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© ABSTRACT

Consider a multiclass service station with B identical expo-
nential servers, with constant rate p . At the station, the classes of
customers are sorted into M concurrency groups ; the discipline of service
is on a first come first served basis, but two customers of the same group
cannot be served simultaneously. We show that product form is maintained
when such stations a;e inserted in B CMP networks, and give closed form

expressions for the steady-state probabilities,

RESUME

On considére une station de service multiclasse, pdssédant B
serveurs exponentiels identiques, & taux constant. Dans la station, les
classes de clients sont réparties en M'groupes de concurrence : deux
clients dont les classes appartiennent. au méme groupe ne peuvent étre
servis simultanément. L'ordre d'attente est L'ordre d'arrivée a La file.

- On prouve que L'insertion de telles stations dans des réseaux BCMP con-
serve la forme produit, et on donne des formules explicites pour les pro-

babilités stationnaires.
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INTRODUCTION

BALBO, CHIOLA, DONATELLI and MARSAN study in [ BCDM] a model of
multiple bus multiprocessor system by using generalised stochastic Petri
nets techniques. It is found that the local balance equation holds for

this model, and a proof is given when the number of busses is 2 or 3.

In this paper, we give an~equiValeht model, using queueing theory
concepts, . , _ R

In part 1 wé study the system in isolation : we prove that local
 balance holds, and obtain closed form expressions for the steady state ‘
probabilities. In part 2, we show that product-form still holds when we
replace the classical FIFO exponential station with class independant
rate of service in BCMP networks by an exponential station (still with
’class independant rates) with several servers and concurrent classes of
customers. For that purpose, we examine local balance in detail, and uée
. PELLAUMAIL and LE NY's technique to obtain product form.

1 THE CONCURRENCY MULTISERVER STATION IN ISOLATION

‘1.1 Description of the model

We consider the following loop, consisting in two stations, which

we call the inside end the outside stations :

~ the inside station is a concurrency multiserver station ; namely :

* there are B identical exponential servers (rate M)
* the queueing disciplineis on a first come first served basis, but
there is same concurrency in that two customers of the same class

cannot be served simultaneously.
v

~ Hence a customer can be kept waiting in the inside station :

* either because all B servers are busy

* or because there already is a customer of the.same class being served.



In the sequel, ve shall say that a class is active ‘if one customer

of the class is receiving service.

When one or more server is available, the first customer belonging '

to a non-active class enters the service center.

- - the outside station is a one-class exponential station, with parameter A .

- a customer leaving the outside station will belong toclass k with pro-
' bability Qe according to a Bernouilli trial., On leaving the inside sta-

tion, a customer loses any information about its class.

M classes M

(qk)

v

2

U

inside station

Ol

outside station

Like the model presented by BALBO et al. in [BCDM], the inside sta-
tion represents parallel access to M memory modules thfough B busses (a
customer belongs to class k if it wants to have access to the kEb module). The

outside station is an auxiliary one, which will disappear in section 2.

We have assumed that the ammount of time spent in gaining access to a memory

4+

module is exponentiallydistributed, with a parameter that does not depend



* on the class of customer.

Extension

In section 2 we shall insert such stations in  BCMP networks. for
that purpose, it is preferable to consider a class-concurrency model : the
set of all classes is divided into concurrency groups;- and two.customers
of the same concurrency group cannot be served 31multaneously In this
~case, we shall also say that a group is active if one customer of a class

" belonging to the group is receiving service.

1.2 Analysis of the states

We use the following notations .:

=
(23

the set of all active classes (or groups in £he extended case).

o]
[}

-'(cl ,...,cs) vhere cy is the .class of the it--h customer waiting.
(in the inside station) '

N -+ the total number of customers in the loop.

Then a state of our system is described by :
(A,c), or A (empty waiting room), where :
(1-1) . A is a subset of at most B classes 1 .. M )
. ¢ is such that : if # A<B then €1 sev9Cg €A
else ¢y s‘°~-ycs e {1,...,M}

. #A+sgN (s is the size ofAsequence g)

@ is the state where the inside station is empty.

Nov we have to introduce a notion that will be necessary to obtain

the steady-state probabilities

For every position i in the waiting room, and for a given set of

active classes, we define level N(i) by :

- if there are only active-class-customers waiting in positions 1 to i,



then N(i) is the number of those active classes (i.e., the number of active:
classes that are represented in positions 1 to i of the waiting room).
- if there is (at least) one customer of non active class in positions 1

to i, then N(i) = B (the number of servers).

- as a convention, we also write N(o) = 0 .

We give examples when the number of servers is 3 :

Exampies (B=3)

state | {2,4,3) | 33 | 433| 24123
95-3- levels service 1 2 3=8B
center _ - :
wvaiting room
state | 2,4,3 | 33 | 13324123
ex 2
levels service 1 3=8B
center
—_—
waiting room
state | . 2,3 | 33 | 2333
ex 3 levels service | 1 2
center \

vaiting room

In the extended case, the phrase "active class" has to be replaced

by "active group of classes". We also give an example in that case :

Example (B =3)
Set of classes = {1,2,3,11,12,21,22,31}

concurrency groups : {1;2,3} {11,12} {21,221} {31}



state | {2,11,22} |12 11 11| 1 11 2| 31 22

ex 4
' levels | service 1 . 2 3
’ center
(lowver levels) (higher level)
(In the sequel, we shall refer to levels 1 to B-1 as the lover levels ;

- the number of lower levels is possibly less than B-1).

1.3 The steady state probabilities

Note P = %-qk for all class k. Then :

Theorem 1 The steady-state probability of the system described in
RS ————

1-1 is given, for every feasible state, by .
(o

izl 1 i=]

R s C.
(1-2) L by seeybhiey seeese) =K (T ) (T gy

where K is a normalising constant, and level N(i) is

defined in section 1-2.

(In the formula, bl ...bR are the R« B active classes ;:feasible states

are defined in 1-2).

- Prpof It is clear that any feasible state of the loop can be reached
' from any other feasible state, which proves ergodicity, as there

are only finitely many states.

Now to prove theorem 1 it is sufficient to show that (1-2) checks
the balance equations ; indeed, more detailed equations are

satisfied :



(detailed equations 1)

departure rate from state (A,g) through a departure from the -

inside station

(1-3) = arrival rate at state (A,c) through an arrival at the inside

station.

(detailed equations 2)

""local balance at the inside station"

departure rate from state (A,c) through a class-k-customer-

arrival at the inside station

(1-4) = arrival rate at state (A,c) through a class-k-customer-

departure from the inside station.

It is clear that if the first set of equations, and the second set for
all k, are checked, then the Chapman-Kolmogorbv equationsAalso are. for
exact relations to what is usually called local balance, see section 2.
Let us now examine the detailed equations ; first, we assume

each concurrency group is reduced to one class.

a) detailed equations 1

We have to distinguish several cases, according to the states of the

wvaiting room.

£q 1-3 now wrltes :

(1-5) p(A,c) Bu = p(A,c —cS) Aq, vhere c_ is the last element of
s -

sequence ¢, and ¢c-c, is short for (c;,c, ""’Cs—l)

- -

In this case, wve call :

« R : the number of busy servers



F : the set of the classes that are represented in the waiting

room . As the B-th level is empty, F is necessarily a subset

of A .

" With these notations, equation 1-3 writes :

(1-6) p(A,c) Ru= p(A,c-c.) Ag, + I p(A-{k},c) Aqy
s keA-F

I

(As usual, the last sum is 0 if A=F).

w

case a3 the vaiting room is empty ; we have :

(1-7) p(A) Ru= z p(A-{k}) A q,
, keA

In all three cases it is straightforward to prove that the equatibns
are satisfied. Indeed, it is eqs (1-5) to (1-7) that lead to the

closed form expression of p in theorem 1l.

b) "local balanceat the inside station"

In this section, class k and state (A,g) are fixed. All implicit
references are to state (A.,_c_). We also distinguish several cases,
according to the state of the service center. We assume that the

outside station is not empty (#A+s € N-1)or else eq 1-4 is trivial,

case bl k is not an active class (k%A) and all servers are busy

(R=B). Eq 1-4 writes :

oo o, )
0< 2 <D(b)

vith the following notations :
- Ay = (DU LK)
2

c
Sp+
class b customer just after the R,t-h position,

is the state of the waiting room obtained after adding a



- For all active class b, D(b) is defined by :

. 14D(b) is the first position i of the waiting room where the
following condition is true :
"position i belongs to the higher level or the customer waiting

in position i belongs to class b",
. if the waiting-room is empty, then D(b) = 0 ;

. if there are no class b customers and no higher level, then

D(b) is the last position of the waiting room.

For instance, with the examples of section 1-2, we have :

example D(2) B(3) D(4)

1 5 0 2
2 5 0 2
3 2 0 e

We shall now check the equation :

vhen state (A,c) is changed to state (Ab_ I+ ,c%+), then all posi-
< , c

tions in the vaiting room from & to s (the last one), move to level

B, since class k is inactive in the nev state. Hence :

) 1 S N(R')
p(A_  +9sc,) =p(A,e) xp x&mx I —
b-,k+ ? Sp+ k*B X 4 B

the proof now ends with the use of lemma 1 (see appendix), which
states that

s
Lemma 1 2 %- i\ Niéll =1
beA L1=2+1
0<2<D(b)

case b2 k is not an active class, and there are R< B busy servers H

- e - =

vith the same notations as in bl, the equation writes :



(1-9) p(A,c) Aq = p(AU{K},c) u

In that case the proof is obvious.

case b3 k is an active class ; the equation is :
| 2
(1-10) p(A’E) >\qk = z p(A’Sk"') u
: 0<2«D (k)

To prove that eq 1-10 is satisfied, first notice that when adding a
class k customer after the Qtp position, the levels of all positions

from (2+1) to D(k) increase by one ; hence :

% 1 D(k) N(L')
MA@w)=[ﬂA£)Dkﬁmyq 25%& N1 0<2<«D(k)-

Now eq 1-10 is satisfied thanks to lemma 2, the proof of which is

. given in appendix :

Lemma 2 ) L % e
emma =
- 0c2ep (k) VL gug ) NI

In a second step, we have to extend the proof to the case of concur-

tehcy groups. There is no difficulty in this :
- in part a), just replace "active class'" by "active group"

- in part b), in the definition of D(b), replace condition
"the customer waiting in position i belongs to class b" by
"the customer waiting in position i belongs to the concurrency

group of class b".

(We could also notice the following : aggregate every concurrency group
into one class, then the repartition of classes inside a given concurrency
group is independant of the aggregated state of the loop).
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1-4 Aggregation of results

In this section we compute :

P(A,nl,...,nM) = Pr { the set of all active classes is A,

and there are n, class c customers in

the waiting-room, for all c=1.,.M} .

We first consider the restricted case (one class per group) ;

without loss of generality, we can suppose A ={1,...,R}, (R<B).

" Theorem 3

- (1-11)

' (1-12)

R nkfl .
a) P({l,.R}ny,eee,np,0 ...0) = kn o, P(@) (ReB)
=1 .

b) P({l’"'B}’nl’""nB’nB+l""’nM)

B n, +1 M n 1
0. “ 37 ") p(@)
k=1 k=B+1 B

vhere m(n) is recursevely defined by :

ol

‘ -> - |n . _ ->
m(n) = B if (nB+l cee nM)- 0
TT(-l;) =1
n(n) = y n(;k_) else

k_/nk>0
M

and |n| = £ n; -
i=1

Note that a) is a particular case of b since if R<B then n =0
for all k>R ,

Proof

a) the idea of the proof is simple : if the number of classes is
at most B, then the inside station is equivalent to B =M separate

FIFO queues.

Formally, for m inlNM,lcall :




C2-13)

- {1-14)

11

E: : the set of all possible states with M class - k customers,

for all k. Then :

P({l’oo-,R},nl’o-o,nR,O,o.u,O) = 2 p(A,E)
(A,c)e

3 + -
vith n''= (nl+l,...,nR+l,0.,...,0) .

~ Summing eq 1-6 over all states in E-r*], , ve obtain :

CP({1...R},nq eeeng,0.0Ru= 3§ p({l..R}l,e-k) Ag
1 R k/n. >0 : = k
N>l ceBy
+ Y p({l...R}-{k},c) A q,
lékéR/nkzo
vhere 7% is the set of all c such that ({1... R}_,E)EE};, .

and wvhose last ‘element is k ; note that the set of all

({1...R},c-k) when ¢ is in 8k is exactly Ex (if ny, >0).
. - ' ‘ k-

Hence we can write :
Pr(AORu=  § PRt ) Aq
k/n&>0

vhere P'(n') P({l,..,R},_r:)

p -> > . .
and P'(n)) = P({1,..,R¥n ) if n >0

= P({I,++yR }-{k};n) if n =0 and l<k&R .

Recursion 1-14 easily results 'in :

-+ n' ng
PP =0y L eee 0gt P

" b) Call F> the set of all c for vhich the total number of class

k customers is m for all k.

If ce F'—rn and if mk‘>0 for at least one k >B, then the

higher level of c is not empty ; hence, summing 1-5 over
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all ¢ in FE , we obtain :

P({1...8},n)Bu

L

) p({1...B},c-k) A q,,
k/nk>0 ceFy, ending withk "

" and then

P({l...B},n._) Aq
k/§k>0 " k

(1-15) P({1...B},n)Bu

(for all n such that (Rg 1 «..ny) £ 0)
B+1 M

M M B

let P({1...B},A) = —3— N o, “x (1 p.) x n(R)
Ifl k=1 k=1
then 1-15 gives
() = y nmb)
k t.q. nk>0
> %]
If ng.y=...=ny=0, then part a) gives n(n) = B , which

’

ends the proof of theorem 3.

Extended case

In this case wve note 1...M the groups of classes ; a class of
customer is written (m,c) where m is the group it belongs to. Then theorem
%
3 still holds if {l1...R} 1is the set of active groups,v'ﬁm is the number
of customers in the'waiting reom belonging to group m, and Pn = X P(m,c) °
. c 4
3
In section 2, we shall be interested in getting the repartitions
inside each group of classes. First we shall make our notations more precise :
- Cy is the number of classes in group m
~ Mok is the number of class-(m,k) customers lsl<<cm
! >
and A= (nm,l yeaus N )

m,c
m

->
n
m

- ' '
|nm| = the number of group-m customers.
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- F({(l,il)...(R,iR)}El,...,;M) is the steady-state probability that the

active classes are (l,il)...(R,iR) [hence the active groups are -1...R]

and that the number of class (m,k) customers in the waiting room is Ok
’

Using the conditional independance of classes inside a group, and

theorem 3, ve easily obtain :

Corollary F({(l,il);..(R,iR)},;l,.,.,EM) z

n

R m=] lmzl m

1
m,l° m,c

. ->
vhere n = (nl,...,nM) .

(1 is recursevely defined in theorem 3).

1

Cm m. i nm! \ -
Py : XeeoXpPp . X I ( I p_"Mx xw(n)x’
| 1,1l R,1 ( . m,1 n’ J . . Blﬁl

x?(ﬁ)

1-5 The open case

We now consider the case where the initial number of customers in

the inside station is infinite ; this system is equivalent to the concur-

rency multiserver station alone, fed by a Poisson process :

~concurrency multiserver station

k

A4

* POISSON A <://
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We note Xk the arrival rate for class-k customers, and we consider

the restricted case (one class per concurrency group). Then the only dif-

ference vith the preceeding sections concerns stability :

Theorem 4

(1-16)

(1-17)

Proof

(1-18)

(1-19)

1) The open system is ergodic if and only if :

(i) for all class k, A <u

' M
(ii) = = Ak < Bu.
k=1

2) If the system is ergodic, the steady-state probability
for every feasible state is given by ( 1-2 ) ; aggrega-
tion formulae ( 1-11 ) also hold.

It is clear that p(A,c) , as given in part 2) is a solution

of the balance equations.

a) Now suppose conditions (i) and (ii) hold ; since the set
of all feasible sets is irreducible, in order to prove that

the system is ergodic, it is sufficient to prove that :

(A,c) feasible

.Using aggregation formulas ( 1-11), that is equivalent to :

p: N ]
z FA(E) Il (75) . < +o , for all set of active classes A
i=1

n feasible
> 7|
. If #A<B , then nA(n) = B! and the set of feasible

Bis {(ReWN'/n, =0 if i¢A}; hence the sum in (1-18)

becomes :
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wvhich is finite because all p; are less than 1.

.« Nowv let” #A=z=B ; we can suppose A = {l1,...B} ; let
X = ( XD, V= (X ) |
-_— xl ‘o B . - B+]_ LI ] XM ,. and .

n n
V) = (%) xll... xMM

F - )
n/nl+...+nM-N

E N(
Then recursion ( 1-12 ) yields

o M B
(1-20) F(X,¥) - F(X,0) = (iii Xi)FN_l(X,Y)T (151 X;) Fyog(X50)

Writing (1-20) for all n=1 to N, we obtain :

N-1 N-1

N n
Fy(GY) = x -x' 2 xRy, (X,0) + Z x" Fy_(X,0)
n=o n=o
M B
vhere : x = .§ Xy » x'"=I X, and FO(X,Y) =1
- i=1 _ i=}
. which leads to :
(1-21) FN(X,Y) = (x-x") k§0 X FN_l_k(x,o).+ FN(X,O)
Pi

Now let X; = - in 1-21 ; summing over all N, we have :

©(1-22) T OFyGY) = (DT X (3 Fy (X004 Z-F(X,0)
N k>o N>o N>o
_ B ny
nov I FN(X,D) = 5.. I 0,7 < += since p; <1 for all i
N No+.e.+Nyp=n i=1 . :
1 B
M
and x'<x<1 since z pi,<B ;
' izl

hence 1-18 is proved for A = {1,...,B} .

M
b) conversely , if p; »1 for some i, or p; »B , then using
. i=1
1-18, 1-19 or 1-22, it is easy to prove that



(1+23)

Corollary

16

; p(A,(_'_:) = +@
(A,g) feasible

That proves that the Markov process that describes the open
system is not ergodic, since if it were so, the Chapman-Kolomogorov
equations would have only one positive solution, and p obviously

is.

Equations 1-19 and 1-22 also give the following result :

For all subset A of {1,...,M}, define f(A) by s

- if #A<B  then f(A) = I o
iea ~Pi

- if #A>B  then f(A) = (T -)x —1€A
ieA ~7P3 =P

Then, if the queueing system is ergodic :

- the normalizing constant K is given by :

k1= ST fa

Ac{l...M}

- the steady-state probability that the set of all active
classes is A, is K f(A).
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2 INCLUSION OF CONCURRENCY MULTISERVER STATIONS IN A BCMP NETWORK

2.1 Closed form expression of the steady-state probabilities

We consider a closed mult iclass network of queues, in which the

‘serv ice stations are
- either of the BCMP types

- or "concurrency multiserver" stations.

Stations of the last type are studied in part 1 ; we recall here

- the properties of these stations :

- classes are gathered into groups ; at a given station, ve shall

note (m,%) the ot class of the mth group.

- The queueing disciplineis on a first come first served basis,
but two customers whose classes belong to the same group cannot be served

simultaneously.

~ All servers are identical and exponential, with constant rates.

‘Such stations are of some interest only if the number of groups
(say M) is greater than the number of servers (say B). In that case, a
customer can be kept waiting e ither because there is no server available,

or because some customer of the same concurrency group is being served.

These stations can model parallel access to M identical memory
modules through B busses : product form in such models was brought-by to light
BALBO - CHIOLA - DONATELL I - MARSAN.

Nowv we go further into the description of our network with some

notations :
N A )

o1 is the (routing-) probability, for a customer leaving
?

- 94,c,i"
station i with class c to enter station i' with class c' ; we ‘assume
. . = 0. '
ql,C,l',C' .

- S is the number of stations and a state of the netwprk is

G 4 n
(xl,xz,...,;s) vhere ;i is an appropriate vector, depending on the type

of the station :
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. if station i is a concurrency-multiserver station, then
;i = (Ai,gi) vhere A, is the set of the classes of the customers
that are being served (active classes), and T4 is the sequence
of the classes of the customers that stand in the waiting-room,
in FCFS order. Feasible states are defined iﬁ formulas 1-1.
That still holds if station i is a (BCMP-) FCFS exponential
station, with class independant rate ; in that case Ai is the

class of the customer being served, (if there is any, else ).

x, = (( )er.(k )) where k. is th
. else X; = ki,l ’Si,l cee i’ki ,Si’ki vhere ij is the

class of the j& customer in the order of the station (LCFS or

FCFS), and Si,j is the stage in the Cox representation.
?

- At a concurrency multiserver station, we also define some levels
. in the waiting-room :
given that the number of servers is Bi , and that the set of active

classes is A;, ve define N, , (j) for every position j by :
_ WA

. if all customers waiting in positions 1..j belong to active

groups, the Ni A (j) is the number of active groups represented
i

in positions 1..j .

. if at least one of the customers waiting in positions 1..j
B.

belongs to an inactive group, then N; . (3) i
LA,
i
(See section 1-2 for more details).
- (ei,c)_ is a positive solution of : © ¢ " z ®i.d 95,d,1,c
i,c Jj,d ‘

- if station i is of concurrency multiserver tYpe, vith rate Hy

for each server, then : Pic = ;,c for all class c .
, .
i

We assume the network to be ergodic ; under this assumption, we

have the following theorem :



Theorem 5

(2-1)

19

For every feasible sfate, the steady-state probability is
given by :
s’+
> >
p(xl,...,xs) =K igl fi(xi)

where K is a normalising constant and :

-
- if station i is a classical BCMP station, then fi(xi)

is the classical BCMP function ;

- if station i is a‘concurrency multiserver station, then

R. S, P
. ) 1 1 ci’rl
fi({bi,l""bi,Ri}’ci,l "'Civsi)~= rEl pbiyr rgil NiyA- e
: i

(where A= {bi IR ).

2.2 Proof of theorem 5

To prove theorem 5, we use the following property :

(2-2) If each station in isolation satisfies local balance, then the

steady-state probability of the network has product Form.([Mun],
[C.H.T.]). '

We have to define what we call "local balance", since that phrase hag

been used with various meanings : this is done in a). A formal statement, equiva-

lent to 2-2, is given in b). Before going any further into the demonstration,

notice that the network of section 2-1 is not locally balanced, i.e. local

balance holds for every station in isolation, but not necessarily in the

network.

a) local balance in isolation

Consider a multiclass station S. S is very general, it can be

a closed markovian network, with transition rates that depend on the states

of S only. (We omit any formal definition).
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We connect S to an auxiliary one-class exponential station SO,
wvith FIFO disciplireand A = 1 service rate. The loop we obtain can be

called : station S in isolation.

station S station S

in isolation

e E——
. S !

In the loop, a customer leaving station So'arrives at station S in

class k with probability Q. 3 the total number of customers is N.

We say that local balance holds if the following set of equations
is satisfied by the steady-state probabilities :

- Local balance

for all class k, and all state e of the loop :

departure rate from state e through an arrival of a class k

customer at station S
(2-3)

= arrival rate at state e through a departure of a class k

customer from station S.

Now we say that station S satisfies "local balance in isolation"
if eqs 2-3 hold for any total number of customers in loop R, and

any qp . That is equivalent to the existence of functions f,
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depending :on q) but not on N, such that :
pN(e) = cy f(e) where py is the steady-state probability of loop

R with N customers, and N is a normalizing constant. -

Due to global balance in the loop, if eqs 2-3 hold thenthe fol-

lowing system is satisfied :

departure rate from state e through a departure from stafion S,

(2-4) | or a transfer inside station S

arrival rate at state e through an arrival at station S,

or a transfer inside station S

It is not required (and generally not true) that eq. 2-4 holds by
class. If S is a network of sub-stations, eq. 2-4 involves departures from -

and arrivals at all sub-stations : there is no need for local balance inside S.

It is easy to prove that BCMP stations satisfy "local balance in
isolation"; as for concurrency multiserver stations, the result is shown
in section 1-3, Now to obtain formula 2-1 and a formal proof of 2-2, we

use theorem 6, shown in the following section.

b) Networks made of stations that are locally balanced in isolation

Theorem 6 Consider a closed network R made of I stations that sétisfy,
"local balance in isolation" (see 2-3). It is assumed to be
ergodic.

For every station Si , note fi(ii) the steady-state probabi-

lity of the associated loop when Qe =€ | =
’

Then for all feasible states of the network, the steady-state

probability is given by :

PRpseeerXy) = I F.(X,)
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The proof consists in showing that some detailed balance holds
at every station (eq. 2-5) : it is a particular case of more general

results in [Pel lI ’ [?el 2] or [LeN] that also allow state- ~-depending
routing. Nevertheless, here is a direct proof :

Proof We start with some notations (due to PELLAUMAIL)

- e :-(xl,...,xI) is a state of the network.

+ ¥ ¥
- Tk(e,Si) (resp : TSi,k(xi’Si)) is the left-hand .side part of 2-3

when station Si is in network R (resp : in isolation).

Q
- rk(é,si) is the probability rate, in network R, of leaving

state e through a transfer inside station Sy -

) . . 40 ¥ §
We have self-comprehensive extensions to T (e,S.:),1, (€,5.)...
k,Si ik i
- we also note T = z T for all kinds of T'S

class k

Now to prove the theorem, we show that, for all station i

(2-5)  (d,8) + d,8) = 16,5) v 1,8

. On one side

4 49 ) + 4 + .0
L := T(e,gi)-+T(e,Si) = ?Eészj- [TSi(xi’Si)-FTSi(xi’Si)]

. on the other :

: ar T (+, g )
= - (%495,
¢ ¥ $ O i (8) Sl g l B 1 1
R := t(e,S.) +71(e,S.) = ZE P (* ) J .
* * station j#i fi (x )f (*fj 5 R J’ €. Jrys1,8

classes B,y

(e) e

classes B i,B



X. = f.(x.)e.
]’Y J ?

Sj in isolation (eq. 2-3).

now T by local-balance property of station

Hence we obtain :

__ple) " v ¥ ¥ 0 _ ple) vy MR
R ‘-w é I_TSi,B(Xi,Si) +Tsi’8(xiysi)] = -f_-—lT>-(-l-)- [Tsi(xiysi) +Tsi(xi,Si7]

Now (2-5) follows from (global) balance at station S; in -isolation

(eq. 2-4)

It 'is clear that summing (2-5) over all i gives balance equation.

That ends the proof.

Remark 1 : Eq. 2-5 does not generally hold by class. For instance, if Si
~ is a FIFO station, T, (€5 ;) 1is zero if the customﬁr receiving
service does not belong to class k, whereas Tk(e,Si) is not .

necessarily zero.

Remark 2 ¢+ Local balance, as defined in 2-3, does not necessarily hold at
every station of the product-form network (although it is
true for. every station.in’isolation).iAcfually,‘thefproof
of theorem 5 consists in ‘showing that relations of type 2-4

hold at every station in the network.

It is known that BCMP netvworks are not locally balanced because
of FIFO stations [ S. C.,].'

The same phenomenon occurs with concurrency multiserver stations,

wve give an example :

LCFSPR
station 1
q A \/q
2,k,1,kT- 1,k',2,k"
. station 2 »

A

concurrency
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This is a multiclass network, in which customers may change
classes according to probabilities 9 . jee! * A state of the network is
Iv-rJy
(5,5,9) vhere :

- x is the sequence of the classes of customers at station 1,

in last come first served order ( X = (xl’xz""’xl) )

-~ A,c 1is a state of station 2.

Rates of service are B for class r in station 1, A in station 2.

The steady-state probability is given by :

I "1,x, e J e1,c.
i 2,Y
p(x,A,c) = I x I x I ————le— (cf. 2-1)
jod "F i:l le' YeA )\ j:l ANA J

The probability rate of leaving state (§,A,g)through an arrival of a

" eclass k customer at station 1 is :

4 v
(2-6) Tk((§’A’E)’Sl) = p()_(’A’E) x Q,EA )\ qz,ﬂ:,l,k

while the dual rate is : (assuming the high level of station 2 is not empty) -

¥ 4
T(0A2),5,) = Pl Are=ediy Gy 4 g o -

where [ k+x = (k,xl ,...,XI)

c-cy = (cg,c, ""’CJ-l) (and ¢ = (c; ...CJ)Y

hence :
¥ 4 B
(2-7) 1 ((Ae),8:) = plx,Ae) ey | X A o=— ay | 5 ¢
2,cJ J
Now € Kk 8 9 k.2 and Z Qq 0.1,k are not generally
’ eZ,CJ 1Ky 45CHy LEA sXady

equal, since the former depends on cy and the latter on A.

0f course, when summing over k, we obtain
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= B and I Iq

. - q :
Tk 1,k ez,CJ l,k,2,cJ A Kk

2,2,1,k B .

2.3 Aggregation of results

We define aggregate states ;i and functions 94 at each station :

* if station i is a classical BCMP state, then :

- .
y; = (yi,l ”’yi,ci) vhere yij is the number of class j customers

at station i ; cy is the number of actual classes at station i,

gi<;i) is the classical simplified function of BCMP station i,

(2-8)
(as defined in [B[ZM(’] ) ; namely :
Co Y.
: c. i,y .
y: ! i (ey  wy )™
%09 = oy N T
T ARAARLS RS LAV | Yiy -

vhere y, = [;il and v, y and u;(n;) depend on the type of the

’

§tation H

- vy T “:fy and ui(ni) = u; at PS or LCFSPR stations
-y :,MZTY and ui(ni) = Uy xny at IS stations
-y = 1 and p(ng) = wy o at FCFS stations .

[Pit]

* if station i is a concurrency multiserver station, then :

y =(Ac,;l,...,EMi) where :

- Ac 1is the set of active classes at station i

>
- n_ = (n eeas N wvhere n is the numb
n = ( m,1 %t m’lm) m, number of class

(m,y)-customers at station i.
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ve also define :

- ; = (I:ll,...,|;M |), the vector whose mt--h component is the

i
number of group-m customers

- Ag = the set of active groups : if Ac = {(ml’kl)"'(mR’kr)}

then Ag = {ml,...,mR}

- and function 93
c

>
( ) ( N N ) . ]% (|nm|! I?
2-9) " g;(Ac,njye.eyn = p T
M T eae Y me1 \gltel oy k!

vhere "Ag(;) is recursively defined by :

n =87 ifn =0 for all m not in A

Ag - m - S
> >

m ()= )y  m, (n_) else

Ag m/n >0 Ag ‘m

Then, under the assumptions of theorem 5, we have :

Corollar The steady-state probabilities of the aggregated states are :
=oro;-ary
| 5
> -> 5
(2-10) P(y seensyg) = K a g; (¥;)

vhere g; are defined in (2-8) and (2-9).

Proof : see section 1-4 for a detailed pfoof in the "concurrency multi-

server" case.

Remark :Aggregation formulas(2-10) hold only if the restrictions about
feasible states are due to the total number of customers in the
system.
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CONCLUSION

The range of product-form networks has been extended .to models

for which mutual exclusion is permitted.
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APPENDIX ﬁ Proof of the lemmas

: D(b) . S
2L
Lemma 1 r I L II N%;—)

B = 1
beA Q=0 =041

the assumptions are these of 1-3-b), 1 st case ; call :
- n, the number of positions belonging to level z .
- Z(b) = N(D(b)) the last lower level with no class-b-customer.

- L the last level.

then : n n
D(b) 5 N _Z(b) z _ng-d! L I
Lo 0 oTe =k o )
2=0 8'=0+1 z=1 2'=1 B'Z z=z+1

=1
7b) 1-(Z)% L
- AB-gg I (g';t
z=0 z g=z+1

(wvith our convention : ng = 0)

Calling M1 the left-hand-side part of lemma 1, we obtain :

1) 1-(5) 7 L

e
beA z=o -z r=z+l

now "2&2(b)" means that there is no class b customer in levels 1 to z
of the waiting roam ; but for a given level, z, there are exactly
B-z such classes (we have assumed here that b is an active class,

and that all servers are busy). That still holds for z =0.

Hence we can urite :



29

L n L n
g
M= I (-3 7)) T ()
z=0 C=z+1 '

wvhere L' is the last lower level :

if L=B then L'=L-1 else L'=L .

L nc L’ nc
Thus T (&) = I (g-) and we obtain :
r=z+l r=z+l
L I n
- . _ ZyvC. y U, 7=1,u =0
ML= X (uz+l-uz) vith v, = T (B ) L'+1 o
Z=0 C:Z .

That ends the proof of lemma 1 .

D(k)

(
N(&')
Lemma 2 2 I NGO C 1
0<2D (k) N(Z)+1 1=041 N(2)+1

Now the assumptions are those of section 1-3-b), 3rd case, and we

call M2 the left-hand-side of the lemma. We keep the same notations as in

lemma 1.
We have :
2k "z Lo, et D) n
M= ok wrlET) o) e )t
z=1 =1 g=z+1 &T z=1 °©
Hence ‘
Z(k) n Z(k) n
z \Ng
M2= & (1-(=29)%) 1 (=)
720 z+1 r=z+1 Z+l

Nov the end of the proof uses the same manipulatidn as in lemma 1,
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