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ON AN ALGORITHM FOR OPTIMAL CONTROL
USING PONTRYAGIN'S MAXIMUM PRINCIPLE

Joseph Frédéric BONNANS

INRIA
Domaine de Voluceau
BP 105 - Rocquencourt
78153 LE CHESNAY Cedex (France)

RESUME

Y. Sakawa et Y. Shindo ont récemment proposé un algorithme de résolution des
problemes de contrdle en boucle ouverte, qui utilise de fagon directe le principe .
du maximum de Pontryagin. Nous établissons ici que, sous certaines hypothe ses,
r algorlthme est bien défini et converge globalement, dans un sens faible. Lorsque
le pas de I'algorithme tend vers zéro, les déplacements calculés sont equ1valents
3 ceux d'une méthode de gradient avec projection. Enfin, si le contrdle intervient
de facon lindaire  dans I'équation d'état et quadratique dans le critere,
I'algorithme s'interprete comme une méthode de gradient avec projection dans une

certaine métrique.
ABSTRACT

Y. Sakawa and Y. Shindo recently proposed an algorithm to solve open-loop
optimal control problems, using Pontryagin's maximum principle. It is established
here that, under some hypothesis, the algorithm s well-defined and globally
converges in some weak sense. When the stepsize of the algorithm tends to zero,
the displacements are equivalent to those of a gradient with projection method. If
the control enters in a linear way in the state equation and in a quadratic way
in the criterion, the algorithm can be interpreted as a gradient plus projection

method in some new metric.
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I - INTRGDUCTION

We are concerned with the open-Toop optimal control of a system gove rned by

an ordinary differential equation. We assume that there are no state cons-
traints and that the control constraints are local wi th respect to the time.
Y. Sakawa and Y. Shindo [ 3] proposed the following iterative algorithm : a
control and its state being given, compute the associated costate, then com-
pute simultaneously a new control and a new state such that the state equation
holds and that, at each time, the new control minimizes some function. This
fuhction is the sum of the Hamiltonian and of a quadratic term penalizing the
difference between the new and the old controls. It is proved in [3] that,
under some hypothesis, the sequence of the criterion decreases and that, if

a subsequence of the controls converges a.e. towards some control U, then u checks
the first-order necessary optimality conditions.

We obtain here the following results :
- Under some regularity hypothesis, the algorithm is well-defined.

- The norm of the projected gradients of the controls computed by the algorithm
tends towards zero. If the problem is convex, we deduce from it the weak con-
vergence towards some optimal control. !

- If the step size tends towards zero, the controls computed by the algorithm
are equivalent in some way to those computed by a gradient plus projection
method.

- If the control enters in a linear way in the state equation and in a quédra-
“tic way in the criterion, the algorithm reduces to some gradient plus pro- '
jection method in some new metric.

II - DEFINITION AND WELL-POSEDNESS OF THE ALGORITHM

We consider the following system




(2.1)
y(0) =03

with T > 0 given, y(t) e Rn, u(t) € RP. To this system is assdciatéd the
following criterion
T

(2.2)  a(u) = [ 1y(8), u(t), t)dt + gly(T)).
0

Let %ad be a closed, bounded, convex subset of RP. The control problem is

Min J(u)
(2.3)
u(t) e@?,{,ad, a.e. t e (0,T).

A control u is said to be admissible if u(t) e@{ad, a.e. t e (0,T) and J(u)
makes sense. |

The Hamiltonian of the problem is
H:R"xRP xR"xR->R,
(2.4) d

t
(y.u,p,t) » 1(y,u,t) - p fly,u,t).

The costate equation can be written as

pt) = 3 (v(6), u(t), p(t), £), ace. te (0T),
(2.5) "
3
p(T) = g5 (v(T)).
We denote by ||.l|p the euclidean norm in RP. Define the augmented hamiltonian
K :R" xR’ xR’ xR" xR =R
(2.6)

. f 1 2
(yausvspst) - H.(.y’uspat) + -2—6_ llu'vllp'



Here is the algorithm proposed by Y. Sakawa and Y. Shindo [3] :
Algorithm 1

0) Let some admissible control uo(t) and a sequence {ék} of positive numbers

be given. Set k = 0. Compute yo, the state associated to u°.

1) Compute the costate associated to uk

(t).

2) k = k+1. Compute uk, yk such that yk is the state associated to o and
K5, o Tty <k N Yue QU 4>
€ a.e. te (0,T). €

3) Stop if some convergence test is checked. Otherwise, go to 1. [
We now state the hypothesis made on f, 1, g :
(2.7) f is twice continuously differentiable.

There exists C1 > 0 such that
(2.8)
u admissible => |[[y(t,u)|| =< Cy, ¥Vt e [0,77.
R

2.9y 1,2 & LS

oy’ Bu ;;7A dydu

are continuous on R" x RP x [0,73.
There exists u > O such that, C, being the constant in (2.8)
Hzlly < €

(2.10) ;mp11es that the application
u > 1(z,u,t) + u[[u|l§
is convex.

(2.11) g is twice continuously differentiable from R" ohtoIR.



Remark 2. 1.

These hypothesié are less restrictive that those of [3] in which g is null and

is supposed to exist and to be a positive matrix. O

(=]
< ~n
N}

3
We note that (2.8) holds if

‘3Cé > 0 such that :
(2.12) ‘ ~
[#yaut)] < Co(L + Tyl ), ¥yaw) e B x Dy

We now give a mathematical sense to (2.1)-(2.5). Asé%{ad is bounded, (2.6)(2.7)
(2.8) imply that y is in

Y= iy e (0,TRY 3 X e 170, TR
As ¥ ¢ <%5(0,TJRn), the initial condition of (2.1) makes sense. So does also

the criterion. We easily check that if y(u) exists, (2.5) has a unique solution
in Y and that there exists ¢ > 0 such that

Hy(e) 1], < & tle(t) ], <.
We denote
E=1{(z,9) ¢ R’ « R s [lzl], <6 and []af], < 8}

Theorem 2.1.

Under hypothesis- (2.7) to (2.11), there exists 5.7 0 such that, 1f_ek < €40

¥k =1, 2, ..., a]gorifhm 1 defines a sequence {u'} (non necessarily unique)
of admissible controls. O '

Before proving the theorem, we first give the :



Lemma 2. 1.

Let t ¢ r0,T] be given. Define the (a priori multivoque) application

Exqqq R,
) (Z!qv’v) - ue(zﬁqsv)s

defined by

us: € %ad’
(2.13)
K€(2,~u€, V, g, t) < Kg(z, U, vV, q, t), ¥u ec%iad.

Denote w = (z,9). Under hypothesis (2.7) to (2.10), for any a > 0, there exists
B >0 and e >0, independant of t, such that, if e < €,» Problem (2.13) has a
unique solution u_ such that :

2 , : | .
(2.14) ][ue(wl,v) - us(WZ’V)||p < a]]wl-wzllzn, ¥wiwoe E, v e@%4ad,
(2.15) ||U€(W,V2) - UE(W’Vl)!lp < (l+0‘,\'HV2'V]_Hps WwoeE, VisVo E(;Uad’
(2.16)  |fu(wsv) = Vi, < B e, W e B ve Uygw O

Proof of Lemma 2., 1.

From (2.7)(2.9)(2.10) we deduce the existence of Cy > 0 such that, for any
" (z,9) € E, te [0,7, v,up,up € C%¢éd :
aK€ .
KE(z,u2,v,q,t) > K (z,ul,u,q,t) e (z,ul,v,q,t) (uz;ul) +
(2.17)

®

1 2
+ (‘2‘6‘ - Cz) | ‘Uz'ull ‘P'

Consequently, if e < 1/2C2, KE is strictly convex with respect to u : this
implies that (2.13) then has a unique solution. From now, on we suppose that

g < €42 with €, < 1/2C2.



We remark that the first order necessary optimality condition of (2.13) is

oK

£ ; - .
(S—U- (Z, Ué vV, G, t), u UE)]RP > 0, Yue Oz’iad’

so that (2.19) implies
K (z,u,v,q,t) = K (z u .v g, t,) + (1 -C )]lu-ﬁ Ilz
8”,_’.—8,8”” -2_8— 1 Ep.
We fixe v G"Q%ad’ t ¢ [0,T] and denote w = (z,p) and
¢€(w,u) = Ke(z,u,v,q,t).,

The above inequality can be written as

o (wsu) = o (w,u) + (55 - )l lu-u f12

Let WisWy be in E and denote u; = u(wi,v), i =1, 2. Then

¢€(W1aU2) 2 ¢€(W1’U1) + (?lg - Cl)lluz'ull‘gs

[\

9 (Worup) = G (Wpsup) + (%g = C) [ lug-uq |§ ;

and so, by addition

¢€(W13U2) - ¢€(W2’U2) + ¢€(W29U1) - ¢€(W1,U1) z (% = zcl)lluz'ullls-

This implies

oo
1 2
2 supl == o0 [Womwqll, 2 (2= 265) Hupmugl
weE oW 2n 1172 71 2n € 2 2 71''p
30, .
Note that-mﬁ— does not depend on € and is bounded on E, uniformly on t ¢ [0,T]

and v eéﬁlad, by some constant C; > 0, and so

2 1 1
[Tupmug 1 = 265(5 = 26T THwgwy 1,y



This implies (2.14).
We now prove (2.15). Fix t ¢ [0,T] and denote ¢(w,u) = K(z,u,q,t)-
Then
K_(2,U,v,0,t) = o(w,u) + 3= [u-v] |2
E”’, H '2;:‘ p.
Let vy, v in‘GQ{ad be given and Uy (resp. uz) be the solution of (2.13) with
v=vq (resp. v;vz). The necessary optimality condition of (2.13) is

3 1 5 i
(5%-(w,ui) + 2(uy=vy)s u-up) 2 0, Yu €Czladf i=12

We fix u to Us_is i = 1,2, and sum the inequalities : it follows that .

o)

(22 (w,u;) - 2w,y )s Upmug) + (Vo=vy, Up-Uq) 2 |us-u '[2
ou 1 ou 2 2 71 2 "1 1 2 "1

.

Using the Cauchy-Schwartz inequality and dividing by |lu2-ulllp we deduce
that '

£ wek

ue éalad

Hupgmuy [y < {lvp=vylly + 2 sup || SS(w,u) ],

This with (2.7)(2.9) implies (2.15).

We now write the optimality condition of (2.13) in the form

99, L. -
(Fa(w>u) + =(u_-v), u u) =0, Yue Uy -

With u = v this implies

.
u-v|| < e su == (w,
luvlly s e sop (138

UE62’4ad

from which (2.16) is easily deduced. [



Proof of Theorem 2.1.

The non trivial point is to prove that the differential equation (2.1) coupled
to the minimization prob]em (2.13) has at least one solution. It is sufficient

to prove that given u° adm1551b1e, there exists some u1 for e < €5

Let n > 0 be given. Define at = I and uf, « U”(o,TJRp) by

kAt .
@O (1) = ot yl WO(t) dt, ¥t e [(k-1)At, kALL , k = 1} ..., n.
(k-1)at -
Note that uf (t) <9 aq0 Yt e 10, T3.

Let Yn (t), u (t) be the solution of
d 1 |
. a’fyn(t) = f(yn(t), Un(t), t)s
(2.18)
yr(0) = 0,
ub(kat) = u_(yi(kat), ul(kat), p°(kat), Kkat), ¥ e 1, n-1],
(2.19)

ul(t) = ul(kat), vt e C(k-DatKat , k e [1, n-10. ;

Note that (2.18)(2.19) has a unique solution for ¢ < €6 . We study the limit of

yi, u1 when n + . As u (t) e@?{ad, ¥t e [0,T], and because of (2.9) we have
for sone C4 >0

1
Hy,ly < Cq

As é%{ad is bounded this implies the existence of yl, ul e Y x Lw(O,TJRp) such
that '
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yi > yl Y weak x,

u}] > u! 1°(0,T.RP) weak «,
ul(t) U, ae. te (0,T).

From the Ascoli-Arzela theorem we deduce that

Yy > Y G0,T.R"Y,

As ud > u® L2(0,T.RP), we have
uw ()~ uo(t) a.e. t e (0,7).

As, by Temma 2.1, u%(t) is a continuous function of its arguments if e < el
this implies |

’

The continuity of f implies P

1

Flyp(t), ub(r), &) > flyl(t),

Using Lebesgue's theorem we find that

alt) = ul(e); ae. t e (0,7,
and
1 -
DO - ey l(t), wl(t), 1), ae. t e 0,71

Thus Ul,ul) check the conditions required by the algorithm. 0O
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Remark 2. 2.
If f and 1 are twice continuously differentiable, it can be showed that, if € is

small enough, u_ is a lipschitzian function of its arguments. Then the exis-
tence of a solution to '

y' = f(y'» UE(.Y9 u03 p)a t), te (OsT):

is a leECt consequence of the general results on ordinary d1fferent1a1 equa--
tions, and the sequence{u} generated by the algorithm is unique. 0

II1I - CONVERGENCE OF THE ALGORITHM

This paragraph studies the asymptotic behaviour of the sequences generated by
the algorithm. We first state a result similar to one of [3].

Theorem 3.1

Under hypothesis (2.7) to (2.11), there exists a > 0 such that any sequence
generated by the algorithm checks :

&

S PR L i

k
3.1 J -J
(3.1) () - I : -,

Proof

We drop the variable t when there is no ambiguity. The decrease of the criterion
© can be written as

T
k. k - k-1 - -
J(u™) - J(u ] y,u,p ,t)-H(y ,ukl,«pkl,t)+
0

k  k k-1 k

AL, W, 0 - R W et + gk (m) - ety

(M).

Define
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k k-1
d.yk=.y -y L]

auk = o - uk'l.

Then, with (2.1) :

;
k) - ol = f-EH(yk ookt - H ML e o
(3.2) °
+ 0 S (evF)aat + oK (M) - ety (T,

We obviously haVe

k k k-1

N
K k-1 »t) = H(y ,u,p~ ",t) -

k-1 k-1 k-
H(y ,u ,p° “,t) - H(y ,uk P L

k Kk k k-1

- H(y ,u - su',p “,t) + H(yk'1 k, uk-1 k'l,t) -

+8y ,u T,p

-1 k-1 k-1
H(yk l,u » P T,t).

It is easy to check that the hypothes1s made imply the existence of C5 >0,
such that, ¥t ¢ [0,T] :

H s ) = R L ) - B R kR L e ek -
- 5l 1su¥] 12,
MK LesyK, Uk Lokl 4y H(ykfl’uk-l’pk-l,t) .
+ (G R e 4 Cs ley* 11
These inequalities with (3.2) imp1y
T
oy - oYy o kL sy gl [ou¥ (|2 +
(3.3) - (3 (yk'l,zk'l,pk'l,t),ayk) + Coloyk 12+ pk 4o (oyKyaat +

k k-1

+9(y " (T)) - gly™ (7).
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We note that
aK_
oH kg okel k k k-1 k-1 Ky _ Lppak(2
(55 (¥ susp 8u6) = (20U T T )80 - 2 leut]

and, by definition of uk
oK
( E (yk uk uk 1,pk 1 t) duk) < 0, a.e. t e (0,T).

On the other hand,using (2.5) and integrating by parts

T

oH , k-1 k 1 k-1 k k-1d k
J o ML 6K+ BT Seey ) e
0

k=1 k-1

k
s 8y7) + (P s %; (6y%))3dt

(G p

0
o -

), ey = G2 6.

As y(T) is uniformly bounded in R" we deduce from (2.11) that for some C6 >0 :

k-1 k

g(y¥ (1)) - aly*" (M), " (M) < el (M2,

Using (3.3) we deduce that

iy

'—-I

£)]12

£+ cglby(t)lIpaat +

T
3y - ok < e - 9) ||6u
0

We end the proof as in [3] : we have

Siskoll, < 1% sk (011, = 1S -

Hypothesis (2.7) and the fact that y and u are uni formly bounded imply the
existence of C; > 0 such that
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gl ol = 1y () 11, + 1o (v)]1)

Using Gronwall's inequality we deduce that for: some Cg >0
T

k | 4 k
ekl = cg | lsd(w)]1, at,
0
and with the Cauchy-Schwartz ineqaality :
T
K, vi2 ' 1o K 2
ey e l1Z < cg 7 [ sty 112 ae.
0
This implies

T : T
flldyk(t)llﬁ oM [ llst () 12 gt
0

The two last inequalities with (3.4) yields (3.1). 0O

2

We denote by Pc the application from L (O,TJRP) onto itself such'that P (u)(t)
ad é?lad

is a.e. in t the projection of u(t) oQ’qyad. The grédient of J is denoted vJ.

We state a result of g]obaj convergence :

Theorem 3. 2.

We suppose that J is Tower.bounded and that hypothesis (2.7) to (2.11) hold. Then

there exists €y > 0 such that, if € <€
rithm checks :

o? any sequence genenated by the algo.

(3.5) J(uk) decreases,
K _
(3.6 >0,
) | u " 20, T,Rp)
(3.7 kK _p k vJ(u + 0.
TV S L2(0,T,R°)
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- Proof

Relations (3.5) and (3.6) are an easy consequence of theorem 3.1. Let us check
(3.7). From the definition of W we deduce that

(uk—uk'1 +'ek gﬂ (yk uk,pk -1 t), v-uk) 20, ¥v eé%/ad’ a.e. t e (0,T).

_This can be written as

EIN (- i

We note that

ga(uk-ly < 3 (kL el kel gy,
. so that
k-1 k-1 k-1 k-1 k k-1
u - Pz (u -g, VI (u ) =u -u +P (u -
é%lad k ' ‘G%lad
oH k k k-1 k-1 9H k-1 k-1 k-1
- Ek "é"g (y »U P t - P@Z{ad v - E:k —é—u (y »u -P ’t)).
As P " js a contraction we obtain
' é%lad
4k k-1 k-1 k-1 k
K - pgy, Ko m I, s T,
ad L~(0,T,R") (0,T,R™)
(3.8) -
k k k-1 oH k 1 k 1 1
te ||z (yo,u,p at) =gy “ Ol ,
1°(0,TRP)

From (3.6) we deduce that
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u(t) - u “(t)y~0
Kty - v e s o ae. te(0,T).
p“(t) - P L(t) ~ 0

As H is continuous this 1mp11es that

%% (ko Lty - %%(yk'l,pk‘l,uk'l,t) >0, a.e. ter0,TI.

Using Lébesgue theorem we see that the right side of (3.8) tends towards zero. [J

The hypothesis we made do not allow to prove the convergence of {uk} ; in fact
they do not even insure the existence of an optimal control. However, stronger
results are easily deduced from (3.8) associated to some additional hypothesis :
here is an example. :

Theorem 3. 3.

 We suppoée_that J(u) is a 1.s.c. convex function, defined on a convex domain,
and lower bounded, that hypothesis (2.7) to (2.11) hold, that e is small enough
so that (3.5)(3.6)(3.7) hold and that 1im inf € > 0. Then some subsequence of
Wk (still. denoted {uk}-) checks

uk U LZ(O,TJRP) weak,

wheré U is an optimal control. 0

The proof of the theoremis a direct consequence of (3.7) and of the following
lemma :
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Lemma 3. 1.

Let U be an Hilbert space and K a closed cpnvex subset of U. Let J : U+ R

be a 1.s.c. proper convex functional. Let {uk} be a bounded sequence such that J
is Gateaux differentiable on ("} and {VJ(uk)} is bounded. We assume that there
exists p >0 such that

11u® - p (k- owa@uy ]+ 0.
U

K
Then some subsequence of {uk}, still denoted {u'}, checks

uk - U in U weak,
and
ue K,
(3.8 ‘
J(u) < J(u), ¥ue K. O

Proof of Lemma 3. 1.

Denote gk ==VJ(uk). We have‘for some subseqdence'

=
¥
[

U weak,

U weak,

[ta)
+
v

and U ¢ K. Denote

k
vk = PK(uk - 09 ).

We have
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(vk - uk + pgk), W - vk) =20, W e K,

k_ k

(vi-u ,w-vk) + p(gk,w—uk) + p(gk,uk-vk) > 0, ¥v ¢ K.

We made the hypothesis [Ivk-uk[[ + 0. Then.

1im inf (gk,w—uk) 20, ¥Yw e K,

Jotoo
and consequently

(Gw) = Timsup  (g5.u5), W e K.
oo

This holds ih particular for w = u. From this, we deduce (see [11 p. 27) that
g ¢ 3J(u), where 3J(u) is the subdifferential of J, and that (gk,uk) > (g,u).
Consequently ' )

(g,w-u) = 0, ¥w € K,
and this implies (3.8). 0O

Remark 3. 1.

k

Lemma 3.1. still holds if we only suppose that g ‘is an element of the subdiffe-

rential of J at uX. O

4 E@ﬁark 3.2.

When applied to a discretized version of (2.5) a formula of type (3.7) is suffi-
cient to prove that for every limit point u of {uk}, the following necessary op-

timality condition holds :

u = P (U~ evi(u)), ¥¢ > 0. D



- 19 -

IV - RELATIONS WITH THE GRADIENT PLUS PROJECTION METHOD

We have seen in the proof of theorem 3.2. that the algorithm can be written as

k o k-1 3H , k k k-1
(4'1) u - POMad (U AE au (y U ,p ‘ 9t))’

The gradient plus projection method for a control problem can be written as

otk k-1 H o k-1 k-1 k-1,
@y g (e oy e
. a

b}

where € is the step size. We fix uk'1 and show that the two points obtained by

(4.1) and (4.2) are very near when € is small.

Proposttion 4. 1.

k-1 2 k “k

Let u e L (O,TJRp) be an admissible control. We denote u_ and u_ the new
=k k-1

controls obtained by (4.1) and (4.2). Then, if U = u for some € > 0 :

k “k
lim !lue B UEI‘LZ(O,TJRP)
0 |18 - &,
¢ L5(0,T,RP)

&

Proof
As Pé@l is a contraction, (4.1), (4.2) imply that (dropping the subscripts é):
ad ' o .
k - oH , k k k
Ilu -U||2 p —EH'gU(.Yruap st)'
L™(0,T,R")
k-1 k-1 k- :
L=(0,T,R"™)
The continuous function-%% is uniformly continuous on the bounded set of admissible

states; controls and costates, for t ¢ [0,T1, so that ¥a >0, there exists €4
such that '
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(43)  e<epm [ -E], <o .
| L°(0,TRP)

The Temma 1 of the annex implies that

1,7k k-1 1,k k-1 '

S =, e Sl - 2 poa Vel > e >0,

. L“(0,T,RP) L™(0,T,R")
i.e.
- k-1
L (O,TJR )

for some C; > 0. This with (4.3) proves the proposition. 0

We now see that in an important particular case, the algorithm is equivalent
to a gradient plus projection method in some metric.

Theorem 4.1.

We assume that the control enters in a Tinear way into the state equation and

in a quadratic way into the criterion, i.e.

fly,u,t) = fi(y>t) + B(t)u,

#

1(y,u,t) =5 ut

u’ N(t)u + ]1(y,t),

f
N =

where B(t)-énd N(t) are time-dependant matrices of convenient dimension, and
N(t) is symmetric. We denote

M(t) =T +¢ N(t).

Then the algorithm reduces to the gradient plus projection method in LZ(O,TJRD)'
~endowed with the new metric
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.
(4.4) ((u’v))Lz(o,TJRP) = g' u(t)® M_(t) v(t) dt. O

Proof
From (4.1) written with i = 1 we see that u1 is characterized by
(ul(e) - Lty + e(N() ulr) + 8*(x) pO(t)), v'-u1<-t)')]Rp 2 0,
W9y o a.e. te (0,T).
This is equivalent to

(1 + eN(£))ut() - (1 + en(e))a() + e(nee) uO) + 87(p) p°

(1)),
V~Ul(t)%Rp 2 0, ¥v 9y 2.e. t e [0,T.

We note that VJ(uO)(t) N(t)uo(t) + B*(t)po(t), so that

1

(m_(t)(ul(t) - o

L) - e ) ey (e v-ul(t)) 520,
- R

yv etiqad, a.e. t ¢ (0,7).

This is the characterization of the point obtained by the gradient plus pro-
jection method associated to the metric (4.4). O

V - CONCLUSION

In this study of an algorithm of resolution of optimal control problems, we
estallish some results of well-posedness and of convergence. In addition, we
show that this algorithm is strongly related to the gradient plus projection
vmethod. For numerical experiments using this algorithm, see [31, [4], {5].
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.The'fo11owing technical lemma, which can be interesting in itself, has been
established. Let K be a closed convex subset of an Hilbert space H, U e K,

d e H. P, denotes the projection onto K. Then-é l|u-PK(u+ed)I| is a decreasjng
function of e.
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ANNEX

————

Let K be a closed convex subset of an Hilbert space H, Let u be in K and d ¢ H.
Call

u(e) = PK(u + ed)
where ¢ ¢ R" and Py 1s the pfojection onto K. Then
Lemma 1
The function
o(e) = 2/ 1u - u(e)]]
s decreasing with respect toe . [
If
u+ede K, ¥e 20, v ;
the result is trivial. If this is not true, there éxists € = 0 such that
u+ede K<=> g <€,
As
o(e) = ||d|| ife =< &,
it is sufficient to prove that

1 1 -
EE!IU - u(ez)|| < EEJ[U - u(sl)ll, €y > €1 2 E.
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We call u; = u(ei), i =1, 2 ; let I be the hyperplane

T=1{veH (v- Uy, Up - (u +.gqd)) = 0}.
Let PH be the projection onto Il and denote

U(e) = PH(U + ed).
Call U, = U(ez). We first check

1 ~ 1
(Wl gl s el
We decompose d in

d = d, + dt’
with dn (resp. dt) normal (resp. parallel) to . It is not difficult to see that
(2) U(e) = up + (e - €q)dg.
With e = 0 this gives :

0(0)=U1- 81 d,t-
As U(0) is the projection of uonto I, we get

2 Sy 112 ~ 2
[u = ugl1® = [lu - 5(0) |12 + 13(0) - uj ]

2

u0) 1% + {114,112,

n
<
]

and so :

(3) u = ugl 2 eqlld ]l
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On the other hand, we have
u - Tyll s [lu = uyl]+ ey - Tl
and'with (2) :
[Ju = Gpl | = [u - upf] + (g5 - eq) | dg]].
We devide by €y and rearrange it as
1 ~ 1 1. 1 »
gllu - U2l1 < g—||u - U1|| (- E‘)(I‘“ - U1|| - €1lldt||)-
1 -T2 1 -
This with (3) implies (1).
The lemma will be proved if the following inequality holds :
(4) u = uy|] = [lu-Tyl]:
We have

42 2 ‘ 42
Hu - uzll [u - ulll +2(u - uy, up - up) +'llu1 - u2|l )

2 2 W)+ u,|2.
u = Tl 1% = Hu - ug [T+ 200 - ugs ug = Bp) + [luy = B 1%

We will prove that

(5) ||U1" ugl‘ < [luy - ﬁgll
and then
(6) (b= ups vy = ) < (um U by - Tp).

This implies (4). Let us.firsfiproveQ(S).ZWé?maj suppose. that u; 2 u,. Let D"
be the straight Tline e o - ,
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D={veHj;vs= up + t(u2 - ul), t ¢ R}.
Let w be the projection of u + e,d onto D. Then

W = Ul f a(u2 ; Ul)
for some o > 0, and by definition of w :

(upy - up, up + a(u2 - up) - (U +e,d) =0,

or
(Up = Uqgs Uy = (U + £,d)) = -Vallu - u |32
2 = Up Yg 2 g = uphiss
i.e.
(Up = Uys U+ e0d - uy)
(7). ae2”™ 2~ Y
15

HUZ ]

As u + eld is outside K, u + azd is also outside K. The hyperplan Il separates
K from u + ¢,d, and a-fortiori K from u + azd. As Uz is the projection of
u+ szd on II, we have

v
(e ]

(u2 - 02, U, - (u+ azd))

As Uy and Uz belong to I :

(Ul - uz, EZ - (u + Ezd)) 0,

and so, by soustraction

v
o

(u2 - Ul, az - (U + ?Zd))
or

(U2 ‘.Ul, ﬁz - Ul) + (UZ - ul, Ul - (U + Ezd)) > 0.
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With (7) we deduce that

: ~ 2
(Up = ups Uy = ug) 2 affuy, = U™,

and so

(8) iy - ug| 2 afluy - ulil-

Now, U, is the projection of u + ezd on K, and so a-fortiori on [ul,uzj. As
w is the pnojection of u +e,don D, a2 1. This with (8) implies (5).

Let us prove (6). Let ube theppnojection of u, onto T. We have

~

(u(o) - Ups U - u2)

~

(u - uy, ug - Uy)

(9) -
11u(0) = uy [] [fuy = Uylfs

and
(U= up, Up = Uy = (u = T0) +(0) = up, up ~u + u - oup)

= (u- U0), u- u2)>+ (u(o) -Up, Up - u) .

As u and u2 are on the same half-space limited by T, we have
(u-U0), u-uy) <0,

so that

118(0) - ugll g - ull.

IA

(u - Ugs Up - “2)

As the projection onto I is a contraction :

IA

(u - Ups Up - Ug) | 1u(o) - Ull{ |Iu1 - u2||°

This with (9) and (5) implies (6), and proves the lemma. [
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