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ABSTRACT

Me consider two dimensional steady flows around profilés, of a compres-
sible inviscid fluid governed by the Euler equations. Our purpose is to study
robust unsteady solvers with no parameter to be adjusted. Here we.solvé several
least square formulations of the Galerkin discrete system with conjugate gradient
algorithm with different precoh&itioning operators. Some comparisons are made

between those solvers.

RESUME

On s'intéresse & des écoulements bidimensionnels stationnaires, aufour
.de profils, modélisés par les équations d'Euler des fluides parfaits compres-
sibles. L'objectif de ce travail c'est 1'étude de solveurs instationnaires
robustes sans paramétres & ajuster. Ici on resout des formulations moindres
carrés du systéme de Galerkin discret, par un algorithme de gradient conjugué
avec différents préconditionnements. On compare ces solveurs entre eux.



LEAST SQUARE METHOD TO SOLVE

EULER EQUATIONS.

ANGRAND F RANCOISE

.0. INTRODUCTIGN

The numerical solution of Euler equations have regained interest in the
CFD community. Very efficient methods have been develapped with FDM/FVM [1]
to [13] and FEM solvers wvere also contructed [14] to [20].’More precisely for
industrial use, mainly centered FDM, FVM and centered galerkin FEM were developed,

including artifical viscosity terms. The role of these terms is easier to analyse

vhen wve consider the unsteady solution of a steady flow. Two purposes are to be
distinguised : '

(:) artifical viscosity is used for monqtone like shack capturing
'(:> artifical viscosity is used for convergence of the unsteady solution to the

steady one.

In the litterature the second point proved to be crucial not only for usual
explicit procedures, but also with multigrid and several implicit ones ; it

may lead to costly parameter adjustment and also to some deterioration of the
accuracy with respect to the one got with the first point alone.

In fact, it is the dream of many CFD people to construct methods with no parameter
~adjustment.

Many-works have been motivated by the wish to get rid of the parameter with point
(:)(monotone schemes). Although point <:> is somewvhat better solved with respect
toversability (external, internal flows...), convergence property generally does
not give satisfaction. Our purpose is to study unsteady solvers when no parameter
- is adjusted for-convergence purpose. However, in this paper, an artificial
Viscosity is still used, only for shock capturing (point (:) ). The main technique

of our no-parameter solver is the Least Square formulation of the Galerkin

discrete system together with a non linear conjuqgate gradient algorithm with

preconditioning [22]. Such techniques have been extensively used by the INRIA-
AMDBA team for Navier-Stokes FEM models [ 23] and for a transonic full potential
FEM solver [24]. The present paper is a first attempt to use these techniques

vith a purely hyperbolic system.

The key choice is then the choice of the preconditioning operator :



(:) poisson preconditioning : In the above studies some success vas obtained
vith Poisson operators. Although the system to be solved is not elliptic,
several time stepping schemes contalnlng Poisson solvers exist [6] . So the

first preconditioning presented is a Poisson operator.

First order preconditioning operator : Since the Euler system does not give
symmetric Jacobian matrices, first order non symmetrical approximations of the

Jacobian are also used for preconditioning. While in case (:) the idea is to
smooth the variations of the unknowns dufing the algorithm ; the case is

analogous to a Newton-like approach.

As a last remark of this introduction we emphasize that we are not concerned

here wvith the so-called Least Square Approximation. The discrete problem is

derived from the classical Galerkin approach only. The solver uses the Least

Square principle.
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I.VDEFINITION OF THE DISCRETE SYSTEM

I.1. Governing equations

_The flow of a two dimensional inviscid, compressible fluid is governed

by the Euler equations [21] :

dw . 9 9 -
(1.1) Tt * 3 .F(w) * 3y G(vw) =0
Where e} pu pv
pu pu2+p ' puv
v = ov F(w) = ouv G(wy) = pv2+ b
e (e+plu (e+p)v

and wvith

P =0.4 (e - %‘ D(u +v ))

p is the density, p is the pressure, e is the total'énergy, u and v are the

components of the velocity, t is the time.

1.2 Variational formulation
We consider a domain 2, in wvhich we want to solve (1.1). The conservative

variational form of (1.1) is the following.

u(t)e [Hl(Q)]a
| Lyl [ (2o Fouy 22 _ gy 29 ]
(1.2) Uq)E[H (Q)] j; {Bt o~ F(w) Ix G(w) dy } dx dy =

€

-.[ o[F(w)n_ + G(w)n ] do
an X y

(nx,ny) is the normal vector exterior to the frontier 30 of Q .

1.3 Space discretization -

Given a trlangulatloﬁ%; of Qh, polyhedric approximation of §2, and a
Lagranglan finite element, we can define a finite dimensional space V included
in [H (Q)] and approximating that space. Then the spatial seml—dlscretlzation '
of (1.2) is :

v (t) eV _ . . .
h h * 3wy, 3 L0 ' )
(1.3) (v g ¢ VH j; {So 3t So @ - F(w ) — 3% G(wh) ——'} dx dy =
RN , . :
* [
—‘[39 @ [F(wh)nx + G(wh) n, ] dg

h
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The * symbol denotes numerical integration and some boundary procedure. So is

the mass lumping operator.

1.4. Boundary conditions

Boundary conditions are plugged via the boundary integral jﬂ* of (1.3)
» 3R
h

for wall and profile conditions as well as for the conditions at infinity. For the
integrals at infinity values of»wh(t) are substituted at each integration point
by a value obtained from a choice of infinity and interior quantities in

accordance to table (I.1), which gives a discretization of the conditions.

uantities .
entropy enthalpy Velocity pressure
Boundary direction '
inflow infinity infinity infinity interior
outflow interior interior interior infinity

Table (I.1) Conditions at infinity

This discretization introduces no diffusion, no upwinding is used, neither extra-
polation since with Lagrangian finite elements the dependant variables are

defined along the boundaries.

I1.5. Time discretization

Let At the time step. Between time n At and time (n+l) At we have the
followving relation ‘
*
n+l * /ﬁ RS n
(Ew 75),9) = o (s, v s V) s, @ dxdy
* h
_ ‘ n+1 9 . n+l, 93¢
At fQ[F(\Uh ) VR LI )Aay]dx dy
: h
(loa) * ) .
- At j. ¢ [FW12+1) n_ o+ G(WQ+1) n,] do
1) X y
h

+ 8t (DY), 9))

*
((D(wh), ®)) is an artifical viscosity term to have monotone like shock

capturing. This term is calculate as an explicit one. Vector w2+l

n+1
h

is obtained

from the values of v and the boundary conditions, using the Table (1.1) rules.



I1I. LEAST SQUARE FORMULATION AND PRECONDITIONERS

11.1 Least Square formulations

From (l.&),(E(w2+l),w)* has to be a small term, since it is a time

n+1

approximation of (1.3). Moreover, we want to minimize E(w ) for a norm wvhich

ve have to define, for each time step, so we will solve the time approximation

of (1.3). So ve have, for each fime step, an optimal control problem. We want

to find for each integer n, W" which satisfies

(2.1) min  {3z) =|lE@)]], (E(2),9)" = RHS (1.4)}

Ze Vh

N ‘
J(z) is the cost function, (E(z),¢) = RHS (1.4) is the state equation,

LI . . . 2 .
(p,¥) is an integration formula in [L (Qh)],|| || is a norm.

I1.2 Choice of the norm

I1.2.1 Sobolev norm

We use an idea from the implicit version of the Lax Wendroff scheme, -

see (17]. It's a Hl norm.
Jw) = 7 {(s, Etw), s, E(w) + X (% (), VE(W))]
( , ) is the scalar product in [LZ(S'Zh)]4

»*
For the integration formula ( ) of the state equation, we use the scalar

product associated with the norm J(w).

This formulation bas two main interests. First, the equations of the Euler
system are uncoupled, secondly the introduced operator is an elementary one.
We use Neumann conditions at the boundary, so we have a limitative condition

for the CFL number.

11.2.2 Splitted first order linearization

The one dimensional Euler equations of gas dynamics in conservation

s written as & 4 2 Fy)
form is written as TR F(w) = 0.

The flux vector F is an homogeneous function of degree one
Faw) =af(u) ¥ o € R, we R
As a consequence we have

Flu) = F'(w) v Vwe R° .



The Jacobian matrix A = F'(W) is diagonalisable and can be put in the form

T(w) A (w) T_l(w)

Alw) =
A(w) = T(w) AT (w) T-l(w) + T(w) A (w) T_l(w)
A(w) - A+(W) + A_(W)

A w) is a diagonal matrix
Alw) = (Aj(w))
AT (w) = (max (O,Aj(w))) , A(w) = (min(o,xj(w)))

A two dimensional generalization of this, [20] , gives the matrix A = A*+A™,
where A+ an A are triangular matrices. It seemé, to us, interesting to use the
operatorggg = I + At to compare our results with Stoufflet's Newton implicit

approach. We have to define J and ( )*.
(2.1) Jw) = 3 (Ew), EW))
(2.2) (EW),9)" = (B Ew),0)

11.2.3 Symmetrised first order linearization

In I1.2.2 the norm is only the [Lz(Qh)]4 norm. We want to have a norm

vhich looks like more the Jacobian matrix of the system. So we define

W) = 3 (B Ew), BEw)
Ew),e)" = (BB Ew,p

*
( ) corresponds to the associated scalar product of the norm J

111, CONJUGATE GRADIENT METHOD

To solve the optimal control problem, at each step, we use gradient
method. So we have to calculate the gradient, see the enclosure. To accelerate
the gradient method, we use Polak-Ribigre's [25] conjugate gradient algorithm.
The used norm is the norm defined by the cost function. We note ((,)) the
associated scalar product and %%-.@ the bilinear form between Hl and its dual
space.

Algorithm III.1
T =n At

<:> let z, ; ik

wve compute the go.direction, wvhich satisfies

((gy:9) = 2Lz )0 vg

let z 0 : go



(:) . Zp’ gp, Cp are known

We minimize J(w) in the g direction.

We compute y such that P

J - ) £ Hz_ ~-kg ) ¥k
(zp U Cp ( P Cp
Wegetz =z -np
O Tl TH MG
We compute the new direction gp+l

- @..
g

i ((gp+1, -9, ))
) ((gp,gp))
P - Oy * Y E
if ((gp+l’ gp+l)) is not small enough, p = p+l and wve go to (:)

. . n+l -
if ((gp+l, gp+l)) is small enough, w =710 N n+l then we go to (:)

IV.NUMERICAL RESULTS

The Sobolev norm has important good properties. Equations are uncoupled,
the operator matrix is constructed only one time. There is no co-state equation .
(terminology of Optimal Control theory) equation to solve. The system resolution -
is quite fast. We notice only one main drawback. We have some restriction on -
the choice of CFL and A(here CFL = 10, A= 1). This is due to the Neumann boundary
conditions used for the operator. To solve 11.2.2 and I1.2.3 problems, we have
first factorized theegg operator into two trianqular matrices. We approx1mate
vith the product (I + At A™) (I + At A7). So we can solve directly the systems
(I + At AY) and (I + At A*)matrices couple equations, so memory core are requ1rements”
are more important than for Sobolev norm. We can't use great CFL number, because

2

in the é%?approxlmatlon ve get the term At A* A” which is not neglectable when

At is a great number.

"So ve use also an incomplete relaxation method to inverse the operator'éﬁg. We have
.the same drawback, CFL number can't be too great because the relaxation iterations
. number increases vhile the CFL does. Theegg operator looks like the hyperbolic
system to solve, so wve could hope that it should be good preconditioner for our
problem. But the number of iterations which are required by 1I.2.1 and 11.2.2

norms are equivalent. As CPU time to inverseégg is much more important, we have

no gain.



We expected to have a good comparison of the II.2.2 problem with a quasi-Newton
method,see VI c. The argument was that, if RHS (1.4) is small, g% RHS (1,4),52f1
jooked like the identity operator. In fact, for the used coarse triangu-

lation comparison of the matrices showed large differences. So it has been

quite normal if Least Squares method does not work as a quasi Newton method.

Our numerical test is the computation of the steady-state for a channel transonic
flow past a circular bump. We choose a test problem proposed at the GAMM workshop
held in 1979 at Stockholm. The bump is a 4.2 % thick circular arc with length

1 and the canal is of height 2.073. Free stream values correspond to a Mach of
.8$.We have a coarse triangulation with only 264 triangles. Figure 4.1 presents
the triangulation.Figure 4.2 corresponds to the isomach lines obtained by solver
11.2.1

FIGURE 4.1 : Coarse triangulation around the GAMM Channel with

circular bump



FIGURE 4.2 : Gamm channel with circular bump,isomach lines. M_ = .85
' solver I1.2.1

In figure 4.3 we compare the 3 solvers presented in this paper. We use

the logarithm of the root mean square value of g% as a measure of the residual.

Computational costs are supported by the GCCVR, and CPU time is given in seconds
on CRAY-1-S. We can see that the I1.2.2 solver is more efficient than the two

other solvers. We have also compared II.2.1 and 1I.2.2 solvers forthe subsonic

case, without viscosity. We have the same comparison than for transonic flow.

the explicit treatment of the viscosity is not responsible of the slou

rate of convergence.
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V. CONCLUSION

Several solvers have been constructed ; they are free of parameter at
the convergence level. Solver (:) is more reliable and is cheaper. Solver (:)
converges with less iterations, but each iteration is expensive. These methods

converges even when artifical viscosity is not added (subsonic case).

However tﬁe efficiency problem is critical. The three presented methods are at
least one order more expensive than classical methods as explicit time stepping!
Since the desired extrema are reached, wve deduce that the formulation with least
squares is not responsible at the accuracy level (may be this formulation is ill
conditioned) or the gradient algorifhm also is not well adapted to stiff hyper-
.bolic problems. This was also observed with the incompressible Navier-Stokes
solver with very high Reynolds number, i.e when the hyperbolic ﬁart becomes
strongly dominating. Then a next step in the study could be to look for a more

efficient optimization algorithm.

It could be also efficient to use some better preconditioning : Instead of first
order accurate approximations, we could use a second order centered one ; this
approach may be interesting if the memory core requirement could be reduced, fo

example using domain decomposition [26] .
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V1. ENCLOSURES

‘A Global gradient

_ For the Sobolev norm we have

. dx d
(1) HNw) = —%— {jﬂh S, E(w). s E(w) dx dy + )\thVE(w) VE(w). x dy }

= A
(.2) th S, E(vw). so(pdx dy +)\AthVE(\u) Vo dx dy = RHS (1 )

So we derive (1)

oF
' £ . ot
S ow o= éh S, E(w). (So g\u .6\u> dx -dy +)\thVE(\u). (‘73“, ..(Sw) dx dy

Q
[

(3)

Q
<

ve derive (2)

Q

' ok
(4) /;2 S, 5% - 8, ¢ dx dy+)\j;2(vﬁ .6w> V @dx dy =
h h

* .
3
‘/;2 805Wn+l' sO(dedy-Atfq_]{ﬁﬁwax (p+ﬁ6w§-;(p}dx dy.
h

The viscosity term is an explicit one, so we have no gradient to compute for
it, this is why test with x= 0 is interesting. (4) is available for each ¢.
So ve choose ¢= E(w) in (4). Then ve obtain the complete computation of o

9J
dw °
We can remark that no co-state is needed.
- For the splitted first order linearization we have

Iw) = 5 | Ew) L) ax gy

o

f B E(w). ¢ dx dy = RHS (1.4)
&, .

Swv
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We consider the operator éﬁgas an explicit one, we compute it at the time step

before. So no derivation is required for this operator.

3J 3E
(5) 3o Svu = j; E(w). 5= dw dx dy
h

From the state equation we have

f (.o% ——gE. Gw). ¢ dx dy = RHS (4)
v )
Qh

Define the co-state p as

.f éﬁg* p. @ dx dy = j. E(w). ¢ dx dy
Qh Qh

j (—g—% .Gw)@%*cp dx dy

o

* . .
@93 is the adjoint operator of é%?.

Using the result of the adjoint equation in (5) we get the gradient.

to the previous case, we have to solve co-state equation.

- Symmetrised first order linearization

Jw) = 1 f Prw). BE() dx dy
§ .

h
f BEW. B ¢ dx dy = RHS (1.4)

2,

We have to solve the adjoint problem
*
fQ @% CJ% P. @ dx dy = ]Q E(w). @ dx dy
h h v

Computations are similar than for the previous case.

Contrary
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Partial derivatives

We see that we have to compute RHS (4) for every case. So we have to

: . . oF 3G dw* oF oG
calculate 3w ' 3w and 30 Bux’ Do

Let q_ = pu, qy = pv
A
2 2
3=y a, 1-y El
c T erTT ot Orbe
= _1 .
U 9y P
1 _xy1 3 -2 -1 2 -2
Y € qxo 2 qx P - 7 qy qx o)
0 .
2 2
g g
ap _ -2
a, qy P |
- -2 3 -3 2 -3
Y e qxp + (y-1) qx o} + (y-1) qy qxp
1
¢ =1
(3-v) q9.p
aF _ -1
aq - q}’p
X - 2 -2 -1 2 =2
Yep - 5 (‘Y"l) q)( p - % qy p
0 -
(1-y) q, o
oF . -1
aqy' a, o
-2
- (Y‘l) qy qX o)
0
of _ )Y -1 '
%° )0
' -1
Ya °

We have similar formula for %%

*

. Now we have to compute %%_
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w* depends of the pressure p, the enthalpy, the entropy and the velocity
direction. Here we consider that the angle of attack is equal to zero (dy: 0

at infinity)

2 - .
P (Y-l) [e - % q o 1 l

X
' 1 2 -
h=vyp (Y-l) + i- qx 0 1
s= p o
_ﬂ 2 -2 E -a-E __Y
z0 %P -YpY+l+3pp
2.0 -0 -1 3 _)d " v
v~ 1) e, e dw ") 9q, P
° 0
(Y-l) e _82 p-'Y
de
9 -1 21 2 -2
Y22 (-1t - p ol dh b
3p -1 -1
dh _ X 2P, +q
a\U'— Y-l aqx X
0
XY 3p -1
vy-1 Jde e
0.
0
E(w*) = p
0
q)(
. 2 =1
F(u*) = q. P +p
0
-1
(e+p) q o
_(pY 1/Y
P '(S)
= pYy /Yy _ 2y 1/
% [2 h (S) T Y- p]
= B . pY -1/Y
e ,Y_l +h 'Y—]_ p (S)
aF (w*)

So we can compute
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...Implementation

. With double precision, it has been verified that the gradients obtained by

. the previous formula were computed precisely. This verification was made by

comparison of J(w+ Sw) - J(v) and %%-. Sw

-(:) Motivation for comparison of splitted first ordepilinearization methodeitb

\

quasi-Newton scheme.

We want to solve E{w) = O
Define X(uw) = B (w) E(w)

(2.1) becomes

) =4 B xw), B xw)

N

. Differentiate this equations

(ﬁ-l X(W)’ﬁ-l
4(é23-l X(w),éig-l

(BLLYHB xw), s

&
[«
€
"

Su + % A1 sy xw))

I}

Sw)

(-5 -5 mlw
EiXxX €|X

1

So the gradient method gives the following algorithm
-1 3X \* -1
5 ) B xw)

When we are near the stationnary state and the convergenée of the

n+1 n
v o= w - (

v

' algorithm, the derivation of the equation (1.4) gives %% = Id

But X(w) :Qﬁg(w). E(w),

So we have XK. B w) € since E is near from zero. Sao 423'1 L. 1d-
ow 4 v ‘ ow _
So the gradient method, near the convergence to the stationnary solution, can

.be written as
\lIrH_l = \lln - Q%-l X(\II)

S0 we could think that the method will converge as a.Newton one.
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