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Abstract:

We study the number of registers required for evaluating
arithmetic expressions formed with any set of unary and binary
0perators. Our approach consists in a singularity analysis of

intervening generating functions combined with a use of (complex)

"Mellin inversion. We illustrate it by first rederiving the known

results about binary trees and then.extend it to the fully general

case of unary-binary trees. The method used, as mentioned in the

~conclusion, is applicable to a wide class of combinatorial sums.
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Risumé: Nous étudions le nombre moyen de registres nécessaire & lévaluation
d'expréss'z',ons formées dun ensemble quelconque d'opérateurs unwires ou
binaires. L'approche suivie consiste en une analyse de singularité des séries
génératrices d'énumération combinée @ une utilisation de propriétés de la
transformation de Mellin (complexe). Lo méthode suivie est opplicable &
{'analyse asymptotique dune large classe de sommes combinatoires. inter-
venant en analyse d'algorithmes.

Abstract: We study the average mumber of registers required jur woulauling
arithmetic expressions formed with any set of unary and binary operators. Our
approach consists in a singularity analysis of intervening generating functions
combined with the use of (complez) Mellin inversion. The method used is also
applicable to a wide class of combinatorial sums appearing in the analysis of
algorithms. ‘




1. INTRODUCTION

An arithmetic expression with only binary operations may be

described as a binary tree. For instance, (x+ytz)*t corresponds to

.
«

There is an optimal strategy to evaluate binary trees [5]. The mini-
mal number of registers necessary to keep intermediate results is
called the register function of the tree t, and is denoted by Reg(t).

This function may be defined recursively as follows:

Reg (D) = 0

' 1 + Reg(t,) if Reg(t,)=Reg(t,)
Reg ( //K\ ) = ! L 2
t,I t2

max{Reg(t1),Reg(t2)} otherwise .

If B denotes the family of all binary trees and Rp the family of
trees t with Reg(t)=p, one has the following symbolic equation [6]:

Q

B = .D + N\,
B B
0 Jo) Q

R = N -+ . ' + N p> 1
b R__4 R, IRy R, R I R;

p=i P j<p P 5<p
RO = o

7 The average number Dn of registers needed to evaluate a binary tree

of size n (i.e. n internal nodes) is a well-studied quantity [7,12,16]:

) It satisfies
\'0

Dn = log4r1 + D(log4rn + 0(




where D is a periodic function with period 1 and known Fourier
coefficients and log*n denotes én unspecified power of logn

(usually different powers in different situations).

' The aim of the present paper is twofold: Firstly, we give an
alternative proof of this result, which is based on an analytic
technique "& la Odlyzko" that has proved to be very helpful in

tree enumeration problems (see [9,17]); this alternative proof permits

‘us if needed to derive asymptotic expansions of‘Dn to any order.

Secondly, the approach extends easily to more general

classes of trees: assume unary operations like -, sin, exp, log,
etc. are also permitted. We are then dealing with a family B of trees
given by ) '

B8 = cor0  * c1.f + czl/g\\ .
A B 8 B

Here, we assume cO>O, 0120, c2>0 : there are co nullary node, c1
unary .node and c, binary node labels (operators). This is just a

special case of a simply generated family of trees [15].
The corresponding enumeration results involve generalized

trinomial coefficients and our approach avoids some of the
clumsiness involved in. approximating these trinomial coefficients.

The register function is also defined on unary-binary trees in an
obvious way: it is clear that unary nodes do not affect the register
function. More precisely, for a unary-binary tree t, the register
function Reg(t) is defined inductively by: -

Reg(n) = O
Reg(T) =  Reg(t)
t
1+Reg(t,) if Reg(t,)=Reg(t.,)
Reg ( /K\‘\ ) = i ! . L ' 2
t1 t2 max{Reg(t1),Reg(t2)} " otherwise

As we shall see in Section 3, we may find ﬁp (A refers to the family
é) from Rp by a suitable substitution. This also means that the method



of proof carries over easily to 8 by means of a change of variaﬁle, 
which is easy to deal with ih the context of analytic functions, but
uncomfortable (although possible!) if one follows the strategy of
extracting coefficients from power series and approximating them

afterwards.

i

2. THE Rec1sTER FuncTION OF BiNARY TREES REVISITED

Let Rp(z) denote the generating‘function of the family Ré. It
".is known [7,12,16] that

2P-1
V4

F (z)
2p+1

where Fi(z) is the i-th Fibonacci polynomial:

' i—i )
F,(z) = Y ¥ | withy = l%E Y =_l%£ and r = /1-4z .
» Y=Y
The generating function of the cumulated register values is

E(z) = ) p.R_(2)
. p=1 p

The " sought average D is then

[z"] E(z)
,Dn =  Th ’
[z"] B(2)
where B(z)=(1-r)/2z is the generating function of B and [z”1f denotes
the n-th Taylor coefficient of the power series £.

Using the substitution [2]

u 1-r
Z = ..____._._._2._ -~ i = —
(1+u) 1+r
we easily find
2 2p 2 .
1-u T 1=
E(Z) = ' = u 5‘ k
0 p;1 T oPFT T T g5y V2R u




where v2(k) is the dyadic evaluation of k, defined as

v, (k) = max {i| 2% divides k} .

We want to extract [z 1E(z) by means of Cauchy's formula, viz.

n _ 1 dz
[z7]1E(2) = 57T ﬂ‘E(z) ;31T , (1)

where T is a path as depicted in Fig. 1:

)
)

-

=1

L

Fig. 1:

For this, we have to show that E(z) has an appropriate analytic
continuation in a domain which properly contains T.

Following the general strategy developped in [9], we can,
provided we have an approximation of E(z) about 1/4, "translate" it
to an approximation of the éoefficients [z"1E(2) given by the Cauchy
integral (1). This is a fairly straightforward process once the
approximation of E(z) is known. So our task is reduced to the

problem to obtain an expansion of the form:
E(z) ~ a.r.logr + B.r + ...,

where r=/7-4z , in a sector about 1/4 which contains the line segment
of T'; the contribution of the Cauchy integral (1) of the part of the
circle with radius >1/4 is negligible.

Now, since

kK .2 4 .8
I ovytk) wf= u? o u” o u + ..
k21 2 1-u? T g T 9B ’
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‘the unit circle |u|=1 is a natural boundary of this function. The

nature of the mapping z= z(u) is such that the boundary of the unit

. circle in the u-plane is mapped on the halfray Re(z)21/4, Im(z)=0,

and this halfray thus constitutes a natural boundary for E(z).

From the preceding remark we are free to choose any contour

that simply encircles the origing without croosing the halfray

and in particular we can take the contour T of Figure 1. (To be fully
precise, we shbuld take a small halfcircle around z=1/4 and then

let its radius shrink to zero.)

What remains to do is thus to find a local expansion of E(z)
about z=1/4. This will be done by the use of the Mellin transform.
(See [4,20] for more information about the Mellin transform and
[6,18] for some applications in Computer Science.) ‘

We set u—e_t and

vie) = § v,0e ¥t Vi) = 571 vix) ax

k=1 0]

Since v2(2k)=1+v2(k) and v2(2k+1)=0, we easily find

] v,k k7S = Hely

k=1 27-1

and so
% ,
V (s) = Eiﬁ%ﬁiﬁl ’ Re(s)>1 .
27-1
The Mellin inversion formula gives
1 2t -s
V(t) = 57 z;gm Vi(s) t ~ ds ,

and we can shift the line of integration to the left as far as we
please if we only take the residues into account.
The reader might be puzzled that we use the Mellin transform of

functions of a complex variable. But we actually do not need more than

-t 1 Ctiew -s
e " =33 [ T(s) t ° ds , Re(t)>0, c>0 ;
c-iw ‘

a reference for this is for example [1; page 91].

Thus we find an asymptotic series for V(t) via




, " s
V(t) o ) Res(V (s)t 7)
Re(s)<1
The main contributions come from s=1, s=0, s=2krmi/log2 , (k+0).

The residue at s=1 is easily found to be

1
t
Now TI'(s+1)=sT(s), and so (s-0)

r(s) = %[F(1)+I“(1).s+0(82)] = -;- -y +0(s)

Furthermore,

t(s) = - 3 - glog2r - s+ 0(s®) , (s20), [21]
and
1 1 1 .
) log2 .s 2 + 0(s) (s>0) ;
27 -1
also
£t =1 - logt .s + O(sz) ,  (s20).

Thus the residue at s=0 is

1

llogzt - ElogZZW + 1 4 ol .

2 4 2log 2
The residue at s=2knri/log2 =: Xy is simply
e, t K with o = — I (x)e(x)
k k T Tog2 & ‘Xkx!&'Xk

Puttings things together we find (z>1/4, i.e. t-0)

t

E(z) = (e - ™% v(t) = (2t + 0(£%)) v(t)

1-x
Ky 4 O(tz)

t.log, t + K.t + ; 2¢c, t
2 . k
k=*0
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with
- - LI, A
K = 1092211 +2+_1092
Now e_t ='u and u = %E% with r = v/1-42z , thus

L 1-r _ . 3
| t = - log Tr - 2r + O(r )
yielding

1-Xk-

E(z) = 2rlog2 r + 2(K+1)r + 4 i r + 2 + 0(r2)
k*0

So we find an asymptotic expansion for [z"]E(z), as announced earlier,
by looking at [zn]2rlogzr' ’ [zn]2(K+1)r and so on. For this, we
refer to [9,10,11,13]:

-a-1

n a _ n 1 '
[z] (1—;) = =9y (1 + 0(7)) & a¥0,1,2,...
. —a-1
n _ _\% _ -~n " logn
[z'] log(1-2).(1-2) = =)
n"e"! | log n
+ B ri(-e) o+ 05T
2. nOt+2
(Tr(-a))
Remark that [21]
r(-3) = -2/7 and P'(-3) = 2/7(y+2log2 -2)
This gives us
' . -3/2 -3/2 A *
(2 Log (1-2) . (1-z) /2 = B2710an 4 B (ya2l0g2-2) + 0223
: ‘ o2/ 2/ n
'Since z = % + 0(r2), and therefore B(z)=%é§ = 2-2r + O(rz), we have

. -
o [z"] E(2) _ [2%] (2rlog,r + 2(K+D)r +4]y 10 T F+2+o(r2))
no12™) B(2) [z2"1 (2-2r+ 0(x2))




-8 -
-3/2 -3/2 n-1_-3/2
P (B—299R LB (y4210g2 -2))-2 (k1) 2B + E
_ 99 2/7 2/7 /1
- n
L a2+ 0k
/
where (Xk_3)/2 k -1 1 *
E = 4] ¢ 4"n /r( )+0(—%972—n)
k0 n
Hence
, X/ 2
_ n «
= Jogn 1 (X4log 2 -1)- (R+1)+4/7 e S 0(ed 1,
Pn = 2Tog2 * Togz (27199 '“kio Xy~ n )
I (——)
Now
4'/;01{ _ 4/?t:(xk) I (x)
Xo—=1 : Xy~ 1
P g ) log 2 F(lz )
1
4vn t(x,) 1 X3 X K+ k=
_ k_ 2k2r(7k)r( y 7 rk
log 2 2/ ‘
_ 4/Fc(xk) T X C(xk)l"( )(Xk‘1)
= . P5) - (x =1 =
log2 4/« _ ~ log2
and therefore
D =1log,n - 1. X - L + log, 2
n 4 2 2log 2 log 2 24T
: %
1 xk/ 2 log n
* 1553 k;o €(Xk)F( )(Xk )n + 0(——5——)
: xk/2 kai.log4n
Now we notice that n =e and state [7,12]:

" THEOREM 1. The average number of registers to evaluate a binary
tree with n nodes is given by '

- log n
D log411 + D(log4rn 4+_ 0( - )

where D(x) is a periodic function with period 1. This function can

"be expanded as a “convergent Fourier series D(x)=zk€z dkeZk"lx, and
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N

S Y __V 1 ,
do = "3 " 3Tog2 ~ Togz + 199227

_ 1 XKy (y - o 2kmi
dk = 1og 2 C(Xk)r( 2)(Xk 1) . k+ol Xk = 1og 2 .

Remark that the constant do was erroneously stated in [7].

3. THE REGISTER FuncTiuN OF UnARY-BINARY TRFES

If we have a family

8 = c..o + c,.¢ + C, . '
| 0" 1 %/R\
o 8 g 8

we can obtain it from the family B of binary trees by means of the
following substitution process: Above each leaf insert a sequence of

unary nodes, viz.

o > (I)

Above each binary node insert a sequence of unary nodes, viz.

%
R > jz
For plain binéry trees, yB(yz) is the series enumerating B, where y

marks a leaf and z marks an internal node. Thus the corresponding

series for g.is obtained by the substitutions

oY
: (e}

y > 1-C P /
1

(2)

c.z
2

z i 1-c.2z )

Since the substitutions do not change the register function of the
involved trees, we can find ﬁp from Rp etc. by the substitutions (2).
(ﬁp is the generating function of the trees in B with register function

p.)
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We can define the size of a tree in B in two ways:
(1) we count leaves and internal nodes,
(2) we only count internal nodes. _
In terms of generating functions (1) corresponds to the transformation

2 i
c.z c.Cc,z
f(z) > /f(z) - 1_0 Z £ 072 2) , :
1 (1-c,2)
while (2) corresponds to:
: 2
C C.C.Z
£z) > b)) = 2 £(—22 )
. ' ' 1 (1—c1z)

We can treat both cases together by considering the more general

transformation:

- c z%c' (c.z+cl)c,2 :
£(z) > @ = L2202 0 2, (3)
. C1Z (1—c1z)
where CO’ cé > O and co#o o C6=O‘ So all we have to do in order to

compute the average register function ﬁn of all trees of size n is
to perform the transformation in the expansion
. 1_Xk 2
E(z) 2rlog, r + 2(R+1)r + 4 ] cr + 2 + 0(x%)
and in ' k0 : &

B(z) = 2 - 2r + 0(r?).

We are interested in

[2z7) B(z)
[2"] B(z)

(ﬁ(z) and ﬁ(z) are obtained from E(z) and B(z) by meéans of the

transformation (3).) The factor (coz+c6)/(1-c1z) appears both in the
numerator and the denominator. If we ignore it,. we actually multiply
both the numefator and the denominator by 1+O(1—4z); this means that
we have to multiply the approximation for ﬁn by 1+0(1/n), and this [
- does not affect the accuracy of the approximation for ﬁn‘ :
Let ¢(z) = (COZ+06) czz/(1—c1z)2. We have to express r(9(z)) in terms

1/2

of ? = (1-2/0) , where ¢ is the‘singularity of r(w(z)) nearest to



the origin; o plays the role that 1/4 plays in the case of binary

trees:

1 2

- v 2
r((DfZ)) = 1—-_-31—2' ‘/1f(2c1+406C2)Z+(C1-4COCZ)Z

o is one of the solutions s1, 32 of'

»

2 L2 . .
(c1 4CQ%QZ —(2c1+4c6c2)z+1 =0 , i.e.

L] 1 ] 2
cit2cic,y # 2/5;. cheqteh cy*ey

2
c1 - 4c0c2

1,2 T

(a) We assume first that c% t 4cyc, and c1+206c2>-0. Then s, + -S,-

We set 0 = s, and o = s, If ¢} < 4cye,, then ¢ is the singularity
5 ‘

this is also true,

closest to the origin and |o| > |o

. If c1 >v4c0c2,
because
] - ] 1
c1 + 2coc2 2/02‘/c0c1 + cO c2 + cO > 0 &
2 . 2 2 . 2 2
c1+4coc1c2+4cO c2 > 4COC1C2+4CO c2+4coc2 P
2
c1 > 4coc2

So we have

2 2 _ 2_ = =
(c1-4coc2)z —(2c1+4cc’)c2)z+1—(4c1 4coc2)(z o) (z-o)

and thus as z-o

2 2 2 -
(c1-4coc )z —(2c1+4c602)z+1 w.(4c1—4c0c2)(z—c)(o o)

_ ' 2 _z
= 4/_6—2_‘/c0c1+c(') c, tCy - O . (1 =)

Hence
1 FIPVA I 12 174 [,z _. P
rip(z)) ~ 1_c1c.2/o.c2 (cgeq+ch c2+co) 15 =: As -3

2 _
(b) 1f cy = 4coc2, then

' - 1 — 7 = T_Z
r(p(z)) = 1_010.\l1 (zc1+4cocz)z A‘/1 5
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with

! 1 1
0 = 57— and A =
2c1+4coc2

=0 and c!=0, so that we

(c) If c,+2c =0 , we have ¢ = -g. This means 4 o

1 ]
174C0%27
have to consider Al

n . 2 n-1 2
[z ]cozE(cOczz ) [z ] E(COCZZ )
c c 2)
0°2 0%2%
In this case n has to be odd, n=2N+1, and we substitute 22=w and

[zn]cozB(c 22) [zn-1] B(c

have to consider

N
[w] E(coczw).

5 ‘
[w'] B(coczw)
which is as in the other cases. So within the accuracy in which we

compute the average register function, we can consider

— —_— —_— ‘]—X
[2"] (2AJ1 ~Z log, (AJ1 -Z)+2 (K+1 )AJ1—§+4Akiock (W——j-) Ky

(2" -2ny1-2

T=Xy

[z™ 1—2—41—5 log (1—§)+(K+1+1og2 A )41—5 + zkiock (\/1-:;'-)

2log
(2" 12

=1og4n + D(log4n)' - long

If we consider

‘ n-1 n-1
log4 5~ + ‘D(log4 —5—) long K
this is within our accuracy equal to
log,n + D(log,n- l) - log,A - 1
4 4 2 22 2

This leads us to our main theorem.

0
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THEOREM 2. Given a family 8 of unary-binary trees:

g = Co-l * c1.z + c%)q\ , €y>0, €,>0, c 20,
£ 8
the average register function ﬁn’ where all trees of size n are

equally likely (if the size is measured by the number of internal

nodes and leaves, we set c'=0; if the size is just the number of

, 0
internal nodes, we set c('):=cO and co:=O), is given by:
. 2 ' .
(a) If cf e 4cyc, and c,+ 2cic, >0 , set:
2
[} - [} ]
o c1 + 2coc2 ZVCZ‘JCOC1+CO c2+cO
c2 - 4c,.c
1. 02
and
__1 /4, ., . 2 1/4
A= oo %Gﬂcz (cheq+ cfe,tey) ,
then
1 *
- - M ’ %)
Sn log4n + D(log4n) long + 0( - ), (nsow).,
. 2 _ . )
(b)y 1If cy = 4coc2, set
ool g A=l
]
. 2c1+4coc2 1
Then ) *
A _ log n -
Dn = log4r1 + D(log4rn logzlx + 0(——;—— ) (n>e) .
(c) 1If c1+2c:(')cz=0, then for odd n, we have with o,A defined as in (a):
A 1 1 1 *
- - 2y - -1 og n o
Dn = log4r1 + D(log4n 2) long 2~+0( - Yy {(n>w) .

EXAMPLE. Let us consider the Motzkin trees, defined by:

Let a leaf contribute to the size. The generating function of the

numbers of Motzkin trees satisfies M(z) = z(1+M(z)+M(z)2), whence
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1 - z -\f;i— 2z - 322

M(Z) = 22 ’

co=1, c6=0, c1=1, cz=1, 0=1/3, A=/3. The average number ﬁn of
registers needed to evaluate a Motzkin tree of size n is then

%
6n = log,n + M(log, n) ~+ O(E%—R) ' (n->e),
where
_ 2kmix . _ 1 Y 1, _
M(x) = kgz m e with my=-3-3755 Togat109,2T log,/3
and :

1 Xk _ _2kmi
M= Tog7 SOqIT () gD k10, 4 Tiogs

4, CONCLUSIONS

The path we have taken is general enough to enable us to treat

the asymptotics of sums of the form

\

2n
S = a, ) (4)
k;1 k ‘n-k

(where instead of binomial coefficients, differences of binomial
coefficients may appear), when {ak}k>1 is an arithmetic sequence,
i.e. a sequence such that the Dirichlet generating function

als) = 3 a, %

is meromorphic and,well enough behaved towards iw. Such sums appear

in the analysis of algbrithms in at least the following three cases:

1 - Height of trees [2]
2 - Register allocation [7,12,16]

3 - odd-even Merge [8,19].

The methods that have been employed to analyse sums of the form

v

(4) are:
A - With the Gaussian approximation of binomial coefficients,
. " .
replace the study of S in (4) by the study of S (1//n) where:

B

LY
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* v -
S (x) = 2 ak e . (5)
k>1-
and use Mellin transform techniques to evaluate (5) asymptotically.
This is the way taken originally by de Bruijn, Knuth and Rice [2]
(problem 1), Kemp [12] (problem 2) and Sedgewick [19] (problem 3).

B - Use real analysis to obtain real expressions for

or all - ) a. or al?) - ) alh .

a
k i<k J k i<k 3

k

Developments based on techniques of Delange constitute the original
treatment of register allocation in [7] (problem 2), and have been
applied to rederive Sedgewick's solution to problem 3 in [8]. In
the context of problem 1, they lead to an elementary derivation of
the main terms of the expected héight of general trees (this fact

has been pointed out to us by L. Guibas).

C - Use singularity analysis of the generating function of the

n
S(z) = ngo S, z

as we have done in this paper. The method has the advantage of allowing
rather simply derivation of asymptotic expansions to any order and
also generalises easily as we have seen to cases where binomial
coefficients are replaced by trinomial coefficients or even more
generally to coefficients of powers of some fixed function. It could .
therefore have been applied to problems 1 and 3 as well; interestingly
enough, this is the way Knuth started his partial attack to problem
3 ([14] ex. 5.2.2.16, p.135 and p.607).
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