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DETECTION AND DIAGNOSIS OF ABRUPT CHANGES IN

MODAL CHARACTERISTICS OF NONSTATIONARY DIGITAL SIGNALS

M. BASSEVILLE (IRISA/CNRS). A. BENVENISTE and G. MOUSTAKIDES (IRISA/INRIA)
SUMMARY

Two problems and addressed in this papeh, namely detection and dtagnosis of
-1changes in the poles of a signal havfng unknown time varying zeroes. The test
statistics we suggest for the first problem of detection without diagnosis, is
not based upon the stahdard 1ikelihood ratio approach, which is of no help in
the present case, but rather on an identification method. This test statistics
can be extended to the second problem, namely the detection with diagnosis
of which poles have changed. . - _

Only the scalar case is investigated here. But the proposed test statistibs *
can be extended to the vector case, and may be used as a solution to the probiem
of vibration monitoring. This will be reported later.

RESUME

L'objet de cet article est la résolution de deux problémes, a savoir la dé-
tection et le diagnostic de Changements brusques dans Tles poles d'un signal
admettant des zéros'variables et inconnus. La statistique de test que nous proQ
posons pour le premier probleme de détection sans diagnostic, n'est pas basée
sur 1'approche classique du rapport de vraisemblance, qui n'est d'aucune utilité
dans le cas présent, mais plutdt sur la méthode d'identification. On peut étendre
cette statistique au deuxieme probleme de détection avec diagnostic des pOles

qui ont bougé.

On s'intéresse ici uniquement au cas scalaireMais les tests présentés peuvent
8tre étendus au cas vectoriel, et utiiisés pour apporter une réponse au probleme
de surveillance des vibrations d'une structure soumise 2 une exéitation_non-
stationnaire inconnue. Ceci fera 1'objet d'un article ultérieur.

.~ CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE - INSTITUT NATIONAL DE REc__HE_R_cHE

(L.A. 227) " ENINFORMATIQUE ET EN AUTOMATIQUE

.UNiVEHSITE DE RENNES 1 | NS.A.DE RENNES (LABORATOIRE DE RENNES)
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[ = INTRODUCTION

The problem of detecting changes in spectral properties arises fre-
‘quently in practice, in the segmentation of nonstationary digital signails
or the monitoring of time series for example. Most of the solutions, which
are available so far in the time domain, basically use the complete set
of the (known or identified) model parameters : this is the case for inno-
vations-based detectors and standard 1ikelihood ratio tests. In [1] for
example, a new on-1ine algorithm was presented, which was based upon
Kullback's divergence between the conditional probability Taws of the ob-
servations under a "reference" model and a "current" one,

In some practical situations, one is interested in detecting éhange§
in a subset of the model parameters while the complementary subset of model
parameters are completely unknown and thus have to be considered as nui-
sance parameters. This 1s the case for example in vibration monitoring
where one wishes to detect changes in vibrating characteristics of systems
subject to nonstationary unknown excitation such as swell, wind, earthquakes...
In this case, the change detection problem can be formulated as follows :
using an ARMA model with (highly) nonstationary unknown MA coefficients to
model the excitation [9], detect a change in the AR part (assumed stationary)
and if possible, determine which AR coefficients or which poles have
changed (i.e. diagnosis problem).

Because of the highly time varying character of the unknown MA coeffi-
cients, none of the standard elimination methods for nuisance parameters
[2] seems to be of help for this change detection problem. On the other hand,
it has been shown in [3] that it is possible toobtain consistent estimates

of the AR coefficients without knowing (or using estimates of) the varying
MA coefficients.

The basic idea underlying this paper is thus the following : instead of
using standard 1ikelihood ratio methods which are of no help in the present
case because of the unknown MA part, one may base the detection upon the
same 1dea which is used for the identification. Using this idea a statistics
U is introduced and the central limit theorem is shown to hold [6] for this



statistics U under both hypotheses, nu11H6 (%;e. no change) and local
alternative H1 (i.e. small change). This gives a test statistics for a
global test (for a change in the AR part) with no diagnosis about the
nature of the change. Using the effect of specific parameter changes, such
as for example changes in poles or vibrating modes, on the mean of U under
H1, one may design specific tests for monitoring vibrating'modes'separate]y.
Another approach for solving the diagnosis problem will be presented : it
consists in basically reidentifying each pole whfch has to be monitored.

In this paper, we investigate only the scalar case. The extension of

the proposed test to the vector case will be reported later ; let usronly
emphasize that this extension may be used to solve the problem of vibration

monitoring for offshore pltatforms for example.

Sections II and III will be devoted to the presentation of the proposed
off-line algorithms for the two problems of interest : detection and
diagnosis, while numerical results are given in section IV. The performances
in the simple case of changes in AR models (no MA part) are investigated in
pahagraph IV.],'with special emphasis on the problem of coupling effects
that arises during diagnosis upon the poles. '

The performance of the proposed tests in simulations with scalar ARMA
signals 1s reported in paragraph IV.2, for the case where the nonstationary
MA part is piecewise constant.

Section V 0ut1ine§ the main conclusions of this study.

Il - DETECTION"OF CHANGES IN THE AR PART OF AN ARMA MODEL WITH
NONSTATIONARY UNKNOWN MA COEFFICIENTS

As mentfdned in the INTRODUCTION, this paper is focussed on the scalar
case. Let us thus consider the following mode]

3 Ye-i 7 z

y —
t ~j=0

L bj(t) €, _;




where (et)t is a gaussian white noise with constant variance cg .
Here the unknown moving average coefficients (bj) are time varying, .

and may even be subject to jumps. The problem to be solved is the (off-line)

detection of abrupt changes or jumps in the autoregressive parameters (ai).

Whe shall first recall the main result concerning the identification problem,

because as mentioned in the INTRODUCTION, it is the starting point of our

detection procedure. |

1. - Identification of the AR coefficients without knowing the non-
stationary MA coefficients |

Assume that a single record (y1,..,,ys) of the process (yt) is available.
The so-called instrumental variable method for identification has been re-
cently proved [3] to provide with consistent estimates of the autoregressive

parameters in the present framework. More precisely, let :

the (p+1 )xN empirical Hankel matrix of the process (yt) where
0£t<s

N>p is the number of instruments and

S-k
Rk(s) = Z Ye+k Yt (k 7 0) :




1S a consistent estimate of true vector parameter :

6 = (a_ a

D p_1~...a1)l . " (3)

of model (1). See [3] for a complete proof and precise statement of the

~ consistency result. This result does not require any stationarity assumption
- about the moving average parameters bj(t). In this sense, this identifi-
cation method of the AR part may be thought as being robust with respect

to the unknown MA part.

2. - The change detection problem

The usé of standard observation-based 1ikelihood ratio techniques'
for solving this problem would require either an identification of the MA
coefficients bj(t) using for example a forgetting factor, or maximization
“or integration of the likelihood with respect to a prior distribution of
these unknown parameters [2]. Because of their highly varying features
(related for example to the shock or turbulence effects of the sea on an .
offshore platform), these approaches do not seem to be appropriate. (Remem-
ber also that in [4] Bohlin assumed that convenient values of the MA coef-
ficients were available). |

Moreover, the Fisher information matrix of an ARMA model is not
block diagonal : there is an interaction between the AR and the MA coef-
ficients. In other words, there is a coupling effect between the detectioﬁ
of changes in poles or zeroes, and therefore it is not convenient to use
(Tocal) likelihood methods ([5], [7], [12]) for detecting changes on poles
when the zeroes have to be viewed as nuisance parameters.,

Keeping 1n mind the "robustness" properties of the identification
procedure with respect to the nuisance parameters, we propose the following
off-1ine change detection procedure. Let us now assume that a "reference"

model parameter 6, = (ag...a?)' has been estimated on a record of signals y,

and let us consider the following problem : giQen a new record of signals y,
decide whether they follow the same model or not. The solution we propose
1s the following : compute again the empirical Hankel matrix %p N corres-

ponding to this new record, and look at the "size" of the vector UN




defined by : Ug(s) = (-ag...-a? 1) ggp,N_“S) (4)

If there has been no change in the AR part, this U vector should
be "close" to zero ; in case though of a change in the AR parameters,
this U vector should be "significantly” different from zero.

Let us rewrite UN(s), in a numerically more efficient way, as :

S
Uy(s) = V¥ w, Z (5)
N t=q+N t "t
Where : Wt = yt - 31 yt_1 f----ap yt_p (6)
is the "moving average part", and
by = (yt-q-1 Yt-g-2 "'yt-q-N) (7)

Under the hypothesis of no change (i.e. 6. still represents the AR

0

part of the actual process), Zt is onthogonal to w, and the covariance ma-

t
trix of U is :
W(s) = 1 )
(s) = § E. (w,w, . Z, 7' . (8)
N t=q+N 'i=_q 90 t t'1 t t‘1
because, for |t-r| > q# : IE90 (wy w. 2, 7') = 0
A
Finally, let ), (s) be the following matrix :
A s-Q
In(s) = 1 E W Wi Ze 2o (9)

t=q+tN i=-q

Despite the fact that the process Yis and thus Zt’ 1S nonstationany,

it turns out that the two following theorems hold [6] :



7) NOnétatiqnary law of large numbers

A | |
Ly is a consistent estimate of },, namely :

‘under both null hypothesis, i.e. the set of AR parameters 1is eo,and local
alternative hypothesis, i.e. the set of AR parameters 1is 60 +-%%g, where

80 is fixed.

121) Central Zimit theorem

Under the probability 1aw]Pe , we have :
70 |
a3 | '
. 2 | |
()2 L ug(s) o 0y (11)

and under the "small" change hypothesis IP

WS

-1

A e

Tn(s) S . (Uyls) -

ﬂNJ , p-1 % ) oy W’(O’IN) (12)

Basically, the proofs are based upon extensive uses of various 1imit
~ theorems for martingales.

In other words, the use of the local apprbach for detecting éhanges
(Ibragimov and Khash'minski [5], Nikiforov [7], [12]), reduces the original
problem to the problem of detecting a change in the mean value of a gaussian
process. -

Let us consider the generalized likelihood ratio [11] as the decision

rule for this new problem. Maximization with respect to all possible "ma-

gnitudes" of changes 86 is straightforward, and leads to the following x2

test :
-1

a1
| %NJ , p-1 %p-l ,.N“-:I' XN N (13)




3. - More on some sEecial cases

a) Let us first investigate the AR case where q=0 .

S
Then : Uy(s) = Y w,  Z
\ t=N t t
where w, = bo(t) ey
and 7, = (yg_q--¥i ) - (14)

Using the formulation with the empirical Hankel matrix :

(15)

(2, 7,)

li
| 3
32

e
(w,”) E
t 60

| = si o(t) E. (Z. Z.)
0 0y |t ‘t

where [ (Z, Zt) is the Toeplitz covariance matrix of size N of the
0 ! .
observation process (yt) ,
t



IN may be estimated by :
2 2 | .
In(s) = Z W' Z, 7, . (16)

Let us now consider the stationany AR case, 1.e. let us aSsuﬁe that bo(t)

is'constant, which is usually the caSe when one is intereéted in changes
in AR parameters. Then :

Y (s) = b2 ‘ *% IF (Z, 1Z,) B (16)
LN 0 % ¢ t “t | - ~
may be estimated by :

fh(S) = b% 02 § Z, 1 | ' (17)‘

Furthermore let us assume that N = p which is the minimum number

of instruments to be used. Then the empirical Hankel matrix %p-ﬁ D-1

is_generica]]y invertible, and the global test to-(13)liS;:

which 1s nothing but the classical local 1ikelihood ratio test (first ver;

“ sion of the cusum type algorithm derived by I.V. NIKIFOROV for detecting
changes in AR coefficients [8], [12]).

b) Let us now consider the ARMA (p,p-1) case which naturally arises from
state space models without observation noise ; this model has been used

for the vibration monitoring application on offshore platforms [9]. Then




- 10 -

from (4) and (2) :

(start from RO) .
and from (5) :

with :

=
s

|

<
ﬁ

- 3.1 yt"1 o0 e ""ap yt-p

L

£ = Wiop Yeopt o Yeop-pt1)' .

For N = p, the global test t0 (13) is still as in (18).

It has to be noticed that, instead of the estimate (9) of ), :

A S p-1

Yuls) = W, w. . 2. 2. .
N t=N§p i=-g+1 t t-7 "t T t-1 )

another "approximate"” estimate may be computed, which is :

S

a1

T(s) = (] W
Ins) th+f t (t=N
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(see (17)) , and which turns out to lead to a global test numerically
better conditioned than the initial one, although we have no theoretical
justification for it.

Finally, let us mention that all these tests may be extended to
the vector case. This will be reported later.

- {II1 - DETECTION WITH DIAGNOSIS

'Here we investigate the problem of detecting changes in the AR part,
with diagnosis upon which AR coefficients or which poles have éhanged, and
sti1l without knowing the nonstationary MA coefficients. As in section II,
we only investigate the scalar case. Let ué first emphasize that, even in
the stationary AR case, this diagnosis problem is not so much standard,
especially when the poles are of interest. As far as we know, the only
approach which has been investigated for solving this problem is the so-
called multiple model approach, described for example in [10], [11]. Two
approaches are presented in this section : a sensitivity method which
looks for changes (on the AR parameters or on the poles) constrained into
a subspace, and a decoupling method which is a kind of filter bank approach
and which basically re-identifies each pole to be monitored. -

a*

1. - Sensitivity method

It haé been shown in the previous section that a possible solution
to the problem of detecting changes in the AR parameters without knowing
the MA ones, is to solve the equivalent gaussian testing problem for the
“instrumental” statistics U . Remember (11) and (12) which summarize the
nonstationary central 1imit theorem. |

The basic idea underlying the sensitivity method is to take into
account the effect 66 of changes of interest (for example on séparate poles)
on the 6 parameter (3) and to use the same 1ikelihood ratio approach based
upon the U vector. - ' | |
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We will make an extensive use of the following general result. As-

sume U is (asymptotically) distributed as W’(O,}:) under H0 and as df(u,z)
under H,. For testing y = 0 against y # 0, one has to compute :

-1
u' ) U (20)

For testing p = 0 against pe Range (A), where A is a given Tow rank
matrix, compute :

R 1
u* ¥ A(A" Y A A} U (21)

which is nothing but the maximum value, with respect to v, of the log
1ikelihood ratio between H0 and H1 with u = Av.

Describing more precisely the diagnosis problem, let y be the
m-dimensional set of the "free" parameters to be monitored, and Vg the set

of their nominal values. Then, changes &8y in these free parameters induce
changes in the AR parameters &6 given by :

56 = f{&y)

where f is a non linear differentiable function.

Let J = f'(wo) be the pxm Jacobian matrix :

aai

J = (
an N’J} = lpo (22)

A first order approximation leads to :
§0 = Jd oY 3

in other words the changes on the AR parameters are constrained to the
subspace Range (J). The corresponding diagnosis test is nothing but (21)
with

R g ﬁN"‘ :,p"l | Jpsm
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For example, if the diagnosis problem of interest is to monitor
eigenfrequencies mj, the corresponding tests are :

G: W. . . 23
oW 6y K R | (23)
where |
90 '
G R R
] Bwj
00"
W, = 39 (24)
J UJj |
and where '%gf' may be computed off-line (numerical values of the deriva-
J

tives are computed at the nominal poles). The computation of the Jacobian
matrix J in this special case may be .found in the’ Appendix.

The advantage of this approach 1s that it allows the separate moni-
- toring of as: many poles or subsets of poles as desired, without a;priori
knowing which poles will actually change. The main drawback is théf‘fhéfe
- may exist a coupling effect between the poles to be monitored ; namely

all the separate tests can be non zero even if only one pole has actually

- moved. But it will be shown in section IV that the diagnosis decision is
nevertheless correct, in most of the cases.

2. - Decoupling method

- The basic 1dea of th%s approach is to re-identify the poles which
have to be monitored, and to use the global tests (13) or (18) associated

to the "small order" corresponding U vectors. For simplicity, et us consi-
der the case where no pole is real, and thus p = 2r.

' B
Let be : P(z) = 2°" - ) a; g
| i=1
the characteristic po1ynomia1 of the model, and 1et;us‘consider all the
possible factorizations of the form :

P(%) = (Z-lj) (ziij) Pj(i),, i
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The decoupling method for diagnosis is depicted on figure n°l and
is as follows. For each index j of interest, achieve the inverse filtering

of the signal (yt) through Pj' On the resulting signal, identify the AR
part of an ARMA (2,q) model, in the same manner as in section II 1) for
example. Then, using the new "nominal"” values af and a% compute the corres-

ponding U J vector via (4) and the xz test (18) :

with p = 2 and with ) estimated via (9) or (19).

' 1 Identify AR part 1 T!
1/P1 ! of ARMA (2,Q) - Ut (18)
1 |

_ a,
P
- - '
™ -~ l
< o | I
- g, —~ ' | S
-~} .
Identify AR t a i
5 m entify ar m T
Yt | of ARMA (2,q5’ 1 (18)
| m
. az

Figure n°1

If there 1s-no change at all, all the 1) tests will be zero. If
there is a change on the pole xi,-then the test T' is zero while all the

other ones (TJ for j # 1) are non zeno.

‘The obvious advantage of this method is that there 1s no more cou-
pling effect between the poles : if only one pole is moving, only one test
is closed to the "good" value (here zero). The main drawback of this method
1s that if m)>2 poles are moving simultaneously, then we need to perform a
number of tests that is equal to the number of combinations of m elements
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among n (order of the system). The sensitivity method requires only m
tests. Furthermore, the decoupling method requires in practice the prior
knowledge of which subsets of poles are moving, otherwise the decoupling
property is last.

Numerical results concerning these two methods for diagnosis will
be given in the next §eétion . Let us only outline that their extension
- to the vector case is possible and currently under study. '

IV - NUMERICAL RESULTS

We here investigate the numerical behavior of the tests which we have
presented in the two previous sections. The main points to be emphasized
are that :

- 1) the global test (18) is an efficient approgch, especially when
the estimated } matrix is computed via (19) ;

ii) the sensitivity method, despite its coupling effect, is able to
detect and diagnose small changes in eigenfrequencies ;

iii) the decoupling method is efficient for diagnosis, when only
one pole moves. |

The experiments which have been done are high]ymotivatéd by the

- fact that, in view of the application to vibration monitoring, we are in-
terested in detecting small changes in eigenfrequencies. "Small" here means
one percent ; in other words, according to the location of the corresponding
poles, the "observable" change, namely the change in the AR coefficients,
may be less than four per thousand. '

We have chosen models of even order, with pairs of complex conjugate

poles, of the form :

and studied changes in one or more wﬁ" In most cases, the p; are equal,.

but the influence of these parameters has also béen‘stﬁdied. We will show
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that a fixed pole close to the unit circle can prevent the diagnosis, and
even the "global" detection of a change in a second pole far from the unit
circle. The models which have .been used are shown in table 1. For each ex-
periment, the numerical values of the test statistics are computed under
both H0 (i.e. the actual model is the reference model) and H1 (i.e. the

actual model is the changed model).

Table 2 gives the values of the global test and the sensitivity test
for diagnosis in the speéial case of stationary AR signals. The reason for
considering this ¢ase is the analysis of the coupling effect during dia-
gnosis mentioned in section I11.1).

Table 3 gives the corresponding results for the ARMA (p,p-1) case,
where the moving average coefficients are piecewise constant (lengths of

intervals randomly chosen).

It has to be emphasized that the numerical values given in these
tables are pessimistic because they give the mean values obtained by
mixing experiments with different record lengths (from 1000 to 10000, by
increments of 500), and in many experiments it is obvious that the behavior
of the tests especially for the diagnosis 1S very poor when less than 3000
or 4000 sample points are available (remember the small magnitude of the

changes under study).

V- CONCLUSION

The problem of detection and diagnosis of changes in modal charac-
teristics of nonstationary (scalar) digital signals has been addressed. An
equivalent problem is to detect changes in the poles of an ARMA model having
nonstationary unknown moving average coefficients. New tests have been de-
rived, and studied via a simulation study. The main idea underlying our
approach is to use a likelihood ratio technique, but based upon an "ins-
trumental” statistics (rather than the observations themselves) which is
more "robust" with respect to the nuisance parameters. The main conclusion
is that Qetection and diagnosis of small (1%) changes in eigenfrequencies
are possible, provided that the size of the sample is large enough (several
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thousands)'and“thaf.there'is no Pmaskingﬁefﬁeét?, namely that the poTes
to be monitored are not less close to the unit circle than other ones. This
- latter point is to be further investigated theoretically. Fina11y, the"
extension of these tests to the case of vector signals is possible and cur-
rently under study. |

LIST OF TABLES
Table I : Nominal and changed models used fbrﬁthe*simu]ationgfudy; ‘

Table II : Invéstigation of the cougTing effect of the sensitivity method
in the statfionarny AR case. L

" Table . IIT : Diagnosis by sensitivity and decoupling methods in the non-
' stationany ARMA case (piecewise constant MA coefficients).
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Table I

name of Reference model| Changed model Relative Relative "observable"
Experiment j ' magnitude/w magnitude :
0.99
edl 0.99
.8 0.3
6 0.594 th 4/ o0
1.5
0.495 1% 3°/ o0
2 2.18 ‘
2.4 1% ¥/,
1.9
0.495 1% 3°/ o0
1.9 .

19

l
Ca
-

0.99
ede 0.99

0
0.99

O
O

0
0.99] 2.
0.99]| 2.4
0.98

0.99

0.99
0.98

0.495

(D ,
I
l||“‘||‘|“‘l|\l“|| cg
|IIIIII|IIIIIIIIIIIIIIIIIIIICD

0.98 | 0.8 0.8 _
eds 0.99] 0.6 |  0.59 s Voo _
0.99 | 0.8 0.8
s 0.98 | 0.6 0.594 * /o
0.99| 0.8 0.8 '
4° /o0
0.6 | 0.6 0.594
‘ 1.9 ﬁ
0.6 1% 2°/ o0
0.4 0.396
0.99 | 1.5 1.5
062 0.99 | 0.6 0.6 2 Foe
' 0.99 | 0.4 0.396
1.5 1.5

eb3 4G/G0

2%/ o0

0.396

0.99] 0.8
0.99 | 0.6 4°/ oo
0.99] 0.4
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Table IX

H Global test

0.93 1514 085
0.60 14.15
1 09 17. 99 1.24
0.93 17.90

0.99 14.12 0.87
0.69 | 13.57
0.65 1.44
0.61 7.69
1. 13 18.21

0.87

13 68 1 57
11.81

# P e e
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Table III

Global Sensitivity Decoupling
test
2.56 '

1.75

2.57

4.29

2.27

2.69

4:11

60

Globall. Sensitivity | Decoupling

test test test
0.89 2.39 14.90 0.43 15.15
0.49 2,00 13.20 1.81
0.48 0.75 11.29 0.84 22.74
0.59 0.69 9.27 0.75
1.08 1.97 7.23 0.29 17.63
0.49 0.93 6.33 0.82
0.70 7.55 237.35 233.03 6.22
1.54 4.86 1.23 312.29
1.17 4,14 9.84 0.44 13.24
0.26 1.72 0. 30 11.10
Q.61 1.84 6.70 3.80
0.54 5.09 7.27 0.9?2 9,21
0.30 6.10 0.26 7.44
0.36 2.66 3.93 3.64
0.17 5.53 8.99 0.84 20.
0.25 4,09 0.47 13.72
0.62 6,20 4.21 3.63




B~

APPENDIX

COMPUTATION OF THE JACOBIAN MATRIX

Let 8 = (a_ p 3p-1 ke a,)' the vector of the AR parameters of the

ARMA model to be tested. Assume that the AR order is even, and let the po-
les be of the form |

+1w
2 alliF
Xj p; €
- where the eigénfrequenqy X is such that 0 <'uh <*n- The purpose of this
Append1x is to g1ve the der1vat1on of the Jacobian matrix (=—— w=) which is
J

needed for the d1agnos1s prob]em'when the sensitivity method is used. See
formula (22). '

The p poles Aj satisfy the following characteristic equation :

_Er ek
- a A =0
k=¢ K

where éo —1..CompUting the derivatives of these re]atibns with respect
to one eigenfrequency to be monitored, say W5 s We get.tﬁe fol]owing‘sys—

, . 0
tem of p equations with p unknown variables :

p-1 . p-k P 9a, K
i) e k), o+ ) — AT = 0
k=0 < " o kA 3wy
p-1' v b 923, _
k=0 o k=1 . ““5, Jo
-' - AJO LY p-k
for j such that A # s oL 3= Ay =0
i - k= Wy J
0 0
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In other words :

0
0
ﬁj
a0
Y m— = -1
Bwj .
0
-Bj
0
0
p-1
: _ . p-K
where : B, = Z a, (p-k) s
k=0
and ¢ is the Van der Monde matrix
2
1 & Leeswees M,
‘ : | |
: \ 5 | -1
' . i p-
Y I SV
b = 1 — p-1 '
1l A\ x1|......__...x1
' . | :
| : ! ;
\ * ' !
T P 3
p/2 p/2 == = =~ "p/2

1

Thus, if uj_and v; are the columns of wf , with numbers j and

(j++-§) respectively, we have :

a6

=1 (-B, u; + B, V. .
LT (-85 uj + By v5)
Actually, it is not difficult to prove that Vi = ﬁj. So :
-5-(3—_2 Im (B- U-) *-

: J
; 'J
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For each pole to be monitored, the only values to be computed are
thus the complex number Bj and the appropriate column of the inverse of
-the matrix y. Using the lemma for inverting a partitionned matrix, one
can easily replace the inversion of the (pxp) matrix y by two inversions
of (p/2 x p/2) matrices and products of matrices of this size.;

Another way of computing the inverse of y without inverting any
matrix is to use the following remark : the column number j of w"1, say

(cg_, cf ; W cpf1), satisfies :

0 for all i # j

iyl e, P
Cn ¥ €1 A T wue A = -
0 11 ™ oot ! for all i = j
o)
Thus, the ratios —%—- (0 < k £ p-2) are the coefficients of the
_ . |
p-1

polynomial igj (s-'xi)_. and'cpf1 1S determined by using the last

relation.
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