomposable Ilmence a contradlc’uon.

Q.E.D.

J. - COMPLETENESS OF ND's

Theorem 7.

sucb that

Proof :
(1)
(2)
(3)

%)

Given a family of ND's F there exists é relation RF
Re FF and R }F
We l;uild.the relation as follows :
define some coding ¢ : F — N
For each A € U define
D(A) = {c(Y)I\} €EF, ACY]
Define

R (AjAyA) = D(A)) x D(A)) x ... x D(A)

For each Y € F, { Y | >1 delete from R, all tuples X

such that
X(Y) = (C(Y)e(Y)yencV))

Thus obtaining relation RF‘
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Before proceeding to the proof let us look at an example

U=ABC
F = {{A},{B],{c},{AB},{aBC}]

define ¢ as follows :

cfab=1 5 c({BD=2 ; o(fcP=3 ; c({ABC])=4

c({AB})=5 ;
Then
D(A) = {L,4,5} (A € {Al, {AB}, {ABC})
D(B) = {2,4,5} ® € {B}, {ABl, {ABC))
D(C) = {3,4} (c € {c}, {anc))
1 2 ;
R (ABC) = | & x 4 x [#]
5 5
The final relation is
b4
RO(ABC) -5 5 13
5 5 4

[4 4 4] is deleted because {ABC} € F
5 53] and[5 5 4] are deleted because {AB} € F.

It is easy to check that by removing these 3 tuples we have
forbidden any decomposition of ABC on AB, while all others are
satisfied. (A,C) and (B,C) are satisfied cross decompositions.

We now proceed to .proving that RF is indeed the good candidate.
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o

Claim 1.
. Y € F and X g Y
' Then (c(Y), c(Y).....c(Y)) € R (X)
O
Proof : VA E X c(y) € Ro(A)' (because A T XC Y € F)

VA ¢X c(A) € Ro(A) (because {A} € F)

Denote U-X = Ble.. Bp (single attributes).

Let X, be the following .tuple :

R X B, B, ... B

Y )oclY) (B )erc(B)

X € RO(U)
more over VY' € F, jY' | >1

x (Y # (e(Y!)ec(Y'))

*

therefore x, € RF and xo(X) € RF(X).

Q.E.D.

Claim 2.
Let XS U, YS U XNY=¢
if x € RE(X), y € RL(Y) and xy ¢ R(XY)
then 3 Z € XY, Z € F such that

xy(z) = (c(2)ee.c(2)).



Claim_ 3.

Proof :

(1
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X € Re(X) "= x € R (X)

y € RF(Y) = y €RLY)
therefore xy € RO(XY)
LethU-XYzBB...Bp

172
Define tuple v as follows

v X y C(Bl) c(Bp)

Then v € R and v(XY) = xy and since xy & Rp, v & Rp
i.e. it was erased because for some Z € F, | Z | >1

v(z) = (c(2) ... c(z))
since all Bi's have size 1, Z is necessarily included in XY.
Let Y & U and MAXL(Y) = {xl,xz,...,xn}

Let x; € RF(Xi) Vi= 1,2.,n
then X[ Xy e X € RF‘XI X2 Xn).

Assume X = x1 x2 ver xn ¢ RF(XI . Xn)

then by Claim 2, 3 Z C X| X, «e X such that
xX(Z) = c(z2) c(2) ...c(z)

assume Z © Xi for some i

then xi(z) = (c(2) ... c(2))

and X; & Rf(xi) which is a contradiction.
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(2) Then it is necessarily the case that Z intersects two Xi"s
say X1 and XZ’ then since X1 € F, X2 € F- and
Z € F, by rule N, : XIUXZE' F
i.e. Xl
contradiction

and X2 are not maximal in Y which is a
Q.E.D.

This claim is clearly equivalent to R satisfies F.

Claim 4. : , :
Let X € F then RF(X) is not decomposable.
(which is equivalent to say R | F). -
Proof :
Assume | X | >1 (otherwise the result is trivial)
then X = AX, with [ X ] = 1
(c(x)) € Rg(A) :
(c(x) ...c(x)) € Rp(X))
and (c(x) ..c(x)) & RF(XI’A)
' ‘ Q.E.D.
4 6.. -- COMPLETENESS OF CD

We can now state the main theorem of this paper :
Theorem 8
Axioms 'CI’CZ’CB’C#: are complete for CD's.

Proof :
Let F satisfy Cl’Cz’CB’C4

By theorem 4, F satisfies N1 and N2
By theorem 7, there exists R such that

o
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=X
By theorem 6, F = F i.e.

R? satisfies F and F

Finally by theorem 5

CDF(RF.) = F
Q.E.D.

The reader should note that R-lg is indeed an armstrong

relation for F.

Armstrong W.W., "Dependency Structures‘ of Database
Relationships", Proc. IFIP 74 (1974), pp. 580-583.

Beeri C., Fagin R. Howard J.D.,, "A Complete
Axiomatization for Functional and Multivalued
Dependencies", Proc. ACM SIGMOD Conf. (1977), pp. 47-61.:

Codd E.F., "A Relational Model for Large Shared Data
Bases", Communications of the ACM, Vol. 13, N°6, June
1970, pp. 377-387.

Codd E.F., "Further Normalizations of the Data Base
Relational Model", Courant Comp. Sc. Symp. 6 : Data Base
Systems, Prentice Hall, N.I. May 1971, pp. 65-98.

Delobel ' C., "Normalization and Hierarchical Dependencies
in the Relational Data Model", ACM Transactions on
Database Systems, Vol. 13, N°3, September 1978, pp.
201-222.



W

Imprimé en France

I’ Institut National’de Recherche

ar

p
en Informatique et en Automatique



~»




