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ABSTRACT

1t is shown that the Meije algebra of processes can be
expressed in a flow algebra, the algebra of Net Expressions. We
.then use this fact to derive a normal form for the calculus.

RESUME

Nous montrons que l'algébre de processus Meije peut &tre
exprirnée dans une "flow algebra”, celle des expressions de
Réseaux. Nous en déduisons une forme normale pour les termes

de ce calcul.
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Introduction '

Perhaps one of the most natural ways to model a parallel sysytem is to use
a graphic approach, representing such a system by a communication network
whose nodes are processes. It is the description of such a model -Flowgraphs—-
that motivated the first definition of algebras of processes —Flow algebras— by
R.Milner [Mil1979a]. Dynamic operators, action and summation, were then
added to this algebra, together with a direct semantic by the means of Plotkin-
style operational rewrite rules. This, and a definition of equivalence through
bisimulation, had become the algebraic calculus CCS [Mil1980a]. Finally, the
interleaving constraints of CCS were solved by the introduction of synchrony and
action simultaneity in SCCS [Mil1983a].

Many properties were gained through these improvements, but the original
intuitive interpretation as Nets was lost. Our purpose here is to show how it may
be restored. In order to do this, we .will work on a SCCS sibling calculus, the
Meije calculus [Bou1984a)]. It has been shown that Meije is equivalent'to the
“computable” SCCS (see [Boul984b,Sim1984a] for a precise comparison),
indeed that it is in some way a "universal” calculus [Sim1984b]. Thus our pre-
cise goal will be to show that all Meije agents can be expressed as Flow expres-
sions (we shall call them Net expressions) over an elementary set of generators
in some semantic-preserving way. -

Meije operators are very close to Net constructors, in fact they may be con-
sidered as a superset of these. Thus our method will be to gradually eliminate
by structural transformations unwanted operators, concentrating their seman-
tics in the generators; while remaining equivalent to the original expression.

In this way we shall assign an equivalent Net expression to each Meije agent,;
this will enable us to transfer properties of the former to the latter. In a last
paragraph we derive a Normal Form for Meije agents from the Normal Form
Theorem for Flow Expressions. '



1. Definitions

1.1. Net Expressions

A Net is a synchronizing structure, whose sites (or nodes) are linked
through ports to communication channels. An Actor Net is a Net whose sites are
occupied by processes, or actors, taken from a set of generators.

In [Mil1979a] , R.Milner showed f.hat such objects could be described by
Net Erpressions constructed from a free algebra. In order to do this we will give
ourselves a set L of channel names, which is the disjoint union of a set S of port
names, and of the set A of signal names. Let also X be a set of process variables.
All sets are assumed infinite. We then define the operators of:

~-(parallel) 'composition/. Let £,= (/3.

-finite relabelling ¥. Let Iy={y:L L | Py={s€L lys #s} is finite].

<s';/si>;ie; Will denote the relabelling ¢ such that ys =s'y if s=sy, Ys=s oth-
erwise.

-signal restriction \A. Let E\ = {\A|xeA].

-recursive definition wherey. Let Zynere= §wherey:| X'CX is finite}. In
expressions we use the syntax (¢ where {z;=¢, Sz ex?)-

Net expressions are then terms of the free Zo-algebra Ag (X), where

EO:E/UE',UZI\UE"‘”.

The operator \A (resp. ¥, wherey) binds signal A (resp. signals of PynA, vari-
ables of X'). Terms are equal if identical up to change of bound signal or vari-
able. As a consequence, when we apply a substitution o to a term ¢ (which we
shall denote by t[o]), we change bound signals or variables in order to avoid cap-
tures.

Our operator set is in fact parametrized by S, A and X. In some cases we
shall make use of this, and, when there is some ambiguity, we will indicate in
parentheses the sort used (e.g. Z(S')). Note that if a relabelling and its exten-
sion by the identity to a larger sort are identified, S'cS implies IgClg.

Finally, if C is a generator set, then an actor net on Cis described by a term
of AEO(C)

1.2. The Meije Calculus

Here the expressions are meant to describe transition systems labelled by
a set M of actions. Following Milner's idea[Mil1983a], we shall assume M is a
commutative monoid, the product of two actions having their joint effect, the
unity being an action with no outside eflect. As we intend to work with commun-
ication structures, having only communication actions is quite natural. Then
every action has an inverse, the action of “receiving” it; thus M is an abelian
group. Since we want to model independant channels, we shall in ‘fact work with
M=Z</L >, the free group generated by L. The operation will be noted as a pro-
duct, the inverse of s s~ and, if ueM and s€ then u(s) is the valuation of s in



u, ie. u=s*Clyu’ with w'€Z<L-fs{>.

Meije [Boul984b] can then be constructed from a superset of the Net
operators, adding:

-action u:. Let T, = fu :|ueM].

-ticking u %. Let T, = fu 4| uelﬂ.‘

-(finite) renaming ¢. Let Z,={p :M>Ma morphismlP, is finite]. A relabel-

ling will be identified with the morphism it induces, so LyCL,.

The only generator used will be inaction 0, thus a Meije term will be a term
of Ap ({03uX), where L1=EgUE.UL,UE,. A Meije agent is a Meije term closed for

variables and signals.

1.3. Semantics
We will now give our Meije terms their transition-system semantics by the
following operational rewrite rules: '

u u . u u
——p g——4q' P—p.g—q'
P——P _ (Rparl), — (Rpar2) , s (Rpar12)
p/1—p/q p/e— /g’ p/e9— /g
We thus have an asynchronous composition.
u
u > ’ -
. u:p — p (Ract), a pu. u(A)=0 (Rres)
PN\ — p\A
. .
' . P u.ul y (Rtnc) , —L'uL (Rren)
Usp — up’ P — ¢p'
and finally
u

tgi/%i]zex — p
u
(t where {zi=tilsex) — p'

(Rrec) with g;=t;[(z; where {z, =t, bz ex)/z; Jajex:

for recursion.

Note then that if generators of C are given an Z<S>-labelled transition sys-~
tem semantics, then these rules may also be used to give such a semantic to
Nets built on these generators.

The semantic obtained in this way for Meije is too refined; we thus need to
introduce an equivalence, the strong equivalence ~, defined as the least refined
symetric relation R verifying '

: u u
VP.qu.p. p—p'andpRg > Jg' q—s ¢ and p'Rq"
(thus it is Park's bisimulation).

We extend it to non-closed terms by

t~t' «=>Vo closed for ¢ and ¢', t[o]~t [o]
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(thus a term denotes an operator on transition systems).

Now a transition system ¢ can be expressed in a set of transition systems P
iff there exists some p €P such that ¢{~p; this notion is readily extended to sets
of transition systems, objects having such a semantic, and operators on transi-

tion systems. For example let the clock h, on u €M be the system defined by
k

u
hy e h,. and the unbounded clock k" by hy — hy/ if k>0. Then both can be

expressed in Meije, for

hy~(z where z=u:zx ) and hy~(z wherez=(u :0/z))

In fact it has been shown that any computable transition system (on a
finitely generated monoid), can be expressed in Meije [Bou1984b]. Thus any

_computable Net, with the above semantics, can be expressed in Meije. What we

now need to show is the converse, that is that any Meije agent can be expressed
by Net Expressions over a simple set of generators (basically clocks).

)
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2. Expressing Meije in Net Expressions

2.1. Operator substitution
Technically what we want to show is that A; ({0}) can be expressed in Az (C).

We shall proceed in several steps, showing each time that an Az(C) can be
expressed in some Ag(C'), with 'CE and CcC’, i.e. we remove operators and add

_ constants.

In order to show each step, we .will define structural transformations,
replacing operators of ZUC by contexts of the new algebra, in which we will place
the operator’s transformed arguments (while taking care of bindings). Let us
immediately note that such a transformation ¥ will be compatible with substitu-

tion, i.e. 9(¢[p;/z;])=0(¢ )[¥(p;)./z;].

2.2. Eliminating Action
Let Co=fv :hy hy |u,v €Z<S>]U{D} be the set of possibly actionned clocks,
with their obvious semantics; let £,=%,~X.. Then

Proposition : A'gl(fﬂ) can be expressed in A};z(fcaf)
proof:
Let us define by structural induction ¥, :Agl({O}UX)—»Agn(iCa}UX) :
Oo(u )= (u:h  fax9z(t) \a where a is not free in u :t,
and 9z(op(t;)) = op( m ) for other operators "op" (¥x(z )=z for variables).

Here and in the other constructions a generator sorted on L is con-
sidered to be a notation for a generator sorted on S (e.g. hy=yhy. with
yu'=u and u'€Z<S>).

Then ¥p(u :z)~u :z and Sx(u it )=05(u :z)[3,()/z ],
and since «~ is a congruence, by structural induction,

Op(t )~t for all ¢,
and if ¢ is closed, then ¥y(t)~¢, Q.E.D.
2.3. Eliminating Ticking
This is the central part of our proof. Let 3=, Z,: we first show:
Lemma if 8'CS, s€S -8, then s *Ag (5)(Cx(S')) can be expressed in Aga(s)(CZ(S))
proof:
‘ We define 93 by: .
V3(v thy) =5.v they Ba(hy) = hgu
Ba(t1/ft2) = (h,,- /(h,,,-z/<a/5>1’s(tz)/<a/s >B3(t2) N\ax
(where a is not free in ¢,/15)

Va(u #t)=<s.u /s >193(t )
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B3(op(f;)) =op(Wa(£;)) otherwise b

Now we will show, using Park induction, that s et ~V4(t) for all
t €Ag,(s)(C(S') );
thus let R={<s &t Va(¢)>, <B3(t ).,s %t > [teAs 5)(Ca(S)) §.

Y
then if s #¢ — ¢', then it is by (Rtic), so u=s.u', t'=s «¢" and
u’ .
t — t", therefore u'(s )=0.

u
Now all we need is to show by induction on the proof of ¢ — ¢*

sy
that 95(t) — ¥3(¢t'). For most rules the proof is straightforward, let
us deal with (Rrec), which is a little delicate:

u

if (¢t where f:t;:t,-},‘ex) — t’, then it is by (Rres), so, using pre-

vious notations
“ \
t{qi/z Jsyex» — t', so by induction
su
Ba(t [9i/Zi Jyexr) — V5(t")
now
Bs(t[9i /%l ex) =03(t ) [Valqs )./ =, lzyex?)

and

¥a(gi)=V3(t;)[(z; where {z, =U,(¢, Napex)/z; Jzjex-

so by (Rrec)
(95(t) where {z; =B5(4 )}z, ex- ) = Va(t’)
that is,
9s|(¢ where fzi=tid er.) | < 9y(t") .

Q.E.D.
u u
The symetrical case ( ¥5(t) — ¢’ implies s 42 — s #t" and ¢'=85(¢t")) is
pProven in the same way (and left to the reader).
Now we can deduce
Proposition: Ag'(Cg) can be expressed in Aga(Cz)
proof:
Let t€Ag (C,), then since ¢ is finite, we actually have ¢€Ag,(g)(Cz(S")).
with finite S'; now let s€S~8", since s *t can be expressed in A,;a(s)(cz(s)).

then so can Wa(t)=(h . f<a /s >5 st N\a . (« is not free in ¢)
and ¢~9'5(t), Q.E.D.

»e

1)}
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24 Reducing Renaming to Relabelling
Let C=CpU{s #hy! [s€S, u€Z<S>}, be given its obvious semantics. =

Proposition: Az;(Cz) can be expressed in Ag (C,)

In the wake of Milner[Mil1983a], we define ¥4 by
Vu(pt)= “/4 (ho-Sanhy_  Ja *hp os-N\a 7/ 484(t)\1B, Jeen, -
L4

where Ny={s€L |gs £L}, a, B, are all distinct and not free in ¢, and ¥y is
the relabelling defined by Ys=8, if seN # ¥s =¢s otherwise;
¥4 is the identity on other operators.

Now ¥(¢z)~pz, and ¥, conserves bindings, therefore by a staightfor-
ward adaptation of Milner's proof that ~ is a congruence, we have (¢ )t
for all t, Q.E.D.

Now from the last three paragraphs we can immediately deduce:

Theorem :Any Meije agent can be expressed as a Net Expression on clocks
more precisely, Ag ({0}) can be expressed in Ag (Cy).
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3. Normal Forms

3.1. On Minimal Generators

In the preceding transformations, as the reader might have noticed, we
took care not to modify the equational structure of our terms; in particular, we
added no recursive definitions. If we allow ourselves such additions, then we can
express generators of C, as Net Expressions over an even more elementary set
of generators, finite deterministic terms:

Let Cs={u :v :0,v :0,0|u,v€Z<S>], then
Proposition: C; can be expressed in Azo((:5), thus any Meije agent can be
expressed as a Net over finite generators.
proof: :
One may verify that, if s€S, u,v,weZ<S> and u(s)=v(s)=w(s)=0, we have:
(u:)v shy ~
((u:)v.a®/<a/s>z)\a where {z=(s"w. a ®/s " w . a 0/<a/s>z)\a}

Now the result follows from u :hy~u :v #h{ and hy~u ¢hi.

3.2. On Minimal Algebras
The generators of C; may be described by Meije terms, more precisely by
terms of Ag ({0}). Thus the last result implies

Corollary : Meije agents can be expressed in Ago(Ag:({Dl))

As a consequence, Meije can be expressed in Asyuz (103); thus morphisms
and ticking are non-primitive operators! This result, while natural for mor-
phisms (see [Mil1983a]), seems surprising for ticking. In fact, what we have
shown is that ticking is not essential to the computing power of the calculus; it
still remains primitive for the ezpressive power (for building operators), as we
have:

Proposition: Ticking cannot be reduced to an expression of other operators,
that is, for any u#1, there is no expression E€Ap 5,(iD.z}) such
that £ rvu #z.
proof:
Let us assume such an £ exists. Now

-Either all the occurences of z are guarded in £ (or guarded after
a finite "unwinding" — see [Mil1983a]); since
" _
uz[1:0/2] — , we have
v
E[10/z] — , but since x is guarded in E,

v
E[®/2] — , absurd since u s0~0.

Y

v
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-Or there is some unguarded occurence of z in £. Then by
straightforward induction on the depth of that occurence, we show

1
E[18/z] — , which contradicts E[1 0/z]~u »1:0.

3.3. Normalizing Recursive Equations

The corollary in the last paragraph gives a more precise result than just a
reduction of the operator set: it also shows that the syntaz can be restricted, so
that we will now have not a single free algebra, but a stack of algebras, which
can be termed a normal form. In a second step towards such a form, we show
how to regroup equations.
(Az (f0})ux)),
i.e. is equivalent to-a single equation system, a term of the form
(to where {z,=¢;};50) where there are no recursions in the ¢;'s.

Proposition : Meijg can be expressed in E.h,,,(Azo_g

'whars

Proof:

We will actually show that for all finite S'cS, that Agys)(Az (5)((03) ) can
be expressed in EM(S)(A@D_g'hm)(s)(Ag:(s)({l)})UX)); the finiteness of terms
will thus imply our stated result. '

Now let p GAEO(S)(A,;:(S-)QD)) ). we define structurally the regrouping ulp)

of p by '

(o' fp?) = |td St & where {zi=t}} idiz
€ ,N

u(p® where {z} =p Yicrin)) = fzé’ where {zj=t§};. m}
. Jellng

where z§ are all distinct, and u(pt)=(t5 where {z.,‘-:‘t}ije[l_m]) , up to change
of bound variables.
#(op(p ))=(op(t [¥z:/z: Jie[1.n)) where {z;=y(t; [¥z1./2s ]ier1m))dieting)
where ¥ is a relabelling that maps the signals binded by op onto a subset of
S~-§', and vice-versa (i.e. y=¢~!), and u(p)=(¢t where {z =tilie[1n])
#(z)=(z where ¢), 1(0)=(0 where ¢)

It is readily shown that for closed ¢, u(t)~t, and it has the announced
form.
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3.4. A Normal Form for Meije

Theorem: Meije can be expressed in E'hm(Ag\(A}; /(EV(X VAz ({01))))). that is
every Meije agent is equivalent to a term (¢, where {z;=t,}), where

for all i, t=(/kiy)\Ii. and ky; is either a variable or a term
Ui y: ¢ -+ 0. So any Meije agent is described by a normalized set of

equations.

proof:
The Laws of Flow are valid in Azt (X UAg ({0})), therefore the present

theorem is an immediate consequence of the preceding paragraphs and the
Normal Form theorem for Flow Algebras.
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