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APPROXIMATON OF A CIRCULAR CYLINDRICAL SHELL

BY CLOUGH-JOHNSON FLAT PLATE FINITE ELEMENTS.

Michel BERNADOU (') - Yves DUCATEL (?)

Résumé : Dans ce rapport, nous &tudions 1'approximation d'une coque
cylindrique circulaire par urie méthode non conforme utilisant les
éléments finis plats de CLOUGH-JOHNSON. Nous donnons les conditions
de compatibilité qui doivent &tre satisfaites par les degrés de
liberté en chaque noeud de la triangulation. Puis, nous montrons que
la convergence est assurée pour certaines familles particuliéres de

-

triangulation qui, en pratique, sont faciles 3 mettre en oeuvre.

Abstract : In this report, we study the approximation of a right
circular cylindrical shell by a nonconforming method using CLOUGH-
JOHNSON flat plate finite elements. Compatibility conditions which
have to be satisfied by the degrees of freedon at every node of the.
triangulation are given. Then, we pfove that convergence is insured
for particular families of triangulatiohs which are practically easy

to implement.
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~ INTRODUCTION -

The purpose of this paper is to extend to the case of a
portion of a right circular cylinder the studies of CIARLET [1] and
C. JOHNSON [1] concerning the particular case of a circular arch and
the one of BERNADOU-DUCATEL [1] concerning the case of a general arch.

In order to give an approximation of the deformation
problem of a portion of a right circular cylinder, we intend to
analyze a nonconforming finite element method using CLOUGH-JOHNSON
flat plate elements. So we introduce :

- a nonconforming approximation of the geometry of the
considered shell using facet elements ;

- a pseudo-conforming approximation of the components of
the displacement, i.e. an approximation using conforming plate elements
over every flat element. Then, the connection between degrees of free-
dom attached to a same vertex of the triangulation is obtained through
the compatibility conditions. These conditions insure the consistency
between exact and approximated bilinear and linear forms and they are

crucial in proving the convergence of this method.

Particularly, we emphasize that the convergence of the
method is insured provided the families of triangulations are constructed
so that any triangle have one side parallel to the cylinder axis.

' Besides, we have té mention other alternatives.: ARGYRIS-
DUNNE-MALEJANNAKIS-SCHELKLE [1] describe a facet triangular plate and
shell finite element whose 18 degrees of freedom are the displacement
and the rotation at each corner ; this element is applicable to thin
or thick shells with or without transverse shear deformation. OLSON-
BEARDEN [1] reformulate the previous 18 degrees of freedom element and
introduce constraints to reduce these to 9. DAWE [1] proposes a facet
element whose degrees of freedom are the displacement u at each corner
point and the normal slope'g§~at the mid-points of each side. Finally,
let us notice the alternative of IRONS [1] with his semi-loof shell

element.



]__

- CONTENTS -

THE CONTINUOUS PROBLEM :
1.1 - Definition of the middle surface of a right circular cylinder.
1.2 - Variational formulation of the continuous problem.

1.3 - Existence and uniqueness theoren.

2 - A CONFORMING FINITE ELEMENT METHOD :-

2.1 - The finite element space Gh'

2.2 - The discrete problem.

THE DISCRETE PROBLEM USING FLAT PLATE ELEMENTS AND COMPATIBILITY
CONDITIONS :
3.1 - The approximated middle surfaceéj%

%
3.2 - The discrete space V. using compatibility conditions.

4 h
3.3 - The discrete problem.

CONVERGENCE AND ERROR ESTIMATES :

4.1 - Abstract error estimate.

4,2 - Estlmate of la(vh,w ) - ah(vh,w )|

4.3 - Uniform Vh—elllptlcity of the bilinear form a, (.,.) .
4.4 - Estimate of the consistency error If(vh) - fh(vh)l.
4.5 - Convergence and error estimate.

BIBLIOGRAPHY



1 - THE CONTINUOUS PROBLEM

In this paragraph, we give the formulation of the continuous
problem deduced as a particular case from the general linear shell

model of W.T. KOITER [11].

1.1 - Definition of the middle surface of a right circular cylinder

Let @ = Jg!

] ,51[ x J-H,+H[ be an open bounded subset of
a plane %52, with O <

§1<§1521r, 0<H.

Let %53 be the uéual Euclidean space. We denote by

> > > 3
(O,el,ez,e3) an orthonormal reference system of %5 .

The middle surface éZ of the portion of a right circular
cylinder (cf. Figure 1.1-1), is the image in %53 of the set by
the mapping

>
e

) + €2 Z

(1.1-1)  $z,£%) = R cos £} ¢, + R sin gl 5 -

By convention, we shall use subsequently Greek letters
(resp. Latin letters) for indices which take their values in the set
{1,2} (resp. {1,2,3)). For these indices, we shall use Einstein'
convention for summation. Finally, the notations f, , f, ., etc...,

' 3f _9%f o’ “*af
will denote the partial derivatives o’ "o f etc...
o 0E79¢g
As usual, the covariant basis is defined by

N R . gl N 0 -> N > g1

S 33 -R sin N 5 N a, x a, cos &

(1.1-2) a, = —= ={ Recos &l , 2 =90 . 0O , a, = = ( sin §
Vol o Y 1 30 T8 %3] 0

The first fundamental form of the surface égfis given by

2

(1.1-3) a =R, 3j, =8, =0 , a,, = 1.
We denote
= 2 2
(1.1-4) a=aja,, - (alz) = R
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Figure 1.1-1 : Definition of the middle surface of fhe shell




The matrix (aas), inverse of the matrix (aaB)’ is such that

(1.1-5)  a'l =-35 , at2=alog , 2221
R

+ 3
Then, to the covariant basis (a,), we associate the contravariant

basis (Zi) of the middle surface<§z By a% = aaBZB , 23 = 33 , 1l.e.,

1
-sin & ' 0
(1.1-6) at=L !l sl |, 32-lo , B2 .
R} S , 0 3

The second fundamental form (BQB) of the middle surface<§z is

defined by b , = b, = -a *a, , = 3. 1
efine y OLB = Ba - -aa a3,B = 33 aa,B ’ €.,
(1.1-7) by =-R # b, =b,, =by, =0.
Since bB = asxb , then
o Ao
1_ 1 r_ .2 _ .2 _
(1.1-8) b1 = - R A, b2 = b1 b2 o .

The unknowns of the problem are the three functions
u, : ELEH) el —— ui<£1,£2) e R , 1i=1,2,3,

which represent the covariant components of the displacement

> 3
%= 3L, 2%)  of the point $(EL,EY) , i.e., u= I wu, al.

=1 ¥
-> >
To any displacement field v = v, a , we associate the
strain tensor (YaB) and the change of curvature tensor (BaB) through

the relations

1

(1.1-9) YuB(v) =3 (V8|u + valB) - baB Vi,

v, + bA + bA v + bx v

- A
(1.1-10)  pp(V) = V314 = bebrg V3 + Bgy Vi + g Yy g @ "AlB

where the covariant derivatives are given by



by :
Va8 " Vo8 " T 4 0 V3la T V3a
(1.1-11) Vol p =V Fx
: V3|oB 3,aB a8 "3,A
A LA A4V v oA
bB|a = bB,G + IGV bB - FBa bV s
with
A A A .
(1.1-12) FaB = PB& = 3 au,B (Christoffel symbols).

In his analysis, KOITER [1] proposes the modified change of

curvature tensor p

of

- 1 Y Y
(1~1'13) paB = pas - 2 (ba YVB + bB YVG)
which introduces in the energy integral an approximation of the same
order than the one obtained from the tensor p o and whlch will be more
convenient for our analysis, particularly for the proof ‘of the conver-
gence of the approximate problem.

More precisely, we have for the right circular cylinder :

(1.1-14) I'n =0

(1.1-15) 'le(v) = %’(v + v, )

) =
Yoa (V) = vy

@) = .
P11 (M) = vy 4 TR VL1
(1.1-16) @) = L (3
T P12V = V3 92 TR V1,2 T V2,1)

N _
Pap (V) = V5 5y - .



By using relations

(11-17) 5@ = v @, g ® = a0 @),

we derive :

1> 1
Yl(v) "'Rz (Vl,l +RV3)
1y L
Y, (V) = o vy2* V)
(1.1-18)
2+ 1
Vi) =g vy kv, )
2+
Y,V =v, ,
and
| P 1
(V) = 2 311 "R V1,10
0 R L _
Py (V) = 2 V3 12 ~3x Ovy,p — vy )
(1.1-19)

02y = v -L Gy, —v )
1 3,12 " &R BVi,2 T V2

OZ(V) =v

1.2 - Variational formulation of the continuous problem

Let Fo be a measurable part of the boundary I' such that

meas(Fo) >0 .

. Subsequently, we assume that the shell is clamped on the
3 :
part aéZ; = ¢(Fo) of the middle surface boundary, i.e.,

e
u r = 0
o

, anu3lr =0 ,
o



where an denotes the outer normal derivative operator.
Then, the admissible displacement space V is defined by
> > 1 2 2, > =
(1.2-1) V={vs= (v)sVysVq) € (H (Q)? x H(Q) ; v[ro =0,8 v

Equipped with the scalar product

2
(W) = ] ((u,v))q o + ((ug,v3)), o
o=1 ’ ’

the space G is a Hilbert space, the corresponding norm being denoted by
-> > > 1/2
(.2-2) 3] = [t

For simplicity and without loss of generality, we assume the
shell be elastic, homogeneous and isotropic. Then, using the definition
(1.1-13) of the change of curvature tensor, the strain energy of the
shell can be written as

> > E ' oL+, > o, >
a(u,v) = J e2 {(1-v) Yg () Yi(V) + vy, (u) YS(V) +
Q 1-v

(1.2-3) 2 ,
P T o5@ L) + v @ pfW] Va dg ag”

where e, E, V denote respectively the thickness, the Young modulus and
the Poisson coefficient of the shell and where the explicit expressions .

of tensors (Yg) and (pg) are given by (1.1-18) and (1.1-19).

The potential energy of exterior forces associated to a

.o >i y :
displacement v = v, a of the particles of the middle surface éz‘is

s /a agl ag?

(1.2-4)  £(¥) = J pev Va agl ag? - J ptv
0 : . Q
where the funcﬁioﬂs pi are the contravariant components over the basis
‘(Zi) of the density per unit surface of the resultant over the middle
surface of exterior forces applied to the shell. This expression
corresponds to the case of a shell which is free on the complemehtary

partIH_= r - Fo of the boundary T.
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Then, the problem of deformation of the portion ézyof right

circular cylinder admits the following variational formulation :
> >
Find u € V such that
(1.2-5)
a(u,v) = £(V) , W eV ,
where the forms a *,*) and f(*) are defined by (1.2-3) and (1.2-4)

respectively.

1.3 - Existence and uniqueness theorem

Theorem 1.3-1 : The problem (1.2-5) has one and only one solution.

Proof : see BERNADOU-CIARLET [1].

\

2 - A CONFORMING FINITE ELEMENT METHOD

In this paragraph, we consider an approximation of the
displacement components using a conforming finite element method.
This sfage will be an useful intermediary for the analysis of a flat
plate element approximation.

->
2.1 - The finite element space Vh

Since the set & is rectangular, we may exactly cover Q by

regular families oftriangulations‘%zg in the following sense :

(i) there exists a constant 0 such that

2.1-1) weuU %@ ,kso ,
h n

where hK = diam(K) and Py = sup {diam(S), S is a ball contained in K}
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(ii) the quantity

(2.1-2) h= max
Kes@é% hK

approaches zero.

To each triangulationéz;h, we associate a product of finite
> .
= X X .
ilement spaces Xh Xhl Xhl Xhz Next, we define a subspace |
v X V.. x.V. . which takes into account the boundary conditions

h = Y Ve " Vhe °
appearing in the definition of the space V, so that the inclusion

(2.1-3) Vh c v

holds.
More precisely, the different spaces are defined as follows :

Space X, , is the finite element space associated to triangles
of type (1), i.e., the functions of Xh1
are such that :

(2.1-4) (1) on every K ¢ QE;R they belong to PI(K) ;
(ii) on every.K E(%;h, they are determined

by their values at the vertices of K ;
(i) X, © B°D

Space V., = {vh € Xy o5V = 0 on Fo}

. 4
Space Xh2 is the finite element space associated to reduced
HSIEH -CLOUGH-TOCHER triangles (see
CLOUGH-TOCHER [11), i.e., the functions
of Xh2 are such that :
(i) on every K e‘%; » they belong to PK wit]
1
PK={p€<%§ (K);le €P3(Ki)’ 1<i<3 ,
* ) °
va!K,ePl K') for each side K' of K

(2.1-5)
(ii) on every K e‘%; , they are determined

by their values and the values of their

first partial derivatives at the vertices
‘of K 3

c @zl
(1ii) X, © QZ Q).

Space V,, = {Vh € X, 3V = Bn v, =0 op‘Fo}.
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In the previous definitions, we use the following notation :
Pk is the space of‘all polynomials in El and 62 of degree £ k. On the
figures, the knowledge of the value of a function (resp. of its first
derivatives) at a point is indicated by a black point (resp. a circle
surrounding this point).

Finally, in the definitions of the spaces Vhl and th we have
assumed that the'triangulations‘%5£ are such that Fo is an exact union -
of sides of triangles, so that the inclusions

. V,, cV {v e Hl(Q)

hl 1

0}

s Vlro

and

{v ¢ HZ(Q)

<
n
<3
i
i
QL
=
_=

> Vlr
(o]

can be easily satisfied.

2,2 - The discrete problem

The corresponding discrete problem can be written as follows :

Find u, ¢ V. h th
in uh € h.suc that

(2.2—1)‘

> > > > >
a(uh,vh) = f(vh) , Vvh € Vh

> >
The inclusion Vh c V involves the theorem :

Theorem 2.2-1 : The problem (2.2-1) has one and only one solution.

Using CIARLET [2], we find the following error estimate :

» >
Theorem 2.2-2 : If the solution u of the problem (1.2-5) belongs to

the space ¥ n [(HZ(Q))2 X HS(Q)], then, there exists a

constant C, independent of h, such that

2.2e > > 2 2 2 ,1/2
2.2-2)  Ju-uy | < oh flugly o+ fuyly o+ lugly o}
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3 - THE DISCRETE PROBLEM USING FLAT PLATE ELEMENTS AND COMPATIBILITY
RELATIONS

In this paragraph, we analyze a nonconforﬁing approximation
of the geometry and so doing, we generalize the studies of CIARLET f11]
and C. JOHNSON [1] relative to circular arches, and the study of
BERNADOU-DUCATEL [1] relative to general arches, to the case of a
portion of right circular cylinder.

First, we define the approximate middle surface éZ:{ Next,
we introduce the discrete space $£ using the compatibility conditions

and finally, we set the discrete problem.

3.1 - The approximate middle surfacevéi?h

In this section, we consider an approximation of the mapping
-5
¢ = ¢ e defined as follows : each component ¢i, i=1,2,3, is replaced

by its interpolant ¢ in the finite element space @h such that

(3.1-1) @h = Xhl , Xh1 given by (2.1-4)
Let ¢h € (@ ) be the interpolant of ¢ This approx1matlon
amounts to replace the given middle surface éf by a faceted middle
surface éZﬁ . By construction, the images of the vertices of the
trlangulation(%g of the reference set {) by the mapping ¢h are in the
initial middle surface <§7 These considerations are illustrated by

Figure 3.1-1.

-+
To each flat triangle k = ¢h(K), K € (%Eh, we are able to
associate, by analogy with section 1.1, local basis, fundamental
forms, Christoffel symbols, i.é.; with obvious notations (no summation

on h)

. -> ><+
a a
> 2 e e )
(3.1-2) a,, = ¢h,a , a4 = IZ y ; l
hl h2
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Figure 3.1-1 :

The initial middle surface gand the faceted
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1

approximate middle surface gh .
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(3.1-3) v/a = |a, xa

h
-> ->
(3.1-4) ahaB = aha.ahB ,
>0 _af > >3 >
(3.1-5) a = ap ahB » 8 = a3

where the matrix (ags) is the inverse of the matrix‘(ahas) .

(3.1-6) bhaB =0 , bha =0 , T =0 .
It is worth to note that all the previous quantities are

constant in any given triangle K € <%Zh with possible discontinuities

on the interfaces due to the discontinuity of the first derivatives

>
of ¢h on these interfaces.

-

~

3.2 - The discrete space Vh using compatibility conditions

One of the main ideas of the approximation of shell problems
by flat plate elements is to approach the energy of the shell by a
sum of plate energies defined on each facet of the approximate middle

surface éz;.

In this goal, we first introduce a discrete :space

a2
2
2
2

n = % R

~

where the space X (resp. ihz) will be used to approximate the

hl_, ~
components v, , and v, , (resp. the component Vv, .) on the local basis
N . hl h2 > h3
aps of a displacement field Vi

Since the local basis are constant in any triangle K € (%;h

with possible discontinuitieson the interfaces, the functions of the

spaces X, will be determined triangle by triangle without imposing

ha
any conditions of connections between functions defined on adjacent

triangles.
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More precisely, the spaces ihl and §h2 are defined as follows :

Space ihl : the functions of the space ihl are independently
defined triangle by triangle.

b On a given triangle K ¢ (%gh

with vertices Zl, 22,’23, the

(3.2-2) of any function

: restriction vth

2 vy € Xhl is such that
3 (1) v e P (K) 3

h|K
(ii) v is completely specified

h|K
by the values vth(Zi) , 1i=1, 2, 3.

The definition of the space Xh2 uses the reduced HSIEH-CLOUGH-
TOCHER triangle :

~

(Sgace §h2 : The functions of the space ihz are independently
defined triangle by triangle.

On a given triangle K ¢ <%5h

partitioned using three nonde-
generated triangles K, the

restriction v of any function

(3.2-3) < h|K

vy € Xh2 is such that

(i) v € P_ with
. h|K © K

= ’ . '
Py {pe(ig (K),pIKi.EP3(Ki),1SiS3,3np|K. € Pl(K ) for each
' side K' of K} ;
(ii) Vh|K is completely determined by the values vth(Zi) and
DthK(Zi),where Zi, 1 £1i <3, denote the vertices of K.

S

~

These definitions of the spaces X
= hl

that the space ih has 15Mh degrees of freedom, where Mh denotes the number

and §h2,involve immediately
of triangles of the triangulation.

Derivation of compatibility conditions :

To get an approximate energy which is consistent with the
energy of the shell, we must introduce comstraints, i.e., compatibility
-S>

o, . i
conditions, on the functions of the space X .
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To derive these compatibility conditions, it is convenient to
consider two facets k and k of the approximate middle surface é;fh,
which have a common vertex O (see Figure 3.1-1). This common vertex can

be regarded. as

(i) a point of the middle surface éz : then, using the notations of

section 1.1, any displacement field v e ? of the middle surféce<§Z has
the following components at point 0,or, more conveniently, at peint z

(by using the mapping g) : o '
(3.2-4) V(D) = v (D) 2D .

v R .
To the displacement field v, we associate the usual rotation

—)
vector w
s =o' 3, ,
; A2y _ AB 1
withw ' (v) = € (V3|B+bv , ) 2&: B|>\ s
where saB =-§§ eOtB , (e GB [ ] s
(3.2-5) ¢ j.e., by using (1.1-8) and (1.1-14) ,
1> 1 2,20 1 _ 1
w (v) = e v3,2 , Wi(v) = & (v3’1 R Vl) ,
@) - 2,/‘ - V1,2

To the displacement field 3, we also associate the strain tensor
(YaB) and the change of curvature tensor (paB) which expressions are given-
by (1.1-15) and (1.1-16) respectively.

(ii) a vertex of the facet k+ ¢ (K ). For clarity, we shall use the

superscript + to refer to parameters attached to the triangle K . Thus,

we shall write Z instead of I, ah+ instead of ah, etc... Then, any

2z
displacement field v, ¢ V. of the faceted surface (57 has the following

5 h
components at point ¢¥ = o, or, using ¢h, at point 5t
' 2+ ~ +, i+
(3.2~6) v,(Z') =v, . (Z) a

h hi h °
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To the displacement field vh, we associate the usual rotation
-

~
~

@y
ph 8 Whlch expressions are obtained triangle by triangle using the

vector the strain tensor Yh 8 and the change of curvature tensor

~
~

mapping ¢h. By using relation (3.1-6) and by denoting v, = wth+ ’
we obtain for the triangle K"

-1 i+ o+
BaOp) = B apy
(3.2-7)
A+ 1 AB 3+ 1 AB =+

with Wy = ;;; e vhB,B s mh »-—J;f e vhB,k
a 2Va
h h

~ Rt o+ JON 2

1 = =+ N oo,
(3.2-8) o8 =7 Vhga t Vha, 8 0 hen) T % hAB(Vh) ’

~ TN o+ P Y S
(3.2-9) PhagVh) T Vn3,a8 0 Prpy) = 3y hAB(vh) ;

- > -
(iii) a vertex of the facet k = ¢h(K ). We derive similar results

replacing the superscript + by the superscript - .

Now, we are able to get the compatibility conditions whicg

correspond to relations that the degrees of freedom of the space Xh

have to satisfy. We derive them by writting that :

>
3 ] w I >
(1) the displacement Vi is continuous at the vertices 0 of the surface

éZZor equivalently, at the vertices I of the triangulation ‘%Sh, i.e.,

2+
(3.2-10) Vh(z ) =

[W

h(Z ) , ¥I vertex of QEL.

Next, we remark tha; thez}nowledge of the values of the degrees
of freedom of the function v Xh involves the knowledge of the values
of the rotation vectors w (L ) and w (), for any vertex X of /27
lndeed, ‘using relation (3.2 -7), the result is immediate for the components

= M : +
@y - For the third component, we have just to remember that $;B € Pl(K )

and hence the values $;B A(Z+) only depend on the values of $;B at the

three vertices of the tr1angle¢K+. Obviously, this argument can be applied
G,

in the same way to prove that ® (') is well known. Hence we can state

the second kind of conditions :
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(ii) the tangential components - with respect to the middle surface é;/—
< =
of the rotation vector w (v ) are continuous at the vertices o of the

surface (gy(oréya), or equivalently, at the vertices I of (%;h’ i.e.,

2 P
3.2-11) & (2.3%® = § (2).a%0) , ¥E vertex of ., -
These conditions (3.2-10) (3.2-11) seem to be natural enough
from mechanical viewpoint. They correspond to the conditions used by
CLOUGH-JOHNSON [1,2] and we shall see that they are sufficient to

insure the convergence of this flat element method.

>

Let ih be the following space

>

(3.2-12) ih = {v,

2
~
\%

P vy satisfies the compatibility conditions

(3.2-10) (3.2-11)}

m
UNIN

and let us state the following hypothesis

+ -
Hypothesis 3.2-1 : Let 0 = 0 = 0 be a vertex of the faceted surface

é?7 respectively considered as a point of<£7 as a vertex of a facet

k+ and as a vertex of a facet k . Denoting a (Z), 33+ and aa the

+
corresponding normal vector to the middle surface<§?, to the facet k

and to the facet k , then we assume

>3+

(3.2-13) a (Z) ap #£0 , ;3(25»23— # 0 , ¥I vertex of two adjacent

“triangles K+ and K .

g

Remark 3.2-1 : If the regular families of triangulations(%jh are chosen
so that any triangle of QEL has one side parallel to the cylinder axis
(we shall prove the convergence in this case), then Hypothesis 3.2-1

is satisfied provided that the length of the projection of the triangle

gg_&l—axis is strictly less than T.
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Indeed, let us consider a triangle K with vertex ZI =.(Ei+, £i+),
1 € i < 3, such that €i+ = £§+ (see Figure 3.2-1).

4
gl
Figure 3.2-1
For such a triangle, we have
1 2+ 2+ 1+ .1 I+ 1+, ,.2+ 2
N o= L6y -8y (6, -8 + (58, (8 -ED)}
(&, ", (E57-6 )
1 2+ 2+ 1 .1+
(3.2-14) /A, = (5 -€7 ) (- )
2ot hatgn 2T '
_ 1 + 2+ 1 .1+ + 1+ 2 2+

(&5 *-g " 22
and

-> - + > + >+
¢h o = )\1¢(Zl) + )\zq)(ZZ) + )\3¢(Z3) .
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From (3.1-2), we obtain on triangle K.

1+ 1+
Cein & *5
si 5
o5ty (L, 1
- 2R sin 5 cos 1 - 2
a1 gt _l*
2 1
&
0
_)+ B {
32 =
1+ 1+
. RS2 & -6
h 1+ . 1+.2 2
& *-e"
so that
1+ .1+
- &+,
s 2
1+ .1+
;+ = in El—:EZ;
®h3 s 2
0
Then, from (1.1-2), we derive
1+ .1+
£, -& _
>3 4, >+ 2 1 .
a (Zi).ah3 = cos 5 >0 ,i=1,2,3,

as soon as 0 < E;+—Ei+ < T .

Now we are going to prove the following theorem which will

be very useful for the next purposes :

Theorem 3.2-1 : Under the Hypothesis 3.2-1, there exists a b;jeétion
2 >
Fh between the spaces Xh and Xh.
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Proof : 4 > - N
(1) vy € Xh >y € Xh

2 2
Let us consider any function vy € Xh. Then, to the set of

=
values of the degrees of freedom of the function Vs we associate

the following set of values :

> >
K(Z) =v (Z+) =v, () , ¥I vertex of @@Z .
h h h
a T+ 2a =~ 20
34D = @ (21).a%D) = 8 (£).a%5) , VI vertex of C, -
To this set of values, we associate the function 3h € iﬁ

determined by the following values of its degrees of freedom :
(3.2-15) $£(2) = K(Z) , ¥I vertex of (%Eh .

(3.2-16) [y (D) = €, () 3H(D) - bg(Z) (D) ZG(Z) , ¥I vertex of

/h £
where €qu = Va e * Sau being defined in (3.2-5).
.2 2z
Thus, to any given function vy € Xh’ we can associate through

the relations (3.2-15) and (3.2-16) one and only one function 3£ € i#.

Now, let us consider the converse property :

> > 2 2
(ii) v, € Xh >'vh € Xh :
->

The knowledge of vy

€ ih is equivalent to the knowledge of
its degrees of freedom 3£(Z) and v

h3’\)(Z) for all vertices I of QEL.
To this set of values, we associate the following set of values

(compare with (3.2-5)) :
(3.2-17) K(Z) = ;5(2) , ¥I vertex of 95’ s

() + ba(Z) vha(Z)] , ¥L vertex of Q§£

(3.2-18) Bk<z) = By 2

h3, B
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Then, we take the followingAValues for the first part of

: =
the set of the degrees of freedom of the searched function vy € Xh :

(D) .

=t e
(3.2-19) vh(Z ) = vh(Z )

Applying (3.2-7), we can derive from these valqes the values of

~3 o+ 1 AB ~+ ot ~3 - 1 AB ~= =
(3.2-20) wh(; ) = e VhB,K(Z )y wh(Z ) = e Vi, >\(Z )
2Va+ ZVa—
h h
using the analysis which follows the relations (3.2-10).
Then, we are able to determine the components mh(Z ) and
5&(2—) by writting that the vectors mh(Z ) = wh(Z )ah and w (Z ) =
ai(z‘)zgi are the unique solutions of the system
+. A - A A
(3.2-21) (z y.a (L) = h(z y.a (L) = B(I) , ¥I vertex of ‘%Eh.

Leaving aside the second term of above equation, we find

55(2 )ahB.Z 5y = M) - w (Z+)Z+ .Z%(Z)

These equations permit to derive Gi(z ) if we observe that

det (a hg* a (Z)) # 0. Indeed, we notice that a (Z) (*+. +A(Z))+l+

and thus, on the one hand,

Gl x B2t - 2= @m.ah
va(Z)
and, on the other hand,
@l x 2@yt der G 2.

1

+
Yoy
Then, the result arises from the relation (3.2-13) of the

Hypothesis 3.2-1. Exactly in the same way, we can derive the components

Gﬁ(z').
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Finally, from 55(Z+), GE(Z_) and relations (3.2-7), we get

~ + + ~h o+ ~ - _ -~ -
(3.2-22) Vh3,6(2 ) = U A mh(Z ) vh3’3(2 ) = eAB\/;; wh(Z ).

Then, the relations (3.2-19)(3.2-22) determine one and only
one function v Xh Since by definition, this function satisfies
the relations (3 2-19)(3.2-21), i.e., the compatibility relations,

the function v "belongs in fact to the subspace Xh

-
Remark 3.2-2 : In general, we do not have ih c (HI(Q))2 X HZ(Q) but
only

g 1 1 2
X < II (H"(X) x H' (K) x H°(K)) .
h Kecz;h

Naturally, by construction, for any ;h € ih’ the corresponding

function 35 through the bijection defined in theorem 3.2-1 is such that

v, e B x oD x G'® .

W

Definition of the space'Vh :

To study the convergence of the flat plate element method, it
> >

is useful to define a subspace §£

is precisely the space 3£ defined in (2.1-3)(2.1-4)

of the space §£ which image, through
the bijection F
(2.1-5), i.e.,

h,

> -> - > '
(3.2-23) vy = {vh <X, =0 E 9 Via =0 on To} .

According to the definition of the space Xh, to get the boundary

conditions v =3 and 3 N = 0 on F » it suffices to equal to zero

hlr h3
the following degrees of freedom :
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(3.2-24) ¥I wvertex of (%55 located on Fo .
(Z)-O‘

Using the relations (3.2-17)(3.2-18), the equations (3.2-24)

involve

(3.2-25) \ &(2) = . A
¥I wvertex of QEL located on Po
3.2-26) [BND) =

The relation (3.2-25) combined with (3.2-19) yields

e
v

(3.2-27) h

(Z) = 6 , ¥I vertex of ézih located on FO

Particularly, this last relation and the definition of the

space ihl involve
(3.2-28) v, =0 on T, a=1,2.

The relation (3.2-26) combined with (3.2-21) implies

> )
mh(z+).Zx(2) = 0, and hence

134

+ +->3

() =ca(d),

g

h

+
where C denotes a real number. If we consider the components of

._}_..
the rotation vector w (Z ) on the ba31s a s then we obtain

++3 >i+

Beh =cBma’,

or by using (3.2-7)

AB >+

(3.2-29) e $h3’6(z*) Ca(Z)a ,

= -
5+
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1 XB +3+

Fe )\(Z)—-Ca(Z)a .
249 h

The Hypothesisk3.2—l and the equation (3.2-30) determine the

(3.2-30)

+ +
values of the constant C on the triangle K :

~ +
v ekB VhB, ()

(3.2-31) C = ,
2{% ZB(Z) ;3+

where, following a previous remark vhB A(Z ) is only depending on
the values of the functions vhB at the vertices of triangle K . Then,
the relations (3.2-29)(3.2-31) determine v (Z ), i.e.,

(E) ;A+

_ ~ + _ 1 Vi h
(3.2-32) Vi3 8(Z ) = 2 e}\B e ; (z) +3+ hu, (Z ) , ¥L wvertex of é%;h

located on Fo .

This last relation prove that in general v B(E ) # 0 and hence
’

Vh3]F £0 and 3 vh3|P £0 .

Thus, the bijection F;l i -+ Xh associates to the subspace

V of X the following subspace V of Xh

2o

h- h
2 2 2z 2
Vh = {vh €X 5 vy satisfies the relations (3.2-27)(3.2-32)} .

Particularly,'this result means that the bijection FEI associates to
boundary conditions of clamped type on functions of the space V£, a

set of boundary conditions which can be different of clamped type on

=z
functions of the space Vh.



:-27"'

3.3 - The discrete problem

Now, we are able to define the discrete problem

: 2 2
Find u, ¢ V, such that

h € 'h

(3.3-1)

.2z 5 2

ah(uh,vh) = fh(vh) , ?vh e'Vh .
with

s @3 - { B& BG

ap (V) = Ke 65’ JK . a- \))YhB(uh)Yh () + Wha(“h)YhB h
(3.3-2) h

2
< (o v)phB(uh)ohB(v ) + v, M) B a1 Yy aglag

o
where the tensors YhB and phB are defined in (3.2-8)(3.2-9) and where
the functions vh éAVh and vh € Vh are in correspondence through the

bijection F, defined in Theorem 3.2-1, and with

h

o 3
(3.3-3) £ = ) Eiaf‘(‘l‘g CENOICh
KePy, - i=1

where Zi’ i =1,2,3, denote the vertices of triangle K .

Using bijection.F , the discrete problem (3.3-1) can be rewritten

h’
as a discrete problem defined on the space Vh :

Find u, ¢ V. h th
n Uh€ hSUC that
(3.3-4)
- - >
a (uh,v ) = fh(vh) , Vvh € Vh

where, . by definitlon, we set, for any Vh’ wh € V (respectively in
=z

correspondence with vh, wh € Vh through the blgection F )

>

-
> > ~ o~ o~
(3.3-5) ah(vh,wh) = ah(vh,wh)



- 28 -

4 ~ CONVERGENCE AND ERROR ESTIMATES

In this paragraph, we are going first to prove that the

problem (3.3-4) has a unique solution 3£ € 7£ by showing the 3£—
ellipticity of the bilinear form ah(.,.). Then, we shall prove the

existence of a constant C, independent of h, such that

- -

flu - uh"v-s Ch
(i.e. the same order of convergence as in the conforming method
defined in paragraph 2), where u (resp. 35) denotes the solution of

the continuous problem (1.2—5) (resp. of the discrete problem (3.3-4)).

In order to obtain such an estimate, we first give an "abstract"

error estimate.

4.1 - Abstract error estimate

Theorem 4.1-1 : Let us consider a family of discrete problems (3.3-4)

for which the bilinear forms ah(.,.) are Gﬁ-elliptie, uniformly with

respect to h, in the sense that there exists a constant o > o,

independent of h, such that

-

h

<3

> 42 -+
(4.1-1) | a"vh"§ < ah(vh’;h) , W, €

h

Then, there exists a constant C, independent of h, such that

> > >
"; - 3£"+ < C {+in£ ("K - 3£“+ + 5SUR 'a(vh’zh)—ah(vh’wh)l
\ vhth \ whevh "wh"G
(4.1-2)
. |£Go,)-€, Gr) |
Gty ),
v

->
where u (resp. 35) denotes the solution of the continuous problem (1.2-5)

(resp. of the discrete problem (3.3-4)).
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Proof : From the assumption of uniform Gﬁ—ellipticity, we derive the

-
existence and the uniqueness of the solution u, of the discrete problem

>

-5
(3.3-4). Then, let 35 be any element of the space 6£. Since Vh cV, we

can write

> > > >

> . > n2
ouy, - "h"‘-; < 2y (0 vy, upvy)

> > > > R > > >

= a(u—vh,uh-vh) + [a(vh,uh—vh - ah(vh,uh—vh)] +

> > —>->'.|
+ [fh(uh-vh - f(uh—vh)] .

so that the continuity of the bilinear form a(.,.) involves

. > > > e
N N s Ia(vh,uh-vh) - ah(vh,uh-vh)l
0L||uh - h”-* < Mfu - Vh“+ + — +
\ v Huh“vhng _

-

- > >
If(uh-vh) - fh(uh—vh>t,

il
\Y/
'and thus,

> > > >
|a(vh,wh) - ah(vh’wh)|

>

a"3£ - 3h“+ < MHK - vh“9_+ +sug = +
v VoW evy ”wh“?
l£Ga) - £ Gl
+ ,sup 5
Y1 Vn “Wh”\-;

Combining this last inequality with the triangular inequality and
: >
taking the minimum with respect to v, ¢ Gh’ we get the inequality

(4.1-2).

Let us remark that, in estimate (4.1-2), we find in addition
-> >
to the usual approximation theory term _inf ”u - Vh“ , two additionmnal
| vhevh .
terms which measure the consistency between the bilinear forms a(.,.)

>

\'

and ah(.,.) on the one hand, and between the linear forms f(.) and fh(.)

on the other hand.
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> > > >
4,2 - Estimate of Ia(vh,wh) - ah(vh,wh)]

In order to estimate the consistency error Ia(\_; w) - a (v,w )|
WY 7 3h Ve’

>

+ ~ ~
let us consider any functions v € Xy, and let us denote Vi »Wy, respec-
>

_>
n’Yh > h
tively the corresponding functions in Xh through the bijection Fh defined
in theorem 3.2-1. Using definition (3.3-5), we have

> > >

> > > > > > ~ o~ o~
(4.2-1) a(vh,wh) - ah(vh,wh) = a(vh,wh) - ah(vh,wh)

with
a0y = L j Ee_ 1wy 3@ )vEE ) + wE)vRG ) +
h’>"'h Ke%h K'l—\)z B h"'a"'h o h''R*"h
(4.2-2)
2
+ G TA-D G b6 + W@ ) ohGi) 11a ag ag”
and
~ % R _ Ee ~ %  ~ B3 ~ g2~ BR
ap (vswy) = %, J 7 LL-DY )Y )+ vy ()Y (o) +
: Ke K 1-v
(4.2-3) “h
2 -

~

+ 5 t(l-v)Shg(v

~ 8 ;,* ~ 0 z ~ B z 1 2
h)pha(wh) + Vpha(vh)phs(wh)]}/a_hdi dg™ ,

so that we can write

> > 4
(4.2-4)  |a( ,w) - a (v,w)| € 3 Y |ER, (V. ,w.) ]
h*¥h’ ~ 2h"Vn* ¥ Ké%jhi:lRKihh
with 3
> o > Y
(423 Gt - o I EYE VA - YT, B v, agte?
‘K
- > ( j > ~ 2 o~ 2
42-6) By Gt = | R OSCOYEG)E - T IG)Y, G VA, agtal”,
2 K 1-v

> > [ _E& o+ . B> ~ 2. B2 1.,2
21 ERy o) = Tz PR Pl 7 = By a(Vy) P () Y3y, WEAET,

_ > > ey a,*> . B,~> ~ o ~B,% 1,,.2
(4.2-8) ERKa(vh,wh) = Jy m[pa(vh) pB(wh)/a_ - phOL(Vh) phB(Wh) fa—h]dg ag . ‘
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¢
In order to estimate the four previous terms, we are going to

. . ~ O~ ~ O~
evaluate successively the terms |Yg($h) - YhB(Vh)\O K and ng(zh) - phB(vh) 0.K'

From the definitions (1.1-9)(3.2-8) and relations(1l.1-7) (1.1-17), we

deduce

1
68 R Vh3}

Q,>y _ _QAp 1
(4.2-9) YB(vh) =a | > (

1
Vig,a T Va8 O

o

o an N
(4.2-10) ¥ o) = %-agk(

“ng,A " Y, @
Now, let us prove the following theorem :

Theorem 4.2-1 : There exists a constant C, independent of h, such that
: g = - >
for any functions v, € X, et v, « X, in correspondence through the

defined in Theorem 3.2-1, we have

bijection F

h

(4.2-11) |YZ(3£) - ;hg(gh)lo,K < Ch{ ||vhl“?i’K + thzuf’K + th3”§’K} 1/2

Proof (in three steps)

’

Step 1 : An expression of ;£B ) as function of the degrees of freedom of 35.
b

> ->

For any function ;h of ih’ let us consider its restriction
>

to a triangle K of‘%gh. For simplicity, we shall still denote vy

v
h|K
this restriction. By definition, vhB € PI(K) and thus, we have for any

£= (g% ek

~ 3 ~
(4.2-12) vhe(g) = 121 A vhs(zi)

. and

A,
i

3
(4.2-13) VhB,K(g) = 121 vh8<zi) ggx

N

where we denote Zi = (gi,gi), 1 € i <3, the vertices of the triangle K.
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By virtue of compatibility conditions (3.2-10), we have

2z
v.

h(z

i) = vh(Z

W)

Let us denote

wo2-14) a3 =33, . gex

-

Since by definition ;£(£) = G£j(g)2i and 3£(€) = vhj(E)Zj(g) s

we obtain

j(Z ) v

(4.2-15) he'*1’ Vnj

(Zi) =d () ,1=1,2,3

Vhe i

Combining this last relation with (4.2-13), we deduce
3 i A

(4.2-16) Vhs,x(g) = 121 th(zi)

i
— v, . (Z)
BEA hj i

Step 2 : Finite expansion of expression (4.2-16)

In the following, we denote C, Cy» CJ, Ci ... constants which

are independent of h. Thus, we have :

dep =P+ @f-eH F o v omded
(4.2-17)

> e ‘ € .E. - 2.7

35z = 3,® + @£ 3 (@ oy,

Using the Gauss and Weingarten relations (see GREEN-ZERNA [1]),

i.e.,

> AV -

aa,B FuB a, * baB a5 (Gauss)
4.2-18) | 3% = T 2V, 2 33
( )23 gvd *hbge

> +3 A >

a; =2 =—ba ay (Weingarten)
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ve deduce from (4.2-17), by virtue of (1.1-7)(1.1-8) and (1.1-14)

Qa(zi)

e - L el-eh 633, + oEY

(4.2-19) { 3(5) = 3(B) - R(EF-ED & 33(8) + 0Ty

it

352 = 330+ €EH L (© + 0N,

By definition of the mapping ¢h’ we have at any point & € K

3 3 ->
9, (&) = Zl A 6 (Z) = 1.—2.1 A 0T,
and thus
a g =0 o(B) = ] —p &) .
hg = "h,B T e
But,

- o € L€ _Q.TL S
b = $0 ¢ €D 25

+ @S5 g)-Eh ——L@ + 0(n)E, , ¥E €K .

BE BE
Noticing that
2 2 € € | 2 € € a>‘i €
(4.2-20) 121 ERE 121 MEgE) =0 121(£i_§ ‘ 2P s
and that
GA.
agB—AO(h )cB s

we obtain by combining (4.2-18) with (1.1-7)

8

l\/lw

(4.2-21) B, = 30 -3 ] —4 (th? A s oDE , ve ek

j=1 35
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Then, from (1.1-3)(4.2-14)(4.2-19) and (4.2-21), we derive

a o
dpa(E) = 65 + 0(h? )G 4o
(4.2-22)
(z) =r{cel-gly sl -1 i e (g 12} + om?yc, ., ¥E €
4ng - i B~ 2 551 ag gi’ .

Finally, since v, € P (K) » Vp3 € Py (K ) (K = subtriangle of K,

ha
K= U1 K, ) and Vi3 6(63 (K), we have for any E € K :

€ €
(Z) = v, () + (E5-€5) v

Vha'“1 ha, €

(4.2-23)
_ € € = =
Vg (E) = s (B) + (E3-€%) vy (B, where E, € [3,£).
Combining finite expansions (4.2-22)(4.2-23) with the expression
(4.2-16) and using relations (4.2-20), we deduce :

~ 1.1
Vg A (B) = Vg 2 (E) + R 65 85 v, (E) +

3
+ 0(h) {st ny (&) * O(h)CBA hoi, € iZIC Bi “h3, eGP

Substituting the previous finite expansion into the expression

(4.2-10) and using (4.2-21), we finally prove that :

Top @) =3 2O B ) v v (0 v 2 & sl v @ +
| 3

+ z cX (€, )}

+ o) {eg? v, (@) + omcy ™y 81 "n3,e

Vhv, e
or, using the definition (4.2-9)

Tag ) = Y@ + o) (cgT v @) +
(4.2-24) .

+

3
Ot\)e e
O(h) Cgvyy e * izlcsi Vh3,e (1))
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Step 3 : Obtention of the estimate (4.2-11)
Taking into account that
‘ 2
meas(K) = 0(h")

we deduce from finite expansion (4.2-24) that there exists a constant c

independent of h such that for any K e(%;h

~ QR o, 2, 3 2 2 H/2
(4.2-25) V0@ - Yg@) g ¢ < b jzllvthO,“»K + .21|vhj|1,m,x}

=

To conclude we need following additional results :

Lemma 4.2-1 : Let k be a given integer. There exists a constant C,

independent of V ¢ P, such that

Ielj,w,i < ClGlj’i , jz0 , WePr ,

where K is a reference triangle (for example, the triangle of vertices
51 = (0,0) , 52 = (0,1) , 53 = (1,0)) and where P
<k.

means the space of

k
all polynomials of degree

0

Using Lemma 4.2-1 and results of interpolation theory in
Sobolev spaces - see CIARLET [1, Theorems 3.1-2 and 3.1-3] , we
‘deduce . .

-1

Ch p=0,1,

Vg o Vi lox

so that relation (4.2-25) gives the estimate (4.2-11).
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>
Now, we have to estimate |phg(G£) -

definitions (1.1~16)(1.1-17) and (3.2-9), we obtain

o, _ _0A >
OB(vh) = a DAB(Vh)
(4.2-26)
with pxs(3h) = Vi3.a8
~ ak
phB(v ) = ay phAB(v )
(4:2-27)

~ 2
with phAB(Vh)

= Vh3,AB.

1

T 4R

6;(3v

%, )| By virtue of
PiVplig,x + BY V2

.
.

st

B(3v

. —v. ) - _l_
hl,B "hR,1 4R

In what follows (precisely, in the last part of the proof of

Theorem 4.2-2), we shall assume that the families of triangulations (%;

w1, A VhA, 10

h

satisfy, besides the regularity hypothesis (2.1-1)(2.1-2), the following

property :

The triangulations %; are constructed so that any triangle

(4.2-28)

i.e., one of its edges is supported by a line E

of qgn has one of its edges parallel to the cylinder axis,

constant.

An example of such a triangulation of Q is indicated on

Figure 4.2-1.

Figure 4.2-1

2
L YR
N i N 1 7 7
S 2N L i\\ Y
s’ i ~ 7 ] ~ . P4
\{o A% ' 7 r
ANV NN ~
P \\ I ’/ " N ! //. \
’ \ : iy | L
< . I\l< | /\’ \\
AL A S B t 7
NP TP BN ,
w O \< ' ~
sin 1 N AN
YN PO TC A T N BT N
7’ ~ 4 LN V4 l A Y
7 i \ ke ) de 1
- E1

: The choice of the triangulation QEL.EE.Q-
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‘Let us prove:the following theorem :

Theorem 4 2-2 : Under the Hypothesis (4. 2-28), there exists a constant
>
c, independent of h, such that for any,v §£ and any v e X, in

correspondence through the bijection Fh defined in Theorem 3.2-1, we
have ' A

>
(4.2-29), IpB(Vh) - phB(Vh)IO,K < Ch{ "Vh1”1,K + flvpally  + ”vh3”2,K} y
Proof (in six steps)
~ :
Step 1 : Expression of Vh3,a6 as function of deg:ees of freedom of’Xh .
By definition of space Xh2 , we have on any subtriangle KJ s
j=1,2,3, of a given triangle K with vertices Z = (Ei,E ) , i=1,2, 3
vh3j(g) = iZlvh3(2i) pj’i(k) + ilevh3(Zi)(Z -z ) p 1, i+1()\) +

1
2 DV (Z)(E =) by g 5 )

1 1
§,i,i+1 * Py i,4-1
for the subtriangle KJ of . the reduced finite element of HSIEH-CLOUGH-

TOCHER - see BERNADOU-HASSAN [1] - and where v

where pj i Py 1 <41 <3, denote the basis functions

h3j denotes the restriction

of function 3£3 to subtriangle Kj The above expression can be rewritten

as

[ s
I W
—

3
~ o
Vh33 () () py ;O + z <zi+1 EVhs, o (Zg) pJ,i sa N #
: 3
V V.~ 1
) (31780 Vh3, v 29 Py g 3V o

so that
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3
~ ~ (o]
Vh3j,a8(g) = 121 vh3(zi)(pj,i(l)),a8 *
+ %(&" V)%, . (2 (p M) o+
(4.2—30) 21 i+1-€i Vh3’\) i pj’i’i+1 )’as

3
VoV~ 1
+ izl(gi—l—gi)vh3,v(zi)(pj,i,i-l(A)),aB

~ ~

Step 2 : Expressions of vh3(Zi) and vh3,v(zi) as function of degrees

<>
of freedom of space Xh

First, by virtue of compatibility relation (3.2-10), we deduce
with (4.2-14) |

=q 3
(4.2-31) () = th(Zi) v,

V3 (2 (Zi)

hj

Next, from (3.2-22), we deduce

~ NA
(4.2-32) vy, (5) = ey a, @ (Z) .
Equations (3.2-21) show that Jﬁ(zi) are the unique solutions of the

system

A ~ _ pA A ~3
(4.2-33) dha(Zi) ah(zi) =B (Zi) - dh3(21) wh(Ei) .

Let us remark that 5;(21) can be written as function of 3£ ;

indeed, relations (3.2-20) and (4.2-16) yield

3 oA
LB § gy Dk
S e T T

(4.2-34)  a2(L,) =
n(%s -
h

Afterwards, from (3.2-18), we have

A _ 1 AB o
(4.2-35) B (z)) = {Vh3,8(zi) + bB(Zi)vha(Zi)} .

vaZzi) ¢
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From equations (4.2-32)(4.2-33), we deduce that vh3 v(Zi) are

solutions of the system

(Z ) d (Z ) + v (Z) d

- - Vh3 1 3,224 hl(zi) =
(4.2-36)
' A
= JE% {B () - h3(zi) a3 (Z )}

From-(1.1-8), expressions (4.2-35) give

1, 1
B (L) = —— v, . (%)
1 G?Efy h3,2° %1

v, . (Z )}

vy, h3,1 (Zp) - R hl

BZ(Zi) -
va(l )

Then, if we denote
' 1, .2 2 1
(4.2-37) dh(é) = dhl(E) dhz(E) - dhl(E) dhz(E) s

we derive from (4.2-36)

/ ;h3,v(zi) =
Va, 1
h {dhv(zi)[vhB 1) =gy G+ dhv(zi)vhB 2 (T -
dh(Zi)/a(Zi)
(4.2-38) < . . 3 axk
- E’dh(?i) {[dhv(zi)d ( - hv(zi)dh3(zi)] Z [dhz(zk) ;Ef
' axk ,
- d (2 ) —= ()
\ _ hl BE Vhi "k
Step 3 : Finite expansion of';h3(zi)

We have

dep =@+ e A @ TS .3 M @ + oyl |
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where, by denoting

3 B __.B 3 _
P&B = baB s Io . ==-b" P3a o,
—>j ->j
and by using (4.2-18), the derivatives a” _and a en are given by

al =-p 32k

y € ke
+ i +k >k
3 en rie I1kn Fie,n a

i.e., by using (1.1-7), (1.1-8) and (1.1-14) ,

21073
L€ R ¢?

Zl = - sl gl
L EN € n
2 =0
,EN
>3 1 .1
a

1
(o]

-
m
-
m
(=]

+1
a
en = - 66 Gn a,
Whence
st =3'® -3 @ehB@ - 1 @l-ehZe + o)
(4.2-39) { 3%(z)) = 32(E) + o(n)E?

a3(5) = 3,8 + 3 (€EH3 ® - 1 @-thR ©® + omDHE]
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Likewise, we have
§EY = 5O + (DO + 3 <a§—g€)<52-s“)2€,n<g) +

b e eI @ o

3 BA
> . o
Since ahB = ¢h’6(g) = z gB ¢(Z ),‘we get for the circular

cylinder 1=1 3

N - 1 ‘k _% BA

3= 3,0 + 1
B 2 Ten 1=1 ags

n_gMy2
“nB (5 E)(E -£)a, (D) +

3 9y
Lk — n_gn Ma o(n>)t
+ 5 Ton Tin 121 " 2 (g5 .s & (E1-EM (E)-EN3 (D) + ot)E,

By using again (1.1-7), (1.1-8) and (1.1-14), we deduce

>
a

> 1> 1,> 3%
= 350 - R Ag(EHE;(E) - B(EHE (D) + 0Ty

. hB
(4.2-40) :
' AN ﬁ%éf% G0 + v ayh® - 3 EHE + 0T,
. whefe
1 1 3 3,

A€ =7 ] —1 <£ £hH?
(4.2-41) i gi

B, () = 2 2 —1 (g5-ehy’

B Y - ¢

Conseguently,
(4.2-42) & = a(®)(1-2 B (ED) + K2 (€)% + K, (8P v o)

and thus
, 2, =50 +ra PO -1 6 EnE® -
(4.2-43)
- L2, 6" %E,® + otn))E,
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By combining (4.2-14), (4.2-39),(4.2-40) and (4.2-43), we find

1 . 1 1 1 .1, 3,1
dp3ED = 5 (4D - €-EhH} + oyl
2 1, 3,.2
- 4,2z = R a,(EY) + on)c
(4.2-4sy | 131 2 3
43 = 1+ a bl - Laleh? oLl -

1 .2 1,,2 3,3
- 5 R, "% + o)
With above finite expansions, relation (4.2-31) yields

Vpa ) =7 14, (EY) - (E-EDY v (5 + R A (EY v (2 +

(4.2-45) + e aeha-eh -3 @-eh? - L@ ety? -

- 5 R, N v, v 0w e v )

Vh3

Step 4 : Finite expansion of v (Z).

h3,v' 1

From (4.2-22) and (4.2-37), we have
. _ 2
(4.2-46) d,(Z) = 1 + 0(h%)
and from (4.2-19), we obtain
(4.2-47)  a(Z) = a(8) + o(h?)

Combining finite expansions (4.2-22),(4.2-23),(4.2-42),(4.2-44),(4.2-46),

(4.2-47) with relation (4.2-38), we get the existence of constants C Vv?
€ €
C

v? Cvn’ 3 independent of h, such that
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~

(T) = vy (T -5 & v () +

1l
Vhi, v 4 h3,v- 1’ TR N

; 1. 1 1 ;1 1
(4.2-48) + 3 oy ©-vy, (B {R e (A (ED-(EEDNT + Rey Ay (ED)}+

+ oh?) {ct () +kzlc (Z)) + ct vh3 8(«Ek)}

3vY h3,¢

i >
Step 5 : Finite expansion of phaB(vh)

This finite expansion is obtained by substituting (4.2-45)
and (4.2-48) into the expression (4.2—30).AThen, wé get the existence
of constants C independent of h such that at any point £ of any '
subtriangle K , 3 =1,2,3, of the triangle K with vertices Zi

i=1,2,3, we have

3 ' .
~ 2z 1 1 1 .1 1
( “hae(vh>|xj = izl{-i [A, (ED)-(E~EN v, () + R A, (ED)vy,(2) +

| 1 1 .1 1 1 1.2 1 1,,2
+ 0+ A ED(EE) - 5 (8D - 3 <A1(£ »* -

o1 .2 1,,2
-5 R .(AZ(E )" Ivy (Zi)} (p aB

(4.2-49) < + Z {vh3 MO R t hl(Z) +
i=1

+ 5 vy H(O=v, (@) ke, fa, (ED-CEL-E) T + Rey Ay (ED}) %
voov, 1 vl
X A8y g 501) 0 * Bamr7EY) (Pj,i,i-l),as}
+0(h) 5 [c ny 0 ¥ CopV n3,e 0+ CogV - e(a I, Ey e [8,2,]

By virtue of hypothesis (4.2-28), we can assume that we study
this finite expansion in a neighbouring of a point £ of a subtriangle Kj’
j =123, of a trianglé K as represented in Figure 4.2.2.
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4

~ W

N b

Figure 4.2-2
i 7

From (3.2-14), we have for such a triangle

1 1 ,,,.1 .1 1 .1
a (el = 3 (El-gh v g-thy,
(4.2-50)
A EH =0 .

Besides, let us remark that
(4.2-51) A (gl) - (El—al) = A (L))
1 i 171

Now, we are going to study the finite expansion (4.2-49) by
taking into account results (4.2-50) and (4.2-51).

<:> First, let us examine the terms in vh3(Zi) and vy (Z.))

3,vdi

By definition of space xh2’ we have (refer to Step 1 and (4.2-30))

3

= (o]
vth’aB(E) = .Zlvh3(zi)(pj,i),a8 +
(4.2-52) =
1

1
J,i,i+l j

J,i’i_l

) o} ().

3
* .21{<€¥+1“Ez)(P ) op * By ED 0B’ 'h3,v 1
1= ’ ’ ’
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' 1 1 .1 1 1 .1.2 1 1 .1 1 .1
Next, since A (ED)(E-E) - 7 (€5-€)" = 3_"'(51—5 )(&5-¢ ), we
obtain with (4.2-23)

3
1,,,1 .1 1,1 1.2 o o
L EDEED -5 T v By ) og ”

]

' 3
1 ,.1 ,.1,.,..1 .1 € £ T o
5 (E]-E) (5,8 )izl{vh3(£>+<;i—a LG

with € e,[Zi,ng

3
(o] .
But, from (4.2-52) we get 121(pj’i)"°‘6 = 0, and thus

. 1yl o1y 1 1 102 3 -
(6.2-53) ] (A €N EFED - g G vy B (T ) g = O ) vy (-
j.:]. . ’ b4 = ’

In the same way,

3 3
1 1,,2 o _ .
(4.2-54) = (&, (E7)) izl V3T (g 4) op = o(h) 121 Vi, e ()

Now, let us examine the terms in th(zi) and Yh}\’e(zi)

Let us consider the function Al(El) vhl(‘c:). We have

1,. _ 1 1
A EDIVL) o= = Va1 8o ¥ M DV
and
1 o 1 1
(41 CEDvyy) 0 = 7 V1,8 8 = Vhi,a S8
Thus, since Al(fil)vhl is invariant by HCT-R interpolation, we get

from (4.2-52)
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[

Z A (v, (2 )(p 1.8

i=1
+ lZIEA (Zi)vhl 1(2 )= vhl(zi)J[(€i+1 g )(pg,i i+1),a8 +
+ (E -1 E )(PJ’1 i- 1),GB] +
(4.2-55) {
+ z A (Z, )Vhl Z(Z )[(Ei+1 € )(PJ,i i+1),a8
+ (El 1 E )(p J,i . 1),a6
1 .2 2 .1
\ = - 2vhl 1(E) 6 GB hl,z(g)(ﬁa 66 + éu GB)
Afterwards, let us denote f(£) = - —'{(5 y X (E)(El)z} .
j=1
We have :
f(Zi) = Q0
f,l(zi) = Al(zi)
f,z(zi) =0
1 .1
f,aB(g) = 6a 6B

and thus, since Vhi € PI(K) on the one hand, and since f({) is invariant

by HCT-R interpolation on the other hand, we find from (4.2-52)

z A )Vhl 1(2 ) (s )(p ,i,1+17 08"

(4.2-56) .
* (gi 1 £ )(pJ,i 1-10,087 =~ %, & Vh1,1(8)

Then, by virtue of (4.2-55) and (4.2—56), we obtain :
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i=1

v vyl
- vahl(zi)} {(gi+1’gi)(Pj’i,i+l)’aB +

i \V] \Y 1

) + Ey B0y g 000,080 T

(4.2-57) .
1 .2 2 .1

= -6 (g) - (6 § '+ Ga 6B)vh1 z(g) -

L 81 v.
ocBhll B

1
E-ig A (T ){<£i+1 -& ><pj 1,141 ,08 ¥

+ (Ei-l—gi)(pj,i,i—l),us} (vhl,Z(g) + th,I(g))

It remains to study the last term of above relation.

For clarity, we denote

Then, we obtain

2 2,,.1

1
z A,(Z) {(Ei+1 1)(pj,i,i+1),d3 + By g 1),

- - 2 {n;h E(p. ) + (p% y 1+
(4.2-58) 2 1737775,1,27,08 i»2,17,08

1
+ h (h + h )[(pJ,2,3) GB (Pj,3§2),aB] +

1

* hhy [(93,3 a8~ Py,1,3) 08

1}

If we consider the function g(&) = (El-ii)(52~E§), we have :

g(z;) =0

g 1(Z)) = by | g () =0
8,1(22) =0 g,z(Zz) = h;
g’1(23) = h2 + h3_ g’2(23) f 0

Sl 2 20
8 4p(8) = 8 85 + 82 6 ,

[ 3 s
1 .
Z A Q2 )vhl(Z )(pj 2,08 " 2 7 €y Al(Zi)[vhl’z(E) -V

oB

h2,1

} =

©)1 -
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and thus from (4.2-52)

1 1
3Ly 1,90 0 * (Py,2,1) qpd * B (B *hs)[<P ,2 3),aB

(4.2-59)
- 2 1
¥ (pJ,3 2),aB] 6 B B

By virtue of (4.2-57), (4.2-58) and (4.2-59), we find for any & ¢ Kj
3

1 :
EA v EPG] ) oo+ PR AL AR PG

oy, (2} f<€1+1 EDR] 1 101 08 *

(4.2-60)
+ (Ei-l—gi) (pj,i,i"l),OLB} =
- slslv @) - Leste? +8%hy(3v. . L (B)-v.. L (E}+honA ()
o B hi,1 4 0B o B hl,2 h2,1 1727aB 'n’?
where

> 1,1 1
(4.2-61)  Bg ) = 7 1y 3 g = (5 1,30 ag} vy 2B + vy, (8D

o8

Upon combining (4.2-49),(4.2-50),(4.2-52),(4.2-53),(4.2-54) and (4.2-60)
we deduce by using (4.2-26) the existence of a constant C, independent

of h, such that on every triangle K

~ = _ -> 1 ->
Phog (Vn) = Pog (V) + } byl o (V) +
(4.2-62) -

{c3

3
+ 0(h) [v a8 h

he,n * Z

L (zk) +ct () + aB Vi3, e(é )1

a8 Vh3,e “k
From (4.2-21), we derive

aB _ aaB

2,

(&) + 0(h?)

so that relations (4.2-26), (4.2-27) and (4.2-62) give

Bug V) = ey + 3 byhy a8, Gy
(4.2-63)

3 .
. J €
* 0(h) [vhe,n ¥ kZ1{CaB hi B * Cog Vi3 (Z ot ¢

oB h3 e(gk)]
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Step 6 : Obtention of estimate (4.2-29)

From finite expansion (4.2-63) and by taking into account that
meas(K) = O(hz), we derive for any triangle K °f<%;h the existence of

a constant C independent of h such that

~a o> 1 oA >
loyg (%) = pglvy) - g byhya (g)AAB(Vh)'O,K <

(4.2-64)

2 2 2 1/2
< o vig|o ok * Vay|1,e,K]

By using Lemma 4.2-1 and results of interpolation theory
in Sobolev spaces,- CIARLET [1, Theorems 3.1-2 and 3.1-3] , we deduce

-1 ‘
IVhs|p,e,x = CP Vpglpx 2 P01

inequality which, combined with (4.2-64), leads to

~ o, o> 1 aA >

Pug @) - o) - 5 Byhpa (85 (v) g ¢
(4.2-65)
} 1/2

.

< chfflv + v +lv

hl"%,K h2”i,K hﬂ‘g,x

For clarity, we denote

1 1
Pyg = (pj,3,1),a6 - (pj,1,3),aB

+

w, = l-(v ' v )
h =% “Va1,2 T Vh2,1

so that we obtain with (4.2-61)
>
B n) = Pog¥n

By using results of interpolation theory in Sobolev épaces
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>
IAoaB(vh)

0,k lpaBWhlo,K < Ch Iﬁasah’o,ﬁ

and thus

(4.2-66) |Aa6(3£) < Ch |p

0,K aB|o,w,E |Gh|0,ﬁ ’

where K is a reference triangle (for example, the triangle of vertices

51 = (0,0) 2 52 = (0’1) s 53 = (1’0))'

From Lemma 4.2-1, we find

~1 ~1
. ~ + |p; ~} .
Pj,1,3]2,k 7 1Py,3,1

(4.2-67) 2 K
’

< cf|

I cByao,z

By using again results of interpolation theory, we find

aAl . -1
9,00, = cn ¥n |0,k
(4.2-68)
A1 1
]pj’1’3 2,8 scnxlpj’1’3 2,K (and a similar inequality for
Py,3,112,8

Upon combining (4.2-67) and (4.2-68) with (4.2-66), we obtain

> 1 !
(4.2-69)  8yg ol o SO bw|o ¢ TRy 1 s]ox * 175,30

2,K}
Then, by taking into account that meas(K) = O(hz), we have

1 -1
I25,1,3]2, S OB

1

1 -
Ipy,3,1]2,x < CB

so that inequality (4.2-69) gives

5
1848 1) |0,k = Cogl¥nlo.x
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oB -
and thus, since the mappings a ar2 constant on K , we derive

(4.2-70) lauA(E)AXB(zh)lo,K < C{“Vh1”1,x + ”thHI,K}

Since we have

~ 0,2 o,
| Prg (vh_)—oe (vh) 0,K <

A > oi>\ -
Brg () | g * Byhpla 8,3 |4 ¢

~ 0% o> o
< |phB(Vh)-OB(Vh)—h1h2a
by combining estimates (4.2-65) and (4.2-70), we finally deduce
estimate (4.2-29).

Now, we are able to prove the following theorem giving the

~ T Z
h’;h) - ah(vh,wh)l , or, equivalently with
> > - i
(3.3-5), of |a(vh,wh) - ah(vh,wh)l

Y
searched estimate of |a(v

Theorem 4.2-3 : For any regulér triangulation QE; of 9] satisfying

assumption (4.2-28), there exists a constant C, independent of h,
> > >
such, that, for any Vi oWy € Xh s

> > } > > - -
(4.2-71) .'Ia(vh,wh) - ah(vh,wh)l < CHIVJI del .
Proof : By virtue of (4.2-1) and using (4.2-4), it suffices to estimate

> > > >
ERKl(vh,wh)I, the analysis being the same for the other terms ERKi(vh’wh)’

2 < i < 4. We have
o>\ B> ~a~ ~ B2 1 .2 _
JK [vg () Yo (i )Va = ¥y o (W)Y, () Va1 dE ag” =

(4.2-72)

L{ V3 - AVGE VG ag! ag” 4

+

o~ . B,~> ~o0,% . ~B,2 1 ,,.2
JK 3, EGEE) - 70607 @ et e
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Applying (4.2-42), we obtain

2
(4.2-73) |Va - ‘/;h|o,oo,1< sch,

where C is a constant independent of h.

For the first term appearing in the right part of (4.2-72), we have
a,> B> 1 .2
IJK(/S - /2 )vg (v )y, (w) dE” dET| <
Ya

- /§£

< | 0,%,K ‘Yg(zh) lIO,K hg&h) o,

of

u -
Since the mappings aaB , a s @ , baB , bB are constant on { ,

we deduce with estimates (4.2-73)

@218 | 3 - EVEGYEG agt ag? < eyl Il

K

For the second term appearing in (4.2-72), we write

~ o, ~ ~ B2 2
IIK fay [Yg(zh)Yi(;h) - th(vh)th(wh)] ag' ag’| s

G.2-15) | < | JKw;h - VB DEGEYGY) - T 0T, B 1 et a?)
+ IJK 2 IGEIVEGD - VG T G T agt ag?].

But,
|L(</a‘ - Va) DEGVEG) - TG, 061 agt ag?| <
< |Va - /;hlo,w,K {IYg(;h)!O,KlYg(;h) - v‘rﬁ(ah)lo,K
¥ IYS(;h)lo,KIYg(zh) - Vgl x *

+ V3G = Tas G o g IVEGY - To@ 1, 3 s
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o o =

, 8 o baB , bB are constants on { ,
we obtain with (4.2-73) and (4.2-11)

and since the mappings apg » 2

+‘ ~ g~ 2
| IJKUE BRI RN CRIE A AL RS I
(4.2-76) ' N

< on’ [l "ﬁ”x

In the same way,

> ~ 2~ e
[ 7R OGO - TEGTEGYT et e <
o=y { F

< on Il e -

Upon combining (4.2-5), (4.2-72) and (4.2-74) to (4.2-77), we
finally obtain :

L . > -
‘ERKl(Vh’;;h)bl < Ch ”Vh“K ”wh“K
With a similar analysis, we easily obtain
|ER, (v,,w)| < Ch ||3‘_“KH§$I_“K , Wi, ls<icd4d
i

and the proof of estimate (4.2-71) is achieved by summation over
all the triangles K of Q5£ . )

4.3 - Uniform Gh-ellig;icity of the bilinear form ah(.,.)_given in (3.3-5) :

‘As a consequence of Theorem 4.2-3, we deduce the following

result :

Theorem 4.3-1 : Under the assumption (4.2-28) and for h sufficiently

small, the bilinear form (3.3-5) is uniformly ?h—élligtic,
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> ->
Proof : For any vy € Vh’ we have

> > > > > > > o>
ah(vh,vh) = a(vh,vh) + (ah(vh,vh) - a(vh.vh)) .

From Theorem 1.3-1, we know that the bilinear form a(.,.) is
>

G—elliptic. Using the inclusion V, c %, we deduce that there exists a

h
constant a > 0, independent of h, such that

> ->
Y, €V

* 02 . > >
h he © ”vh” < a(vh,vh) .

Combining this inequality with estimate (4.2-71), we obtain

> >
¥Yv, € V

Then, for h sufficiently small (more precisely, for h such

as h S-é% ), we get
-+ > L > w2 o
v eV, ah(vh,vh) 2B ”VJI » B=3 .

Now, it remains to estimate the consistency between the linear
forms £(.) and fh(.) respectively defined in (1.2-4) and (3.3-3).

4.4 - Estimate of the consistency error lf($h) - fh(;h)l

Similarly to Theorem 4.2-3, we obtain the following result :

Theorem 4.4-1 : For any regular triangulation @5; g£_§ and for any
components pi € Wl’q(Q) s g€ R , q=2 ,defined in (1.2-4) there exists

> >
a constant C, independent of h, such that, for any w € Vh s

(4.4-1) ]f(“éh) - fhc;?h)l < Ch ngl,q,n "?zh” .
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Proof : First, we can observe that the inclusion with continuous
injection Wl’q(Q)(;figo(Q) gives sense to the expression (3.3-3).

Next, observe that this definition (3.3-3) is obtained from
definition (1.2-4) by using the following numerical integration scheme
over the reference triangle K (for example, the triangle'with vertices
51 = (0,0) , 32 = (0,1) , 53 = (1,0)) :

TN ar meas(ﬁ) 3 - -
L 0(E) ag v EEERRRL T 6@ .
-3 . i

K i=1

Since this scheme is in particular exact for constants, the
estimate (4.4~1) follows from results of BERNADOU ([1, part III, Theorem
4.,4-2] or [2, Theorem 4.2]).

| O

4,5 - Convergence and error estimate
Now, we are able to prove the following convergence result :

Theorem 4.5-1 : For any regular triangulation QE; gf_ﬁ satisfying

assumption (4.2-28) and for h sufficiently small, the discrete problem

- >

(3.3-4) has one and only one solution up € V.

Moreover, for any components of the load pi € Wl’q(Q) , g€ R,

q 2 2, defined in (1.2-4), there exists a comnstant C, independent of h,

such that, for h small enough,
(.5-1)  flu-ul <cn,

where u denotes the unique solution of the continuous problem (1.2-5).
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-

Proof : Denoting by Hh the Vh—interpolation operator, one has

+> > > >
Ia(vh,wh) - ah(vh,wh)[

IA

> >
Linf {”u-vh” + ,sup

>
thVh whevh Hwh"

> >

> >
la(Hhu,wh) - ah(Hhu,wh)l

->
< Hu—Haq[ + ,su v
ek ]

<o

Thus, by using Theorems 2.2-2 and 4.2-3, we obtain

> > > >
Ia(vh,wh) - ah(vh,wh)l

+in£ ﬂ[3¥$J| + +su% “+ ”
v, €V W, € W
(4.5-2) h 'h h h i

< on ([0 + Teg| 0 + ugf3,0"% + D

By virtue of Theorem 4.3-1, we can apply the results of

Theorem 4.1-1 so that we deduce by combining (4.5-2) with Theorem
4.4-1 :

> > 2 P
=& ]l < cn {(]u1|§’9 + luyf5 0 * Iu3|23’g)1/2 [l - Ielly o

and estimate (4.5-1) follows.
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